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Abstract

Property testing algorithms are \ultra"-e cien t algorithms that decide whether a given
object (e.g., a graph) has a certain property (e.g., bipartiteness), or is signi cantly dierent
from any object that has the property. To this end property testing algorithms are given the
ability to perform (local) queriesto the input, though the decisionthey needto make usually
concern properties with a global nature. In the last two decades,property testing algorithms
have beendesignedfor many typesof objects and properties, amongstthem, graph properties,
algebraic properties, geometric properties, and more.

In this article we survey results in property testing, where our emphasisis on common
analysis and algorithmic techniques. Among the techniques surveyed are the following:

The self-orrecting approad, which was mainly applied in the study of property testing
of algebraic properties;

The enforce and test approach, which was applied quite extensively in the analysis of
algorithms for testing graph properties (in the dense-graphsmodel), as well asin other
contexts;

Szemeedi's Regularity Lemma, which plays a very important role in the analysis of algo-
rithms for testing graph properties (in the dense-graphanodel);

The approach of Testing by implicit learning, which implies e cien t testability of mem-
bership in many functions classes.

Algorithmic techniques for testing properties of sparsegraphs, which include local search
and random walks.

This work was supported by the Israel ScienceFoundation (grant number 246/08).
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1 Intro duction

Property testing algorithms are algorithms that perform a certain type of approximate decision.
Namely, standard (exact) decision algorithms are required to determine whether a given input is
a YES instance (has a particular property) or is a NO instance (does not have the property).
In cortrast, property testing algorithms are required to determine (with high successprobability)
whether the input has the property (in which casethe algorithm should accept) or is far from
having the property (in which casethe algorithm should reject). In saying that the input is far
from having the property we meanthat the input should be modi ed in a non-negligible manner
sothat it obtain the property.

To be precise,the algorithm is given a distance parameter, denoted , and should reject inputs
that are -far from having the property (accordingto a prespeci ed distance measure). If the input
neither hasthe property nor is far from having the property, then the algorithm can either accept
or reject. In other words, if the algorithm accepts,then we know (with high con dence) that the
input is closeto having the property, and if it rejects, then we know (with high con dence) that
the input doesnot have the property.

Since a property testing algorithm should perform only an approximate decisionand not an
exact one, we may expect it to be (much) more e cient than any exact decision algorithm for
the sameproperty. In particular, as opposedto exact decision algorithms, which are considered
e cien t if they run in time that is polynomial in the size of the input (and the best we can hope
for is linear-time algorithms), property testing algorithms may run in time that is sub-linear in the
size of the input (and hencewe view them as being \ultra"-e cien t). In sud a casethey cannot
even read the entire input. Instead, they are given query accessto the input, where the form of
the queriesdependson the type of input considered.

Since property testing algorithms accessonly a small part of the input, they are naturally
allowed to be randomized and to have a small probability of error (failure). In some casesthey
have a non-zeroerror probability only on inputs that are far from having the property (and never
reject inputs that have the property). In such a case,when they reject an input, they always
provide (small) evidene that the input doesnot have the property.

By the foregoing discussion, when studying a speci c property testing problem, one should
de ne a distance measureover inputs (which determineswhat inputs should be rejected), and one
should de ne the queriesthat the algorithm is allowed. For example, when dealing with functions
and their properties (e.g., linearity), the distance measureis usually de ned to be the Hamming
distance normalized by the size of the domain, and queries are simply queries for values of the
function at selectedelemerts of the domain. In other cases,sucth as graph properties, there are
sewral di erent natural models for testing (seeSubsectionlZZ for details).

1.1 Settings in which Prop erty Testing is Bene cial

In addition to the intellectual interestin relating global propertiesto local patterns, property testing
algorithms are bene cial in numeroussituations. A number of such settings are discussednext.

1. Applications that deal with huge inputs. This is the case when dealing with very large
databasesin applications related to computational biology, astronomy, study of the Inter-
net, and more. In sudc casesyreading the ertire input is simply infeasible. Hence,someform
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of approximate decision,basedon accessingonly a small part of the input, is crucial.

. Applications in which the inputs are not huge, but the property in questionis N P-hard. Here

too someform of approximation is necessary and property testing algorithms provide one
sudh form. In fact, while \classical" approximation algorithms are required to run in time
polynomial in the size of the input, here we require even more of the algorithm: It should
provide an approximately good answer, but is allowed only sublineartime. For example,there
is a property testing algorithm that can be usedto obtain a (1  )-factor approximation of
the size of the maximum cut in a dense graph, whose running time depends only on ,
and does not depend at all on the size of the graph. (In Subsection[l3 we further discuss
the relation between the notion of approximation provided by property testing and more
\classical" notions.)

Applications in which the inputs are not huge and the correspnding decision problem has
a polynomial-time algorithm, but we are interestal in ultra-e cient algorithms, and do not
mind sacri cing some accuracy. For example, we may not mind accepting a graph that is
not perfectly bipartite, but is closeto being bipartite (that is, it hasa two-way partition with
relatively few \violating edges"within the two parts).

. Seenarios similar to the one descrited in the previousitem exept that the nal decision must

be exact (though a small probability of failure is allowed). In such a casewe can rst run the
testing algorithm, and only if it acceptsdo we run the exact decision procedure. Thus, we
save time whene\er the input is far from having the property, and this is useful when typical
(but not all) inputs are far from having the property.

A related scenario, discussedin Subsection[l4, is the application of property testing as a
preliminary step to learning.

employing a property testing algorithm yields a certain lossin terms of accuracy but our
in terms of e ciency, is in many casesdramatic. Furthermore, in many casesthe lossin
acyis inevitable either becausethe input is huge or the problem is hard.

A Brief Overview

Property testing rst appeared (implicitly) in the work of Blum, Luby, and Rubinfeld [BLR93],
who designedthe well known Linearity testing algorithm. It was rst explicitly de ned in the

work

of Rubinfeld and Sudan [RS9€], who consideredtesting whether a function is a low-degree

polynomial. The focus of these works was on testing algebraic properties of functions, and they,
together with other works, had an important role in the designof Probabilistically CheckableProofs

(PCP

) systems(cf. [BFEL91], BELS91, GLR™ 91, IFGL™ 96, RS96 [EFS95 IAS9Y, IALM * 99)).

The study of property testing in a more generalcontext wasinitiated by Goldreich et al. [[GGR9S].

They
learni
mode
erties

gave seeral generalresults, amongthem results concerningthe relation betweentesting and
ng, and then focusedon testing properties of graphs (in what we refer to asthe dense-gaphs
E. Following this work, property testing has beenapplied to many typesof inputs and prop-

In particular, the study of algebraic properties of functions continued to play an important

Yn

what follows in this subsection we do not give referencesto relevant works. These referencescan be found in

the body of this survey when eac speci ¢ result is mentioned.



role, partly becauseof the relation to the area of error correcting codes (for a short explanation
concerningthis relation, seethe beginning of Section[3). The study of graph properties was sig-
ni cantly extended since the work of [GGR9E]. This includes a large number of works in the
dense-graphamodel, as well as the introduction of other models (more suitable for graphsthat are
sparseor that are neither densenor sparse),and the designof algorithms that work within these
models. There has also beenprogressin the last few yearson the design of testing algorithms for

properties of functions that can be viewed as logical rather than algebraic (such as functions that

have a small DNF represetiation). The study of such properties is of interest from the point of
view of learning theory (seeSubsection[.d). Other families of properties to which the framework
of property testing has beenapplied include Geometric properties and \clusterabilit y* of ensem-
bles of points, properties de ned by restricted languages(e.g., regular languages), properties of
distributions and more.

In somecasesthe algorithms designedare extremely e cien t: The number of operations they
perform does not depgend at all on the size of the input, but only on the distance parameter . In
Bther casesthe dependenceis somesublinear function of the size of the input (e.g., polylog(n) or

n, for inputs of sizen), wherein many of the latter caseshere are matching (or almost matching)
lower boundsthat justify this dependenceon the size of the input.

While ead algorithm has features that are specic to the property it tests, there are seweral
common algorithmic and analysis techniques. Perhapsthe two better known analysis techniques
are the self-morrecting approad, which is applied in the analysis of many testing algorithms of
algebraic properties, and Szemeedi's Regularity Lemma [[Sze7$, which is certral to the analysis of
testing graph properties in the dense-graphamodel. Other techniquesinclude the enforce and test
approad (that is also applied in the analysis of testing algorithms in the dense-graphsmodel, as
well asin testing certain metric properties and clustering properties), and the approad of testing
by implicit learning whoseapplication givesa variety of results (among them testing of small DNF
formula). Indeed, asthe title of this survey suggests,we organizethe results preserted according
to such common techniques.

In addition to the extension of the scope of property testing, there have beenseweral extensions
and generalizations of the basic notion of property testing. One extension (which was already
introducedin [GGR9§] but for which positive results appearedse\eral years later) is allowing the
underlying distribution (with respectto which the distance measureis de ned) to bedi erent from
the uniform distribution (and in particular to be unknown - this is referred to as distribution-fr ee
testing). Another natural extensionis to tolerant testing. In tolerant testing the algorithm is given
two distance parameters: ; and »,, and it must distinguish betweenthe casethat the object is ;-
closeto having the property (rather than perfectly having the property asin the original de nition
of property testing), and the casethat the object is ,-far from having the property. A related
notion is that of distance approximation wherethe task is to obtain an estimate of the distance to
having the property.

1.3 Prop erty Testing and \Classical® Appro ximation

Consider for example the problem of deciding whether a given graph G = (V;E) has a clique of
sizeat leastk, for Kk = n where isa xed constart and n = jVj. The \classical* notion of an
approximation algorithm for this problem requires the algorithm to distinguish betweenthe case
that the max-clique in the graph hassizeat least n and, say, the casein which the max-clique has



sizeat most n=2.

On the other hand, when we talk of testing the \ -Clique" property, the task is to distinguish
betweenthe casethat the graph hasa clique of size n, and the casein which it is -far from the
any n-vertex graph that hasa clique of size n . Sincethis property is relevant only to densegraphs
(where jJEj = ( n?)), our notion of -far in this context is that more than n? edgesshould be
addedto the graph sothat it have a clique of size n . This is equivalent to the dual approximation
task (cf., [HS8% HS89) of distinguishing betweenthe casethat an n-vertex graph has a clique of
size n and the casethat in any subsetof n vertices, the number of missing edges(between pairs
of verticesin the subset) is more than n 2.

The above two tasks are vastly dierent. Whereas the former task is N P-Hard, for <
1=4 [BGS9¢, [Has9q, the latter task can be solved in exp(O(1= 2))-time, for any ; > 0 [GGR94].
We beliewe that there is no absolute sensein which one of theseapproximation tasksis better than
the other: Each of thesetasks is relevant in someapplications and irrelevant in others. We also
mertion that in somecaseshe two notions coincide. For example, considerthe problem of deciding
whether a graph has a cut of sizeat leastk for k = n 2 (where is a xed constart). Then a
testing algorithm for this problem will distinguish (with high probability) betweenthe casethat
the max-cut in the graph is of size at least n 2 and the casein which the max-cut is of size less
than ( )n? (which for = givesa \classical" (1  )-factor approximation to the size of the
max-cut).

Finally, we note that while property testing algorithms are decision algorithms, in many cases
they can be transformed into optimization algorithms that actually construct approximate solu-
tions. To illustrate this, considerthe two aforemerioned properties, which we refer to as -Clique
and -Cut. For the rst property, supposethe graph hasa clique of sizeat least n . Then, building
on the testing algorithm, it is possibleto obtain (with high probability), in time that grows only
linearly in n, a subsetof n verticesthat is closeto beinga clique. (That is, the number of missing
edgesbetween pairs of vertices in the subsetis at most n2.) Similarly, for the secondproperty,
if the graph has a cut of sizeat least n 2, then it is possibleto obtain (with high probability), in
time linear in n, a cut of sizeat least ( )n2. In both casesthe dependenceon 1= in the running
time is exponertial (whereasa polynomial dependencecannot be obtained unlessP = N P).

For these problems and other partition problems (e.g., k-colorability), the testing algorithm
(when it acceptsthe input) actually de nes an implicit partition. That is, after the execution
of the testing algorithm, it is possibleto determine for eadh vertex (separately) to which part it
belongsin the approximately good partition, in time poly(1=).

1.4 Prop erty Testing and Learning

Following standard frameworks of learning theory, and in particular the PAC learning model of
Valiant [Val84] and its variants, when we sa learning we mean outputting a good estimate of a
function to which we have query access(or from which we can obtain random labeled examples).
Thus, another view of property testing is as a relaxation of learning (with queriesand under the
uniform distribution).E Namely, instead of asking that the algorithm output a good estimate of
the (target) function (which is possibly assumedto belongto a particular classof functions F),

2Testing under non-uniform distributions and testing with random examples (only) have been considered (and we
discussthe former in this survey), but most of the work in property testing deals with testing under the uniform
distributions and with queries.



we only require that the algorithm decide whether the function belongsto F or is far from any
function in F. Giventhis view, a natural motivation for property testing is to serve asa preliminary
step before learning: We can rst run the testing algorithm in order to decide whether to use a
particular classof functions as our hypothesisclass.

In this corntext too we are interested in testing algorithms that are more e cien t than the
corresponding learning algorithms. As obsened in [GGR98], property testing is no harder than
proper learning (where the learning algorithm is required to output a hypothesisfrom the same
classof functions asthe target function). Namely, if we have a proper learning algorithm for a class
of functions F, then we can useit asa subroutine to test the property of membershipin F.

We also note that property testing is related to hypothesis testing (seee.g. [Kie87, Chap. 8]).
For a short discussionof this relation, seethe introduction of [RonQ0g].

1.5 Organization of this Survey

In this survey we have chosento preseri results in property testing with an emphasison analysis
techniques and algorithmic techniques. Speci cally:

In Section @ we discussresults whose analysis follows the Self-Correcting approad (e.g.,
testing linearity), and mention sewral implications of this approad.

In Section[ we discussresults whose analysis follows the Enforce-and-Test approad (e.g.,
testing bipartiteness in the dense-graphsmodel). In many casesthis approad implies that
the testing algorithm can be transformed into an e cien t approximate optimization algorithm
(as discussedin Subsection[L3d).

The approadc of Testing by Implicit Learning, whoseapplication leadsto e cien t testing of
many function classedqe.g., DNF formula with a bounded number of terms), is described in
SectionB

The Regularity Lemma of Szemeedi [Sze7, which is a very important tool in the analysis
of testing algorithms in the dense-graphsamodel, is preseried in Sectiond, together with its
application to testing triangle-freeness(in this model).

In Section[d we discussalgorithms for testing properties of sparsegraphs that are basedon
local search.

The use of random walks by testing algorithms for properties of sparsegraphsis considered
in Section@

In Sectiond we presen two examplesof lower bound proofs for property testing algorithms,
soasto give a avor of the type of argumerts usedin suc proofs.

A small selection of other families of results, which did not t naturally in the previous
sections(e.g., testing monotonicity of functions), are discussedin Section[IQ

We concludethe survey in Section[I1 with a discussionof seweral extensionsand generaliza-
tions of property testing (e.g., tolerant testing).



1.6 Related Surveys

There are se\eral surveyson property testing ([[Gol98, [Fis01, [Ron01], and the more recert [Ron0€),
which have certain overlapswith the current survey. In particular, the recernt survey [Ron0€] of the
current author presens property testing from a learning theory perspective. Thus the emphasis
in that survey is mainly on testing properties of functions (that is, testing for membership in
various function classes).Though the perspective taken in the current survey is di erent, there are
naturally seweral results that appear in both articles, possibly with di erent levels of detail.

For the broader context of sublinear-time approximation algorithms see[[KR03], [CS0€. For a
survey on Streaming (where the constraint is sublinear space rather than time), see[[Mut05]].

2 Preliminaries

2.1 Basic De nitions and Notations

to denote the number of indicesi suc that x; = 1. We use ™' to denote multiplication (e.g.,a b)
wheneer we beliewve it aids readability.

Since many of the results we survey deal with testing properties of functions (or functional
represermations of objects, suth asgraphs), we start with seeral de nitions and notations pertaining
to functions.

For two functions f;g: X ! R over a nite domain X we let

dist(f ; 0) € Pryox [f (x) 6 o(x)] @)

denotethe distance betweenthe functions, wherethe probability is taken over a uniformly selected
x2X.

When we usethe term \with high probability”, we meanwith probability at least 1 for a
small constart . When the claim is for higher successrobability (e.g., 1 poly(1=n) wheren is
the input size), then this is stated explicitly. When consideringthe probability of a certain event
we usually denote explicitly over what the probability is taken (e.g., Pryox [f (X) 6 g(X)]), unlessit
is clear from the context (in which casewe may write Pr[f (x) 6 g(x)]).

Let P be a property of functions (from domain X to range R). That is, P de nes a subset of
functions, and sowe shall usethe notation g 2 P to meanthat function g hasthe property P. For
afunction f : X ! R wedene

dist(f; P) €' minf dist(f; g)g @)
g

(where there may be more than one function g that attains the minimum on the right hand side).
If dist(f;P) = , then we shall say that f is at distance from (having) P (or hasdistance to P).

De nition 2.1 (Testing (Function Prop erties)) A testing algorithm for property P (of func-
tions from domain X to rangeR) is given a distance parameter and query accessto an unknown
function f : X I R.



If f 2 P then the algorithm should accept with prolkability at least 2=3;

If dist(f;P) > then the algorithm shouldreject with prolability at least 2=3.

We shall be interested in bounding both the query complexity and the running time of the testing
algorithm. In somecasesour focus will be on the query complexity, putting asidethe question of
time complexity. We obsene that the choice of a successprobability of 2=3 is arbitrary and can
clearly beimprovedto 1 , for any > 0 at a multiplicativ e cost of log(1=) in the complexity of
the algorithm. We say that a testing algorithm has one-sidel error if it acceptsevery f 2 P with
probability 1. Otherwise, it hastwo-sided error.

Onemay considervariations of the abovemertion notion of testing. In particular, the underlying
distribution (which determinesthe distance in Equation (), and hencein Equation (7)) may be
an arbitrary and unknown distribution (rather then the uniform distribution). We refer to this as
distribution-fr ee testing, and discussit in Subsection[IT.1l Another variant requiresthat testing be
performed basedon random (uniform) examplesalone;that is, queriescannot be performed. We
shall not discussthis variant in the current survey (and there are actually only few positive results
known in this model [KRQOO]).

2.2 Testing Graph Prop erties

Much of the work in property testing dealswith testing properties of graphs, where seweral models
have beenstudied. The rst two models, described next, correspond to represertations of graphs
as functions, and henceessetially coincide with De nition [ZZJ In all that follows, the number
of graph vertices is denoted by n. Unlessstated otherwise, we considerundirected, simple graphs
(that is with no multiple edgesand no self-loops). For a vertex v we let ( v) denote its set of
neighbors, and we let deg(v) = j ( v)j denoteits degree.

2.2.1 The Dense-Graphs (Adjacency-Matrix) Mo del

The rst model, introducedin [GGR9§], is the adjacency-matrix model. In this model the algorithm

may perform queriesof the form: \is there an edgebetweenverticesu and v in the graph?" That

is, the algorithm may probethe adjacencymatrix represeting the tested graph G = (V(G); E(G)),

which is equivalent to querying the function fg : V. V! f0;1g, wherefg(u;v) = 1if and only
if (u;v) 2 E. We refer to such queriesas vertex-pair queries. The notion of distanceis alsolinked
to this represeration: A graph is said to be -far from having property P if more than n? edge
modi cations should be performed on the graph sothat it obtains the property. We note that since
eah edgeappearstwice in the functional represenation (and there are no self-loops), to be exactly
consistent with the functional view-point, we should have said that a graphis -far from having P if

more than 2 edgemodi cations have to be be performedsothat the graph obtains the property.
Howewer, it will be somewhatsimpler to work with the slighly di erent de nition given here. This
model is most suitable for densegraphsin which the number of edgesm is ( n?). For this reason
we shall alsorefer to it asthe dense-gaphs model.



2.2.2 The Bounded-Degree (Incidence-Lists) Mo del.

The secondmodel, intro ducedin [[GROZ], is the bounded-degree incidence-lists model. In this model,
the algorithm may perform queriesof the form: \who is the i™" neighbor of vertex v in the graph?"
That is, the algorithm may probe the incidencelists of the verticesin the graph, whereit is assumed
that all vertices have degreeat most d for some xed degree-lound d. This is equivalert to querying
the function fg : vV [d]! V][ f gthat is de ned asfollows: For each v2 V andi 2 [d], if the
degreeof v is at leasti then f g(v;i) is the i'th neighbor of v (accordingto somearbitrary but xed

ordering of the neighbors), and if v has degreesmaller than i, then f g(v;i) = . We refer to these
gueriesas neighlor queries.

Here too the notion of distanceis linked to the represertation: A graph is saidto be -far from
having property P if more than dn edgemaodi cations should be performed on the graph so that
it obtains the property. In this case measures(once again, up to a factor of 2), the fraction of
ertries in the incidencelists represertation (the domain of f g, which has sizedn), that should be
modi ed. This model is most suitable for graphswith m = ( dn) edges;that is, whosemaximum
degreeis of the sameorder asthe averagedegree.In particular, this is true for sparse graphs that
have constant degree. We shall refer to it in short either as the boundel-degree model or as the
incidence-lists model.

2.2.3 The Sparse-Graphs Mo del and the General-Graphs Mo del

In [PROZ] it was rst suggestedto decouplethe questions of represetiation and type of queries
allowed from the de nition of distance to having a property. Speci cally, it was suggestedthat
distance be measuredsimply with respect to the number of edges,denoted m, in the graph (or
an upper bound on this number). Namely, a graph is said to be -far from having a property, if
more than m edgemaodi cations should be performed so that it obtain the property. In [[PROZ]
(where the focus was on sparsegraphs), the algorithm is allowed the sametype of queriesasin the
bounded-degredancidence-listsmodel, and it can also query the degreeof any given vertex.

The main advantage of the [PR0OZ] model over the bounded-degredncidence-listsmodel is that
it is suitable for sparsegraphs whosedegreesmay vary signi cantly. Hencewe refer to it asthe
sparse-giaphs model. We note that while it may seemthat the sparse-graphsmodel is (strictly)
more generalthan the bounded-degreanodel, this is not exactly true. The reasonis that for some
properties a graph may be far from having the property in the bounded-degreanodel but closeto
having it in the sparse-graphsmodel becauseit is far from any graph that has the property and
has degree at most d, but is closeto a graph that has the property but doesn't have the degree
limitation.

More generally when the graph is not necessarilysparse(and not necessarilydense), we may
allow vertex-pair queriesin addition to neighbor queriesand degreequeries. This model was rst
studied by Kriv elevich et al. [KKR0O4], and is referred to asthe generl-graphs model.

3 The Self-Correcting Approac h
Recall that the goal of a testing algorithm for a particular property P is to distinguish between

the casethat the tested object (function f) has the property P and the casethat it is far from
any function that hasP. To this end many testing algorithms run seeral independert executions

10



of some local test. For example, in the caseof linearity, the algorithm tests whether f (x) +
f(y) = f(x + y) for uniformly selectedpairs x and y in the domain of f. The local tests are
such that if the function has the property, then they always pass. In order to show that the
testing algorithm rejects (with high constart probability) functions that are far from having the
property, the cortrap ositive statemert is established. Namely, that if the testing algorithm accepts
a function f with sucien tly large constart probability (that is, the probability that a random
local test doesn't passis su cien tly low), then f is closeto having the property.

For linearity and seeral other properties, this is done by de ning a self-corrected version of
f. The self-correctedversion is de ned basedon the values of f (hencethe usageof self), and
the local tests. For examplein the caseof linearity, the self-correctedversion, gf (), is suc that
g (x) is the majority (or plurality) value of f (x + y) f (y), taken over all points y in the domain.
Shawing that ¢ is closeto f tends to be relatively easy and the crux of the proof is in showing
that g indeed hasthe tested property (e.g., is a linear function).

A coding-theory perspective. The resultsdescribedin this sectionalsohave an interpretation
from the point of view of coding theory. Namely, ead of the properties (function classes)corre-
sponds to a code (or family of codes): The Hadamard code, Reed-Solomoncodes, Reed Muller
codes,and GeneralizedReedMuller codes,respectively. If we view functions aswords (e.g., for the
domain f0; 1g", the word is of length 2"), then the test distinguishesbetweencodewords and words
that are -far from every codeword. This is referred to aslocal testing of codes (see,e.qg., [[Gol05)).
Taking this point of view, the self-correctedversion of a word that is not too far from being a
codeword correspondsto the closestcodeword.

3.1 Linearit y

For the sake of simplicity we consider functions from f0;1g" ! f0;1g. The result extends to
functions f : G ! H, where G and H are groups. Thus, here addition is modulo 2, and for
x;y 2 f0;1g, x + y is the bitwise sum (XOR) of the two strings, that is, it is the string z 2 f0; 1g"
such that z; = x; + yj. For the sake of simplicity, here when we say \linear functions” we mean
linear functions that do not have a free term (as de ned next). In order to allow a free term, the
test (Algorithm [B) should be slightly modi ed. Thus, strictly speaking, the algorithm is actually
a homomorphism testing algorithm.

