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Abstract

Property testing algorithms are \ultra"-e�cien t algorithms that decide whether a given
object (e.g., a graph) has a certain property (e.g., bipartiteness), or is signi�can tly di�eren t
from any object that has the property. To this end property testing algorithms are given the
abilit y to perform (local) queries to the input, though the decision they need to make usually
concern properties with a global nature. In the last two decades,property testing algorithms
have beendesignedfor many typesof objects and properties, amongst them, graph properties,
algebraic properties, geometric properties, and more.

In this article we survey results in property testing, where our emphasis is on common
analysis and algorithmic techniques. Among the techniques surveyed are the following:

� The self-correcting approach, which was mainly applied in the study of property testing
of algebraic properties;

� The enforce and test approach, which was applied quite extensively in the analysis of
algorithms for testing graph properties (in the dense-graphsmodel), as well as in other
contexts;

� Szemer�edi's Regularity Lemma, which plays a very important role in the analysis of algo-
rithms for testing graph properties (in the dense-graphsmodel);

� The approach of Testing by implicit learning , which implies e�cien t testabilit y of mem-
bership in many functions classes.

� Algorithmic techniques for testing properties of sparsegraphs, which include local search
and random walks.

� This work was supported by the Israel ScienceFoundation (grant number 246/08).
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1 In tro duction

Property testing algorithms are algorithms that perform a certain type of approximate decision.
Namely, standard (exact) decision algorithms are required to determine whether a given input is
a YES instance (has a particular property) or is a NO instance (does not have the property).
In contrast, property testing algorithms are required to determine (with high successprobabilit y)
whether the input has the property (in which casethe algorithm should accept) or is far from
having the property (in which casethe algorithm should reject ). In saying that the input is far
from having the property we mean that the input should be modi�ed in a non-negligible manner
so that it obtain the property.

To be precise,the algorithm is given a distance parameter, denoted � , and should reject inputs
that are � -far from having the property (according to a prespeci�ed distancemeasure). If the input
neither has the property nor is far from having the property, then the algorithm can either accept
or reject. In other words, if the algorithm accepts,then we know (with high con�dence) that the
input is closeto having the property, and if it rejects, then we know (with high con�dence) that
the input doesnot have the property.

Since a property testing algorithm should perform only an approximate decision and not an
exact one, we may expect it to be (much) more e�cien t than any exact decision algorithm for
the sameproperty. In particular, as opposedto exact decision algorithms, which are considered
e�cien t if they run in time that is polynomial in the size of the input (and the best we can hope
for is linear-time algorithms), property testing algorithms may run in time that is sub-linear in the
size of the input (and hencewe view them as being \ultra"-e�cien t). In such a casethey cannot
even read the entire input. Instead, they are given query access to the input, where the form of
the queriesdependson the type of input considered.

Since property testing algorithms accessonly a small part of the input, they are naturally
allowed to be randomized and to have a small probabilit y of error (failure). In somecasesthey
have a non-zeroerror probabilit y only on inputs that are far from having the property (and never
reject inputs that have the property). In such a case, when they reject an input, they always
provide (small) evidence that the input doesnot have the property.

By the foregoing discussion, when studying a speci�c property testing problem, one should
de�ne a distance measureover inputs (which determineswhat inputs should be rejected), and one
should de�ne the queriesthat the algorithm is allowed. For example,when dealing with functions
and their properties (e.g., linearity), the distance measureis usually de�ned to be the Hamming
distance normalized by the size of the domain, and queries are simply queries for values of the
function at selectedelements of the domain. In other cases,such as graph properties, there are
several di�eren t natural models for testing (seeSubsection2.2 for details).

1.1 Settings in whic h Prop ert y Testing is Bene�cial

In addition to the intellectual interest in relating global properties to local patterns, property testing
algorithms are bene�cial in numeroussituations. A number of such settings are discussednext.

1. Applications that deal with huge inputs. This is the case when dealing with very large
databasesin applications related to computational biology, astronomy, study of the Inter-
net, and more. In such cases,reading the entire input is simply infeasible. Hence,someform
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of approximate decision,basedon accessingonly a small part of the input, is crucial.

