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Lecture outline.

0 Algebraic Sampling - FRI - Prony System
@ The main problem
@ FRI - The Prony system

9 Fourier decoupling - Shifts of several functions.
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@ A 2-dimensional example
@ A 1 dimensional simulation
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“Algebraic Sampling” or “Algebraic Signal Reconstruction”.

F =Fp(x), x €RY
p = (p1,-...,pr) a set of parameters.

The main problem is:

How to reconstruct in a robust and efficient way the parameters p from a set of
“measurements” my(F),...,mp(F)?
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“Algebraic Sampling” or “Algebraic Signal Reconstruction”.

F =Fp(x), x €RY
p = (p1,-...,pr) a set of parameters.

The main problem is:

How to reconstruct in a robust and efficient way the parameters p from a set of
“measurements” my(F),...,mp(F)?

@ Substitute F in the symbolic expression of the measurements
(Fourier\Moments integrals).

@ Equate the resulting symbolic expressions to the measurements my(F) to
get a (non linear) set of equations of the parameters.

@ Solve the equations to find the parameters.

@ We, mainly, set and solve the "Prony system”.
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The main Problem.

We focus on shift-generated signals, F, of the form:

L N )
Z Z Ai,J,kfi(J)(X —Xijk), X € RY.
=0Kk=1

mn(F):/F(x)x”dx.

Here n = (ny,...,ng) € N9 is a multi-index and x™ = [19_,xs"s.
) ) s=1
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The main Problem.

We focus on shift-generated signals, F, of the form:

L N
Z Z Ai,J,kfi(J)(X —Xijk), X € RY. (1)
=0Kk=1

ma(F) = /F(x)x”dx. ©

Here n = (ny,...,ng) € N% is a multi-index and x" = [9_;xs"s.
@ Reconstruction input: The functions f; - models, m, - the results of some
type of measurements - Moments and finally M > 1,L and N - bounds on
the algebraic complexity of the signal.
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Z Z Ai,J,kfi(J)(X —Xijk), X € RY. (1)
=0Kk=1

ma(F) = /F(x)x”dx. ©

Here n = (ny,...,ng) € N% is a multi-index and x" = [9_;xs"s.
@ Reconstruction input: The functions f; - models, m, - the results of some
type of measurements - Moments and finally M > 1,L and N - bounds on
the algebraic complexity of the signal.

@ Reconstruction output: A;j x - Amplitudes, X;j k- Shifts.
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The main Problem.

We focus on shift-generated signals, F, of the form:

M L N
F)=5 5 Y A (x—xijx), x € R (1)
iSSok=
and measurements
ma(F) = /F(x)x”dx. ©
Here n = (ny,...,ng) € N% is a multi-index and x" = [9_;xs"s.

@ Reconstruction input: The functions f; - models, m, - the results of some
type of measurements - Moments and finally M > 1,L and N - bounds on
the algebraic complexity of the signal.

@ Reconstruction output: A;j x - Amplitudes, X;j k- Shifts.
@ Motivations: Signal processing, data analysis, image recognition, medical
imaging and more.
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M L N
FOO=3 5 5 Aufil(x—x4), x €RY. )
iSiSok=
and measurements
ma(F) = /F(x)x”dx. ©

Here n = (ny,...,ng) € N% is a multi-index and x" = [9_;xs"s.
@ Reconstruction input: The functions f; - models, m, - the results of some
type of measurements - Moments and finally M > 1,L and N - bounds on
the algebraic complexity of the signal.
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The main Problem.

We focus on shift-generated signals, F, of the form:

M L N
F(x)= Z Z Z AV (x —xijx), x € RY. (1)
iSijSok=
and measurements
ma(F) = /F(x)x”dx. ©

Here n = (ny,...,ng) € N¢ is a multi-index and x" = [%_;xs"s.
@ Reconstruction input: The functions f; - models, m, - the results of some
type of measurements - Moments and finally M > 1,L and N - bounds on
the algebraic complexity of the signal.