De nition 3.1 (Linearit y) We saythat f : f0;1g" ! f0;1g is a linea fungtion if there exist
coe cients by;:::;b, 2 f0;1g suchthat for x = X1;:::;Xn 2Pf0;19”, f(x) = i”=l bxi. In other

Linearity testing is essetially the rst property testing problem studied, though the term
\Prop erty Testing" was not yet explicitly de ned at the time. Linearity testing was rst studied
by Blum, Luby and Rubinfeld [BLR93] in the context of Program Testing. Namely, they were
interestedin designingalgorithms (program-testers)that, givenaccesgo a programthat is supposed
to compute a particular function f, distinguish betweenthe casethat the program computes f
correctly on all inputs, and the casethat it errs on at least a certain fraction of the domain
elemerts. The program-tester should be much simpler than the program itself, and is typically
basedon calls to the program and somebasic operations on the resulting outputs.

11



In the caseof testing whether a program computesa particular linear function, the program-
tester rst distinguishes between the casethat the program computes some linear function and
the casethat the function it computesis far from any linear function. That is, it rst performs
property testing of linearity. The starting point of the BLR test is the following characterization
of linear functions, which is not hard to verify (and somewould actually useit as a de nition of
linear functions).

Fact 3.1 A function f :f0;1g" ! f0;1g is linear if and only if f (x) + f (y) = f (x + y) for every
x;y 2 fo;1g".

The BLR test is given in Figure [

Algorithm  3.1: Linearit y Test
1. Repeat the following (1 =) times.

(a) Uniformly and independently selet x;y 2 f0; 1g".
(b) If f(x)+ f(y) 6 f(x+ y) then output reject (and exit).

2. If no iteration causal rejection then output accept

Figure 1: The BLR linearity testing algorithm.

Before we prove the correctnessof the algorithm, we remark on its complexity: the algorithm
performs only O(1=) queries. In particular, its query complexity is independent of n. This is in
contrast to the query complexity of any learning algorithm for the classof linear (parity ) functions,
which is ( n). This is true simply becauseevery two linear functions have distance 1=2 between
them (under the uniform distribution), and a linear function is not uniquely determined by fewer
than n labeledpoints. We note that the di erence in the running time betweentesting and learning
is lessdramatic (linear in n versusquadratic in n), sincethe testing algorithm readsall n bits of
ead sampledstring.

Theorem 3.1 Algorithm Bl is a one-sidal error testing algorithm for linearity. Its query com-
plexity is O(1=).

Let L denotethe classof linear functions over f0; 1g". By Fact B, Algorithm [ acceptsevery
function f 2 L with probability 1. We turn to proving that if dist(f;L) > then the algorithm

rejects with probability at least 2=3. Let | (f) denotethe distance of f to being linear. Namely,

if we let L denote the set of all linear functions then | (f) def dist(f;L). We would like to prove

that for every given > 0,if > | (f) then the probability that the test rejects is at least 2=3.
This will follow from showing that if the constraint f (x) + f (y) = f (x + y) is violated for relatively
few pairs (x;y), then f is closeto somelinear function. In other words (using the terminology
of [BLR93], RS9€]), the characterization provided by Fact B is robust To this end we de ne:

(F) ' Proy[f () + £ (y) 6 F(x+ )] ; 3)

wherein Equation (3) and elsewherdn this subsection,the probability is taken over a uniform choice
of points in f0;1g". That is, (f) is the probability that a single iteration of Algorithm B\ nds
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evidence" that f is not a linear function. We shall show that (f) L (f )=c for some constart
¢ 1 (this can actually be shavn for c = 1 but the proof usesDiscrete Fourier analysis [BCH™ 9€]
while the proof we shaw builds on rst principles). It directly follows that if | (f) > and the
number of iterations is at least 2c=, then the probability that the test rejectsis at least

1@ (p*>1 e>*0= 1 e?>23; (4)

thus establishing Theorem 371

Somewhatunintuitiv ely, showing that (f) L (f)=cis easierif | (f) is not too large. Specif-
ically, it is not hard to prove the following claim.

Claim 3.2 For everyfunction f it holdsthat (f) 3 (f)(1 2 (f)). In particular, if | (f) %1
then (f) % (f) (and more geneally, if (f) = % for > 0, then (f) 6 L(f), which
givesa weak bound as (f ) approaches1=2).

It remainsto prove that evenwhen | (f) is not boundedaway (from above) from 1=2 then still
(f) L (f )=cfor a constart c. To this end we de ne the following majority function: for eat
xed choiceof x 2 f0;1g",

0 ifPrff(x+y) f(y)=0] 1=2
g () = 1 othe?wise ; ()
Let et
Vyf(X):ef(X+Y) fly)=f(y)+f(x+y) (6)

be the Vote that y casts on the value of x. By the de nition of gf (x) it is the majority vote taken
over all y. Note that if f is linear then Vyf (x) = f(x) for every y 2 f0;1g".

We shall prove two lemmas, stated next.
Lemma 3.3 dist(f;g') 2 (f).
Lemma 3.4 If (f) £ thengd' is alinear function.

By combining LemmasZ.3 and 34 we get that (f) % L (f). To seewhy this is true, obsene
rst that if (f) > %, then the inequality clearly holds because | (f) 1. (In fact, since it
can be showvn that | (f) 1=2 for ewery f, we actually have that (f) % L(f).) Otherwise
( (f) 3), sinced' islinear and dist(f;g') 2 (f), we havethat (f) dist(f;g') 2 (f),
sothat (f) L (f)=2, and we are done. Sincegd’ is de ned only basedon f (and it is a linear
function closeto f), we view it asthe self-orrected versionof f (with respect to linearity).

Pro of of Lemma B3l Let ( f;g') = fx : g (x) 6 f(x)g be the set of points on which f and
g" dier. By the de nition of gf (x), it is the majority value of Vyf (x) taken over all y. Hence,for
every xed choiceof x 2 ( f;g) we have that Pry[Vyf (x) 8 f(x)] 1=2. Therefore,

Pryy [f () & Vy (X)] Pry[x 2 ( f;0)] Prylf (x) 8 V) (x)jx 2 ( fig")]
2Prdd () 6 1 ()] : ™
SincePryy [f (x) 6 Vyf (x)] = (f), it must hold that Pry[gf (x) 6 f(x)] 2 (f). W

Pro of of Lemma 4l In order to prove this lemma, we rst prove the next claim.
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Claim 3.5 For everyx 2 f0;1g" it holdsthat Pry[gf (x) = V, (x)] 1 2 (f).

Note that by the de nition of g' as the \majority-vote function”, Pry[g’ (x) = W (x)] 3.

Claim B3 says that the majority is actually \stronger" (for small (f)).
Pro of: Fixing X, let po(x) = Pry[\/yf (x) = 0], and let py(x) = Pry[Vyf (x) = 1]. We are interested
in lower bounding py (,y(X), where, by the de nition of g, Pyt (x) (X) = maxf po(x); p1(x)g. Now,

Pg 60 (X) = Pgi o) (X) (Po(X) + P1(x))  (Po(x))? + (Pa(x))?: (8)

Since (po(x))2 + (p1(x))? = Pry;z[\/yf x) = (VA (X)], in order to lower bound py () (X), it suces to

lower bound Pry;z[VJ x) = sz (x)], which is what we do next. In what follows we shall usethe fact
that the rangeof f is f0; 1g.

I:’ry;z[\/yf (x) =V (x)]

= Pry [V (x) + V/ (x) = 0]

= Pryg[f () + f(x+y)+f(2)+f(x+2)=0]

= Prygff(y)+f(x+2)+f(y+x+2)+f(2)+f(x+y)+f(z+x+y)=0]

Pry [f(y)+f(x+2)+f(y+x+2)=0" f(@+F(x+y)+f(z+x+y)=0]

1 Prygff(y)+f(x+2)+f(y+x+2)=1_Ff(@)+f(x+y)+f(z+x+y)=1]

1 (Pryz[f(y)+ f(x+2)+f(y+x+2)= 1]+ Pry,[f (2)+ f(x+y)+f(z+x+y)=1])
1 2 (f):

H (Claim B3

In orderto completethe proof of Lemmal34, we show that for any two given points a;b 2 f0; 19",
g (@) + ¢ (b) = ¢ (a+ b). We prove this by the probabilistic method. Speci cally, we show that
there exists a point y for which the following three equalities hold simultaneously:

Lod@=f@+y) fy) E V@)
2. g (D ="f(b+(a+y) f(a+y) (= VL, b)
3.g @+t ="f(a+b+y) f(y) =V (a+h)

But in sud a case,
gd@+dg(M="f(b+a+y) f(y=gd(a+b; 9)

and we are done. To seewhy there exists sud a point y, considerselectingy uniformly at random.
For eadh of the above three equalities, by Claim 33, the probability that the equality doesnot hold
is at most 2 (f). By the union bound, the probability (over a uniform selectionof y) that any one
of the three doesnot hold is at most 6 (f). Since (f) < 1=6, this is bounded away from 1, and
so the probability that there exists a point y for which all three equalities hold simultaneously is
greater than 0, implying that suc a point y indeed exists. M (Lemma [39)
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3.1.1 Self-Correction in its Own Righ't

In the foregoing discussionwe preseried self-correction as an analysis technique. Howeer, the
argumert introduced directly implies that if f is not too far from being linear, then it can be
constructively self-corrected(which was also a task studied in [BLR93]). Namely, for any x of our
choice, if we want to know the value, on x, of the linear function closestto f, (or, in the coding
theory view, we want to know the correct bit in the position corresponding to x in the closestcode-

correct). The fact that self-correction can be done constructively has seweral implications, which
we discussin Subsection23

3.2 Low-Degree Polynomials

Self-correcting is also applied in sewral results on testing low-degree polynomials over nite
elds [RS96 [FS95 AKK * 05, [KRO6l, OUPRZ04]. Consider rst the univariate case,that is, test-

ing whether a function f : F ! F for a nite eld F is of the form f (x) = i Cifxi for a given
i=0

degreebound d (where the coe cien ts Cif belongto F). In this case,the testing algorithm [RS9€]

works by simply trying to interpolate the function f on (1 =) collectionsof d+ 2 uniformly selected

points, and cheking whether the resulting functions are all polynomial of degreeat most d. Thus

the algorithm essetially works by trying to learn the function f (and the interpolated function

obtained is the self-correctedversion of f ).E

When dealing with the more generalcaseof multiv ariate polynomials, the results vary according
to the relation betweenthe sizeof the eld jFj and the degreebound d. In what follows we give
the high level idea of the results, and note where self-correcting comesinto play.

The case of large elds. In the rst result, of Rubinfeld and Sudan [[RS9€ (which builds in
part on [ES9Y), it is assumedthat jFj d+ 2 (and that F is a prime eld). The idea of the
algorithm is to selectrandom lines in F", and to verify that the restriction of f to ead line is a
(univariate) polynomial of degreeat most d. To be precise,the algorithm doesnot query all points
on the line, but rather d + 2 evenly spacedpoints of the form f (x + i y) (for uniformly selected
X;y 2 FM), and veri es that they obey a certain linear constraint.

Here the self-correctedversion of f (denoted g') is de ned (for eath x 2 F") as the plurality
value taken over all y 2 F" of the vote VJ (x) of y on the value of x. This vote is the value that
f (x) \should have", sothat the restriction of f to the line de ned by x and y will indeed be a
univariate polynomial of degreeat most d (conditioned on the valuesthat f hason x + i y for
i 6 0). This value is simply a linear conmbination of f (x +i y)forl i d+ 1. Similarly to the
analysisof the linearity testing algorithm, it is shown that if the test acceptswith su cien tly large
probability, then g’ is a polynomial of degreeat most d and is closeto f .

3In fact, aslightly more e cien t version of the algorithm would selectd+ 1 arbitrary points, nd (by interpolating),
the unique polynomial g* of degreed that agreeswith f on these points, and then ched that g* agreeswith f on an
additional sample of (1 =) uniformly selectedpoints.
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Small elds and the general case. The casethat jFj < d+ 2 was rst studied by Alon et
al. JAKK ™ 05] for the special caseof jFj = 2 (which corresponds to the well known Reed-Muller
codes). and was later generalizedto jFj > 2 in [KRO6, JPRZ04] (where the two works dier

somewhatin the scope and the techniques). A main building block of the analysis of the general
casein [KRO6] is the following characterization of degreed multiv ariate polynomials over nite

elds.

Theorem 3.2 Let F = GF(q) wher q= p° and p is prime. Let d be an integer, and letf : F" !

F. The function f is a polynomig},of degree at most d if and only if its restriction to every a ne
subspce of dimension ™ = % is a polynomial of degree at most d.

Theorem B2 generalizesthe characterization result of Friedl and Sudan [ES95 (on which the
aforemeriioned algorithm of [RS9€] builds) which refersto the caseq g=p d+ 1. That is, the
sizeof the eld F is sucien tly larger than the degreed, and the a ne subspacesonsideredare

of dimension™ = 1.

The testing algorithm of [KRO6] utilizes the characterization in Theorem[32 (which is showvn to
be robust). Speci cally, the algorithm selectsrandom a ne subspaceqof dimension " as de ned
in Theorem[332), and cheds that the restriction of the function f to eadh of the selectedsubspaces
is indeed a polynomial of degreeat most d. Such a ched is implemerted by verifying that various
linear combinations of the valuesof f on the subspacesumto 0. Heretoo the self-correctedversion
of f, g, is de ned for each x 2 F" asthe plurality value of a certain vote. In this casethe vote

together with x, determinesan a ne subspaceof dimension, and the vote is the value that f (x)
\should have" so that the restriction of f to the subspacebe a polynomial of degreeat most d
(conditioned on the valuesof f on the other points in the subspace).

The query complexity and running times of the above algorithms depend on the relation between
jFj and d. Roughly speaking, for any degreed, as the eld sizejF| increases,the complexity
decreasedrom being exponertial in d (e.g., when jFj = 2) to being polynomial in d when F is of
the sameorder asd (or larger). This behavior can be shown to be fairly tight by almost matching
lower bounds. More details on thesealgorithms and their analysescan be found in [[Ron08& Sec. 3].

Extending the results for testing low-degree polynomials. The testability of low-degree
polynomials was signi cantly extended by Kaufman and Sudan [KS08H]. Using invariance proper-
ties of algebraicfunction classesthey give su cien t conditions for e cien t testing. Theseconditions
imply previously known results as well as new ones(e.g., sub-families of polynomials with degree
that is linear in n). Self-correcting plays a role in their analysisas well.

Other techniques for testing algebraic prop erties. One of the analysistechniquesthat was
usedearly onin the study of testing linearity by Bellare et al. [BCH™ 9€] is Fourier analysis. Bellare
et al. [BCH™ 9€] reveal a relation betweenthe Fourier coe cien ts of (an appropriate transforma-
tion of) a function f and its distance to linearity as well as a relation betweenthese coe cien ts
and the probability that the BLR test [BLR93] rejects f . Using these relations they gain better
understanding of the behavior of the linearity test.
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Another technique that was applied more recenlly by Kaufman and Litsyn [KLO5] for testing
certain families of \almost-orthogonal" codes(e.qg., dual-BCH) is the weightdistribution (spectrum)
of a code and its dual.

3.3 Implications of Self-Correction
3.3.1 Self-Correcting and Distribution-F ree testing

One interesting implication of self-correction is in the context of distribution-fr ee testing. In
distribution-free testing there is an unknown underlying distribution D over the domain X, and
distanceis de ned with respectto this distribution. That is, for two functionsf;g: X | R welet

disto (f;9) €' Pre olf (x) 6 g(x)] (10)
and for afunction f : X ! R and a property (family of functions) P we let

distp (f ; P) %' minf disto (f;6)g : (11)
g

As in the \standard" de nition of testing (when the underlying distribution is uniform), the algo-
rithm is given query accesso the tested function f . In addition, the algorithm is given accesso
examplesx 2 X distributed accordingto D. The algorithm should still acceptwith probability at
least2=3 iffl f 2 P, but now it should reject (with probability at least 2=3) if distp (f ; P) >

The notion of distribution-free testing was introduced in [GGR98]. Howewer, in that paper it
was only obsened that distribution-free (proper) learning implies distribution-free testing. Other
than that, in [GGR98] there were only negative results about distribution-free testing of graph
properties, which have very e cient standard testing algorithms (that is, that work under the
uniform distribution). The rst positive results for distribution-free testing (with queries) were
given by Halevy and Kushilevitz [HKO3l, HKO7]]. Here we describe their generalresult for obtaining
distribution-free testing algorithms from standard testing algorithms when the function classhasa
(property) self-corrector.

Halevy and Kushilevitz introduce the notion of a property self-orrector, which generalizesthe
notion of a self-corrector, introduced by Blum, Luby, and Rubinfeld [BLR93]

De nition 3.2 A -self-carecta for a classof functions F is a probabilistic oracle machine M,
which s givenoracle accessto an arbitrary function f : X ! R and satis es the following conditions
(where M T denotesthe exeution of M when given oracle accessto f ):

If f 2 F then PriM T (x) = f (x)] = 1 for everyx 2 X.

If there exists a function g 2 F such that dist(f ; g) , then PriM f (x) = g(x)] 2=3 for
everyx 2 X.

In this de nition, the distance (i.e., the measuredist( ; )) is de ned with respect to the uniform
distribution. Howewer, it will be useful for distribution-free testing (when the distance (distp ( ; ))
is measuredwith respect to some xed but unknown distribution (D)). Obserwe that the second
condition in De nition B implies that g must be unique.

4An alternativ e de nition would require that the algorithm accept (with high probabilit y) if distp (f;P) = 0. We
adopt the requirement that f 2 P sincethe known results are under this de nition.
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Theorem 3.3 Let F be a classof functions that has a standad testing algorithm T and a -self-
corrector M. Let Q7() be the query complexity of T (as a function of the distance parameter
) and let Qy be the query complexity of M (that is, the number of queries required in order
to determine M (x)). Then there exists a distribution-fr ee testing algorithm for F with query

complexity O(Qt(minf ; g) + Qm=).

In Figure [ we give the distribution-free testing algorithm referred to in Theorem B3 We assume
that the distance parameter is smallerthan (or elsewe set to ).

Algorithm  3.2: Distribution-free  test based on self-correction

1. Run the standad testing algorithm T on f, 24 (independent) times with the distance
parameter . If T outputsrejectin at least half of theseexeutions then halt and output
reject

2. Repeat 2= times:

(a) Samplea point x 2 X according to the underlying distribution D.

(b) Repeat twice: Compute M (x) and query f (x). If M (x) 6 f(x) then output
reject (and exit).

3. If no iteration causel rejection then output accept

Figure 2: The distribution-free testing algorithm that is basedon self-correction.

Pro of of Theorem B3l Clearly the query complexity of Algorithm B2 is as stated in Theo-
remB.3 Hencewe turn to proving its correctness. Consider rst the casethat f 2 F. In such a
casethe standard testing algorithm T should acceptwith probability at least 2=3, and the proba-
bility that it rejectsin at least half of its 24 independert executionsis lessthan 1=3. Assumesud
an event did not occur. By the rst condition in De nition B2, for every x 2 X, we have that
Mf(x) = f(x) with probability 1. Hencethe secondstep of the algorithm never causesrejection.
It follows that the algorithm acceptswith probability at least 2=3. (Note that if T has one-sided
error then so doesAlgorithm [32)

In what follows, in order to distinguish betweenthe casethat distance is measuredwith re-
spect to the uniform distribution, and the casethat it is measuredwith respect to the underlying
distribution D, we shall use the terms ( ; U)-close (or far) and ( ; D)-close (or far), respectively.
Assumenow that f is (; D)-far from F. If f isalso(; U)-far from F then it is rejectedby T with
probability at least 2=3, and is therefore rejected by the algorithm in its rst step with probability
at least 2=3. Henceassumethat f is (; U)-closeto F.

In such a case,by the secondcondition in De nition B2 for every x 2 X, PriM f (x) = g(x)]
2=3, where g is a xed function in F that is ( ;U)-closeto f and the probability is taken over
the internal coin ips of M (recall that so sudh a function g exists). In particular, for any
point x such that f(x) 6 g(x) we have that PrfiM(x) 6 f (x)] 2=3. Thus, if in one of the
(2=) iterations of the secondstep of the algorithm we obtain sud a point x, then the algorithm
rejects with probability at least1 (1=3)2 = 8=9 (sinceit computesM  (x) twice). But sincef is
(; D)-far from F, for every function h 2 F, we havethat Pry p[f (x) 6 h(x)] > , andin particular
this is true of g. Hencethe probability that the algorithm doesnot obtain any point x for which
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f(x) 8 g(x) isat most (1 )% < exp( 2) < 1=6. It follows that the algorithm rejects with
probability at least1 (1=9+ 1=6) > 2=3, asrequired. W

In particular, Theorem[3:3 canbeappliedto obtain distribution-free property testing algorithms
for all properties described in this section. Other properties (function classes)include singletons
(since they are a subclassof the classof linear functions), and k-juntas (since they are a subclass
of degreek multiv ariate polynomials).

3.3.2 Self-Correcting and Testing Subclasses of Functions

Two other (related) results that build on self-correcting, are testing singletons (also known as
dictator functions) and testing monomials.

De nition 3.3 (Singletons and Monomials) A function f : f0;1g" ! 0;1g is a singleton
function if there existsan i 2 [n] suchthat f (x) = x; for everyx 2 f0;1g" or f (x) = x; for every
x 2 £0;1g".

We say that f is a monotonek-monomialfor 1k n if there exist k indicesiq;:::;ix 2 [n]
suchthat f (x) = x;; » A xi, for everyx 2 f0;1g". If we allow some of the Xj;'s above to be
replacd with Xij » then f is a k-monomial The function f is a monomialif it is a k-monomial for
somel k n.

Here we describe the algorithm for testing singletons and explain how self-correcting comesinto
play. The testing algorithm for k-monomials generalizesthe algorithm for testing singletons and
also builds on self-correcting. We actually describe an algorithm for testing whether a function f
is a monotone singleton. In order to test whether f is a singleton we can chedk whether either f
or f passthe monotone singleton test. For the sake of succinctness,in what follows we refer to
monotone singletonssimply as singletons.

For x;y 2 f0;1g" we shall use x * y to denote the bitwise "TAND"' of the two strings. That is,
z=x"ysatiseszi=x;y;foreveryl i n.

The following characterization of monotone k-monomials motivates our algorithm.

Lemma 3.6 Letf :f0;1g" ! f0;1g. The function f is a monotone k-monomial if and only if the
following two conditions hold:

1. Prlf (x) = 1] = %

2. f(x~y)=f(x)"f(y) for all x;y 2 f0;1g".

In what follows we shall say that a pair of points x;y 2 f0;1g" are violating with respect to f if
f(x™y) & f(x)"f(y).

Pro of. If f is a k-monomial then clearly the conditions hold. We turn to prove the other direction.
We rst obsene that the two conditions imply that f (x) = 0 for all jxj < k, where jxj denotesthe
number of onesin x. In order to verify this, assumein contradiction that there exists somex sud
that jxj < k but f (x) = 1. Now considerany y sud that y; = 1 whenewer x; = 1. Then x* y = X,
and thereforef (x~ y) = 1. But by the seconditem, sincef (x) = 1, it must alsohold that f (y) = 1.
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However, sincejxj < k, the number of such points y is strictly greaterthan 2" K, cortradicting the
rst item.

Vv
Next let F; ©ffx :f (x) = 1g, andlety =, X. Using the seconditem in the claim we get:

N N
fy)=1 X = f(x)=1: (12)
X2 F1 x2F1
Howewer, we have just shown that f (x) = 0 for all jxj < k, a@d thusjyj k. Hence,there exist k
indicesiy;::ijig suchthaty;, = 1foralll j k. Buty; = x2F, Xi; - Hencexj, = 111=x;, =1

for every x 2 F1. The rst item now implies that f (x) = x;, * :::* x;, for every x 2 f0;1g". W

Given Lemmal38, a natural candidate for atesting algorithm for singletonswould take a sample
of uniformly selectedpairs (x;y), and for eadh pair verify that it is not violating with respect to
f. In addition, the test would ched that Pr[f (x) = 0] is roughly 1=2 (or elseany monotone k-
monomial would passthe test). As shawvn in [PRS0Z], the correctnessof this testing algorithm can
be proved as long as the distance betweenf and the closestsingleton is bounded away from 1=2.
It is an open question whether this testing algorithm is correct in general.