2. Applications in which the inputs are not huge,but the property in question is N P-hard. Here
too some form of approximation is necessary, and property testing algorithms provide one
such form. In fact, while \classical" approximation algorithms are required to run in time
polynomial in the size of the input, here we require even more of the algorithm: It should
provide an approximately good answer, but is allowed only sublinear time. For example,there
is a property testing algorithm that can be used to obtain a (1 � � )-factor approximation of
the size of the maximum cut in a dense graph, whose running time depends only on � ,
and does not depend at all on the size of the graph. (In Subsection 1.3 we further discuss
the relation between the notion of approximation provided by property testing and more
\classical" notions.)

3. Applications in which the inputs are not huge and the corresponding decision problem has
a polynomial-time algorithm, but we are interested in ultra-e�cient algorithms, and do not
mind sacri�cing some accuracy. For example, we may not mind accepting a graph that is
not perfectly bipartite, but is close to being bipartite (that is, it hasa two-way partition with
relatively few \violating edges"within the two parts).

4. Scenarios similar to the one described in the previous item except that the �nal decision must
be exact (though a small probabilit y of failure is allowed). In such a casewe can �rst run the
testing algorithm, and only if it acceptsdo we run the exact decision procedure. Thus, we
save time whenever the input is far from having the property, and this is useful when typical
(but not all) inputs are far from having the property.

A related scenario, discussedin Subsection 1.4, is the application of property testing as a
preliminary step to learning.

Thus, employing a property testing algorithm yields a certain loss in terms of accuracy, but our
gain, in terms of e�ciency , is in many casesdramatic. Furthermore, in many casesthe loss in
accuracy is inevitable either becausethe input is huge or the problem is hard.

1.2 A Brief Overview

Property testing �rst appeared (implicitly) in the work of Blum, Luby, and Rubinfeld [BLR93],
who designedthe well known Linearity testing algorithm. It was �rst explicitly de�ned in the
work of Rubinfeld and Sudan [RS96], who consideredtesting whether a function is a low-degree
polynomial. The focus of these works was on testing algebraic properties of functions, and they,
together with other works, had an important role in the designof Probabilistically CheckableProofs
(PCP) systems(cf. [BFL91, BFLS91, GLR+ 91, FGL+ 96, RS96, FS95, AS97, ALM + 98]).

The study of property testing in a moregeneralcontext wasinitiated by Goldreich et al. [GGR98].
They gave several generalresults, among them results concerningthe relation betweentesting and
learning, and then focusedon testing properties of graphs (in what we refer to as the dense-graphs
model). Following this work, property testing has beenapplied to many typesof inputs and prop-
erties.1 In particular, the study of algebraicproperties of functions continued to play an important

1 In what follows in this subsection we do not give referencesto relevant works. These referencescan be found in
the body of this survey when each speci�c result is mentioned.
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role, partly becauseof the relation to the area of error correcting codes (for a short explanation
concerning this relation, seethe beginning of Section 3). The study of graph properties was sig-
ni�can tly extended since the work of [GGR98]. This includes a large number of works in the
dense-graphsmodel, as well as the introduction of other models (more suitable for graphs that are
sparseor that are neither densenor sparse),and the designof algorithms that work within these
models. There has also beenprogressin the last few yearson the designof testing algorithms for
properties of functions that can be viewed as logical rather than algebraic (such as functions that
have a small DNF representation). The study of such properties is of interest from the point of
view of learning theory (seeSubsection1.4). Other families of properties to which the framework
of property testing has been applied include Geometric properties and \clusterabilit y" of ensem-
bles of points, properties de�ned by restricted languages(e.g., regular languages),properties of
distributions and more.

In somecasesthe algorithms designedare extremely e�cien t: The number of operations they
perform does not depend at all on the size of the input, but only on the distance parameter � . In
other casesthe dependenceis somesublinear function of the sizeof the input (e.g., polylog(n) orp

n, for inputs of sizen), wherein many of the latter casesthere are matching (or almost matching)
lower bounds that justify this dependenceon the sizeof the input.