@ Reconstruction output: A;j x - Amplitudes, X;j k- Shifts.
@ Motivations: Signal processing, data analysis, image recognition, medical
imaging and more.
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The 1 dimensional case - FRI - The Prony system.

As a first case we shall considerd =1, M = 1,L =0, f(x) = 8(x)

Flx) = 3 AKX ) @
K=1
and
mn(F):/F(x)x”dx. 4)
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The 1 dimensional case - FRI - The Prony system.

As a first case we shall considerd =1, M = 1,L =0, f(x) = 8(x)

N
F(x) =) Ad(x —xk) ®)

and

mn(F):/F(x)x”dx. 4)

Substituting F into the integral formula of my(F ) will give us the Prony system. ]
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The Prony system.

Le Baron Gaspard Clair Franacois Marie Riche de Prony 1795-1839

N
mh=Y Ax{, n€N : % (5)
2,

v

This system, of nonlinear equations, appears in several theoretical areas as
well in different important applications.
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The Prony system.

Le Baron Gaspard Clair Franacois Marie Riche de Prony 1795-1839

N
m, = ZAka, neN
K=1

(6)

~

This system, of nonlinear equations, appears in several theoretical areas as
well in different important applications.

Finite rate of innovation

Vetterli, Blu, Marziliano, Dragotti, et. al. initiated the field of FRI with a series of
papers starting on 2001 which is closely related to this work.
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The Prony system.

Le Baron Gaspard Clair Franacois Marie Riche de Prony 1795-1839

N
mp = ZAka, neN
K=1

(6)

~

This system, of nonlinear equations, appears in several theoretical areas as
well in different important applications.

Finite rate of innovation

Vetterli, Blu, Marziliano, Dragotti, et. al. initiated the field of FRI with a series of
papers starting on 2001 which is closely related to this work.

o

Solution methods:
Annihilating filters ~ Padé approximation ~ Prony method.

o
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Fourier decoupling - Shifts of several functions.

M N;

FO)=3 Y Afilx—xix), x, xix €RY. (6)

i=1k=1
The models fy, ..., fy, are given. (in particular, their Fourier transforms f,(oo)
are known.)

Ak, Xk are the unknown signal parameters to be found.
Notice that here M > 2.
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Decoupling strategy - Sampling - "The Freedom of choice”

@ Fourier coefficients (moments) of F — “non-uniform samples” of the
Fourier (Mellin) transforms of F : ¢s(F) = [ga €7 <7 F(x)dx.

@ A well chosen “sampling set” Z C R" to decouple the system
M N

Z Z AikCs (fi)yis,lk =cg(F),I=1,...,m
i=1k=1

where yS, = e~ <XiksS>,

@ Typically, the sampling set Z will be finite.
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Sampling in Fourier space.

Zi={s:fi(s)=0},i=1,....,m
Z= {Sl,...,S|,...} C (ﬂi/#Zi«)\Zi.

Then system (7) takes the following, "Quasi Prony” type, form

il S . _ CSI(F)
kZlAi’kyi’k = CS|(F)7 | = 172,.. . where CS|(F) = m (8)
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Sampling in Fourier space.

Zi={s:fi(s)=0},i=1,....,m
Z= {Sl,...,S|,...} C (ﬂi/#Zi/)\Zi.

Then system (7) takes the following, "Quasi Prony” type, form

N,

| F
S Ayfl = Cs(F), 1 =1,2,... where Cq (F) = c(F). )
k=1

Cs, (fi )

@ Generically: if M < d + 1 then Z; are hypersurfaces of dimensiond — 1
intersecting transversally and we can, at least theoretically, find enough
points in Z for our decoupled Prony type equations.
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The Quasi Prony system

Equation (8)

CSl(F)

will be of a Prony type if sy = rp +r1 - | other wise we call it a quasi-Prony
system.

ZA.kyIk Cs(F), 1=1,2,... where Cq (F) =
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The Quasi Prony system

Equation (8)

CSl(F)

will be of a Prony type if sy = rp +r1 - | other wise we call it a quasi-Prony
system.