We next describe a modi ed version of this algorithm, which consistsof two stages. In the rst
stage, the algorithm tests whether f belongsto (is closeto) a more generalclassof functions (that
contains all singleton functions). In the secondstageit appliesa slight variant of the original test
(as described in the previous paragraph). Speci cally, the more general class of functions is the
classL of linear Boolean functions over f0;1g", which was discussedin Subsection@3 Clearly,
ewvery singleton function f (x) = x; is a linear function. Hence,if f is a singleton function, then it
passeshe rst stage of the test (the linearity test) with probability 1. On the other hand, if it is
far from any linear function, then it will be rejected already by the linearity test. As we shall see,if
f is far from ewvery singleton function, but it is closeto somelinear function that is not a singleton
function (sothat it may passthe linearity test), then we can prove that it will be rejected in the
secondstage of the algorithm with high probability.

In order to motivate the modi cation we introduce in the aforemeriioned \natural" singleton
test, we state the following lemma and discussits implications.

P
Lemma 3.7 LetS [n], and let gs(X) = ;5,5 Xi (where the sum is taken modulo 2). If |Sj is

eventhen
1

1
Pry.y [9s(X M y) = 0s(X) * Os(Y)] = > + ISP
and if jSj is odd then

Pray[B0" ) = 600 " 6] = 5+
Pro of: Let s= |Sj, and let x;y be two strings such that (i) x hasO i s onesin S, that is,
jf2S:x =1gj=i; (i) x*yhasO k ionesinS; and (iii) y hasatotal ofj + k onesin S,
where0 j s .

If gs(x™y) = gs(X) ™ gs(y), then either (1) i is even and k is even, or (2) i is odd and j is
even. Let Z; f0;1g" f0;1g" be the subsetof pairs x; y that obey the rst constraint, and let
Z, f0;1g" f0;19" be the subsetof pairs x; y that obey the secondconstraint. Sincethe two
subsetsare disjoint,

Pruy [0s(X " y) = Gs(x)  Gs(V)] = 2 *(jZaj + jZ2)) : (13)
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It remainsto compute the sizesof the two sets. Sincethe coordinates of x and y outside S do not
determine whether the pair x; y belongsto one of these sets, we have

0 _ _ 1
x s X i X' s j
jZij=2"s 2" s @ . A (14)
i=0;i even : k=0 :k even j=0 J
and 0 _ . 1
x s X' X! s i
jZaj=20® 205 @ . ‘ A (15)
i=0;i odd ! k=0 j=0;j even ]
The right-hand-side of Equation (I4) equals
22n 2s (225 2 4 28 l) — 22n 2 4 22n s 1_ 22n (2 2 4 2 (S+l)) : (16)

The right-hand-side of Equation (I8 equals22" (2 2+ 2 (*1) if sis odd and 22" 2 if s is even.
The lemma follows by combining Equations (I4) and (I8) with Equation (I3). N

Hence,if f is alinear function that is not a singleton and is not the all-0 function, that is,f = gs
for jSj 2, then the probability that a uniformly selectedpair x;y is violating with respectto f is
at least 1=8. In this case,a sampleof 16 such pairs will contain a violating pair with probability
atleastl (1 1=8)16 1 e 2> 2=3.

Howewer, what if f passeghe linearity test but is only closeto being a linear function? Let g
denote the linear function that is closestto f andlet be the distance betweenthem. (Note that
g is unique, given that f is sucien tly closeto a linear function). What we would like to do is
chedk whether g is a singleton, by selectinga sample of pairs x; y and chedking whether it contains
a violating pair with respectto g. Obsene that, sincethe distance betweenfunctions is measured
with respectto the uniform distribution, for a uniformly selectedpair x;y, with probability at least
(1 )2, both f(x) = g(x) and f(y) = g(y). Howewer, we cannot make a similar claim about
f(x”™y)and g(x * y), sincex " y is not uniformly distributed. Thus it is not clear that we can
replacethe violation test for g with a violation test for f . In addition we needto verify that g is
not the all-O function.

The solution is to usea self-aorrector for linear functions, essetially asde ned in De nition 32
Namely, given query accessto a function f : f0;1g" ! 0; 1g, which is strictly closerthan 1=4 to
somelinear function g, and an input x 2 f0;1g", the procedure Self-Carect(f ; x) returns the value
of g(x), with probability at least 9=10. The query complexity of the procedureis constart.

The testing algorithm for singletonsis given in Figure B

Theorem 3.4 Algorithm [Z3is a one-sidel error testing algorithm for monotone singletons. The
qguery complexity of the algorithm is O(1=).

Pro of: Since the linearity testing algorithm has a one-sidederror, if f is a singleton function
then it always passesthe linearity test. In this casethe self corrector always returns the value of
f on ewery given input point. In particular, Self-Correct(f;1) = f (1) = 1, since every monotone
singleton hasvalue 1 on the all-1 vector. Similarly, no violating pair can be found in Step[B Hence,
Algorithm [3.3 always acceptsa singleton.
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Algorithm  3.3: Test for Singleton Functions

1. Apply the linearity test (Algorithm ) to f with distance parameter min(1=5; ). If
the test rejects then output reject (and exit).

2. If Self-Correct(f ;1) = 0 (where 1 is the all-1 vector), then output reject (and exit).
3. Uniformly and independently select m = 64 pairs of points X;y.

For each suchpair, let b, = Self-Correct(f ; x), by = Self-Correct(f ;y) and byry =
Self-Correct(f ; x * y).

Check that byry = by A by,

4. If one of the checks fails then output reject Otherwise output accept

Figure 3: The testing algorithm for singletons (that is basedon self-correction).

Assume,without lossof generality, that 1=5. Considerthe casein which f is -far from any
singleton. If it is also -far from any linear function, then it will be rejected with probability at
least 9=10in the rst step of the algorithm. Otherwise, there exists a unique linear function g sud
that f is -closeto g. If g is the all-0 function, then f is rejected with probability at least 9=10 (in
StepD).

Otherwise, g is a linear function of at least 2 variables. By Lemma34, the probability that a
uniformly selectedpair X;y is a violating pair with respectto g is at least 1=8. Given sud a pair,
the probability that the self-correctorreturns the value of g on all the three calls (that is, by = g(x),
by = g(y), and byny = g(x " y)), is at least (1 1=10)2 > 7=10. The probability that Algorithm 33
obtains a violating pair with respectto g and all callsto the self-correctorreturn the correct value,
is greater than 1=16. Therefore, a sample of 64 pairs will ensurethat a violation byry 6 b~ by
will be found with probability at least 9=10. The total probability that f is accepted,despitebeing

-far from any singleton, is henceat most 3 (1=10) < 1=3.

The query complexity of the algorithm is dominated by the query complexity of the linear
tester, which is O(1=). The secondstagetakesconstart time. W

4 The Enforce-and-T est Approac h

In order to introduce the idea of the \enforce-and-test" approac, we start by giving a very simple
example: Testingwhether a graph is a biclique. We later preser the slightly more involved analysis
for the more general problem of testing whether a graph is bipartite, and shortly discussother
properties for which the enforce-and-testapproadc is applied. We note that this approach was

most commonly (though not solely) applied when testing properties of graphsin the dense-graphs
model.
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4.1 Testing Whether a Graph is a Biclique

A graph G = (V;E) is a biclique if there exists a partition (Vy;V,) of the graph vertices such that
E =V: WV, (that is, V1 and V, are independert sets and there is a complete bipartite graph
betweenV; and V,). Recall that by the de nition of the dense-graphsmodel, a graph is -far from
being a biclique (and henceshould be rejected with probability at least2=3) if more than n ? edge-
modi cation (additions and/or deletions) should be performed on the graph sothat it becomesa
biclique. This is equivalent to saying that for every partition (V1;V>), the size of the symmetric
dierence (EnV:i Vo)[ (Vi  VonE) is greaterthan n?2.

Consider the following algorithm. It rst selectsan arbitrary vertex vq. It then uniformly and

aswell as(vo;u;j) and (vo; w; ). If the algorithm encourters evidencethat the graph is not a biclique
(that is, for somel | swehavethat (uj;w;), (vo;u;), and (vo;w;) are all edgesor exactly one
of them is an edge),then it rejects. Otherwise it accepts. Sincethe algorithm only rejects when it
nds evidencethat the graph is not a biclique, it acceptsevery biclique with probability 1.

In order to prove the if the tested graphis -far from being a biclique, then the algorithm rejects
it with probability at least 2=3, we do the following. We view vq as enforcing a partition of all
graph verticesin the following manner. On one side of the partition (V1) we put vg together with
all verticesthat it doesnot neighbor, and on the other side (V2), we put all the neighbors of vg. The
vertex vg enforces this partition in the sensethat if the graph is indeed a biclique then this is the
only partition that obeysthe biclique conditions. On the other hand, recall that if the graphis -far
from being a biclique then for every partition (Vi;V,) we havethat JEnVy Voj+jVi VonEj> n2,
In particular this is true of the aforemerioned partition whereV; = V. n (vg) and Vo = (Vo)
(recall that ( vg) denotesthe set of neighbors of vp).

Therefore, with probability at leastl (1 )$> 1 exp( s) > 2=3,amongthe s sampledpairs
(ug;wi);:::; (us; ws) there will be at least one pair (uj;w;) eitherin EnVy Vo orinVy  VonE.
In the former caseeither u; and w; both belongto Vi, and sothe subgraphinduced by u;, w; and
Vo cortains a single edge (u;;w;), or u; and w; both belongto V,, and so the subgraph induced
by uj, w; and vo cortains all three edges. In the latter casethis subgraph cortains a single edge
(betweenvg and either u; or w;). For an illustration, seeFigure @

Vs Vo Va2
V1 Vl Vl

< i{' %{

Figure 4: An illustration of the three casesin the analysisof the biclique tester. On the left is anillustration
for the casethat (uj;w;) 2 EnVy V., and uj;w; 2 Vi; In the middle is an illustration for the casethat
(ui;w;) 2 EnVy Vo and uj;w; 2 Vo, On the right is an illustration for the casethat (u;;wj) 2 Vi VanE,
and u; 2 Vi, w; 2 Ve. In the last casethe \missing edge" betweenu; and w; is marked by a dotted line.
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The General Idea. As exempli ed by the problem of testing whether a graph is a biclique,
the high-level idea behind the designand analysis of algorithms that follows the \enforce-and-test"
approad is roughly the following. The algorithm takes a sample from the tested object (e.g.,
a small random subgraph), and chedks whether the sample has a particular property, which is
possibly, but not necessarily the property tested. The analysis views the sample as consisting of
two parts. The rst part is the \enforcing” part, and the secondis the \testing" part. The goal of
the enforcing part is to implicitly induce certain constraints over the structure of the (yet unseen
portion) of the object. The constraints are such that if the object is far from having the property,
then with high probability over the choice of the testing part it will contain evidencethat (together
with the enforcepart) \proves" that the object doesnot have the tested property.

4.2 Testing Bipartiteness in the Dense-Graphs Mo del

Recall that a graph G = (V;E) is bipartite if there exists a partition (Vz;V>) of the vertices where
there are no edges(u; w) sud that u;w 2 V; or u;w 2 V,. We say in such a casethat the partition

is bipartite . If a partition (V1;V>) is not bipartite, then we shall say that the edges(u;w) 2 E sud
that u;w 2 Vi or u;w 2 V, are violating edgeswith respectto (Vi;V2). Recall that we can decide
(exactly) whether a graph is bipartite in linear time by running a Breadth First Seard (BFS). By
the de nition of the dense-graphsmodel, a graph G is -far from (being) bipartite in this model if
(and only if) it is necessaryto remove more than n?2 edgesto make it bipartite.

The algorithm is very simple and is givenin Figure B Note that the number of queriesperformedis
independent of the sizeof the graph, and only depends(polynomially) on 1= . Clearly, if the graph

Algorithm 4.1 Bipartiteness Test
1. Takea sampleS of 2 log(1=) vertices, seleted uniformly at random;

2. Ask vertex-pair queriesfor all pairs in the sample,thus obtaining the induced sulgraph
Gs;

3. Run a Breadth First Search (BFS) on Gg: if it is bipartite then accept otherwise,
reject

Figure 5: The bipartiteness testing algorithm (for densegraphs).

G is bipartite then it is acceptedby Algorithm EI with probability 1, and when the algorithm
rejectsa graph it provides evidence\against” the graph in the form of a small subgraph (Gs) that
is not bipartite. Hence,from this point on assumeG is -far from being bipartite, and we will show
that it is rejected with probability at least 2=3.

If Gis -far from bipartite then this meansthat for every partition (Vi;V,) of V, there are more
than n? violating edgeswith respectto (V1;V,). Considerthe following initial attempt of analyzing
the algorithm: If we considera single partition (Vi;V,) (that has more than n?2 violating edges,
sincethe graphis -far from bipartite), then it is easyto seethat a sampleof s = 1 log(1=)
verticeswill \hit" the two end-points of sud an edge(i.e., that is violating with respectto (V1;V>))
with probability at leastl . The natural ideawould beto take a union bound over all partitions.
The problem is that there are 2" possiblepartitions and soin order for the union bound to work
we would have to take < 2 ", implying that the sample should have sizelinear in n.
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Instead, we shall think of the sample as consisting of two disjoint parts, U (the \enforce"
part) and W (the \test" part). The intuition is that in somesenseU will introduce constraints
that will e ectively reduce the number of \relevant” partitions of V to a much smaller number
than 2", and then W will be usedto \test" only them. We let jUj = ! log(1=) and
jWj = 1 log2Vl = 2 log(1l=) .

We rst introduce a couple of additional de nitions:

De nition 4.1 For any xed partition (U1;U,) of U, we shal say that W is not compatiblewith
(U1; Uyp) if there is no partition (Wq; W2) of W suchthat (Ui[ W1; Ux[ W») is a bipartite partition.

We would like to show that (since G is -far from bipartite), with high probability over the choice
of U and W, no matter how we partition U into (U;U,), the subsetW will not be compatible
with (Uq; Up) (implying that there is no bipartite partition of both U and W, which causesthe
algorithm to reject).

De nition 4.2 Let (Up;Uy) be a (bipartite) partition of U. We shal say that a vertex w is a
witnessagainst (Up; Uy) if there existu; 2 Uy and u 2 U, suchthat (w;uq); (w;uz) 2 E. We shal
say that a pair w1 and wy are witnessesagainst (Uy; Up) if (wq;wy) 2 E and there exist ug;us 2 U
suchthat uqi;us 2 Uy or ug;uz 2 Uy and (wq;uq); (wo;up) 2 E.

For an illustration of the notion of withesses,seeFigure [@

U1 Uo U: Uz
\ Wy
W Wo

Figure 6: An illustration of a witnessw, and a pair of witnessesw;;w», both with respect to the partition
(Ul; Uz) of U.

Observ ation: If W cortains a vertex w that is a witness against (U,;U,) or a pair of vertices
wy and wy that are withessesagainst (Up; Uy) then W is not compatible with (Up; U,). Hence,we
would like to shav that with high probability over U and W, there are witnessesin W against
every partition of U.

Simplifying assumption: We rst continue the analysis under the assumption that U is sud
that every v 2 V has at least one neighbor in U. (We later remove this assumption). Under this
assumption, given a bipartite partition (Up;U,) of U, we de ne a partition of all of V. Foru2 U
we put uin Vy if v2 Uy andweput uin V, if u2 U, Forv 2 V nU (that is, almost all vertices
are consideredhere) if v hasa neighbor in U; then we put v in V, and otherwise (it hasa neighbor
in Uy), then we put it in Vy1. For an illustration, seeFigure [1

Now, ead one of these at most 21VI partitions of V cortains more than n 2 violating edges.
Since (Uyp; Uy) is bipartite, and we put ead vertex in V nU opposite its neighbor, these edgesare
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Figure 7: An illustration of the partition of V that is de ned basedon (Uy; U>) whenwe make the simplifying
assumptionthat every vertex in V hasa neighbor in U. Violating edges(which correspond to withnesses)are
marked by bold lines.

of the form (wy;w») 2 E wherew; and w, both have a neighbor in U; or both have a neighbor in
Uy, or they are of the form (w;u,) whereu, 2 U, and w has a neighbor u; 2 U; (soit was put in
V,). But this exactly coincideswith our de nition of witnessesagainst (U1;U,). Therefore, if we
catch such a vertex (pair), then W in not compatible with (U1; U,). For simplicity of the analysis,
even in the casethat w is a witness becauseit was put in V; but it has a neighbor u, 2 Uy, we
shall think of (uy;w) as a pair of withesses,and soit won't be consideredsu cient that w 2 W
but we'll require that us;w 2 W.

We shall think of the uniform sampleW as a sample over uniformly selectedpairs of vertices.
Sincethe probability that we catch a pair of withessesin a single trial is more than %; = , the
probability that we dorit catch any pair of witnessesin W is at most (1 ~ )IWi=2, |f we take
jWj = ( jUj=) then this is lessthan (1=6) 2! Yi. By a union bound over all two-way partitions
of U, the probability that for some(Uq;U,), we have that W is compatible with (Uy; U,) is hence
at most 1=3. In other words, with probability at least 5=6 there is no bipartite partition of U] W.

It remainsto remove the assumptionthat ewery vertex in V hasa neighbor in U.

De nition 4.3 We saythat a vertexin V hashighdegreef its degree is at least ( =4)n. Otherwise
it haslow degree

Lemma 4.1 With prolability at least 5=6 over the choice of (4=) log(24=) vertices (denoted U),
all but at most ( =4)n of the high degree verticesin V havea neighlor in U.

We prove this lemma momertarily, but rst show how to modify the argument basedon the
lemma. AssumeU is as stated in the lemma (where we later take into accourt the probability of
1=6 that this is not the case). Then, given a partition (Uq;U,) of U, we de ne a partition of all
vertices similarly to what we did before. In particular, the verticesin U and their neighbors are
partitioned as before. All remaining vertices, which do not have a neighbor in U and whose set
is denoted R, are put arbitrarily in V1. For an illustration, seeFigure Once again, for every
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Figure 8: An illustration of the partition of V that is de ned basedon (U;;U,) when we remove the
simplifying assumption that every vertex in V has a neighbor in U. Violating edgesthat are incident to R
are marked by dashedlines while violating edgeswhich correspond to withessesare marked by bold lines.

bipartite partition (Uq;U,), the partition of V just de ned contains more than n 2 violating edges.
Now, someof theseviolating edgesmight not correspond to witnesses.In particular, someof these
edgesmight beincident to verticesin R. However, the total number of edgesthat are incident to

verticesin R isat mostn (=4)n+ (=4)n n = ( =2)n?. Hence,there are at least ( =2)n? violating

edgesthat correspond to witnesses,and we shall catch one with high constart probability.

More precisely if jWj= (1 jUj)= ( 2 log(1=)), then, conditioned on U being as in
Lemmadd with probability at least 5=6 over the choice of W, there is a pair of withessesin W
against every partition of U. The probability that either U is not asin Lemmal, or W doesnot
include witnessesagainst some partition of U, is at most 1=3. It follows that with probability at
least 2=3 (over the choiceof S = U[ W) the algorithm rejects (since there is no bipartite partition
of S). It remainsto prove Lemmall

Pro of of Lemma EIl Considerany xed high degreevertex v. The probability that U doesnot
contain any neighbor of v is at most (1  ( =4))IV < =24, Therefore, the expected fraction of high
degreeverticesin V that do not have a neighbor in U is at most =24. By Markov's inequality, the
probability that there is more than an =4 fraction of such verticesin V (that is, more than 6 times
the expectedvalue), is at most 1-6. N

4.2.1 Reducing the Num ber of Queries

We rst obsene that by the foregoing analysis, we can modify the algorithm (seeFigure @) so as
to reduce the query complexity and running time to (3 log?(1=)). The basic obsenation is
that we can actually partition the sampleinto two parts, U and W (as described in the analysis),
and we don't needto perform all vertex-pair querieson pairs of verticesin W, but rather only on
a linear (in jWj) number of disjoint pairs.
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Algorithm 4.2 Bipartiteness Test (V ersion 11)

1. Takea sampleU of 1 log(1=) vertices,uy;:::; us, seleted uniformly, indepen-
dently, at random, and a sampleW of 2 log(1=) verticeswy;:::;w; seleted
uniformly, independently, at random.

2. Ask vertex-pair queriesfor all pairs (uj;u;) 2 U U, (ui;wg) 2 U W and for all
pairs (wy 1;wy) wherel =~  bt=2c. Let the sulgraph obtained be denoted H .

3. Run a Breadth First Search (BFS) on H: if it is bipartite then accept otherwise,
reject

Figure 9: The bipartiteness testing algorithm (version I1).

A more sophisticated analysis of Alon and Kriv elevidh [AKO2]] shows that a sample of vertices
having size (! log(1=)) su ces for the original algorithm (Algorithm EI), sothat the number
of queriesperformedis (2 log?(1=)). The result of Alon and Kriv elevic is optimal in terms of
the numkber of vertices that the tester inspects[AKOZ]. A natural question addressedby Bogdanor
and Trevisan [BT04] is whether (  2) queriesare necessary Bogdanos and Trevisan showved that
(2 queriesare indeed necessaryfor any non-adaptive tester. For adaptive testers they shaved
that (  3%2) queriesare necessarﬁ This result still left open the question whether an adaptive
tester can indeed have query complexity that is o 2), and possibly even O(  372). This question
was answered a rmativ ely in [GRQY] for the casethat (almost) all vertices have degreeO( n),
where the lower bounds of [BT04] holds under this condition. The algorithm of [GRO7] works by
importing ideasfrom testing in the bounded-degreemodel to the dense-graphsmodel. They also
shawed that O(  372) are su cien t when (almost) all vertices have degree ( ™2n). The general
guestion regarding the exact complexity of adaptively testing bipartiteness for generalgraphs (in
the dense-graphsmodel) is still open. We note that the power of adaptivity in the dense-graphs
model was further studied in [GROY].

4.2.2 Constructing an Appro ximately Good Bipartition

One interesting implication of the analysis of the bipartiteness tester is that if the graph is indeed
bipartite then it is possibleto usethe tester to obtain (with high constart probability) auxiliary
information that lets us construct an approximately good bipartition in time linear in n. To be
precise, we say that a partition (V1;V) is -good if there are at most n? violating edgesin G
with respectto (Vi; Vo). Now supposeG is bipartite and we run Algorithm 7, where we view the
sample as consisting of two parts: U and W (or we run Algorithm E2 for which the partition of
the sampleis explicit).

As shown in Lemma 7, with high constart probability, all but at most ( =4)n of the high
degreeverticesin V have a neighbor in U (where we said that a vertex has high degreeif it hasat
least ( =4)n neighbors). We shall say in such a casethat U is an ( =4)-dominating-set. Assumefrom
this point on that U is indeed an ( =4)-dominating-set (where we take into accourt the probability

5A non-adaptive tester must chooseall its queries in advance whereasan adaptive tester may chooseits queries
based on answers to previous queries. In the dense-graphsmodel, for any xed property the gap in the query
complexity between adaptive and non-adaptiv e testing algorithms is at most quadratic [AEKS00}, IGT03].
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that this is not the casein our failure probability).

For ead bipartite partition (Up;U,) of U, considerthe partition (Ui[ (V n ( UD));Ua[ (U))
of V (as de ned in the analysis of the tester). By the argumernt usedto prove the correctnessof
the tester in the casethat the graphis -far from being bipartite, we have the following. With high
constart probability over the choiceof W, for every (Uy; Uy) such that (Ur[ (V n ( Ug));Uz[ ( Uy))
is not -good, there will be no bipartite partition (Ui[ W1; Uz [ W>) of the sample. Assumethis is
in fact the case(where we add the probability that this is not the caseto our failure probability).
SinceG is bipartite, the BFS executedby the tester will nd abipartite partition (Ui[ W1; Uz[ W)),
implying that the partition (U1[ (V n ( Uy)); Uz [ ( Up)) must be -good.

We can hence use the partition (Uq;Uy) to determine, for every vertex v 2 V to which side
it belongsin the -good partition (U1 (V n ( Uy));Ux[ ( Uy)) by simply performing all queries
betweenv andu 2 U.

4.3 Other Applications of the Enforce-and-T est Approac h

There are alsosimilar (though somewhatmore complex) analysesof algorithms in the dense-graphs
model for testing k-colorability, -Clique (having a clique of size N ), -cut (having a cut of size
at least N 2), and in general for the family of all partition properties [GGR98]. Namely, these
properties are de ned by upper and lower bounds on the sizesof some constart number k of
parts, and upper and lower bounds on the edge-densitiesbetween these parts and within ead
part. The number of queriesperformedin all casess polynomial in 1= and exponertial in k. The
time-complexity is exponertial in 1=, but this is inevitable (assumingP 6 N P) since partition
problemsinclude N P-hard problems.

As in the caseof bipartiteness, for all theseproperties, whenthe graph hasthe desiredproperty,
the testing algorithm outputs someauxiliary information that lets us construct, in poly(1=) N
time, a partition that approximately obeys the property (recall that the number of parts, k, is
assumedto be a constart). For example,for -Clique, the algorithm will nd a subsetof vertices of
size N , such that at most N ? edgesneedto be added sothat it becomesa clique. In the caseof

-Cut, the algorithm will construct a partition with at least ( )N 2 crossingedges(so that if we
run the algorithm with = , We get a cut of sizeat least(1 ) times the optimal). As in the
caseof bipartiteness, the basicidea is that the partition of the samplethat causedthe algorithm
to acceptis usedto partition the whole graph.