While each algorithm has features that are speci�c to the property it tests, there are several
common algorithmic and analysis techniques. Perhaps the two better known analysis techniques
are the self-correcting approach, which is applied in the analysis of many testing algorithms of
algebraicproperties, and Szemer�edi's Regularity Lemma [Sze78], which is central to the analysisof
testing graph properties in the dense-graphsmodel. Other techniques include the enforce and test
approach (that is also applied in the analysis of testing algorithms in the dense-graphsmodel, as
well as in testing certain metric properties and clustering properties), and the approach of testing
by implicit learning whoseapplication givesa variety of results (among them testing of small DNF
formula). Indeed, as the title of this survey suggests,we organize the results presented according
to such common techniques.

In addition to the extensionof the scope of property testing, there have beenseveral extensions
and generalizations of the basic notion of property testing. One extension (which was already
introduced in [GGR98] but for which positive results appearedseveral years later) is allowing the
underlying distribution (with respect to which the distancemeasureis de�ned) to be di�eren t from
the uniform distribution (and in particular to be unknown - this is referred to as distribution-fr ee
testing). Another natural extensionis to tolerant testing. In tolerant testing the algorithm is given
two distance parameters: � 1 and � 2, and it must distinguish betweenthe casethat the object is � 1-
closeto having the property (rather than perfectly having the property as in the original de�nition
of property testing), and the casethat the object is � 2-far from having the property. A related
notion is that of distance approximation where the task is to obtain an estimate of the distance to
having the property.

1.3 Prop ert y Testing and \Classical" Appro ximation

Consider for example the problem of deciding whether a given graph G = (V; E) has a clique of
size at least k, for k = �n where � is a �xed constant and n = jV j. The \classical" notion of an
approximation algorithm for this problem requires the algorithm to distinguish between the case
that the max-clique in the graph hassizeat least �n and, say, the casein which the max-clique has
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sizeat most �n= 2.

On the other hand, when we talk of testing the \ � -Clique" property, the task is to distinguish
between the casethat the graph has a clique of size �n , and the casein which it is � -far from the
any n-vertex graph that hasa clique of size�n . Sincethis property is relevant only to densegraphs
(where jE j = �( n2)), our notion of � -far in this context is that more than �n 2 edgesshould be
added to the graph so that it have a clique of size�n . This is equivalent to the dual approximation
task (cf., [HS87, HS88]) of distinguishing between the casethat an n-vertex graph has a clique of
size�n and the casethat in any subsetof �n vertices, the number of missing edges(betweenpairs
of vertices in the subset) is more than �n 2.

The above two tasks are vastly di�eren t: Whereas the former task is N P-Hard, for � <
1=4 [BGS98, H�as99], the latter task can be solved in exp(O(1=�2))-time, for any �; � > 0 [GGR98].
We believe that there is no absolutesensein which oneof theseapproximation tasks is better than
the other: Each of these tasks is relevant in someapplications and irrelevant in others. We also
mention that in somecasesthe two notions coincide. For example,considerthe problem of deciding
whether a graph has a cut of size at least k for k = �n 2 (where � is a �xed constant). Then a
testing algorithm for this problem will distinguish (with high probabilit y) between the casethat
the max-cut in the graph is of size at least �n 2 and the casein which the max-cut is of size less
than (� � � )n2 (which for � = 
 � givesa \classical" (1 � 
 )-factor approximation to the sizeof the
max-cut).

Finally, we note that while property testing algorithms are decisionalgorithms, in many cases
they can be transformed into optimization algorithms that actually construct approximate solu-
tions. To illustrate this, considerthe two aforementioned properties, which we refer to as � -Clique
and � -Cut. For the �rst property, supposethe graph hasa clique of sizeat least �n . Then, building
on the testing algorithm, it is possibleto obtain (with high probabilit y), in time that grows only
linearly in n, a subsetof �n vertices that is closeto being a clique. (That is, the number of missing
edgesbetween pairs of vertices in the subset is at most �n 2.) Similarly, for the secondproperty,
if the graph has a cut of sizeat least �n 2, then it is possibleto obtain (with high probabilit y), in
time linear in n, a cut of sizeat least (� � � )n2. In both casesthe dependenceon 1=� in the running
time is exponential (whereasa polynomial dependencecannot be obtained unlessP = N P).