ZA.kyIk Cs(F), 1=1,2,... where Cq (F) =

@ The solvability and stability of the quasi type equation is analysed utilizing
some geometric characterization , Turan Nazarov inequality, Khovanski’'s
fewnomial’'s bounds and an innovative approach enabling reconstructing
the parameters from finite set of samples
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A 2-dimensional example:
Let Q1,Q> and Q3 be the three squares

Ql — [7373]27Q2 — [7575]25

Qs = a rotation of the square [—v/2,1/2]? by 45°.

Let X;, i =1,2,3 be the characteristic function of these squares:

x0={5 iq

mo
DD‘
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A 2-dimensional example:

Let Q1,Q, and Qg3 be the three squares
Q1= [_373]27Q2 = [_575]27

Qs = a rotation of the square [—v/2,v/2]? by 45°.

Let Xj, i = 1,2,3 be the characteristic function of these squares:
‘ . 1 xeQ
Xl(x)_{ 0 x&Q.

and let the signal F be

3 N
= Z z A kXQ. —Xk,i Y _yi7k)‘

i=1k=1
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A 2-dimensional example:

The Fourier transforms of X1, X2 and X3 are

Xl(w, p) = 45"1%) . % )’{2(00’ p) — 4sin£w‘ sinp5p

. sin P sin 2P
Xa(w,p) =8 wfp  w-p

2 2
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A 2-dimensional example:

The Fourier transforms of X1, X2 and X3 are

Xl(w, p) = 45"1%) . % )’{2(00’ p) — 4sin£w‘ sinp5p

. sin P sin 2P
Xa(w,p) =8 wfp  w-p
2 2
(a) Intersection of the zero sets. (b) The repeating periodically triangle.

Figure: The Zero sets of the three signals on the (p, w) Fourier space.
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A 1 dimensional simulation

Signal, reconstructed signal, models and the discrepancy

input signal
reconstructed signals

15 20

discrepanc
[ discrepancy ]

first model
second model

-15
-20
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A 1 dimensional simulation

Model 1: Merit in Trans = 1.8202e-12 Merit in Amps = 7.7012e-09
2 T T T T T T T T T

I vo1

iy | | 4 ¢

5 04 03 02 -0 0 0.1 0.2 0.3 04 0.5

X

1.k
Model 2: Merit in Trans = 8.4737e-13 Merit in Amps = 5.7786e-08
4 T T T T T T T T T

S
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Summary

0 Algebraic Sampling - FRI - Prony System
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Interpolation and Turan sets.

Definition

AsetS ={s;,...,sm} C R"is called an interpolating set (IS) for exponential
polynomials of degree N if any ®(s) = Y_, 8™ withaq #0, g =1,...,N
is uniquely defined by its values on S.
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Interpolation and Turan sets.

Definition

AsetS ={s;,...,sm} C R"is called an interpolating set (IS) for exponential
polynomials of degree N if any ®(s) = Y_, 8™ withaq #0, g =1,...,N
is uniquely defined by its values on S.

A result from the FRI/1 Dim case:

Theorem

The set of the integer points {0,1,2,...,2N} is an interpolating set for
exponential polynomials of degree N satisfying the assumption that all the
coordinates x; are pairwise distinct.
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Interpolation and Turan sets.

Definition

AsetS ={s;,...,sm} C R"is called an interpolating set (IS) for exponential
polynomials of degree N if any ®(s) = Y_, 8™ withaq #0, g =1,...,N
is uniquely defined by its values on S.

A result from the FRI/1 Dim case:

Theorem

The set of the integer points {0,1,2,...,2N} is an interpolating set for
exponential polynomials of degree N satisfying the assumption that all the
coordinates x; are pairwise distinct.

@ similar result exists also for higher dimensions (see [S. PhD 2011]).
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Bounding exp. poly.s from its values on a subset only.