Returning to the property of bipartiteness, we obsene that the construction algorithm for -
Cut (which constructs a partition with at least ( YN 2 crossingedges)can be applied to get an
-good bipartition even when the graph is not bipartite but rather is close(say, =2-close)to being
bipartite. More generally, the construction algorithm for the generalpartition problem canbe used
to construct approximately good partitions even when the graph does not have a corresponding
\p erfect" partition.

Other property testing problems that are solved using the enforce-and-testapproad include
testing metric properties [PRO3] and testing of clustering [ADPRO3]. In these casesit also holds
that the testing algorithms can be extended to solve approximate versions of the corresponding
seart problems (e.g., nding good clusterings of all but a small fraction of the points). As we
discussin Sectiond, the analysis of the bipartiteness tester in the bounded-degreemodel can also
be viewed as following the enforce-and-testapproad, though this is perhapslessevident than in
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other cases.

The enforce-and-testapproad is also related to the framework of Czumaj and Sohler [CS0Y,
in which the notion of Abstract Combinatorial Programs is de ned, and basedon these programs,
sewral (old and new) property testing algorithms are derived.

5 Testing by Implicit Learning

In this subsectionwe describe the results of Diakonikolas et al. [DLM ™ 07]. They presen a general
method for testing whether a function has a conciserepresenation (e.g., an s-term DNF or an s-
node decisiontree). Here we mostly focus on the Boolean case,though the technique in [DLM ™ 07|
extends to general domains and ranges. The query complexity is always polynomial in the size
parameter s, and is quadratic in 1= . The running time grows exponertially with s.

The approad taken in [DLM ™ 07] combinesideasfrom the junta testing algorithm(s) of Fischer
et al. [FKR 04| and ideasfrom learning theory (a k-junta is a function that dependson at most
k variables). As noted in the introduction, it was obsened in [GGR9§] that if we have a proper
learning algorithm for a classof functions F , then we canuseit asa subroutine to test the property of
membershipin F. However, for all the properties consideredin [DLM ™ 07|, proper learning requires
a number of queriesthat grows at least logarithmically with the number of variables, n. Therefore,
a more re ned approad is required in order to obtain algorithms whosequery complexity doesnot
depend on n.

The rst key obsenation behind the general algorithm of [DLM ™ 07] is that many classesof
functions that have a conciserepresenation are \w ell-approximated" by small juntas that belong
to the class. That is, every function in the classis closeto someother function in the classthat is a
small junta. For example,for any choiceof , every s-term DNF is -closeto an s-term DNF that
dependsonly on at most slog(s=) variables. This is true sinceby removing a term that has more
than log(s=) variables, the error incurred is at most =s (recall that the underlying distribution is
uniform).

Given this obsenation, the algorithm works roughly as follows. It rst nds a collection of
subsetsof variables such that ead subsetcontains a single variable on which the function depends
(in a non-negligible manner). If the number of such subsetsis larger than somethreshold k, then
the algorithm rejects. Otherwise, the algorithm createsa sample of labeled examples, where the
examples are points in f0; 1gk, that is, over the variables that the function dependson. It is
important to stressthat the algorithm createsthis samplewithout actually identifying the relevant
variables. Finally, the algorithm cheds whether there exists a function of the appropriate form over
the small set of variablesthat is consistert with the sample. Roughly speaking, the algorithm works
by attempting to learn the structure of the junta that f is closeto (without actually identifying its
variables). This is the essenceof the idea of \testing by implicit learning".

Sincethe results of [DLM ™ 08] build on testing juntas, we rst describe an algorithm for testing
whether a function is a small junta [FKR*04].

8In recert work [DLM * 08| the dependenceof the running time on s in the caseof s-term polynomials over GF (2)
was reduced to polynomial.
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5.1 A Building Block: Testing Juntas

We start with a formal de nition.

De niton 5.1 (Jun tas) A function f : f0;1g" ! f0;1g is a k-junta for an integerk n if f
is a function of at most k variables. Namely, there existsa setJ [n] where jJj k suchthat
f(x) = f(y) for everyx;y 2 f0;1g" that satisfy x; = y; for eachi 2 J. We sayin sucha casethat
J dominatesthe function f .

The main result of [FKR ™ 04] is stated next.
Theorem 5.1 For every xed k, the property of being a k-junta is testableusing poly(k)= queries.

Fischer et al. [FKR ™ 04] establish Theorem[B.1 by describingand analyzing seweral algorithms. The
algorithms vary in the polynomial dependenceon k (ranging betweer] O(k* to O(k?)), and in
two properties: whether the algorithm is non-adaptive or adaptive (that is, queriesmay depend on
answers to previous queries), and whether it is has one-sidederror or two-sided error. They also
prove a lower bound of ~(" k) for non-adaptive algorithms, which was later improved to an ( k)
lower bound for adaptive algorithms by Chockler and Gutreund [[CGQf€], thus establishing that a
polynomial dependenceon k is necessary While we focus here on the domain f0; 1g" and on the
casethat the underlying distribution is uniform, Theorem holds for other domains and when
the underlying distribution is a product distribution.

In order to describe and analyze the testing algorithm, we rst intro duce somede nitions and
notations. The domain of the functions we consideris always f0; 1g" and it will be corveniert to
assumethat the range of the functionsisf1; 1g= f( 1)%( 1)g (rather than f0; 1g).

Partial Assignmen ts. For a subsetS [n] we denote by A(S) the set of partial assignments
to the variables x; wherei 2 S. Each w 2 A(S) can be viewed as a string in f0;1; g", where for
eweryi 2 S,w 2 f0;1g, and for every i 2 S, w; = . In particular, A([n]) = f0;1g". For two
disjoint subsetsS;S® [n], and for partial assignmems w 2 A(S) and w®2 A(S9, we let wt w°
denote the partial assignmem z2 A(S[ SY de ned by: z = w;, foreveryi 2 S, z = wiO for every
i2S%andz = w =wl= forewryi?2 [n]nfS[ S%. In particular, we shall consider the

caseS%= [n]nS, sothat wt w®2 f0; 1g" is a complete assignmen (and f (wt w9 is well de ned).

Finally, for x 2 f0;1g" and S [n], we let Xjs denote the partial assignmen w 2 A(S) de ned by

w; = x; foreveryi 2 S,andw; = for everyi 2 S. For the sake of concisenessye shall useS as
a shorthand for [n]n S.

Variation.  For afunction f : f0;1g" ! f1; 1gand asubsetS [n], we de ne the variation of
f on S (or the variation of S with respectto f), denoted Vr¢ (S), asthe probability, taken over a
uniform choice of w 2 A(S) and z1;z, 2 A(S), that f (wt z1) 6 f (wt z5). That isf

def
VI (S) T Pryon (8)20zazn (s [f (WE 1) 6 T (Wt 25)] : (17)

"The notation O(g(t)) for a function g of a parameter t means O(g(t) polylog(g(t)).

8We note that in [EKR*04] a more general de nition is given (for real-valued functions). For the sake of simplicit y
we give only the special caseof f1; 1g-valued function, and we slightly modify the de nition by removing a factor
of 2.
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The simple but important obsenation is that if f doesnot depend on any variable x; wherei 2 S,
then Vr; (S) = 0, and otherwise it must be non-zero (though possibly small). One useful property
of the variation is that it is monotone. Namely, for any two subsetsS;T  [n],

Vi (S) Vs (S[ T): (18)
Another property is that it is sukadditive, that is, for any two subsetsS;T  [n],
Vs (ST T)  Vre(S) + Vrg (T) : (19)

As we showv next, the variation can also be usedto bound the distance that a function hasto
being a k-junta.

Lemma 5.1 Letf :f0;1g" ! f1; lgandletJ [n]besuchthatjJj kandVri(J) . Then
there existsa k-junta g that is dominated by J and is suchthat dist(f ; g)

Pro of: We de ne the function g asfollows: for eah x 2 f0; 1g" let

def . .
a(x) = majority ,, 3 ff (xjat u)g: (20)

That is, for eathy w 2 A(J), the function g hasthe samevalue on all strings x 2 f0;1g" = A([n])
sudch that x;; = w, and this value is simply the majority value of the function f taken over all
strings of this form.

We are interested in shawing that Pr[f (x) = g(x)] 1 . That is,

h i
Pr o (3):22A (3) f (wt z) = majority ,, (j)ff (wt u)g 1 : (21)

Similarly to what was shown in the proof of Claim B3, this probability is lower bounded by
Pru2a (3):21:202A () [f (wt z3) = f (wt 20)], whichissimply 1 Vr;(J) 1 . N

5.1.1 An Algorithm for Testing Juntas

Here we describe an algorithm for testing k-juntas, which has one-sidederror, is non-adaptive, and
hasquery complexity O(k*=). In [EKR* 04] there are actually two algorithms with this complexity.
We have chosento describe the one on which the more e cien t algorithms (mentioned previously)
are based,and which also plays a role in the results described in Subsectionbd We assumethat
k > 1, since 1l-juntas are simply singletons, for which we already know there is a testing algorithm.
The idea behind the algorithm is simple: It randomly partitions the variablesinto ( k?2) disjoint
subsets. For eat subsetit chedks whether it cortains any variable on which the function depends.
If there are more than k subsetsfor which such a dependences detected, then the algorithm rejects.
Otherwise it accepts. The algorithm is given in Figure [IQ

Theorem 5.2 Algorithm is a one-sidel error testing algorithm for k-juntas. Its query com-
plexity is O(k*logk=).
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Algorithm 5.1 : k-Junta Test

to a set S; with equal protability.
2. For eachj 2 [r], perform the following dependenceest at most
h = 4(log(k + 1)+ 4)r= = ( k®logk=)
times:

Uniformly and independently selet w 2 A(S;) and z1;z, 2 A(S;). If f (wt z1) 6
f (wt z») then declare that f dependson variablesin S; (and continue to j + 1).

3. If f is found to depend on more than k subsetsS;, then output reject, otherwiseoutput
accept

Figure 10: Testing algorithm for juntas.

The bound on the query complexity of the algorithm is O(r h) = O(k*logk=). The dependence
test declaresthat f dependson a set S; only if it has found evidenceof such a dependenceand
the algorithm rejects only if there are more than k disjoint setsfor which such evidenceis found.
Therefore, the algorithm never rejects a k-junta. We next turn to proving that if f is -far from an

k-junta then it is rejected with probability at least 2=3.

Let = (log(k + 1) + 4)=h and note that by the de nition of h, =(4r) (recall that r
is the number of setsin the random partition selectedby the algorithm and h is the number of
applications of the dependencetest). Dene J = J (f) © fi 2 [n] : Vrf(fig) > g ThusJ
consistsof all i suc that Vr; (fig) . We claim:

Lemma 5.2 If Vr;(J) > then Algorithm rejects with prokability at least 2=3.
Lemma 5.3 If jJj > k then Algorithm rejects with prokability at least 2=3.

By Lemmal] if f is -far from any k-junta, then either Vr; (J) > or jJj > k (or both).
By Lemmaskbd and B3 this implies that the algorithm rejects with probability at least 2=3. Both
lemmasrely on the following claim regarding the dependencetest.

Claim 5.4 For any subsetS;, if Vr¢ (Sj) , then the protability that Step[ in Algorithm
declaresthat f dependson variablesin S is at least 1 1=(e*(k + 1)).

Pro of: By the de nition of the dependencetest, the probability that a single application of the
test nds evidencethat f dependson S; is exactly Vr¢(S;). Since = (log(k + 1) + 4)=h, if
Vre (Sp) , the probability that the test fails to nd suc evidencein h independert applications
isatmost(1 )" < exp( h)<e ?sk+ 1), asclaimed. H

We now prove Lemma B3, which is quite simple, and later sketch the proof of Lemma B2,
which is more complex.

Pro of of Lemma First obsene that if jJj > k, then the probability, over the choice of the
partition, that there are fewer than k + 1 setsS; such that 5\ J 6 ;, is O(k?=r). Sincer = ck?
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where c is a constart, for an appropriate choice of ¢, this probability is at most 1=6. Assumefrom
this point on that are at leastk + 1 setsS; sudh that S§;\ J 6 ; (where we later take into accourt
the probability that this is not the case).

By the monotonicity of the variation (Equation ([I8) and sinceVrs (fig) > foreah i 2 J, if
asetS; satises S\ J 6 ;, then Vr¢ (S)) . By Claim and the union bound, the probability
that the algorithm nds evidenceof dependencefor fewer than k+ 1 setsis lessthan 1=6. Summing
this probability with the probability that there are fewer than k + 1 setsS; suc that S§;\ J 6 ;,
the lemma follows. W

Pro of Sketch of Lemma B2 By the premiseof the Ierp,ma, Vri (J) > . Sincethe variation is
subadditive (Equation (I9)), for any partition fSy;:::;S,g, [, Vri(S\ J) > . Sincethe subsets
in the partition are equally distributed, we havethat for ead xed choiceofj, E[Vr¢ (Sj\ J)] > =r.
The main technical claim (whose proof we omit) is that with high probability Vr¢ (S; \ J) is not
much smaller than its expected value. To be precise,for eatn xed choice of j, with probability
at least 3=4 (over the random choice of the partition), Vr¢(S; \ J) =(4r). Recall that by the
de nition of (and of h asa function of r), we have that =(4r)

Using this claim, we now shov how Lemma B2 follows. Recall that by monotonicity of the
variation, Vr; (S;)  Vri (S \ J). We shall say that a set S; is detectable, if Vry (S;) . Thus,
the expected number of detectable subsetsis at least (3=4)r. Let denote the probability that
there are fewer than r=8 detectable subsets. Then 2=7 (as the expected number of detectable
subsetsis at most (r=8) + (1 )r). Equivalertly, with probability at least 5=7, there are at
leastr=8 = ( k?) > k + 1 detectable subsets. Conditioned on this evert, by Claim (and the
union bound), the probability that the algorithm detects dependencefor fewer than J + 1 subsets
is at most 1=e*. Adding this to the probability that there are fewer than k + 1 detectable sets, the
lemmafollows. W

5.1.2 More Ecien t Algorithms

By allowing the algorithm to be adaptive, it is possible to reduce the query complexity to
O(k3log®(k + 1)=), and by allowing the algorithm to have two-sided error, it can be reduced
to O(k?log®(k + 1)=) (without the needfor adaptivity). Here we give the high-level ideasfor the
more e cien t algorithms.

Both algorithms start by partitioning the variables into r = ( k?) disjoint subsets
fS1;Sy;:::;S,g as done in Algorithm BJ The main idea used in the rst improvemen (the

adaptive algorithm) is to speedup the detection of subsetsS; that have non-negligible variation
Vrs (§p), in the following manner of divide and conquer. Instead of applying the dependencetest to
ead subsetseparately it is applied to blacks, ead of which is a union of seweral subsets.If f is not
found to depend on a block, then all the variablesin the block are declaredto be \v ariation free".
Otherwise (somedependenceis detected), the algorithm partitions the block into two equally sized
sub-blocks, and cortinuesthe seard on them.

The two-sided error test also applies the dependencetest to blocks of subsets,only the blocks
are chosendi erently and in particular, may overlap. The selection of blocks is done as follows.

Fors= ( klogr) = ( klogk), the algorithm picks s random subsetsof coordinates|1:::;1s [r]
of sizek, independertly, ead by uniformly §electing (without repetitions) k elemers of [n]. For
eahl ~ s, block B-isdened asB-= ;. Sj. The dependencetest is then applied h times
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to ead block (where h is asin Algorithm KI). For ead subsetS;, the algorithm considersthe
blocks that cortain it. The algorithm declaresthat f dependson S;, if it found that f dependson
all blocks that cortain S;. If there are more than k sud subsets,or if f dependson at least a half
of the blocks, the the algorithm rejects, otherwise, it accepts. For further details of the analysis,
see[FKR"04].

An almost optimal tester for juntas. In arecert work [Bla09] Blais improvesthe dependence
on k and gives an almost optimal one-sidederror tester for k-juntas whose query complexity is

O(k= + klogk) (recall that there is a ( k) lower bound [[CGO6] for this problem). This algorithm

works for functions with arbitrary nite product domains and arbitrary nite ranges,as well as
with respect to any underlying product distribution.

5.2 The Algorithm for Testing by Implicit Learning

Before describing the algorithm in more detail, we give a certral de nition, and state the main
theorem.

De niton 5.2 Let F be a class of Boolean functions over f0;1g". For > 0, we say that a
sulzlassF F is a ( ;k )-appoximator for F if the following two conditions hold.

The sulzlassF is closal under permutations of the variables.

For every function f 2 F there is a function f °2 F suchthat dist(f %) and f%is a
K -junta.

Returning to the casethat F is the classof s-term DNF functions, we may take F to be the
subclassof F that consistsof s-term DNF where eat term is of size at most log(s=), so that
k = slog(s=). Note that k may be a function of other parametersdetermining the function class
F.

We shall use the notation B for the subset of functions in F that depend on the variables
X1;:::;Xk . Moreover, we shall view these functions as taking only k argumerts, that is, being
over f0; 1gk .

We now state the main theorem of [DLM * 07| (for the Boolean case).

Theorem 5.3 Let F be a class of Boolean functions over f0;1g". Suppmse that for each choice
of >0 B F is a ( ;k ) approximator for F. Suppse also that for every > 0 there is a
satisfying
c 2
k2 log?(k ) log?j®j loglog(k ) log(logj® j=)

where cis a xed constant. Let  be the largestvalue of that satis es Equation (Z24). Then there
is a two-sided error testing algorithm for F that makes O(k? Iogszb j=2) queries.

(22)

We note that TheoremB:3 extendsto function classeswith domain " and any range,in which case
there is a dependenceon logj j in Equation (Z2 and in the query complexity of the algorithm.

All results from [DLM ™ Q7] that appearin Table [ are obtained by applying TheoremE3 In
all theseapplications, k grows logarithmically with 1=, and Iogjlbj is at most polynomial in k .
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Class of functions Num ber of Queries

decisionlists O(1=?)
sizes decisiontrees, sizes branching programs O(s4= 2)
s-term DNF, sizes Booleanformulae (log s=loglogs)
s-sparsepolynomials over GF (2) O(s*=2), T " s)
sizes Boolean circuits o(s°=2)
functions with Fourier degree d O(2%=2), { " d)
s-sparsepolynomials over a general eld F O((siFj)*=2), t " s) for jFj = O(1)
sizes algebraic circuits and computation trees over F O(s*Fj3=2)

Table 1: Results obtained by [DLM * 07] using the implicit learning approad.

This ensuresthat Equation (Z2) can be satis ed. The most typical casein the applications is that
for a classF de ned by a size parameter s, we have that k poly(s) log(1=) and Iongbj
poly(s)polylog(1=). This yields = O( ?)=poly(s), and sothe query complexity of the algorithm
is poly(s)="( ?).

In particular, returning to the casethat F is the classof s-term DNF, we have that k =
slog(s= ) and j®j (2slog(s=))$'°9(s=). This impliesthat = O( 2=s*), from which the upper
bound of O(s*=2) on the query complexity follows. As another example, consider the casethat
F is the classof all decisionlists. Then, for every , if we let B be the subclassof decision lists
with length log(1=), and we set k = log(1=), then B s a ( ;k )-approximation for F. Since
jPj 2 4°9=)(log(1=))!, wegetthat = O( 2), from which the bound of O(1= 2) on the query
complexity follows.

The algorithm. The testing algorithm consistsof three procedures.The rst procedure,named
Identify-Critical-Subsetsis a slight variant of the two-sidederror junta test of [EKR ™ 04] (described
in Subsection. 1. This variant is executedwith k = k , where is asde ned in Theorem[B&3
and with slightly larger constarts than the original [EKR ™ 04] algorithm. The main modi cation
is that instead of returning acceptin the caseof successthe procedurereturns the at most k
subsetsof variables among S1;:::S; that the function f was found to depend on by the test. In
the caseof failure, it outputs reject like the two-sidederror junta test.

The analysis of the two-sided error test can be slightly modi ed soasto ensurethe following.
If f 2 F, sothat it is -closeto ak -juntaf®2 F , then with high probability, Identify-Critical-
Subsetscompletessuccessfullyand outputs ©  k  subsetsof variables S;,;:::S;.. On the other
hand, it is still true that if f is far from any k -junta, then ldentify-Critical-Subset®utputs reject
with high probability. Moreover, if f is suc that with probability at least 1=3 the procedure
completes successfullyand outputs ° k subsetsS;,;:::;S;., then these subsets satisfy the
following conditions. (1) For = ( =k ), ead variable x; for which Vr; (fig) occursin one
of the subsetsS; , and ead of these subsetscortains at most one suc variable; (2) The total
variation of all other variablesis O( = IogjliO 0.

We now turn to the secondprocedure,which is referredto as Construct-Sample This procedure

indeed the subsetssatisfy the aforemerioned conditions. For the sake of the discussion,let us
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make the stronger assumption that every variable has either non-negligible variation with respect
to f or zerovariation. This implies that eat subsetS;; output by Identify-Critical-Subsetgortains
exactly onerelevant variable (and there are no other relevant variables).

Given a point z 2 f0;1g", we would like to nd the restriction of z to its ° k relevant
variables (without actually determining thesevariables). Consider a subsetS;; output by Identify-
Critical-Subsets and let xp, for p 2 Sj;, denote the relevant variable in Sj;. We would like to
know whether z, = 0 or z, = 1. To this end, we partition the variablesin S;, into two subsets:
Si? (z2)=fq2 Sj; : zg= 0g, and Silj (z2) =fq2 Sj; : zg= 1g. Now all we do is run the dependence
test (as de ned in Algorithm BI) su cien tly many times so as to ensure (with high probability)
that we determine whether p 2 Si(j’ (z) (sothat z, = 0), or p 2 Silj (z) (sothat z, = 1). The
pseudo-cale for the procedureappearsin Figure 1

Let m = (log j® j=). Fort = 1;:::;m construct a labeled example (x';y!), where
xt 2 £0;1g¢ asfollows:

1. Uniformly selectz! 2 f0;1g", and let y! = f (z).

(@) For b2 f0;1g, let Sitj’(zt) =fq2S; :z{= b

(b) Forg= ( k loglm k )=) = (k =)log(logjF jk =) , run the depen-
dencetest on Si? (z') and on Silj (zY), g times (ead).

(c) If thereis evidencethat f dependson both Si? (z") and Silj (zY), then output reject

(and exit). If there is evidencethat f dependson Sitj’ (z') for b= Oor b= 1, then
set x} = b. Otherwise set x} uniformly at random to be either O or 1.

Figure 11: The procedurefor constructing a labeled sample.

The third procedure, Check-Consistengyis given as input the sample output by Construct-
Sample If some function f° 2 P is consistert with the sample, then the procedure outputs
accept Otherwise it outputs reject

Pro of Sketch of Theorem Consider rst the casethat f 2 F, sothat it is -closeto
somefunction 02 ® wheref%is a k -junta. The parameter is selectedto be su cien tly
small so that we can essetially assumethat f = f% Thus, we shall make this assumption in
this proof sketch. For = ( =k ), ead variable x; suc that Vr¢o(fig) will be referred to
as highly relevant. As discussedpreviously, with high probability, the procedure Identify-Critical-
Subsetsoutputs =k subsetsS;,;:::;S;. that satisfy the following conditions: (1) ead highly
relevant variable occursin one of thesesubsets;(2) ead of the subsetscorntains at most one highly
relevant variable of f 9 (in fact, exactly onerelevant variable of f 9; (3) all other variablesare \v ery
irrelevant” (have small total variation).

Assuming the subsetsoutput by ldentify-Critical-Subsetsare as speci ed above, consider the
construction of x' 2 f0; 1gk forany 1 t m. Sinceeat S corains exactly one relevant
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variable, if this variable is highly relevant, then the following holds with high probability: one of
the executionsof the dependencetest nds evidencethat either this variable is in Si(j’ (z') or that

it isin Silj (z'), and x| is setaccordingly. If the variable is not highly relevant, then either x| is set

carrectly, asin the highly relevant case,or x} is setrandomly to O or 1. Sincethe total variation of
all non-highly-relevant variablesis small, with high probability f 0(x}) = y! (recall that y' = f (z)).
Thus, with high probability, we get a random sample of points in f0; 1gk that is labeled by the
k -junta f % Sincef °2 B | in suc a casethe procedure Check-Consistencwill output accept as
required (recall that B s closedunder permutations of the variables).

We now turn to the casethat f is -far from F. If it is also ( =2)-far from every k -junta, then
Identify-Critical-Subsetsletectsthis with high probability, and rejects. Otherwise, f is ( =2)-closeto
ak -junta. Note that f canstill berejected by either Identify-Critical-Subset®r by Create-Sample
If this occurs with high probability, then we are done. Otherwise, by the properties of these two
procedures,with high probability there won't be any function in B that is consistent with the
sample output by Create-Sampldbasedon the subsetsoutput by Identify-Critical-Subsetfs This is
true since otherwise it would imply that there is a function f 902 B F that is ( =2)-closeto a
k -junta f ®sud that dist(f;f9  =2. But this would cortradict the fact that f is -far from F.
[

6 The Regularit y Lemma

One of the most powerful tools for analyzing property testing algorithms in the dense-graphsnodel
is Szemeedi's Regularity Lemma [Sze7$ and variants of it.