For these problems and other partition problems (e.g., k-colorability), the testing algorithm
(when it accepts the input) actually de�nes an implicit partition. That is, after the execution
of the testing algorithm, it is possible to determine for each vertex (separately) to which part it
belongsin the approximately good partition, in time poly(1=�).

1.4 Prop ert y Testing and Learning

Following standard frameworks of learning theory, and in particular the PAC learning model of
Valiant [Val84] and its variants, when we say learning we mean outputting a good estimate of a
function to which we have query access(or from which we can obtain random labeled examples).
Thus, another view of property testing is as a relaxation of learning (with queriesand under the
uniform distribution). 2 Namely, instead of asking that the algorithm output a good estimate of
the (target) function (which is possibly assumedto belong to a particular classof functions F ),

2Testing under non-uniform distributions and testing with random examples(only) have beenconsidered(and we
discuss the former in this survey), but most of the work in property testing deals with testing under the uniform
distributions and with queries.
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we only require that the algorithm decide whether the function belongsto F or is far from any
function in F . Given this view, a natural motivation for property testing is to serve asa preliminary
step before learning: We can �rst run the testing algorithm in order to decide whether to use a
particular classof functions as our hypothesisclass.

In this context too we are interested in testing algorithms that are more e�cien t than the
corresponding learning algorithms. As observed in [GGR98], property testing is no harder than
proper learning (where the learning algorithm is required to output a hypothesis from the same
classof functions as the target function). Namely, if we have a proper learning algorithm for a class
of functions F , then we can useit as a subroutine to test the property of membership in F .

We also note that property testing is related to hypothesis testing (seee.g. [Kie87, Chap. 8]).
For a short discussionof this relation, seethe introduction of [Ron08].

1.5 Organization of this Surv ey

In this survey we have chosento present results in property testing with an emphasison analysis
techniques and algorithmic techniques. Speci�cally:

� In Section 3 we discuss results whose analysis follows the Self-Correcting approach (e.g.,
testing linearity), and mention several implications of this approach.

� In Section 4 we discussresults whoseanalysis follows the Enforce-and-Test approach (e.g.,
testing bipartiteness in the dense-graphsmodel). In many casesthis approach implies that
the testing algorithm can betransformed into an e�cien t approximate optimization algorithm
(as discussedin Subsection1.3).

� The approach of Testing by Implicit Learning , whoseapplication leads to e�cien t testing of
many function classes(e.g., DNF formula with a bounded number of terms), is described in
Section 5.

� The Regularity Lemma of Szemer�edi [Sze78], which is a very important tool in the analysis
of testing algorithms in the dense-graphsmodel, is presented in Section 6, together with its
application to testing triangle-freeness(in this model).

� In Section 7 we discussalgorithms for testing properties of sparsegraphs that are basedon
local search.

� The useof random walks by testing algorithms for properties of sparsegraphs is considered
in Section 8.

� In Section 9 we present two examplesof lower bound proofs for property testing algorithms,
so as to give a 
a vor of the type of arguments used in such proofs.

� A small selection of other families of results, which did not �t naturally in the previous
sections(e.g., testing monotonicity of functions), are discussedin Section 10.

� We concludethe survey in Section 11 with a discussionof several extensionsand generaliza-
tions of property testing (e.g., tolerant testing).
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1.6 Related Surv eys

There areseveral surveyson property testing ([Gol98, Fis01, Ron01], and the more recent [Ron08]),
which have certain overlaps with the current survey. In particular, the recent survey [Ron08] of the
current author presents property testing from a learning theory perspective. Thus the emphasis
in that survey is mainly on testing properties of functions (that is, testing for membership in
various function classes).Though the perspective taken in the current survey is di�eren t, there are
naturally several results that appear in both articles, possibly with di�eren t levels of detail.

For the broader context of sublinear-time approximation algorithms see[KR03, CS06]. For a
survey on Streaming (where the constraint is sublinear space rather than time), see[Mut05].

2 Preliminaries

2.1 Basic De�nitions and Notations

For any positive integer k, let [k] = f 1; : : : ; kg. For a string x = x 1; : : : ; xn 2 f 0; 1gn , we use jxj
to denote the number of indices i such that x i = 1. We use �̀' to denote multiplication (e.g., a � b)
whenever we believe it aids readability.

