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We study cooperation games, where the goal is to sustain cooperation among agents. The main
question is how to split the benefits or cost of a joint project among the agents. Today’s focus will
be cost-sharing games, such as when agents in a network are interested in receiving a certain service
– the total cost of the service depends on which agents actually receive the service, it should be
divided among those receiving the service. We consider solution concepts that preclude “defection”
by any subset of the agents, and mechanisms that elicit truthful bids from the agents.

Reading. More information on cost sharing can be found in [NRTV, Chapter 15].

Homework. Answer the following questions. You are advised to read [IMM], especially the parts
relevant to the questions below. Please keep the answers short and easy to read.

The following cost-sharing game is called the set cover game: There is a set A of n agents, and
a collection E of subsets of A (that together covers all of A i.e. ∪T∈ET = A). For every subset of
agents S ⊆ A, the cost c(S) is minimum number of sets from E that covers all of S, namely the
minimum k such that there are k sets T1, . . . , Tk ∈ E with S ⊆ ∪k

l=1Tl.

1. The following is a standard integer program for c(A):

max
∑

T∈E
xT

s.t.
∑

T∈E:j∈T

xT ≥ 1 ∀j ∈ A

xT ∈ {0, 1} ∀T ∈ E

Show that relaxing the last constraint to xT ≥ 0 gives a linear program whose integrality gap
is larger than any constant (when n is sufficiently large), i.e. there are instances where the
fractional and integral solutions to this LP differ by a factor that is increasing with n. How
does it grow with n?

Hint: Consider A = {1, . . . , n} and for each i = 1, 2, . . . let Ti ⊆ A contain all j ∈ A whose
ith bit (in the binary representation of j) equals 1.

2. What is the smallest γ = γ(n) > 0 for which there are instances of the set cover game with
an empty γ-core?

Hint: Using the previous question, show equivalence between the appropriate LPs.

3. Consider the special case of the set cover game where every agent j ∈ A belongs to (can
be covered by) at most two sets in E . Show that this game admits a group strategyproof
mechanism that is γ-budget balanced for γ ≥ Ω(1/

√
n) (or at the very least, γ À 1/n).



Hint: Analyze the following cost-sharing scheme for cross-monotonicity and γ-budget-balance:

ξ(j, S) = min
T :j∈T

1
|T ∩ S| .

4. Prove or disprove: The set cover game is a submodular game (i.e. for all instances).

Recall: a cost-sharing game (A, c) is called submodular if the cost function c satisfies

∀S, T ⊆ A, c(S) + c(T ) ≥ c(S ∪ T ) + c(S ∩ T ).

This condition is equivalent to having a decreasing marginal cost.
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