6.1 Background

The rst property testing result that uses(a variant of) the Regularity Lemma is implicit in work
of Alon et al. [ADL *94]. Their result implies that k-colorability is testable with query complexity
that is independert of n, wherethe dependenceon 1= is a tower of poly(1=) exponerts. The rst
explicit testing result that usesthe Regularity Lemmais in the work of Alon et al. [AEKSQ0Q]. Alon
et al. [AEKSO0Q] give algorithms for the classof rst order graph properties. These are properties
that can be formulated by rst order expressionsabout graphs. This covers a large classof graph
properties (in particular coloring and subgraph-freenesgproperties). Here too the application of
the Regularity Lemma implies that the dependenceon 1= is a tower of poly(1=) exponerts.

A sequenceof works by Alon and Shapira [ASOE, [AS05E, IAS054], together with the work of Fis-
cher and Newman [ENO7] culminated in a characterization of all graph properties that are testable
(in the dense-graphsmodel) using a number of queriesthat is independert of n [AENSQO€]. As the
title of the paper says: \It's all about regularity”. To be a little more precise,the characterization
says (roughly) that a graph property P is testable using a number of queriesthat is independert
of n if and only if testing P can be reducedto testing the property of satisfying one of a nitely
many Szemeedi-partitions [Sze7$. A dierent characterization, basedon graph limits, was proved
independertly by Borgs et al. [BCL™ 0f].

Variants of the regularity lemma were also usedto derive property testing results for directed
graphs[AS04] and for hypergraphs[KNRO2), IASO3, [Fis05]. In what follows we rst state the lemma
and then give an example of its application by analyzing a testing algorithm for triangle-freeness
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6.2 Statement of the Lemma

In order to state the lemma, we need some de nitions and notations. For any two non-empty
disjoint setsof vertices, A and B, we let E(A; B) denote the set of edgesbetween A and B, and
we let e(A; B) = JE(A; B)j. The edge-density of the pair is de ned as

def €(A; B)
dA;B) = ——~:
( ) JA] ]B]

(23)

We say that a pair A; B is -regular for some 2 [0; 1] if for every two subsetsA® A andB° B
satisfying jAY jAj and jBY jBj we have that jd(A®B9 d(A;B)j < . Note that if we
consider a random bipartite graph between A and B (where there is an edge between ead pair
of verticesv 2 A and u 2 B with constart probability p), then it will be regular w.h.p. for some
constart . In what follows, when we refer to an equipartition A = fVq;:::;Vkg of V, we mean
that forevery 1 | Kk, jjVij jViii L

Lemma 6.1 (Regularit y Lemma) For every integer "o and for every 2 (0;1], there exists a
numkber ug = ug(To; ) with the following property: Every graph G = (V;E) with n  ug vertices
has an equipartition A = fVy;:::; Vg of V where "¢k  ug for which all pairs (V;;V;) but at

k
most 5 of themare -regular.

6.3 Testing Triangle-F reeness

For a graph G = (V;E) and a triple of distinct vertices (u;v; w), we sa that (u;v;w) is a triangle
in G if all three pairs, (u;v), (u;w) and (v;w) are edgesin the graph. A graph G = (V;E) is
triangle-free if it contains no triangles. The algorithm for testing triangle-freenesssimply takes a
sampleof sizem = m( ) (which will be setlater), queriesall pairs of verticesin the sampleto obtain
the induced subgraph, and acceptsor rejects depending on whether it seesa triangle in the induced
subgraph. Clearly, if the graph is triangle-free, then the algorithm acceptswith probability 1. It
remainsto prove that if the graphis -far from triangle-free, then (for su cien tly largem = m( )),
the samplewill contain a triangle with high constart probability.

An important note is in placeconcerningthe sizeof m. Alon [Alo02] hasshown that (as opposed
to bipartiteness and other partition problems) it doesnot su ce to take m that is polynomial in
1=. That is, there exist graphsthat are -far from beingtriangle-free but for which a poly(1=)-size
samplewill not show any triangle. In other words, it is possiblethat the fraction of edgesthat need
to be removed in order to make a graph triangle-free is greater than , but the fraction of triples of
vertices that are triangles (among all n® triples) is smaller than poly( ). We discussthis in more
detail in Subsection@1 As we shall see,the samplesizem that we can show su ces for our needs,
is signi cantly higher than the lower bound, sothere is quite a big gap betweenthe upper and the
lower bound, and indeedit is an interesting open problem to reducethis gap.

Supposewe apply the regularity lemmawith "o = 8= and = =8. Our rst obsenation is
that for this setting, the total number of edgesin G that are between pairs of vertices that belong

to the samepart V; of the partition is at most
LI
"0

- = 2_ _ 2.
—kn n 8n. (24)

x| >
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It follows that if we de ne G; asthe graph that is the sameas G exceptthat we remove all edges

within the parts of the regular partition, then G is at least (7=8) -far from being triangle-free.

Next, sincethere areat most 5 & < 7zk? non-regular pairs, the total number of edgesbetween

non-regular pairs in the partition is at most
2 Al
% k 16"
Therefore, if we continue by removing all these edgesfrom G1, and let the resulting graph be
denoted Gy, then G; is at least (3=4) -far from being triangle-free.

2. (25)

Figure 12: An illustration of the three stepsin the modi cation of the graph G, given its regular partition.
In the transformation from G to G; we remove all edgesinternal to the parts in the partition. In the
transformation from G; to G, we remove all edgesbetween non-regular pairs of parts (i.e., E(V1;V4) and
E (V3; Vs5)), and in the transformation from G, to G3 we remove all edgesbetween pairs of parts whoseedge
density is relatively small (i.e., E(V2; Vs)).

We shall perform one more step of this kind (for an illustration of all three steps, seeFigure [12).
Consider all pairs (Vi;V;) suc that d(Vi;V;) < 5. That is, e(Vi;Vj) < 5 ¢ 2. Sincethere are at
most k?=2 sud pairs, the total number of edgesbetween suc pairs is at most an. Therefore, if
we remove all these edgesfrom Gy, and let the resulting graph be denoted Gz, then G3 is at least
(=2)-far from being triangle-free. In particular this meansthat there exists at least one triplet
(Vi;V;; V) sudh that all three edgedensities,d(V;;V;), d(V;;V:) and d(V;; V-) areat least =2 in Ga.
(If no sud triplet exists then Gz would be triangle-free.) We shall show that sinceall three pairs
are ( =8)-regular, there are\many real triangles” (u;v;w) 2 V; 'V, V-, sothat asuciently large
samplewill catch one.

For simplicity we denote the three subsetsby Vi;V,; V3. For ead vertex v 2 Vi, welet »(v)
denotethe set of neighborsthat v hasin V,, and by 3(v) the setof neighborsthat v hasin V3. We
shall say that v is helpful if both j >(v)] ; § andj a(v)] z ¢ . Since(Vz;Vs) is a regular
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pair,

2 n 2 3 )
e( 2(v); 3(v)) (d(V2;Va) ) 5+ (26)

2 kK ck
for some constart c. It follows that if we get a helpful vertex v from V1, and then we take an
additional sample of (( ug)?=) pairs of vertices (recall that k Up), then we shall obtain a
triangle with high constart probability. It remainsto show that there are relatively many helpful

Figure 13: An illustration of three parts suc that all three pairs of parts are -regular, and the edgedensity
between ead pair is at least =2. For every helpful vertex v in Vi, there are relatively many edges(u; w)
suchthat u2 ,(v) andw 2 3(v).

verticesin Vi.

Consider any vertex z 2 V; that is not helpful. We shall say that it is unhelpful of type 2 if
j 2(v)j < 7 g ,andthat it is unhelpful of type 3 if j 3(v)j < z ¥ . Without loss of generality,
assumethat there are more unhelpful vertices of type 2. Supposethat at least half the verticesin
V, are unhelpful. Then at least a fourth are unhelpful of type 2. Let Vloconsistof all thesevertices,
sothat jVJ > jVij (recall that = =8 1=8). Let V.= V,. But then,

vl 3k _ :

m =2 < d(Vi; Vo) (27)
and we have reaced a contradiction to the regularity of the pair (V1;V2). Hence, at least a
half of the verticesin V; are helpful (that is, ® Vertices), and so a sample of size ( ug) will
contain a helpful vertex with high probability. Therefore, if we take a sample of vertices having
size ( ug) + (( ug)®=) = (( up)?=), then the induced subgraphwill cortain a triangle with high
probability.

The above analysis may seemsomewhat wasteful, but unlesswe nd a way to remove the
dependenceon the number of parts of the partition, given that this number is a tower of height
poly(1=), it doesn't make much of a dierence if our dependenceon this number is linear or
quadratic.

d(V3 V2)

Other results based on the Regularit y lemma. As noted previously, there are many other
results that build on the Regularity Lemma. While their analysismay be more complexthan that
of triangle-freenessthe coreof theseargumerts is the same. Speci cally, what the regularity lemma
essetially says is that for any given , every graph G correspondsto a small graph, G over k( )
vertices whose edgeshave weights in [0;1]. The correspndenceis sud that for every vertex in
the small graph there is a subsetof verticesin G, where the subsetshave (almost) the samesize,

41



the edge-densitiesbetween the subsetsin G equal the weights of the edgesin G , and all but a
-fraction of the pairs of subsetsare -regular. It canthen be shown that: (1) If G is -far from a
certain property then for = (), G isrelatively far from a related property (where the distance
measuretakesthe edge-veights of G into accourt); (2) If G is far from this property then, due
to the regularity of almost all pairs of subsetsin G, a su cien tly large (i.e., that dependson k( ))
samplein G will provide evidencethat G doesnot have the original property considered.

7 Local-Search Algorithms

Recall that when dealing with sparsegraphs (where here this will refer to graphswith O(n) edges,
though someof the results are more general), we considertwo models. In both modelsthe algorithm

can perform queriesof the form: \who is the ith neighbor of vertex v", whereif v haslessthan i

neighbor, then a special symbol is returned. The di erence betweenthe two modelsis in whether
there is a xed degree-tound, denoted d, on the degreesof all vertices or whether no such bound
is assumed.In the rst model, referred to asthe boundead-degree model, a graph is said to be -far
from having a speci ed property if more than dn edgesmodi cations should be performed sothat

the graph obtain the property (where its degreeremains bounded by d). In the secondmodel,
referred to asthe sparse-gaphs model, a graph is said to be -far from having a speci ed property
if more than m edgesmodi cations should be performed so that the graph obtain the property,
where m is the number of edgesin the graph (or a given upper bound on this number).

In what follows we rst presen what is probably the simplest local-seart type algorithm: the
algorithm for testing connectivity [GR0Z]. We then discussthe extension of this simple algorithm
to testing k-edge connectivity, and very shortly discusswhat is known about testing k-vertex
connectivity. Testing minor-closed properties [BSS08 HKNOQ9] is consideredin Subsection[.3,
and in Subsection[Z.Zd we brie y mention other testing algorithms that are basedon local seard.

7.1 Connectivit y

One of the most basic properties of graphsis connectivity . A graph is connected if there is a path
between every two vertices. Otherwise, the vertices in the graph are partitioned into connected
components, which are maximal subgraphsthat are connected. The basic simple obsenation is
that if a graph is not connected,then the minimum number of edgesthat should be addedto it in
order to make it connectedis simply (G) 1where (G) isthe number of connectedcomponerts
in G. The implication of this simple obsenation for the sparse-graphamnodel is:

Claim 7.1 If a graphis -far from being connected (as de ned in the sparse-gaphs model), then
it contains more than m + 1 connected components.

Pro of: Assume, cortrary to the claim that there are at most m + 1 connected componerts,
denoted Cy;:::;C-. Then, by adding, foreahh 1 j ~ 1 an edgebetweensomevertex in C;
and somevertex in Cj .1, we obtain a connectedgraph. Sincethe number of edgesaddedis at most
m, we reac a cortradiction. H

In the bounded-degreemodel there is a small subtlety: Becauseof the degreeconstraint, we
can't immediately get a cortradiction asin the proof of Claim [Zl That is, it might be the case
that in someconnectedcomponert C;, all vertices have the maximum degreed, and we cannot
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simply add edgesincident to them. Howewer, it is not hard to show that in such a case(sinced
must be at least 2 or elsethe graph cannot be connected),it is possibleto remove an edgefrom C;
without disconnectingit, and thus obtain two vertices with degreelessthan d. Therefore, in the
bounded-degreemodel it also holds that if the graph is far from being connectedthen it contains
many connectedcomponerts. For the sake of simplicity we cortinue with the sparse-graphanodel.
Before doing sonote that since (G) < n, sothat (G)=n? < 1=n, in the dense-graphsmodel, every
graph is -closeto being connectedfor > 1=n. In other words, it is trivial to test for connectivity
in the dense-graphanodel.

Let dayg = T (the averagedegreeup to a factor of 2). Then Claim [Z7implies the next claim.

Claim 7.2 If agraphis -far from being connected, then it contains more than 5daygn connected
components of size at most %Vg each.

An implicit implication of Claim [£2 is that if ﬁ then ewery graph is -closeto being
connected, so that the algorithm can immediately accept. Hence we assumefrom this point on
that < g2-.

Pro of: By Claim [Z1, the graph contains more than dagn connected componerts. Assume,
cortrary to the claim, that there are at most 5dagn componerts of sizeat most —£— eah. We
shall refer to such componerts as small componerts. Otherwise they are big. Consider all other
(big) componerts. Sincethey eah cortain more than %Vg vertices, and they are disjoint, there
can be at most ﬁm) = 50aygn sud big connectedcomponerts. Adding the number of small
connectedcomponerts we get a contradiction. W

Claim [ suggeststhe algorithm given in Figure [I4

Algorithm  7.1: Connectivit y Testing Algorithm |

1. Uniformly and independently selet %vg verticesH

2. For each seleted vertex s perform a BFS starting from s until %Vg vertices have

been reachal or no more new vertices can be reachal (a small connected component
has been found).

3. If any of the alove saarches nds a small connected component, then the algorithm
rejects otherwiseit accepts

alf is sosmall sothat the sample sizeis of the order of n, then the algorithm will take all graph vertices
and just run a BFS on the graph.

Figure 14: Connectivity testing algorithm (version).

Correctness of the algorithm. Clearly, if the graph is connected,then the algorithm accepts
with probability 1. On the other hand, if the graphis -far from being connected,then by Claim [Z2
there are at least ;dagn vertices that belong to small connected componerts. If the algorithm
selectssuch a vertex in its rst step, then it rejects. The probability that the algorithm does not
selectsuc a vertex is (1 %)4# davg) < @ 2 < 13,

43



The query complexit y (and running time). Consider rst the casethat the maximum degree
in the graph is of the sameorder asthe averagedegreeday. In this casethe complexity is:

1 1 1
davg =0 24 ; (28)
avg

O
davg davg

and in particular, when dag = O(1) we get O(1= 2). More generally the cost of the BFS is the

2
total number of edgesobsened in the courseof the BFS, which is at most %Vg and so we get

an upper bound of O 1(di—vg)g .

Impro ving the query complexit y. Note that there wasa certain \w aste" in our courting. On
one hand we performed, for eat vertex selected,a BFS that may go up to d— vertices, sincein
the worst caseall small componerts have this number of vertices. On the other hand, when we
counted the number of vertices that belongto small connectedcomponerts, then we assumeda
worst-casescenarioin which there is just onevertex in ead small componert. Thesetwo worst-case

scenarioscannot occur together. Speci cally, if all small componerts indeed contain di vertices,

then (sincethere are at least pr el small componernts), every vertex belongsto a small componert
so the probability of selectlnga ‘Vertex from a small componert is 1. In the other extreme, if all
small componerts are of size 1, then we will needto take a sampleof size (1 =dayg), but then it
will be enoughto ask a constart number of queriesfor ead of thesevertices.

More generally, let us partition the (at least 2d n) small connected componerts according
to their size. Specically, fori = 1;:::;" where" Iog(2—( dayg)) + 1, (where for simplicity we
ignore o ors and ceilings), let B; consist of all connectedcomponerts that cortain at least 2! 1
vertices and gt most 2" 1 vertices. By our lower bound on the total number of small connected
componerts, ;_; jBij 50aygn. Hence, there exists an index j for which jBjj i 50avgN.
By de nition of B;, the number of vertices that belong to connected componerts in Bj is at
least2 ® jBjj 2 ! ! 5dagn, and if we uniformly and independertly selecta vertex, then
the probability that it belongsto a componert in Bj is 211 50avg. Therefore, if we select

m vertices, uniformly at random, and from ead we perform a BFS until we reac 2!

vertices or a small connectedcomponert is detected, then we'll nd evidenceof a small connected
componert in Bj with constart probability.

Since we don't know what is the (an) index j for which jBjj L 50avgn, we run over all
possibilities. Namely, we get the algorithm in Figure [I3

The correctnessof the algorithm follows from the discussionwe had above. The query com-
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Algorithm 7.2 Connectivit y Testing Algorithm 11
1. Fori= 1t " = log(2=(dayg)) + 1 do
(a) Uniformly and independently selest t; = m vertices.

(b) For each seleted vertex s perform a BFS starting from s until 2' vertices have
been reacheal or no more new vertices can be reachal (a small connected compo-
nent has been found).

2. If any of the alove saarches nds a small connected component, then the algorithm
rejects otherwiseit accepts

Figure 15: Connectivity testing algorithm (version 1).

plexity is bounded as follows:

X _ X >

t, 22 = ¢ g 2 (29)
i=1 i 2 davg
< X‘ _
= 2 (30)
davg i=1
o 2+t (31)
avg
- g0 090 dag) @)
avg

Therefore, we have saved a factor of 'Og(ﬁw (as comparedto Algorithm [Z).

avg

7.2 k-Edge Connectivit y

Recall that a graph is k-edgeconnected(or in short, k-connected),if betweenewery pair of vertices
in the graph there are k edge-disjoint paths. An equivalert de nition is that the size of ewery
cut in the graph is at least k. Recall that the connectivity (1-connectivity) testing algorithm is
basedon the obsenation that if a graph is far from being connected,then it cortains many small
connectedcomponerts (cuts of size0). This statemert generalizesas follows to k-connectivity for
k > 1 (basedon e.g., [DW98, IDKL76), INGM97]). If a graph is far from being k-connected,then it
cortains many subsetsC of verticesthat are small and suc that: (1) (C;C) = ~ < k; (2) for every
C® C,(C%CY > . Wesq in this casethat the subsetC is “-extreme.

As in the caseof connectivity, we shall uniformly selecta su cient number of vertices and
for ead we shall try and detect whether it belongsto a small "-extreme set C for ~ < k. The
algorithmic question is how to do this in time that dependsonly on the size of C and possibly d
(or davg) and k. There are special purposealgorithms for k = 2 and k = 3 (that are more e cien t
than the generalalgorithm), but here we shall discusshow to deal with the generalcaseof k 3.

The problem is formalized as follows: Given a vertex v 2 C where C is an "-extreme set for
"< kandjCj t,describea (possiblyrandomized) procedurefor nding C (with high probability),
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when given accesso neighbor queriesin the graph. Here it will actually be somewhatsimpler to
work in the bounded-degreemodel (though the algorithm can be easily modi ed to work in the
sparse-graphgunbounded-degree)model).

The suggestedprocedureis aniterativ e procedure: at ead stepit hasa current subsetof vertices
S and it adds a singlevertex to S until jSj = t or a cut of sizelessthan k is detected. To this end
the proceduremaintains a costthat is assignedto every edgeincident to verticesin S. Speci cally,
initially S = fvg. At ead step, the procedure considersall edgesin the cut (S;S). If an edgewas
not yet assigneda cost, then it is assigneda cost uniformly at random from [0; 1]. Then the edge
in (S;S) that hasthe minimum cost among all cut edgesis selected. If this edgeis (u;v) where
u2 Sandv 2 S, then v is addedto S. The procedureis repeated ( t?) times. Our goal is to
prove that a singleiteration of the proceduresucceedsn reading S = C with probability at least
t 2 or possibly reaching S = C%sud that the cut (C% C9 hassizelessthan k (recall that ~ may be
strictly smaller than k). Before doing so obsene that the total running time is upper bounded by
O(t? t dlog(td)) = O(t3 d). Sinceit is su cien t to considert that is polynomial in k and 1=( d),
we obtain an algorithm whosecomplexity is polynomial in k and 1=".

For our purposesit will be corveniert to represen C by a single vertex x that has ™ neighbors
in C. Since,if the proceduretraversesan edgein the cut (C;C), we accourt for this asa failure in
detecting the cut, we are not interestedin any other information regarding C. Let this new graph,
over at mostt + 1 vertices, be denoted by G¢. Note that sinceC is an “-extreme set, every vertex
v 2 C hasdegreegreater than *. The rst obsenation is that though our procedure assignscosts
in an online manner, we can think of the random costs being assignedahead of time, and letting
the algorithm \reveal" them asit goesalong.

Consider any spanningtree T of the subgraphinduced by C (this is the graph G¢ minus the
\outside" vertex x). We say that T is cheaper than the cut (C;C) if all t 1 edgesin T have costs
that are lower than all costsof edgesin the cut (C;C).

Claim 7.3 Supmse that the sulgraph induced by C has a spanning tree that is cheaper than the
cut (C;C). Then the serch process suaeeds in nding the cut (C;C) or a cut (C®C9 that has
size lessthan k.

Pro of:  We prove, by induction on the size of the current S, that S C. Sincethe procedure
stopswhenit nds a cut of sizelessthan k, it will stop whenS = C, if it doesn't stop beforethat.
Initially , S = fvg sothe baseof the induction holds. Consider any step of the procedure. By the
induction hypothesis, at the start of the step S C. If S = C, then we are done. Otherwise,
S C. But this meansthat there is at least one edgefrom the spanning tree in the current cut
(S;S) (that is, an edgeconnectingv 2 S to u 2 CnS). But sinceall edgesin (C; C) have a greater
cost, one of the spanning tree edgesmust be selected,and the induction step holds. W

Karger's Algorithm. It remainsto prove that with probability ( t 2), the subgraph induced
by C hasa spanningtree that is cheaper than the cut (C;C). To this end we considera randomized
algorithm for nding a minimum cut in a graph known as \Karger's min-cut algorithm"[ [Kar93],
and its analysis.

Karger's algorithm works iterativ ely as follows. It starts from the original graph (in which it
wants to nd a min-cut) and at ead step it modi es the graph and in particular decreaseghe
number of vertices in the graph. An important point is that the intermediate graphs may have
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parallel edges(even if the original graph does not). The modi cation in ead step is done by
contracting two verticesthat have at least one edgebetweenthem. After the cortraction we have
a single vertex instead of two, but we keepall edgesto other vertices. That is, if we contract u and
v into a vertex w, then for every edge(u;z) suc that z 6 v we have an edge(w; z) and similarly
for (v;z), z 6 u. The edgesbetweenu and v are discarded(i.e., we don't keepany self-loops). The
algorithm terminates when only two vertices remain: Each is the cortraction of one side of a cut,
and the number of edgesbetweenthem is exactly the size of the cut.

The cortraction in Karger's algorithm is performed by selecting, uniformly at random, an edge
in the current graph, and contracting its two endpoints. Recall that we have parallel edges,sothe
probability of cortracting u and v dependson the number of edgesbetweenthem. An equivalert
way to describe the algorithm is that we rst uniformly selecta random ordering (permutation) of
the edges,and then, at ead step we cortract the next edge(that is still in the graph) accordingto
this ordering. To get a random ordering we can simply assignrandom costsin [0; 1] to the edges
in the graph (which inducesa random ordering of the edges).

Now, as a thought experiment, consider an execution of Karger's min-cut algorithm on G¢
(whosemin-cut is (C;fxg)). If the algorithm succeedsn nding this cut (that is, it endswhen C
is cortracted into a single vertex and no edgebetween C and x is contracted), then the edgesit
contracted along the way constitute a spanningtree of C and this spanningtree is cheaper than the
cut. Sothe probability that Karger's algorithm succeedss a lower bound on the probability that
there exists a spanning tree that is cheaper than the cut, which is a lower bound on the success
probability of the local-seart procedure. Hence,it remainsto lower bound the succesgprobability
of Karger's algorithm. (Observethat our local-seart procedurealsode nes a spanningtree, but its
construction processis similar to Prim's algorithm while Karger's algorithm is similar to Kruskal's
algorithm.)

Returning to the analysis of Karger's algorithm, the simple key point is that, since C is an
“-extreme set, at every step of the algorithm the degreeof every vertex is at least ™ + 1 (recall that
a vertex correspondsto a cortracted subsetC® C). Thus, at the start of the ith cortraction step

the current graph cortains at least (n (@ 1)% D edges.Hence,the probability that no cut edge
is cortracted is at least
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(If © is small, e.g.,” = 1, then the probability is even higher.) Thus, the successprobability of

Karger's algorithm, and henceof our local-seart algorithm, is ( t ?).