Since many of the results we survey deal with testing properties of functions (or functional
representations of objects, such asgraphs), westart with several de�nitions and notations pertaining
to functions.

For two functions f ; g : X ! R over a �nite domain X we let

dist( f ; g) def= Prx2 X [f (x) 6= g(x)] (1)

denote the distancebetweenthe functions, where the probabilit y is taken over a uniformly selected
x 2 X .

When we use the term \with high probabilit y", we mean with probabilit y at least 1 � � for a
small constant � . When the claim is for higher successprobabilit y (e.g., 1 � poly(1=n) where n is
the input size), then this is stated explicitly . When considering the probabilit y of a certain event
we usually denoteexplicitly over what the probabilit y is taken (e.g., Pr x2 X [f (x) 6= g(x)]), unlessit
is clear from the context (in which casewe may write Pr[f (x) 6= g(x)]).

Let P be a property of functions (from domain X to range R). That is, P de�nes a subsetof
functions, and so we shall usethe notation g 2 P to mean that function g has the property P. For
a function f : X ! R we de�ne

dist( f ; P) def= min
g2P

f dist(f ; g)g (2)

(where there may be more than one function g that attains the minimum on the right hand side).
If dist( f ; P) = � , then we shall say that f is at distance � from (having) P (or has distance � to P).

De�nition 2.1 (T esting (Function Prop erties)) A testing algorithm for property P (of func-
tions from domain X to rangeR) is given a distance parameter � and query accessto an unknown
function f : X ! R.
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� If f 2 P then the algorithm shouldaccept with probability at least 2=3;

� If dist( f ; P) > � then the algorithm should reject with probability at least 2=3.

We shall be interested in bounding both the query complexity and the running time of the testing
algorithm. In somecasesour focus will be on the query complexity, putting aside the question of
time complexity. We observe that the choice of a successprobabilit y of 2=3 is arbitrary and can
clearly be improved to 1 � � , for any � > 0 at a multiplicativ e cost of log(1=� ) in the complexity of
the algorithm. We say that a testing algorithm has one-sided error if it acceptsevery f 2 P with
probabilit y 1. Otherwise, it has two-sided error .

Onemay considervariations of the abovemention notion of testing. In particular, the underlying
distribution (which determines the distance in Equation (1), and hencein Equation (2)) may be
an arbitrary and unknown distribution (rather then the uniform distribution). We refer to this as
distribution-fr ee testing, and discussit in Subsection11.1. Another variant requiresthat testing be
performed basedon random (uniform) examplesalone; that is, queriescannot be performed. We
shall not discussthis variant in the current survey (and there are actually only few positive results
known in this model [KR00]).

2.2 Testing Graph Prop erties

Much of the work in property testing dealswith testing properties of graphs, where several models
have beenstudied. The �rst two models, described next, correspond to representations of graphs
as functions, and henceessentially coincide with De�nition 2.1. In all that follows, the number
of graph vertices is denoted by n. Unlessstated otherwise, we considerundirected, simple graphs
(that is with no multiple edgesand no self-loops). For a vertex v we let �( v) denote its set of
neighbors, and we let deg(v) = j�( v)j denote its degree.

2.2.1 The Dense-Graphs (Adjacency-Matrix) Mo del

The �rst model, introducedin [GGR98], is the adjacency-matrix model. In this model the algorithm
may perform queriesof the form: \is there an edgebetweenvertices u and v in the graph?" That
is, the algorithm may probe the adjacencymatrix representing the tested graph G = (V(G); E(G)),
which is equivalent to querying the function f G : V � V ! f 0; 1g, where f G(u; v) = 1 if and only
if (u; v) 2 E. We refer to such queriesas vertex-pair queries. The notion of distance is also linked
to this representation: A graph is said to be � -far from having property P if more than �n 2 edge
modi�cations should be performedon the graph sothat it obtains the property. We note that since
each edgeappearstwice in the functional representation (and there are no self-loops), to be exactly
consistent with the functional view-point, we should have said that a graph is � -far from having P if
more than �

� n
2

�
edgemodi�cations have to be be performedso that the graph obtains the property.