Definition

A set S C R" is called a Turan set (of degree N) if for each poly-interval
I" C R" there is a constant K = K| s such that for any exponential polynomial
d(s) = Zgzl Aqe}‘qs of degree N the following inequality holds:

maxn|d(s)| < K, s etr(mmaxIReAal maye|d(s)]. 9)

The minimum of the constants K; s in (9) is called the Turan constant (of
degree N) of the couple (1,S), and it is denoted by TCy (I, S).
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Bounding exp. poly.s from its values on a subset only.

Definition

A set S C R" is called a Turan set (of degree N) if for each poly-interval
I" C R" there is a constant K = K| s such that for any exponential polynomial
d(s) = Zgzl Aq elas of degree N the following inequality holds:

maxn|d(s)| < K, s etr(mmaxIReAal maye|d(s)]. 9)
The minimum of the constants K; s in (9) is called the Turan constant (of

degree N) of the couple (1,S), and it is denoted by TCy (I, S).

Lemma

Let S C R" be a Turan set of degree 2N. Then S is interpolating for
exponential polynomials of degree N.
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Theorem (Turan-Nazarov)

Let p(t) = Sito cke™t with ¢, Ax € C be an exponential polynomial of order
m+ 1. Let| C R an interval, and E be a measurable subset of | of positive
measure.

cu(\™
5;:!0|P(t)| < Hll)max|Rey| <%é))> -fgglp(t)l : (10)

where C > 0 is an absolute constant.

See [Naz2000].
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Changing the positive measure requirement with a
Geometrical characterization.

Definition (Covering number)

M(€,S) is the minimal number of closed €-intervals covering S .

Definition
Let P (€) be a polynomial Py (€) = Co+Cy: 4 -+ + Cn_1($)"* defined in
[Fri.Yom].

o

Definition (The Metric Span)
For S C R" whn(S) = sup.e"[M(g,S) —Pnn(€)].
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Changing the positive measure requirement with a
Geometrical characterization.

Definition (Covering number)

M(€,S) is the minimal number of closed €-intervals covering S .

Definition

Let P (€) be a polynomial Py (€) = Co+Cy: 4 -+ + Cn_1($)"* defined in
[Fri.Yom].

Definition (The Metric Span)
For S C R" whn(S) = sup.e"[M(g,S) —Pnn(€)].

Actually, the metric span w < [ hence: J
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Theorem ([Fri.Yom])

The Lebesgue measure Y(S) in the Turan-Nazarov inequality can be replaced
with = whn N (S). More specifically, for each S we have the following: Let
p(t) = Sko cke™t with ¢, Ax € C be an exponential polynomial of order N.
Let | C R be an interval, and E be a measurable subset of I. Then

p(1)-max|ReAg| Cl.l(l) m_
sup p(t)] < (S9) sl av

where C > 0 is an absolute constant.
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with = whn N (S). More specifically, for each S we have the following: Let
p(t) = Sko cke™t with ¢, Ax € C be an exponential polynomial of order N.
Let | C R be an interval, and E be a measurable subset of I. Then

p(1)-max|ReAg| Cl.l(l) m_
sup p(t)] < (S9) sl av

where C > 0 is an absolute constant.

Finiteness of interpolation sets.

Notice that E can be now of a zero measure or even a finite set with a non
zero w(E) hence we may have finite interpolation sets.
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Theorem ([Fri.Yom])

The Lebesgue measure Y(S) in the Turan-Nazarov inequality can be replaced
with = whn N (S). More specifically, for each S we have the following: Let
p(t) = Sko cke™t with ¢, Ax € C be an exponential polynomial of order N.
Let | C R be an interval, and E be a measurable subset of I. Then

p(1)-max|ReAg| Cl.l(l) m_
sup p(t)] < (S9) sl av

where C > 0 is an absolute constant.

Finiteness of interpolation sets.

Notice that E can be now of a zero measure or even a finite set with a non
zero w(E) hence we may have finite interpolation sets.

Different characterization.
In the published paper we present another robust characterization for E.

o
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