A Comment Note that the local-searth procedure does not selectto traverseat ead step a
random edgein the cut (S;S). Toillustrate why this would not be a good idea, considerthe case
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in which k = 1, C is a cycle, and there is one edgefrom a vertex v in C to x. If we executedthe
alternativ e algorithm, then oncev would be addedto S, at ead step the probability that the cut
edgeis traversed,would be 1=3, and the probability this doesn't happen would be exponertial in
t. On the other hand, the way our procedureworks, it succeedswith probability % becausethat is
the probability that the cut edgegetsthe maximum cost.

7.3 k-Vertex Connectivit vy.

A graph is k-vertex connected if between every two vertices there are k vertex-disjoint paths.
First note that being 1l-vertex connectivity is the same as being 1-edge connected, a property
we have already discussed. Testing k-vertex connectivity for k = 2 and k = 3 was studied in the
bounded-degreemodel in [GR97], and the algorithms proposedhave query complexity (and running
time) O( 2d 1) and O( 3d ?), respectively. The general caseof k > 3 was studied by Ito and
Yoshida [[Y08], and their algorithm has complexity O(d(ck=( d))¥) (for a constart c).

7.4 Minor Closed Prop erties

A graph property is said to be minor closal if it is closed under removal of edges,removal of
vertices and contraction of edgeﬂ All properties de ned by a forbidden minorEd (or minors) are
minor closed, and in particular this is true of planarity, outerplanarity, having a bounded tree-
width, and more. A graph property is hereditary if it is closedunder removal of vertices (so that
every minor closedproperty is hereditary, but alsoother properties such ask-colorability). Czumaj,
Sohler and Shapira [CSSO] proved that ewvery hereditary property is testable if the input graph
belongsto a family of graphsthat is hereditary and \non-expanding” (that is, it doesnot contain
graphs with expansiongreater than 1=logn). The query complexity of their testing algorithm is
doubly-exponertial in poly(1=).

Building on someideas from [CSSO], Benjamini, Schramm, and Shapira [BSS0§ proved that
every minor closedproperty is testable (without any condition on the tested graph), using a num-
ber of queriesthat is triply-exp onertial in poly(1=). This result was improved by Hassidim et
al. [HKNOQ9] who reducedthe complexity to singly-exponertial in poly(1=). We note that the spe-
cial caseof testing cycle-freenesgwhich is equivalent to testing whether a graph is K 3-minor-free)
is consideredin [GR0OZ]. That work includesan algorithm for testing cycle-freenessn the bounded-
degreemodel with query complexity poly(lzb We also mertion that testing cycle-freenessn the
sparse(unbounded-degree)model requires ( = n) queries[PRQOZ].

All the abovemertioned algorithms perform local seartr. The [CSSOY algorithm seardes for
evidencethat the graph doesnot have the property, wherethis evidenceis in the form of a forbidden
induced subgraph (of bounded size). Thus their algorithm has one-sidederror. Finding sud
evidenceby performing a number of queriesthat doesnot depend on n is not possiblein general
graphs (everbfor the simple caseof the (minor closed) property of cycle-freenesghere is a lower
bound of ( © n) on the number of queries necessaryfor any one-sidederror algorithm [GR0Z)).

®When an edge(u; v) is contracted, the vertices u and v are replaced by a single vertex w, and the set of neighbors
of w is the union of the sets of neighbors of u and v.

10A graph H is a minor of a graph G if H can be obtained from G by vertex removals, edge removals, and edge
contractions. Robertson and Seymour [RS04] have shown that every minor-closed property can be expressedvia a
constant number of forbidden minors (where it is possibleto nd such a minor if it exists, in cubic time [RS9Y).
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Instead, the algorithm of [BSS0§ useslocal seart in order to estimate the number of dierent
subgraphs of a bounded size, and it is shavn that sudc an estimate can distinguish (with high
probability) between graphs that have any particular minor-closed property and graphs that are
far from having the property.

The algorithm of [HKNOQ9] has both a \one-sided error part" and a \t wo-sided error part".
That is, it may reject either becauset found \hard" evidencein the form of a small subgraphthat
contains a forbidden H-minor, or becauseit found certain \circumstantial evidence". The latter
type of evidenceis basedon the Separator Theorem of Alon, Seymourand Thomas [[AST90]. This
theorem implies that if a graph (with degreeat most d) is H-minor free, then by removing at most
dn edgesit is possibleto obtain connected componerts that are all of size O(1= ) (where the
constart in the O( ) notation dependson H). The algorithm of [HKNOQ9] rst tries to estimate
the number of edgesin G between the subsets of vertices that correspond to these connected
componerts. This is done by implemerting what they call a Partition Oracle (where in the case
that the graph is minor closed, the parts of the partition correspond to small connected subsets
that are separatedby a relatively small number of edges).

If the graph hasthe minor-closedproperty in question, then with high probability the estimate
on the number of edgesbetween parts will be su cien tly small. On the other hand, if the graph is
far from from the property, then one of the following two events will occur (with high probabilit y):
(1) The estimate obtained is large, sothat the algorithm may reject; (2) The estimate obtained is
small (becausethe graph can be separatedto small connectedcomponerts by removing few edges
(even though the graph is far from being minor-closed)). In the latter caseit can be shown that in
the secondpart of the algorithm, where the algorithm seardiesfor a forbidden minor in the close
vicinity of a sample of vertices, a forbidden minor will be detected with high probability (since
many forbidden minors must reside within the small parts).

7.5 Other Local-Search Algorithms

There are also local-searth algorithms for the following properties: being Eulerian, subgraph-
freeness|GR0OZ], and having a diameter of a bounded size [PR02]. The dependenceon 1= in

all these casesis polynomial (and there is no dependenceon the number, n, of graph vertices). In

somecases(subgraph-fbeenesslhe algorithm works only in the bounded-degreemodel (and there

is a lower bound of ( © n) on the number of queriesrequired in the sparse(unbounded-degree)
model). In the other casesthere are algorithms that work in both models. All of these algorithms

are basedon local seard, though naturally, the local searh may be somewhatdi erent, and once
the local seart is performed, di erent cheds are performed. For example,in the caseof the diame-

ter testing algorithm, it is important to accourt for the depth of the BFS. That is, we are interested
in the number of vertices reached when going to a certain distance from the selectedvertices.

8 Random Walks Algorithms

In this sectionwe discusstwo algorithms that work in the bounded-degreemodel and are basedon
random walks. The rst is for testing bipartiteness and the secondis for testing expansion. The
algorithm for testing bipartiteness was extendedto the generalmodel (and as a special case,to the
sparse-graphsmodel), in [KKRO4]. We shortly discussthe [KKRO4] result in SectionIQ
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8.1 Testing Bipartiteness in Bounded-Degree Graphs

Recall that a graph G = (V;E) is bipartite if there exists a partition (V1;V,) of V sud that
E(Vy; V1) [ E(V2;V2) = ;. A graph is -far from being bipartite in the bounded-degreemodel if
more than dn edgesshould be removed in order to make it bipartite. In other words, for every
partition (V1;V,) of V we have that JE(V1; Vi) [ E(V2; Vo)) > dn. It was rst shown in [GROZ|
that asopposedto the dense-gr&phsmodel, any algorithm for testing bipartitenessin the bounded-
degreemodel must perform ( ° n) queries (for constart ). (See Subsection@2 for a high level
idea of the proof.)

The algorithm we presen [GR99] almost matchesthis lower bound irbterms of its dependence
on n. The query complexity and running time of the algorithm are O(" n poly(logn=)). The
algorithm is basedon performing random walks of the following (lazy) form: In ead step of the
random walk on a graph of degreeat most d, if the current vertex is v, then the walk continues
to ead of v's neighbors with equal probability % and remainsin placewith probability 1 %
An important property of such random walks on connected graphs is that, no matter in which
vertex we start, if we considerthe distribution readed after t steps, then for su cien tly larget,
the distribution is very closeto uniform. The su cien t number of stepst dependson properties of
the graph (and of courseon how closewe needto be to the uniform distribution). In particular, if
it suces that t be relatively small (i.e., logarithmic in n), then we say that the graph is rapidly
mixing. In particular, exmnder graphs(in which subsetsof vertices have relatively many neighbors
outside the subset), are rapidly mixing. We describe the algorithm in Figure [I8, and give a sketch
of the proof of its correctnessfor the caseof rapidly mixing graphs.

Algorithm  8.1: Test-Bipartite (for bounded-degree graphs)
Repaat T = ( 1) times:

1. Uniformly selet sin V.
2. If odd-cyclés) returns found, then reject

In casethe algorithm did not reject in any one of the alove iterations, it accepts.

Procedureodd-cycleg)

1. Let K % poly((logn)=) P n,and L def poly((log n)=);
2. Perform K random walks starting from s, ead of length L;

3. If somevertex v is readied (from s) both on a pre x of a random walk corre-
sponding to an even-length path and on a pre x of a walk corresponding to an
odd-length path, then return found Otherwise, return not-found

Figure 16: The algorithm for testing bipartiteness in bounded-degreegraphs.

Note that while the number of steps performed in ead walk is exactly the same (L), the
lengths of the paths they induce (i.e., removing stepsin which the walk stays in place), vary.
Hence,in particular, there are even-length paths and odd-length paths. Also note that if the graph
is bipartite, then it is always accepted,and sowe only needto show that if the graphis -far from
bipartite, then it is rejected with probability at least 2=3.
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The rapidly-mixing  case. Assumethe graph is rapidly mixing (with respectto L). That is,
from ead starting vertex s in G, and for every v 2 V, the probability that a random walk of length
L = poly((logn)=) endsat v is at Ieast and at most 2 { i.e., approximately the probability
assignedby the stationary distribution. (Recall that this |deal caseoccurswhen G is an expander).
Let us x a particular starting vertex s. For eat vertex v, let pQ be the probability that a random
walk (of length L) starting from s, endsat v and correspondsto an even- Iength path De ne pi
analogouslyfor odd-length paths. Then, by ?Dur assumptionon G, for every v, pd + p! ﬁ

We considertwo casegegarding the sum pd pl| In casethe sumis (relatively) \small",
we show that there exists a partition (Vp; V1) of V that is -good, and so G is -closeto being
bipartite. Otherwise (i.e., when the sum is not \small"), we shaw that Pr[odd-cycl€s) = found is
constart. This impliesthat if G is -far from being bipartite, then necessarilythe sumis not \small"
(or elsewe would get a cortradiction by the rst case).But this meansthat Pr[odd-cycl€s) = found|
is a constart for every s, so that if we selecta constart number of starting vertices, with high
probability for at least one we'll de{__ect a cycle.

Consider rst the casein which = ,,, pd pj is smallerthan - for somesuitable constart ¢> 1
(c > 300should su ce). Let the partition (Vo; V1) be de ned asfollows: Vo = fv: pd plgand
Vi=fv:pl> pvg Consider a particular vertex v 2 V. By de nition of Vg and our rapid-mixing
assumption, p? n Assumev hasneighborsin Vp, and denotethis set of neighborsby o(v), and
their number by do(v). Then for ead sud neighbor u2 o(v), p8 = pd(L) % aswell. This can
be shown to imply that pd(L 1) % (The high level idea is to map walks of L stepsthat end
at u and correspond to even-length paths to walksof L 1 stepsthat are obtained by removing one
step of staying in place (and hencealso correspond to even-length paths).) Howewer, sincethere is
a probability of of taking a transition from u to v in walks on G, we can infer that ead neighbor

u cortributes % 32 to the probability pi. In other words,

X 1 1
p\l/ = 2d pg('— 1)  do(v) 64dn : (37)
u2 o(v)

Therefore, if we denote by di(v) the number of neigrbors that a vertex v 2 V1 hasin Vi, then

X o X 1dw, X 1 dy (38)
v an 64dn 4n  64dn
v2V v2Vo v2Vy
0 1
1 X X
= dn? @ do(v) + di(v)A (39)
v2\Vo v2V1

(where % is a constart). I;[hus if there were many (more than dn) violating edgeswith respect
to (Vo; V1), then the sum pd pl would be at least zm» cortradicting our casehypothesis (for
c> . 5
We now turn to H1e secondcase( ,y P opl oc x)- For ewvery xed pairi;j 2 f1;:::;Kg,
(recall that K = ( * n) is the number of walks taken from s), considerthe 0/1 random varrable
ij that is 1if and only if both the ith and the jth walk end at the samepertex v but correspond
to paths lwrth a dierent parity (of their lengths). Then Pr[ j; = 1] = vy 2 9 pv, and so
E[ 1= ,ov2 P2 pl. What we would like to have is a lower bound on Pr[ i i = 0] Since
there are K2 = ( n=) sud variables, the expected value of their sum is greater than 1. These
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random variables are not all independert from ead other, nonethelessit is possibleto obtain a
constart bound on the probability that the sum is 0 using Chebyshev'sinequality.

We note that the above analysis can be viewed as following the enforce-and-testapproac: A
selectedvertex s enforces a partition, and the walks taken from it test the partition.

The idea for the General Case. Unfortunately, we may not assumein generalthat for ev-
ery (or even some) starting vertex, all (or even almost all) vertices are reached with probability
(1 =n). Instead, for eat vertex s, we may considerthe set of vertices that are reached from s
with relatively high probability on walks of length L = poly((logn)=). As was done above, we
could try and partition theseverticesaccordingto the probability that they are readhed on random
walks corresponding to even-length and odd-length paths, respectively. The dicult y that arisesis
how to combine the di erent partitions induced by the di erent starting vertices, and how to argue
that there are few violating edgesbetweenvertices partitioned accordingto one starting vertex and
vertices partitioned accordingto another (assumingthey are exclusiwe).

To overcomethis di cult vy, the analysisof [GR9Y] proceedsin a di erent manner. Let uscall a
vertex s gaod, if the probability that odd-cyclé€s) returns foundis at most 0:1. Then, assumingG is
acceptedwith probability greater than % all but at most 3 of the vertices are good. It is possible
to de ne a partition in stagesas follows. In the rst stagewe pick any good vertex s. What can
be shawvn is that not only is there a set of vertices S that are reathed from s with high probability
and can be partitioned without many violations (due to the \goodness" of s), but alsothat there
is a small cut betweenS and the rest of the graph. Thus, no matter how we partition the rest of
the vertices, there cannot be many violating edgesbetweenS and V nS. We therefore partition S

(as above), and cortinue with the rest of the verticesin G.

In the next stage, and those that follow, we consider the subgraph H induced by the yet
\unpartitioned" vertices. If jHj < zn, then we can partition H arbitrarily and stop sincethe total
number of edgesadjacert to verticesin H islessthan ; dn. If jHj  zn, then it canbe shown that
any gaod vertex s in H that has a certain additional property (which at least half of the vertices
in H have), determinesa set S (whosevertices are reached with high probability from s) with the
following properties: S can be partitioned without having many violating edgesamong verticesin
S; and there is a small cut between S and the rest of H. Thus, eat sudc set S accourts for the
violating edgesbetween pairs of vertices that both belongto S as well as edgesbetween pairs of
vertices suc that one vertex belongsto S and oneto V(H) nS. Adding it all together, the total
number of violating edgeswith respect to the nal partition is at most dn. For an illustration see
Figure [[d The core of the proof is hencein proving that indeed for most good vertices s there
exists a subsetS asde ned above. The analysisbuilds in part on techniquesof Mihail [[Mih89] who
proved that the existenceof large cuts (good expansion)implies rapid mixing.

8.2 Testing Expansion

We have seenin the previous subsectionthat knowing that a graph is an expander can simplify
the analysis of a testing algorithm. Here we shortly discussthe problem of testing whether a graph
is an expander (using random walks). We say that a graph G = (V;E) isa ( ; )-expander if for
every subsetU V sud that jUj n (where n = jVj), we have that the number of neighbors
of verticesin U that are outsideof U (i,e. fv:v2VnU;and 9u2 Us.t (u;v) 2 Eg) is at
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Figure 17: An illustration of sewral stagesof the partitioning processin the casethat the graph G passes
the test with su cien tly high probability. The verticess;, s, and s3 are\good" vertices, where the random
walks from eac are usedto obtain a partition with fewviolating edgesin a part of agraph. The \b oundaries"
betweentheseparts are marked by brokenlines, wherethe number of edgescrossingbetweenparts is relativ ely
small.

least jUj. (A closelyrelated de nition setsa lower bound on the number of edgesgoing out of U
relative to jUj, but here we usethe vertex-ex@nsion de nition.) When is not explicitly speci ed,
then it is assumedto be 1=2.

The rst result concernin%testing expansionwas a negative one: It was shovn in [[GROZ] that
testing expansionrequires ( © n) queriesgor constart , and ). The lower bound establishes
that it is hard to distinguish in lessthan =~ n=c queries (for someconstart c), betweena random
3-regular graphs (which is a very good expanderwith high probability) and a graph that consists
of seweral sud disjoint subgraphs(which is far from being even a weak expander).

In [GROQ] it was conjectured that there is an almost matching upper bound in terms of the
dependenceon n. Specically, in [GRO(J] a random-walks based algorithm was proposed. The
basic underlying idea of the algorithm is that if a graph is a su cien tly good expander, then the
distribution induced by the end-points of random walks (of length that grows logarithmically with
B and also dependson the expansionparameter ) is closeto uniform. The algorithm performs

n poly(1=) random walks, and courts the number of collisions (that is, the number of times
that the samevertex appearsas an end-point of di erent walks). The algorithm rejects only if this
number is above a certain threshold. It was shavn in [[GRO(] that the algorithm indeed accepts
every su cien tly good expander The harder direction of proving that the algorithm rejects
graphsthat are far from being good (or even reasonablygood) expanderswas left open.

Sevweral yearslater, Czumaj and Sohler [[CSQ7] made progresson this problem and shaved that
the algorithm of [GROQ] (with an appropriate setting of the parameters) can distinguish with high
probability betweenan -expander(with degree-tound d) and a graphthat is -far from beingan ©
expandergor 0= O 2Hd’log(n=)) . The query complexity and running time of the algorithm
are O d® nlog(n=) 2 2. This result was improved by Kale and Seshadhri[[KS08Z] and by
Nachmias and Shapira [NSO7 (who build on an earlier version of [KS07]) sothat °= O( 2=d)
(with roughly the samecomplexity - the dependenceon n is slightly higher, and the dependenceon
1= is lower). It is still open whether it is possibleto improve the result further sothat it hold for

Othat dependslinearly on (thus decreasingthe gap betweenacceptedinstancesand the rejected

1The notion of expansion consideredin [GRO0] was actually the algebraic one, basedon the secondlargest eigen-
value of the graph, but this notion can be translated to vertex expansion.
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instances).

9 Lower Bounds

We have mertioned quite a few lower bound results along the way, but haven't given any details.
Here we give somedetails for two lower bounds so as to provide some avor of the typesof con-
structions and argumerts used. Note that when dealing with lower bounds, there are two main
issues. One is whether or not we allow the algorithm to be adaptive, that is, whether its queries
may depend on previous answers, and the secondis whether it is allowed to have two-sided error
or only one-sidederror. Clearly, the strongest type of lower bound is one that holds for adaptive
algorithms that are allowed two-sided error, though wealer results may be informativ e as well.

9.1 A Lower Bound for Testing Triangle-F reeness

Recall that in Section@d we showed that there is an algorithm for testing triangle-freenessof dense
graphsthat has a dependenceon 1= that is quite high. While there is no known matching lower
bound, we shall shav that a super-polynomial dependenceon 1= is necessary[Alo02]. Here we
give the proof only for the one-sidederror case,and note that it can be extended to two-sided
error algorithms [ASO4]. Namely, we shall shav how to construct densegraphs that are -far
from being triangle-free but for which it is necessaryto perform a super-polynomial number of
gueriesin order to seea triangle. As shown in [AEKSO00, IGT03], if we ignore quadratic factors,
we may assumewithout loss of generality that the algorithm takesa uniformly selectedsample of
vertices and makesits decisionbasedon the induced subgraph. This \gets rid" of having to deal
with adaptivity. Furthermore, since we are currently considering one-sidederror algorithms, the
algorithm may reject only if it obtains a triangle in the sample.

The construction of [Alo02] is basedon graphsthat are known asBehrend Graphs. Thesegraphs
are de ned by sets of integersthat include no three-term arithmetic progression(abbreviated by
3AP). Namely, theseare sets X  f1;:::;mg suc that for every three elemers x1;X2;X3 2 X,
if Xo X1 = X3 Xz (i.e., X1 + X3 = 2X»), then necessarilyx; = Xo = x3. Below we describe a
construction of sud setsthat are large (relative to m), and later explain how suc setsdetermine
Behrend graphs.

Lemma 9.1 For everysuciently largem thereexistsasetX f1;::::mg, jXj m?! 9M whewe
g(m) = o(1), suchthat X contains no three-term arithmetic progression.

In particular, it is possibleto obtain g(m) = c=IO logm for a small constart c. We present a simpler
proof that gives a weaker bound of g(m) = O(logloglogm=loglogm), but givesthe idea of the
construction. j K

Pro of: Let b= logm and k = —'&%?

k < b=2 for elery m 8. We arbitrarily selecta subsetof k dierent numbers fxq;:::;Xxg
f0;:::;b=2 1g and de ne

(x
X = X (i)bi . isapermutation of f1;:::;kg : (40)
i=1

1. Sincelogm=logb = logm=loglogm we have that
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By the de nition of X we have that jXj = k!. By using z! > (z=€)%, we get that

- logm 1 logm
Xj = kk= 22— 11> ! 41
1] loglogm (log m=loglogm)2 loglogm (“41)
loglogm 2 logm wios 42)
logm e loglogm
_ pogloglogm loglogm) pogm WV fgEmenn Ly a0

Consider any three e,}emeIts u;v;w 2 Xpsum that u+ v = ZWPBy de nition of X, theseelemerns

areofthe formu=" [, x ,yb,v=" [ x V(,)t?__) andw = x LB 2 X, where i i w
are permutations over f1;:::;kg. Sinceu+ v = !‘:1 (X 4y + X v(,))b‘ and x; < b=2 for ewvery
1 i Kk, it must bethe casethat for eadh i,

Xy F X i) = X0 (44)
This implies that for every i:

2 2 2

X0 T X0 a0 (45)

where the inequality in Equation (B3 is strict unlessx JB= X ) = X uip (This follows from

the more generalfact that for every corvex function f, 1 L, f (&) f (l ", a).) If wesum
over all i's and there is at least one index i for which the inequality in Equatlon (#9) is strict we

get that
X 2 X 2 X 2
ot Xun > &0 (46)
i=1 i=1 i=1
which is a contradiction since we took permutations of the same numbers. Thus, we get that
u=v=w. N

Remark. The better construction has a similar form. De ne

( X b XK
Xpp = xid 1 0 xj< > and x2=B
i=1 i=0
i k
wherek = loam 1 as before. Then it can be shawvn that there exists a choice of b and B for

logb D
— ml @ = ogm)_

which jX ] W@gﬁ

Behrend graphs. Given a set X f1;:::;mg with no three-term arithmetic progressionwe
de ne the Behrend graph B Gx asfollows. It has 6m verticesthat are partitioned into three parts:

Vi, Vo, and V3 where jVij = i m. For ead i 2 f1;2;3g we assiate with ead vertex in V; a
dierent integerin f1;:::;i mg. The edgesof the graph are de ned as follows (for an illustration
seeFigure [I8):

The edgesbetweenV; and V,. For every x 2 X andj 2 f1;:::;mg there is an edgebetween
j 2Viand(j +x) 2V,
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j2Vyand(j + 2x) 2 Vs.

(It is alsopossibleto construct a \nicer", regular graph, by working modulo m.) We shall say that
an edgebetweenj 2 V; and j%2 V, or betweenj 2 V, and j%2 V3 is lakeled by x, if j%= (j + x),
and we shall say that an edgebetweenj 2 V; and j°2 Vs is lakeled by x, if j9= (j + 2x).

\'2)

- SN

V3

Figure 18: An illustration of the structure of Behrend graphs.

The graph BGyx cortains 3jX jm edges.SincejXj = o(m) we don't yet have a densegraph (or,
more precisely if is a constart, then the graph is not -far from being triangle-free according to

the graph contains a triangle (j; (j + X);(j + 2x)) wherej 2 V1, (j + X) 2 Vo and (j + 2X) 2 Va.
There arem jX|j sud edge-disjoirt triangles and every edgeis part of one such triangle. That is,
in order to make the graph triangle-free it is necessaryto remove a constart fraction of the edges.

On the other hand, we next show that, basedon the assumptionthat X is 3AP-free, there are
no other triangles in the graph. To verify this considerany three verticesj 1;]j2;j3 wherej; 2 V; and
such that there is a triangle betweenthe three vertices. By de nition of the graph,j> = (j1 + X1),
for somex; 2 X, j3= (j2+ X2), for somex, 2 X, andjsz = (j1+ 2x3), for somexs 2 X . Therefore,
(j1+ X1+ x2) = (j1+ 2x3). That is, we get that x1 + X, = 2x3. Since X cortains no three-term
arithmetic progression,the last implies that x1 = X» = x3, meaningthat the triangle (j1;]2;]3) is
of the form (j; (j + x);(j + 2x)).

To get a densegraph that is -far from triangle-free for any given , we \blow up" the graph
BGx . In \blowing-up” we meanthat we replace ead vertex in BGy by an independert set of s
vertices (where s will be determined shortly), and we put a completebipartite graph betweenevery
two such \sup er-vertices". We make the following obsenations:

The number of verticesin the resulting graph is 6m s, and the number of edgesis 3jX jm s2.

It is necessaryto remove jX jm s? edgesin order to make the graph triangle-free. This follows
from the fact that there are jX jm edge-disjoint triangles in BGyx , and when turning them
into \sup er-triangles" it is necessaryto remove at least s> edgesfrom ead super-triangle.
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There are jX jm s® triangles in the graph (this follows from the construction of B (x), and
the blow-up, which replacesead triangle in the original graph with s2 triangles).

Given andn, we selectm to bethe Iargestintegersatisgling m 9(M=36. This ensuresthat
m is a super-polynomial function of 1= (for g(m) = (1 = logm) we get that m  (c=)clog(c=)
for a constart ¢ > 0.) Next we sets = n=(6m) sothat 6m s = n, and the number of edgesthat
should be removed is

iXjm s m? 9m 2= (6ms)? m 9M=36= n?:

Finally, if the algorithm takes a sample of size g, then the expected number of triangles in the
subgraphinduced by the sampleis at most

3 jXjms® _ 5 m? 9m < L.

9 Tems ST
If g < m'=3 then this is much smaller than 1, implying that w.h.p. the algorithm won't seea
triangle. But sincem is super-polynomial in 1=, q must be super-polynomial as well.

As noted previously, this lower bound can be extendedto hold for two-sidederror algorithms [[AS04].

9.2 A Lower Bound for Testing Bipartiteness of Constant Degree Graphs

In this subsectionwe give a high-level description of the lower bound of ( P n) (for constart ) for
testing bipartiteness in the bounded-degredGR0OZ] The bound holds for adaptive two-sided error
algorithms. We usehere somenotions (e.g., violating edges)that wereintroducedin SubsectionB1
(where we descrﬂ')bed an algorithm for testing bipartiteness in the bounded-degreemodel whose
complexity is O(' n poly(log n=)))).
To obtain such a lower bound we de ne two families of graphs. In one family all graphs are
bipartite, and in the other family (almost all) graphs are -far from bipartite, I;or some constart
(e.g., = 0:01). We then shav that no algorithm that performs lessthan = m=c queries (for
someconstart ¢) can distinguish with su cien tly high succesgprobability betweena graph selected
randomly from the rst family and a graph selectedrandomly from the secondfamily. This implies
that there is no testing algorithm whosequery complexity is at most P m=c. We explain how this
is proved (on a high level) momertarily, but rst we describe the two families.

We assumethat the number of vertices, n is even. Otherwise, the graphs constructed have one
isolated vertices, and the constructions are over the (even number of) n 1 remaining vertices. In
both families all verticesresideon a cycle (sincen is assumedo be even, the cycleis of evenlength).
The ordering of the vertices on the cycle is selectedrandomly among all n! permutations. In both
families, in addition to the cycle, we put a random matching betweenthe vertices (thus bringing
the degreeto 3). The only di erence betweenthe families is that in one family the matching is
totally random, while in the other it is constrained so that only pairs of vertices whoseorderings
on the cycle have di erent parity (e.g., the 2nd and the 5th vertex) are allowed to be matched. In
other words, it is a random bipartite matching.
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Step 1. The rst claim that needsto be establishedis that indeed almost all graphsin the rst
family are far from being bipartite. This involves a basic courting argumert, but needsto be
done carefully. Namely, we needto shaw that with high probability over the choice of the random
matching, every two-way partition has many (a constart fraction of) violating edges. We would
have likedto simply show that for ead xed partition, sincewe selectthe matching edgesrandomly,
with very high probability there are many violating edgesamong them, and then to take a union
bound over all two-way partitions. This doesn't quite work, sincethe number of two-way partitions
is too large comparedto the probability we get for ead partition (that there are many violating
edgeswith respect to the partition). Instead, the counting argumert is slightly re ned, and in
particular, usesthe cycle edgesas well. The main obsenation is that we don't actually needto
cournt in the union bound those partitions that already have many violating edgesamongthe cycle
edges. The bene't is that the union bound now needsto be over a smaller number of partitions,
and the proof of the claim follows.

Step 2. Givenan algorithm, we want to say somethingabout the distribution induced on \query-
answer" transcripts, when the probability is taken both over the coin ips of the algorithm and
over the random choice of a graph (in either one of the two families). We want to show that if
the algorithm askstoo few queries, then these transcripts are distributed very similarly. How is
such a transcript constructed? At ead step the algorithm asksa query (based on the past, with
possiblerandomness)and is given an answer accordingto the randomly selectedgraph. The main
obsenation is that for the sake of the analysis, instead of generatingthe graph randomly and then
answering queries, it is possibleto generatethe graph (accordingto the correct distribution) during
the processof answering the algorithm's queries.

To rst illustrate this in an easier case (in the dense-graphsmodel, where the queries are
vertex-pair queries), think of selectinga graph randomly by independertly letting ead pair (u; V)
be an edgewith probability p. In this case,wheneer the algorithm asksa query, the processthat
generatesthe graph ips a coin with bias p and answers. Clearly the distribution over query-answer
transcripts is the sameif we rst construct the graph and then let the algorithm run and perform
its queries,or if we construct the graph while answering the algorithm's queries.

Going badk to our problem, let's think how this can be done for our graph distributions. In the
rst query (v;i), both in casethe query concernsa cycle edgeor a matching edge(we can assume
that the algorithm knows the labeling of the three types of edges(e.g., 1 and 2 for cycle edges
and 3 for matching edge)), the answer is a uniformly selectedvertex u, with the only constraint
that u 6 v. In general,at any point in time we can de ne the knowledge-gaph that the algorithm
has. As long asthe algorithm didn't closea cycle (this will be an important ewernt), the knowledge
graph consistsof trees (for an illustration, seeFigure [[9). Both processewill attribute to ead new
vertex that is addedto the graph its parity on the cycle. The only di erence betweenthe processes
is that in the processthat constructs a bipartite graph, for ead matching-edge query (v; 3), the
parity of the matched vertex u is determined by the parity of v, while in the other family there is
someprobability for eat parity (depending on the number of vertices that already have a certain
parity).

The crucial point is that for ead query (v;i), the probability that the query is answered by a
vertex that already appearsin the knowledge graph is O(n%n), where n®is the number of vertices
in the knowledge graph (and it can be at most twice the number of queriesalready performed).
On the other hand, if the vertex in the answer is not in the knowledge graph, then in both cases
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Figure 19: An illustration of the knowledge graph, which consistsof trees. The longer lines in the gure
correspond to matching edges(labeled by 3), and the shorter lines to cycle edges(labeled by 1 and 2).

it is a uniformly selectedvertex. Now, if the total number of queriesperform is lessthan pﬁ=4,
then trbe probaBiIity that the algorithm gets as an answer a vertex in the knowledge graph, is less

than (" n=4) (' n=4)=n = 1=16. Otherwise, the distributions on the query-answver transcripts are
identical.

10 Other Results

In this section we describe seweral families of results that did not fall naturally into the previous
sections. The list of results is clearly not comprehensie. In particular we note that one areathat

was not coveredis testing geometric properties (e.g. [EKK * 00, CSZ0Q CS01]). See[CS0q for some
works in this area(in the broader context of sublinear-time algorithms).

10.1 Testing Monotonicit y

Let X be a partially ordered set (poset) and let R be a fully ordered set. We say that a function
f : X ! R ismonotoneif for every x; y 2 R such that x is smallerthan y (according to the partial
order de ned over X) it holds that f (x) is smaller or equal to f (y) (according to the full order
de ned over R). In what follows we discussseeral special case,aswell asthe generalcase.

10.1.1 Testing Monotonicit y in One Dimension

We start by consideringthe following problem of testing monotonicity in one dimension, or testing
\sortedness” (rst studied by Ergun et al. [EKK*0Q]). Let f : [n]! R, wherethe rangeR is
somefully orderedset. The function f can also be viewed as a string of length n over R. We s&
that f is monotone (or sorted) if f(i) f(j)foralll i< n. There are actually seweral
algorithms for testing this property [EKK * 00, GGL* 00]. Their query complexity and running time
are O(logn=), and (log n) queriesare necessaryfor constart (by combining the non-adaptive
lower bound of Ergun et al. [EKK * 00] with a result of Fischer [Fis01]).

We rst show that the \naive" algorithm, which simply takes a uniform sample of indices in
[n] and chedks whether non-monobonicity is violated (i.e., whether in the samplethere arei < |
such that f (i) > f (j)), requires ( = n) queriesfor constart . To seewhy this is true, considerthe
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function f (i) =i+ 1foroddi,1 i n 1,andf(i)=1 1lforeweni,2 i n. That is,the
string corresponding to f is (assuming for simplicity that n is even): 2;1; 4;3; :::;n;n 1. We
call each pair i;i + Lwheref(i)=i+ landf (i + 1) = i a matcheal pair. Note that the algorithm
rejects only if it gets a matched pair in the sample. On one hand, this function is 1=2-far from
being monotone, becausan order to make it monotoneit is necessaryto modify its value on at least
one member of eath matched pair. On the other hand, by trﬁ (lower bound part of the) birthday
paradox, the probability that a uniform sample of sizes n=2 corntains a matched pair is less
than 1=3.

In Figure 20 we give the \binary-search-based" algorithm of [EKK * 00], where we assumewith-
out lossof generality that all function valuesare distinct. This assumptioncanbe madewithout loss
of generality becausdf this is not the casethen we canreplaceead valuef (i) with f Qi) = (f (i);i),
where (f (i);i) < (f(j);j)) if and only if either f (i) < f(j) orf (i) = f(j) but i < j. The distance
to monotonicity of the new function f %is the sameas the distance to monotonicity of the original
function f .

Algorithm  10.1: Testing Monotonicit y for f :[n]! R

For each index i, selested, query f (i;), and perform a binary search on f for f (i)
(recall that f can be viewal as a string or array of length n).

If the binary search failed for any i,, then output reject Otherwise output accept

Figure 20: Monotonicity testing algorithm for f :[n]! R.

Clearly, if the function f is monotonethen the algorithm acceptswith probability 1 sinceevery
possiblebinary seard must succeed.Assumefrom this point onthat f is -far from beingmonotone.
We shaw that the algorithm rejects with probability at least 2=3.

We say that anindex j 2 [n] is a witness (to the non-monotonicity of f ), if a binary seard for
f(j) fails.

Lemma 10.1 If f is -far from being monotone, then there are at least n witnesses.

Pro of: Assume,cortrary to the claim, that there are lessthan n witnesses.We shall show that
f is -closeto being monotone,in corntradiction to the premiseof the lemma. Speci cally, we shall
shaw that if we consider all non-witnesses,then they constitute a monotone sequence. For eat
pair of non-witnessesj; j wherej < j considerthe stepsof the binary seart for f (j) and f (j 9,
respectively. Let u bethe rst index for which the two seartesdiverge. Namely,j u j9(where
at least one of the inequalities must be strict becausej < j9) and f(j) f(u) (9 (where
again at least one of the inequalities must be strict since the function values are distinct). But
then f (j) < f(j9, asrequired. Now we are done since by modifying eah witness to obtain the
value of the nearestnon-witness, we can make f into a monotone function. The total number of
modi cations equalsthe number of witnesses,which isat most n. N

Corollary 10.2 If f is -far from monotonethen Algorithm 10.1 rejects f with probability at least
2=3.
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Pro of: The probability that the algorithm doesnot reject (i.e., accepts) equalsthe probability
that no witnessis selectedin the sample. This probability is upper boundedby (1 )S<e S =
e 2< 1=3, asrequired. W

10.1.2 Testing Monotonicit y in Higher Dimensions

For afunction f :[n]™ ! R (where, asbefore,the rangeR is a fully orderedset), we say that f is
monotoneif f (x) f(y) for every x;y such that x y, where denotesthe natural partial order
over strings (that is, x1:::Xm VY1:::ym if Xj vy for everyi 2 [m], and x; < y; for at least one
i 2 [m]). Let m(f) denotethe distance of f from the closestmonotone function (with the same
domain and range).

Batu et al. [BRWO05] extended the algorithm of [EKK * 00] to higher dimensions, at an expo-
nertial costin the dimensionm. The complexity of their algorithm is O((2logn)™ 1). Halevy
and Kushilevitz [HKO03] reducedthe complexity (for su cien tly large n) to O(m4™ logn 1), and
Ailon and Chazelle[ACO06] further improved this bound to O(m2™ logn 1).

Dodis et al. [DGL* 99] shaved that it is possibleto obtain a linear dependenceon m at a
cost of a logarithmic dependenceon logjRj, where the dependenceon logjRj can be replaced by
mlogn. An outline of the algorithm (Algorithm 10.2) is given in Figure 21. The complexity of

Algorithm  10.2: (Outline of) Testing Monotonicit y for f : [n]" ! R
1. Repeat the following t(m; ; n) times:

(@) Uniformly seleti2[m], 2[n]' *and 2 [n]™ .
(b) Perform a test on the one-dimensionalfunction f;.. :[n]! R that is de ned
byfi. (xX)=1f(x ).

2. If no test causel rejection then accept.

Figure 21: Monotonicity testing algorithm (outline) for f : [n]™ ! R.

Algorithm 10.2 dependson the complexity of the test performedin Step 1b and on the probability
that it rejects a uniformly selectedf;.. , which is then usedto sett(m; ; n).

We note that the high level structure of the algorithm is reminiscen of the algorithm of [RS9q
for testing multiv ariate polynomials over large elds (shortly discussedin Subsection3.2). Recall
that their algorithm considersrestrictions of the tested function f to random lines, and cheds that
ead restriction is a univariate polynomial of bounded degree.

We rst considerin more detail the caseof testing monotonicity of Boolean functions over m
bit strings (that is, over the m-dimensional Boolean hypercube), and later talk about the general
case. That is, we considertesting a function f : f0;1g™ ! f0;1g (which is equivalert to testing
f:[n]™! R forn=2andany R sud that jRj = 2). Obsenrwe that in this case,sincethe size of
the domain of eadh ;.. is 2, the one-dimensionaltest in Step 1b of Algorithm 10.2simply chedks
whether f (i; ; )(0) f(i; ; )(), or equivalertly, whetherf( 0 ) f( 1 ) (as must be the
caseif the function is monotone).

Thus, similarly to the tests for linearity and low-degreepolynomials, we considera characteriza-
tion of monotone functions and shaw that it is robust (though lessrobust than the characterization
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we had for linear functions). The characterization is that a function f is monotoneif and only if for
every pair x;y 2 f0;1g™ that di er only onthe ith bit forsomel i m, wherex; = Oandy; = 1
(sothat x vy), it holdsthat f (x) f(y). Clearly, if f is monotone,then the above holds, and the
other direction is also easyto verify.}2 Algorithm 10.2 for the special caseof f : f0;1g™ | f0:1g
thus becomesthe algorithm given in Figure 22.

Algorithm  10.3: Testing Monotonicit y for f : f0;1g™ ! f0;1g
1. Repeat the following ( m=) times:

a) Uniformly selet i 2 [m] and x ;1g° suchthat x; = 0.
(a) iforml let i 2 [m] and x 2 f0;1g™ hth 0

(b) Lety = X1:::Xi 11Xj+1 :::Xm (that is, y is obtainad by ipping the ith bit of
X).

(c) If f(x)> f(y) then reject (and exit).

2. If no test causeal rejection then accept

Figure 22: Monotonicity testing algorithm for f : f0;1g™ ! f0; 1g.

As noted before,if f is monotonethen the algorithm acceptswith probability 1. We would like
to show that if \(f) > then the algorithm rejects with probability at least 2=3. To this end we
de ne:

y & f(x;y) : xandy dier onasinglebit andx vyg; 47

asthe set of all neightoring pairs on the m-dimensional hypercube (where juj = 2™ 1 m),

def

V() = f(xy)2U : f(x)>f(y)g (48)
asthe set of all violating neighboring pairs, and
()
1) & B = Progault ) < £ (0] (49)

asthe probability that a neighboring pair is violating. The main lemma is:

Lemma 10.3 For everyf :f0;1g™ ! f0;1g, (f) m(f)

m

The correctnessof the algorithm directly follows from Lemma 10.3, sincethe algorithm uniformly
selects ( n=) = (1 = (f)) (assuming m(f) > ) pairs (x;y) 2 U and chedks whether (x;y) 2
V(f). We will sketch how f can be turned into a monotone function by performing at most
m (f) 2™ maodications. Since y(f) 2™ is the minimum number of modi cations required to
make f monotone, Lemma 10.3 follows. We rst add a few more notations and de nitions.

De nition  10.1 For any i 2 [m], we say that a function h : f0; 1g™ | f0;1g is monotonein
dimensioni, if for every 2 f0;1g" *and 2f0;1g™ ', h( 0 ) h( 1 ). For a setof indices
T [m], we say that h is monotonein dimensionsT, if for everyi 2 T, the function h is monotone
in dimensioni.

2Given x y that dier on more than one bit, consider a sequenceof intermediate points between x and y
(according to the partial order) where every two consecutive points in this sequencedi er on a single bit.
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We next de ne a switch operator, S; that transforms any function h to a function S;(h) that is
monotonein dimensioni.

De nition  10.2 Leth:f0;1g™ ! f0;1g. For everyi 2 [m], the function Sj(h) : f0;1g™ ! f0;1g
is de ned as follows: For every 2 f0;1g' Y andevery 2 f0;1g™ ', if h( 0 )> h( 1 ) then
Si(h)( 0 )=h( 1 ),andSj(h)( 1 )= h( 0 ). Otherwise, Sj(h) is de ned as equal to h on
thestrings 0 and 1 .

Let
Di(f) £'jfx : Si(f )(x) & f (x)gj (50)

P
sothat Dj(f) is twice the number of pairs in V(f) that dier onthe i'th bit (and [, Di(f) =
2 V().
Lemma 10.4 For everyh :f0;1g™ ! f0;1g and for everyi;j 2 [m], Di(Sj(h)) Di(h).

As a direct corollary of Lemma 10.4 (applying it to the special casethat Di(h) = Ofor everyi in a
subsetT) we get:

Corollary 10.5 For every h : f0;1g™ ! f0;1g and j 2 [m], if h is monotone in dimensions
T [m], then Sj(h) is monotonein dimensionsT [ fjg.

We won't prove Lemma 10.4 here but we shall shaov how Lemma 10.3 (and hencethe correctness
of the algorithm) follows. Let g= Sn(Sn 1(  (Si(f)) ). By the de nition of g,

1 X
dist(f;9) 55 Di(Si 1( (Sau(f)) ): (51)
i=1

By successie applications of Lemma 10.4,

Di(Si 1( (Su(f)) ) Di(S 20 (Su(f)) ) Di(f); (52)

and so (by combining Equations (51) and (52)),

1 X0
dist(f ; g) — Di(f): (53)
i=1

By successie application of Corollary 10.5 the function g is monotone, and hence dist(f ; g)
m (f). Therefore,
Di(f) dist(f;g) 2™ m(f) 2™ (54)
i=1
On the other hand, by de nition of D;(f),
X‘n . . . .
Di(f) = 2 jv(f)j = 2 (f) jUuj= (f) 2" m: (55)
i=1

Lemma 10.3 follows by combining Equations (54) and (55).
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Extending the Result to f : [n]" ! f0;1g for n > 2. In this caseit is possibleto de ne 1-
dimensionaltests (for Step 1b in Algorithm 10.2) that selecta pair of points < in [n] according
to particular distributions and ched& whetherf;.. () fi.. (). By extending the analysisfrom
the casen = 2, and in particular modifying the switching operator S;() to a sorting operator,
it can be shown that for somedistributions, ( m(logn) 1) sudc tests suce (and for another
distribution, (( m=)?) tests su ce (the latter is for the uniform distribution on pairs)).

Extending the Result to f :[n]"! Rfor n 2and R> 2. By performing arangereduction,
it is shavn in [DGL™* 99 that O(mlognlogjRj 1) queriessu ce.

General Posets. Fischer et al. [FLN* 02] considerthe more generalcasein which the domain is
any poset(and not necessaryn]™). They show that testing monotonicity of Booleanfunctions over
generalposetsis equivalert to the problem of testing 2CNF assignmeis (namely, testing whether
a given assignmein satis es a xed 2CNF formula or is far from any suc assignmem). They also
show that for every posetit is possibleto test monotonicity over the posetwith a number of queries
that is sublinear in the size of the domain poset; speci cally, the complexity grows like a square
root of the size of the poset. Finally, they give somee cien t algorithms for seweral special classes
of posets(e.g., posetsthat are de ned by trees).

10.2 Testing in the General Graphs Mo del

Recall that in the general graphs model the distance measure between graphs (and henceto a
property) is de ned with respect to the number of edgesin the graph (or an upper bound on this
number), as in the sparsegraphs model. Since the algorithm may have to deal with graphs of
varying density, it is allowed to perform both neighbor queriesand vertex queries(as well asdegree
queries).

Testing Bipartiteness. The general graphs model was rst studied by Krivelevich et

al. [KKRO4]. Their focus was on the property of bipartiteness, which exhibits the following in-

teresting phenomenon. As shavn in Subsection4.2, for densegraphs there is an algorithm whose
query complexity is poly(1=) [GGR98, AKO2]. In c8rtrast, as sketched in Subsection 9.2, for

bounded-degreegraphs there is a lower bound of ( ~ n) [GR02] (and, as described in Subsec-
tion 8.1, there is an almost matching upper bound [GR99]). The question Kriv elevich et al. asked
is: what is the complexity of testing bipartiteness in geneal graphs (using the generalmodel)?

They answer this question by describing and analyzing an aIgorithrB for testing bipartiteness
in generalgraphswhosequery complexity (and running tirg\e) is O(min(" n; n?=m) poly(logn=)).
Thus, as long as the average degreeof the graph is O(" n), the running time (in terms of the
dependenceon n) is O(' n), and oncethe average degreegoes above this threshold, the running
time starts decreasing.

Kriv elevich et al. rst considerthe casethat the graph is almostregular. That is, the maximum
degreed and the averagedegreed,,y are of the sameorder. They later shov how to reducethe
problem of testing bipartiteness of general graphs (where d may be much larger than dag) to
bipartiteness of almost-regular graphs. This reduction involves enmulating the execution of the
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algorithm on an \imaginary" almost-regular graph where the queriesto this imaginary graph can
be answered by performing queriesto the \real" graph G.

The algorithm for almost-regular graphs builds on the testing algorithm for bipartiteness of
bounged-degreegraphs [GR99] (which is describng in Subsection8.1 and whosequery complexity
is O(" n poly(logn=))). In fact, aslong asd n, the algorithm is equivalert to the algorithm
in [GR99]. In particular, asin [GR99], the algorithm selects (1 =) starting vertices and from ead
it p%rforms seweral random walks (using neigﬁbor queries), eah walk of length poly(logn=). If
d n then the number of thesewalks is O(" n poly(logn=)), and the algorithm simply chedks
whether an odd-length cycle was detectedin the courseof these random walks.

If d > " n then there are two important rpoﬂ:ations: (1) The number of random walks
performed from ead vertex is reducedto O( n=d poly(logn=)); (2) For ead pair of end
vertices that are reached by walks that correspond to paths who%elengths have the sameparity,
the algorithm performs a vertex-pair query. Similarly to the d n case,the graph is rejected if
an odd-length cycle is found in the subgraph induced by all queriesperformed.

Kriv elevith et al. also presert an almost matching lower bound of (min( pﬁ;nzzm)) (for a
constart ). This bound holds for all testing algorithms (that is, for those which are allowed a
two-sided error and are adaptive). Furthermore, the bound holds for regular graphs.

Testing Triangle-F reeness. Another property that was studied in the generalmodel is testing
triangle-freeness(and more generally, subgraph-freenessJAKKRO06 ]. Recall that for this property
there is an algorithm in the dense-graphamodel whosecomplexity dependsonly on 1= [AFKSO00]
(seeSubsection6.3), and the sameis true for constart-degreegraphs[GR02]. Heretoo the question
is what is the complexity of testing the property in generalgraphs. In particular this includesgraphs
that are sparse(that is, m = O(n)), but do not have constart degree.

The main nding of Alon et al. [AKKRO06 ] is a lower bound of ( n'™3) on the necessarynumber
of queriesfor testing triangle-freenesghat holds whene\er the averagedegreedaq is upper-bounded
by n (M where (n) = o(1). Sincewhend = ( n) the number of queriessu cien t for testing
is independert of n [AFKSO00], we obsene an abrupt, threshold-likebehavior of the complexity of
testing around n. Additionally , they provide sub-linear upper bounds for testing triangle-freeness
that are at most quadratic in the corresponding lower bounds (which vary as a function of the
graph density).

Testing k-colorabilit y. Finally, a study of the complexity of testing k-colorability (for k  3)
is conducted by Ben-Eliezer et al. [BKKRO08]. For this property there is an algorithm with query
complexity poly(1=) in the dense-graphsmodel [GGR98, AK02] (where the algorithm usesonly
vertex-pair queries), and there is a very strong lower bound of ( n) for testing in the bounded-
degreemodel [BOTO02] (where the algorithm usesneighbor queries). Ben-Eliezeret al. considerthe
complexity of testing k-colorability as a function of the average degreeda,,g in models that allow
di erent typesof queries(and in particular may allow only onetype of query). In particular they
shaw that while for vertex-pair queries, testing k-colorability requiresa number of queriesthat is
a monotone decreasingfunction in the average degreeda,q, the query complexity in the caseof
neighbor queriesremains roughly the samefor every density and for large values of k. They also
study a new, stronger, query model, which is related to the eld of Group Testing.
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10.3 Testing Mem bership in Regular Languages and Other Languages

Alon et al. [AKNSO01] considerthe following problem of testing membership in a regular language.
For a predetermined regular languageL  f0;1g , the tester for membership in L should accept
every word w 2 L with probability at least 2=3, and should reject with probability at least 2=3
every word w that diers from any w®2 L on more than jwj bits. We stressthat the task is not
to decidewhether a languageis regular, but rather the languageis predetermined, and the test is
for membership in the language.

The query complexity and running time of the testing algorithm for membership in a regular
languageis O(1=), that is, independert of the length n of w. (The running time is dependert on the
sizeof the (smallest) nite automaton acceptingL, but this sizeis consideredto bea xed constart
with respectto n). Alon et al. [AKNSO1] alsoshow that a very simple context free language(of all
strings of the form vwRuuR, where wR denotesthe reversal of a string w), cannot be tested using
o(" n) queries.

One important subclass of the context-free languagesis the Dyck language, which includes
strings of properly balanced parentheses. Strings such as\(( )( ))" belongto this class,whereas
strings such as\(( )" or\) (" do not. If we allow more than onetype of parenthesesthen \([ ])" is
a balancedstring but \([ )]" is not. Formally, the Dyck languageD , cortains all balancedstrings
that cortain at most m types of parentheses. Thus for example\(( )( ))" belongsto D1 and \(
1)" belongsto D,. Alon et al. [AKNSO01] show that menbershipin D can be tested by performing
O(1=) queries,whereasmembership in D, cannot be tested by performing o(logn) queries.

Parnas et al. [PRRO3] presert an algorithm that tests whether a string w belongsto D,. The
query complexity and running time of the algorithm are O n?3=3 | wheren is the length of w.
The complexity doesnot depend on m, the number of di erent types of parentheses. They also
prove a lower bound of ( n*¥™=logn) on the query complexity of any algorithm for testing D,
for m > 1. Finally tlgley considerthe cortext free languagefor which Alon et al. [AKNS01] gave
alovaer boundof ( " n): Lyey = fuu'w' : u;v2 g. They show that Lrey can be tested in
O(2" n) time, thus almost matching the lower bound.

Newman [New0Z extend the result of Alon et al. [AKNSO01] for regular languagesand give an
algorithm that hasquery complexity poly(1=) for testing whether a word w is acceptedby a given
constart-width oblivious read-oncebranching program. (It is noted in [Bol05] that the result can
be extendedto the non-oblivious case.) On the other hand, Fischer et al. [FNS04] show that testing
constart width oblivious read<twice branching programsrequires ( n ) queries,and Bollig [Bol05]
shaws that testing read-oncebranching programs of quadratic size (with no bound on the width)
requires ( n'2) queries(improving on [BWO03]).

In both [FNS04 and [Bol05] lower bounds for membership in setsde ned by CNF formulae
are also obtained, but the strongestresult is in [%SHROQ: an ( n) lower bound for 3CNF (over n
variables). This should be cortrasted with an O(" n) upper bound that holds for 2CNF [FLN* 02].
More generally Ben-Sason et al. [BSHRO09 provide su cien t conditions for linear propertiesto be
hard to test, where a property is linear if its elemers form a linear space.
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11 Extensions, Generalizations, and Related Problems

11.1 Distribution-F ree Testing

The notion of distribution-free testing was already introducedand discussedn Subsection3.3.1(in
the context of applications of self-correcting). Here we mention a few other results in this model.

In addition to the result described in Subsection3.3.1, Halevy and Kushilevitz [HK03, HKO07]
describe a distribution-free monotonicity testing algorithm for functions f : [n]™ ! R with query
complexity O((2logn)™=). Note that the complexity of the algorithm has exponertial depen-
dence on the dimension m of the input. This is in cortrast to some of the standard testing
algorithms [GGL* 00, DGL* 99] where the dependenceon m is linear (to be precise,the complex-
ity is O(mlognlogjRj=), where jRj is the e ectiv e size of the range of the function, that is, the
number of distinct values of the function). In a further investigation of distribution-free testing
of monotonicity [HK05, HKO7], Halevy and Kushilevitz showved that the exponertial dependence
on m is unavoidable even in the caseof Boolean functions over the Boolean hypercube (that is,
f:f0;1g™ ! f0;1g).

Motiv ated by positive results for standard testing of seweral classesof Boolean functions (as
described in Section5) Glasnerand Senedio [GS07 ask whether theseresults can be extendedto
the distribution-free model of testing. Speci cally, they considermonotone and generalmonomials
(conjunction), decisionslists, and linear threshold functions. They prove that for theseclasses,n
cortrast to standard testing, wherethe query complexity doesnot dependonthe number of variables
n, ewery distribution-free testing algorithm must make (( n=logn)®) queries (for constart ).
While there is still a gap betweenthis lower bound and the upper bound implied by learning these
classesa strong dependenceon n is unavoidable in the distribution-free case.

Finally we note that Halevy and Kushilevitz [HKO04] alsostudy distribution-free testing of graph
propertiesin sparsegraphs, and give an algorithm for distribution-free testing of connectivity, with
similar complexity to the standard testing algorithm for this property.

11.2 Testing in the Orien tation Mo del

In the orientation model, introducedby Halevy et al. [HLNTO5], there isa xed and known under-
lying undirected graph G. For an unknown orientation of the edgesof G (that is, eah edgehasa
direction), the goalis to determine whether the resulting directed graph hasa prespeci ed property
or is far from having it. Here distanceis measuredasthe fraction of edgeswhoseorientation should
be ipp ed (edgescannot be removed or added). To this end, the algorithm may query the direction
of edgesof its choice. Note that sincethe underlying undirected graph G is known in advance,the
model allows to perform any preprocessingon G with no cost in terms of the query complexity of
the algorithm.

Halevy et al. [HLNTO5] rst show the following relation betweenthe orientation model and
the dense-graphamodel: for every graph property P there is a property of orientations P together
with an underlying graph G, such that P is testable in the dense-graphsmodel if and only if P
is testable in the orientation model (with respectto G). They also study the following properties
in orientation model: being drain-source-free, being H -free for a xed forbidden digraph H, and
being strongly connected.

In follow-up work, Halevy et al. [HLNTO7] study testing properties of constraint-graphs. Here,
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ead of the two orientations of an edgeis thought of as an assignmen of O or 1 to a variable
assaiated with the edge. A property is de ned by the underlying graph and a function on eadh
vertex, where the arity of the function is the degreeof the vertex. An assignmen to the variables
(an orientation of the graph) has the property if the function at every vertex is satis ed by the
assignmen to its incident edges.The main result in [HLNTO7] is that for a certain family of such
constraint graphsit is possibleto test whether an assignmen to the edgessatis es all constraints
or is -far from any satisfying assignmemn by performing 2°(=) queries. This result has seeral
implications, amongthem that for every read-twice CNF formula it is possibleto test assignmeis
for the property of satisfying by performing 2°(=) queriesto the assignmen. This positive result
stands in cortrast to the negative results of [FLN* 02] and [BSHRO05 for testing satis abilit y of
slightly more general CNF formula.

Chakroborty et al. [CFL* 07] considera property of orientations that wasproposedin [HLNTO05]:
testing st-connectivity. They give a one-sidederror algorithm for testing st-connectivity in the ori-
entation model whosequery complexity is double-exponertial in 1= 2. Interestingly, the algorithm
works by reducing the st-connectivity testing problem to the problem of testing languagesthat are
decidableby branching problems, wherethis problem wassolved by Newman[New02d (as mentioned
in Subsection10.3).

Another natural property of orientations, which was suggestedin [HLNTO7], is testing whether
an orientation is Eulerian. As mentioned briey in Subsection7.5, it is possibleto test whether
an undirected graph is Eulerian by performing poly(1=) queries, both in the bounded-degree
model [GR0O2] and in the sparse(unbounded-degree)model [PR0O2]. Theseresults can be extended
to directed graphs [Ore09. Unfortunately, in the orientation model there is no algorithm for
testing whether an orientation is Eulerian whosequery complexity is poly(1=) in general. Fischer
et al. [FLM * 08] shaw that for generalgraphsthere is a lower bound of ( m) (where m is the number
of graph edges)for one-sidederror testing. For bounded-degreegraphsthey give a lower bound of
( m¥™) for non-adaptive one-sidederror testing, and an (log m) lower bound for one-sidederror
adaptive testing. For two-sidederror testing the lower bounds are roughly logarithmic functions of
the corresponding one-sidederror lower bounds (in the caseof bounded-degreeggraphs).

Their upper bound for generalgraphsig O (dmlog m)2= 43 for one-sidederror testing, and
min  O(d™mZ3  43); O(d®1%m3* 5) for two-sided error testing (where d is the maximum
degreein the graph). They also give more e cien t algorithms for special cases.In particular, if the

graph is an -expander,then the complexity dependsonly ond and 1=( ), wherethe dependence
is linear.

11.3 Tolerant Testing and Distance Appro ximation

Two natural extensionsof property testing, rst explicitly studied in [PRRO06], are tolerant testing
and distance approximation. A tolerant property testing algorithm is required to accept objects
that are i-closeto having a given property P and reject objectsthat are »-far from having property
P, for O 1 < 2 1. Standard property testing refersto the special caseof 1 = 0. Ideally, a
tolerant testing algorithm should work for any given 1 < », and have complexity that depends
on » 1. Howewer, in somecasesthe relation between ; and » may be more restricted (e.qg.,
1= 2=2). A closelyrelated notion is that of distance approximation where the goal is to obtain
an estimate of the distance that the object has to a property. In particular, we would like the
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estimate to have an additive error of at most for a given error parameter , or we may also allow
a multiplicativ e error.13

In [PRROG] it was rst obserned that some earlier works imply results in these models. In
particular this is true for coloring and other partition problems on densegraphs [GGR98], connec-
tivit y of sparsegraphs [CRT01], edit distance betweenstrings [BEK " 03] and L ; distance between
distributions [BFR* 00] (which will be discussedin Subsection11.4). The new results obtained
in [PRROG] are for monotonicity of functions f : [n]! R, and clusterability of a set of points. The
rst result was later improved in [ACCLO04] and extendedto higher dimensionsin [FR09].

In [FFO6] it is shown that there exist properties of Boolean functions for which there exists
a test that makes a constart number of queries, yet there is no such tolerant test. In conrast,
in [FNO7] it is shawvn that every property that has a testing algorithm in the dense-graphsmodel
whose complexity is only a function of the distance parameter , has a distance approximation
algorithm with an additive error in this model, whose complexity is only a function of .14
Distance approximation in sparsegraphs is studied in [MR09]. Guruswami and Rudra [GRO5]
preseri tolerant testing algorithms for seweral constructions of locally testable codes,and Kopparty
and Saraf [KS09 study tolerant linearity testing under generaldistributions and its connectionto
locally testable codes.

11.4 Testing and Estimating Prop erties of Distributions

In this subsectionwe discussa researd direction that is closelyrelated to property testing (where
someof the problems can be viewed as actually falling into the property testing framework).

Given accesso samplesdrawn from an unknown distribution p (or seweral unknown distribu-

tions, pt;:::;p™) and some measureover distributions (respectively, m-tuples of distributions),
the goal is to approximate the value of this measurefor the distribution p (respectively, the distri-
butions pt;:::;p™), or to determine whether the value of the measureis belov somethreshold

or above somethreshold . In either case,the algorithm is allowed a constart failure probability.*®
For example, given accesso samplesdrawn accordingto two distributions p and q, we may want
to decidewhetherjp qj orjp qj> (for certain settingsof and ). The goalisto perform
the task by observing a number of samplesthat is sublinear in the size of the domain over which
the distribution(s) is (are) de ned. In what follows, the running times of the algorithms mentioned
are linear (or almost linear) in their respective sample complexities. We shortly review the known
results and then give details for one of the results: Approximating the entropy of a distribution.

11.4.1 Summary of Results

Testing that distributions are close. Batu et al. [BFR™ 00] considerthe problem of deter-
mining whether the distance between a pair of distributions over n elemerts is small (less than

2 . . . .
max P+ g ), or large (more than ) accordingto the L1 distance. They give an algorithm
BWe note that if one doesnot allow an additiv e error (that is, = 0), but only allows a multiplicativ e error, then

a dependenceon the distance that the object hasto the property must be allowed.

The dependenceon may be quite high (a tower of height polynomial in 1= ), but there is no dependenceon
the size of the graph.

5 An alternativ e model may allow the algorithm to obtain the probability that the distribution assignsto any
elemert of its choice. We shall not discussthis model.
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for this problem that takes O(n®logn= ) independert samplesfrom ead distribution. This
result is basedon testing closenessaccording to the L, distance, which can be performed using
O(1= %) samples. This in turn is basedon estimating the deviation of a distribution from uniform
(which we mentioned in Subsection8.2 in the context of testing expansion) [GROQ].

In recert work (discussedin more detail below), Valiant [Val08] shovsthat ( n%) samplesare
also necessarilyfor this testing problem (with respect to the L1 distance). For the more general
problem of distinguishing betweenthe casethat the two distributions are ;-closeand the casethat
they are ,-far, where ; and , are both constarts, Valiant [ValO8] provesan almost linear (in n)
lower bound.

One can also considerthe problem of testing whether a distribution p is closeto a xed and
known distribution g, or is far from it (letting g be the uniform distribution is a special caseof
this problem). Batu et al. [BFF* 01] shaw that it is possibleto distinguish betweenthe casethat

the distance in L, norm is O p%gn and the casethat the distance is greater than using

O(p npoly(1=)) samplesfrom p.

Testing random variables for indep endence. Batu et al. [BFF*01] also show that it is
possibleto test whether a distribution over [n] [m]is independert oris -far from any independent
joint distribution, using a sample of size O(n%*m*poly(1=)).

Appro ximating the entropy. A very basic and important measureof distributions is their
(binary) entropy. The main result of Batu et al. [BDKRO05] is an algorithm that computes a

-multiplicativ e approximation of the ertropy using a sample of size O(n1* )= 2 logn) for distri-
butions with entropy ( =) wheren is the size of the domain of the distribution and is an
arbitrarily small positive constart. They alsoshow that ( n2 2)) samplesare necessary A lower
bound that matchesthe upper bound of Batu et al. [BDKRO5] is proved in [Val08g].

Appro ximating the support size. Another natural measurefor distributions is their support
size. To be precise,considerthe problem of approximating the support size of a distribution when
eah elemert in the distribution appearswith probability at least % This problem is closelyrelated
to the problem of approximating the number of distinct elemerts in a sequenceof length n. For
both problems, there is a nearly linear in n lower bound on the sample complexity, applicable even
for approximation with additive error [RRRSO7].

A unifying approac h to testing symmetric prop erties of distributions. Valiant [Val0§g]
obtains the lower bounds merntioned in the foregoing discussionas part of a general study of
estimating symmetric measuresover distributions (or pairs of distributions). That is, he considers
measuresof distributions that are presened under renaming of the elemerts in the domain of the
distributions. Roughly speaking, his main nding is that for every such property, there exists a
threshold such that elemens whose probability weight is below the threshold \do not matter" in
terms of the task of estimating the measure(with a small additive error). This implies that suc
properties have a \canonical estimator” that computesits output basedon its estimate of the
probability weight of elemerns that appear su cien tly often in the sample (\heavy elemeris"), and
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essetially ignoresthose elemerts that do not appear su cien tly often.1® In the other direction,
lower bounds can be derived by constructing pairs of distributions on which the value of the
estimated measureis signi cantly di erent, but that give the sameprobability weight to the heavy
elemerts (and may completely di er on all light elemerts).

Other results. Other works on testing/estimating properties of distributions include [AAK * 07,
BKR04, RS05.

11.4.2 Estimating the Entropy

In this subsectionwe give the details for the algorithm that estimatesthe entropy of a distribu-
tion [BDKRO5]. Consider a distribution p over the set [n] where the probability of elemert i is
denoted by p;. Recall that the entropy of the distribution p is de ned as follows:

def X X
H(p) = pi logp; = pi log(1=p) (56)
i=1 i=1

Given accessto samplesi 2 [n] distributed according to p, we would like to estimate H (p) to
within a multiplicativ e factor . That is, we seekan algorithm that obtains an estimate B such
that H(p)= ] H (p) with probability at least 2=3 (as usual, we can increasethe success
probability to 1 by running the algorithm O(log(1=)) times and outputting the median value).

We next describe the algorithm of [BDKRO5] whose sample complexity and running time are
1+
O n Z logn conditionedonH(p) = ( =). If there is no lower bound on the erntropy, then it

is impossibleto obtain any multiplicativ e factor [BDKRO5], and even if the entropy is quite high

1
(ie., at leastlogn= 2 2), thenn 2 °®

The main result of [ BDKRO5] is:

samplesare necessary

Theorem 11.1 Forany > land0< g< 1=2, there existsan algorithm that can approximate

the entropy of a distribution over [n] whoseentropy is at least ﬁ to within a multiplicative

factor of (L+ 2 o) with probability at least 2=3 in time O n'* ? logn 02 .

The main idea behind the algorithm is the following. Elemerts in [n] are classi ed as either heavy
or light depending on their probability mass. Speci cally, for any choiceof > 0,

BME i2n:p n (57)

8yaliant talks about testing, and refers to his algorithm as a \canonical tester". We have chosento use the
terms \estimation" and \canonical estimator" for the following reason. When one discusses\testing" properties of
distributions then the task may be to distinguish betweenthe casethat the measurein question is 0 (closeto 0) and
the casethat it is above somethreshold , rather than distinguishing betweenthe casethat the measureis below 1
(for 1 that is not necessarilycloseto 0) and above », which is essetiially an additiv e estimation task. This is true
for example in the caseof testing closenessof distributions. The two tasks just described are di eren t typesof tasks,
and, in particular, for the former task, low-frequency elemerts may play a role (as is the casein testing closeness
of distributions where the collision counts of low-frequency elemerts play a role). Thus, saying that low-frequency
elemerts may be ignored when testing properties distributions is not precise. The statement is true for estimating
(symmetric) measuresof distributions.
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The algorithm separately approximates the contribution to the entropy of the heavy elemerts and
of the light elemerts, and then combines the two.

In order to describe the algorithm and analyzeit, we shall needthe following notation. For a
distribution p andasetT,
X X
wp(T)= p and Hr(p)= pi log(pi) : (58)
i2T i2T
Note that if Tq; To are disjoint setssud that T1 [ T2 = [n] then H(p) = Ht,(p) + H1,(p). The
algorithm (Algorithm 11.1) is given in Figure 23,

Algorithm  11.1: Algorithm  Appro ximate-En trop y( ; o)
1. Set = 1= 2
2. Getm= ( n logn ,2) samplesfrom p.

3. Let q be the empirical prokability vector of the n elements. That is, q; is the number
of times i appears in the sampledivided by m.

4. Let® =fi:g>1 on g

5. Takean additional sampleof sizem = ( n logn= §) from p and let W(S) be the total
empirical weight of elementsin S = [n]n B in the sample.

6. Output B = Hy (q) + 25100,

Figure 23: The algorithm for approximating the entropy of a distribution.

In the next two subsectionswe analyze separately the cortribution of the heavy elemens and
the cortribution of the light elemerts to the estimate computed by Algorithm 11.1

Appro ximating the contribution of heavy elements
The next lemma follows by applying a multiplicativ e Cherno bound.

Lemma 11.1 For m = 20n logn=3 and q as de ned in the algorithm, with prokability at least
1 % the following two conditions hold for everyi 2 [n]:

1. Ifp L In (in particular this is true of i 2 B (p)) thenjpi Gj oPi;
2. 1f pi< 372 theng < (1  o)n

By Lemma 11.1 we get that with high probability, B (p) B , andfor everyi 2 B (evenif

iZB (p), ja pij oPi. The next lemmaboundsthe deviation of H1(q) from H+t(p) conditioned
on g being closeto p; for everyi 2 T.

Lemma 11.2 For everysetT suchthat for everyi 2 T, jg  pij oPi,
jHT(@) Ht() oHTt(p)+ 2 owp(T):
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Proof: Fori2 T,let i bedened by g = (1+ ;)p; whereby the premiseof the lemma, | ij 0

X
Hr(q) Hr(p) = 1+ jpilog((X+ i)pi) + pi logpi (59)
%T X i2T X
= (L+ i)pilogp 1+ j)pilogd+ )+ pilogpi  (60)
%T XiZT i2T
= ipi log(1=p) 1+ ipilogl+ j): (61)
i2T i2T

If we now considerthe absolute value of this di erence:

X X
jHT(q) Hr(p)j ipi log(1=p) + 1+ pilogd+ ) (62)
)&2T X’ZT
jijpilog(l=p)+ (1+ j)pilog(l+ ;) (63)
i2T i2T
oHT(p) + 2 oWt (P) : (64)

|
Appro ximating the contribution of light elements
Recallthat S = [n]n ® sothat, By Lemma 11.1, with high probability S [n]nB (p).

Claim 11.3 Let W(S) be the fraction of samples,amongm = (( n = (2,) logn) that belongto S (as
de ned in Algorithm 11.1). If wp(S) n  then with probability 1 1=n,

1 owp(S) W(S) @+ owp(S):
The claim directly follows by a multiplicativ e Cherno bound.
Lemma 114 If p n for everyi 2 S then

logn wp(S) Hs(p) logn wp(S) + 1:

Pro of:  Conditioned on a particular weight wp(S), the entropy Hs(p) is maximized when p; =
wp(S)5Sj for all i. In this case

Hs(p) = wp(S)log(jSj=wp(S)) (65)
= wp(S)logjSj + wp(S) log(1=wp(S)) (66)
wp(S)logn + 1 (67)

On the other hand, Hs(p) is minimized when its support is minimized. Sincep; n  for every
i 2 S, this meansthat n wp(S) of the elemerts have the maximum probability p; = n , and all
others have O probability. In this caseHs(p) = w p(S)logn. N
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Putting it together

We now prove Theorem 11.1 basedon Algorithm 11.1 By Lemma 11.1 we have that with high
probability:

1.1fi2B (p)theni2 B . Thatis,p; n foreweryi2S=[n]n® .
2. Everyi2 ® satisesjg pij opi.

Assumefrom this point on that the above two properties hold. Let B be a shorthand for ® and
let S = [n]nB be asdened in Algorithm 11.1 Assume rst that wp(S) n . In this case,
Lemma 11.4tells us that (since = 1= ?)

iz wp(S) logn Hs(p) wp(S)logn + 1 (68)
or equivalertly: L
o 2 :
ogn (Hs®) D wp(8) e 2 Hs(p): (69)
By Claim 11.3
(1 owp(S) W(S) 1+ owp(S) (70)
If we now use Equations (69) and (70) and apply Lemma 11.2 (using jg  pij opi for ewvery
i 2 B), we get:
wW(S) logn 1+ o)wp(S)logn
He(q) + 0D (1 g (p) + 2o+ T QP00 1)
I+ o) (He(p)+ Hs(p)) + 20 (72)
(1+ o) H(P) + 20 (73)
(1+20) H(p) (74)
where in the last inequality we used the fact that > 1, and H(p) ﬁ > 4 so that
20< ¢ H(p). Similarly,
Wq(S) logn 1 wp(S) logn
H(q) + MO0 i (p) 2 & OMPE)I0 75)
H 1
@ o Hem+ 2@ 1 5 (76)
H (p)

(the last inequality follows from the lower bound on H (p) by tedious (though elemenary) manip-
ulations). Finally, if wp(S) < n  then by Claim 11.3wq(S) (1+ o)n  with high probability.
Therefore, wq(S) logn= is at most (1+ o)n logn= (and at least0). It is not hard to verify
that the contribution to the error is negligible, assuming is bounded away from 1.

We note that if p is monotone, that isp; pj+1 for all i, then there is a more sophisticated
algorithm that usespoly(logn;log ) samples[RS05.
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