However, it will be somewhatsimpler to work with the slighly di�eren t de�nition given here. This
model is most suitable for densegraphs in which the number of edgesm is �( n2). For this reason
we shall also refer to it as the dense-graphs model.
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2.2.2 The Bounded-Degree (Incidence-Lists) Mo del.

The secondmodel, introducedin [GR02], is the bounded-degree incidence-lists model. In this model,
the algorithm may perform queriesof the form: \who is the i th neighbor of vertex v in the graph?"
That is, the algorithm may probe the incidencelists of the verticesin the graph, whereit is assumed
that all verticeshave degreeat most d for some�xed degree-bound d. This is equivalent to querying
the function f G : V � [d] ! V [ f � g that is de�ned as follows: For each v 2 V and i 2 [d], if the
degreeof v is at least i then f G(v; i ) is the i 'th neighbor of v (according to somearbitrary but �xed
ordering of the neighbors), and if v has degreesmaller than i , then f G(v; i ) = �. We refer to these
queriesas neighbor queries.

Here too the notion of distance is linked to the representation: A graph is said to be � -far from
having property P if more than �dn edgemodi�cations should be performed on the graph so that
it obtains the property. In this case� measures(once again, up to a factor of 2), the fraction of
entries in the incidencelists representation (the domain of f G, which has sizedn), that should be
modi�ed. This model is most suitable for graphs with m = �( dn) edges;that is, whosemaximum
degreeis of the sameorder as the averagedegree.In particular, this is true for sparse graphs that
have constant degree. We shall refer to it in short either as the bounded-degree model or as the
incidence-lists model.

2.2.3 The Sparse-Graphs Mo del and the General-Graphs Mo del

In [PR02] it was �rst suggestedto decouple the questions of representation and type of queries
allowed from the de�nition of distance to having a property. Speci�cally , it was suggestedthat
distance be measuredsimply with respect to the number of edges,denoted m, in the graph (or
an upper bound on this number). Namely, a graph is said to be � -far from having a property, if
more than �m edgemodi�cations should be performed so that it obtain the property. In [PR02]
(where the focuswas on sparsegraphs), the algorithm is allowed the sametype of queriesas in the
bounded-degreeincidence-listsmodel, and it can also query the degreeof any given vertex.

The main advantage of the [PR02] model over the bounded-degreeincidence-listsmodel is that
it is suitable for sparsegraphs whosedegreesmay vary signi�cantly. Hencewe refer to it as the
sparse-graphs model. We note that while it may seemthat the sparse-graphsmodel is (strictly)
more generalthan the bounded-degreemodel, this is not exactly true. The reasonis that for some
properties a graph may be far from having the property in the bounded-degreemodel but closeto
having it in the sparse-graphsmodel becauseit is far from any graph that has the property and
has degree at most d, but is close to a graph that has the property but doesn't have the degree
limitation.

More generally, when the graph is not necessarilysparse(and not necessarilydense),we may
allow vertex-pair queriesin addition to neighbor queriesand degreequeries. This model was �rst
studied by Kriv elevich et al. [KKR04 ], and is referred to as the general-graphs model.

3 The Self-Correcting Approac h

Recall that the goal of a testing algorithm for a particular property P is to distinguish between
the casethat the tested object (function f ) has the property P and the casethat it is far from
any function that has P. To this end many testing algorithms run several independent executions
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of some local test. For example, in the case of linearity, the algorithm tests whether f (x) +
f (y) = f (x + y) for uniformly selectedpairs x and y in the domain of f . The local tests are
such that if the function has the property, then they always pass. In order to show that the
testing algorithm rejects (with high constant probabilit y) functions that are far from having the
property, the contrap ositive statement is established. Namely, that if the testing algorithm accepts
a function f with su�cien tly large constant probabilit y (that is, the probabilit y that a random
local test doesn't passis su�cien tly low), then f is closeto having the property.

For linearity and several other properties, this is done by de�ning a self-corrected version of
f . The self-correctedversion is de�ned based on the values of f (hence the usageof self), and
the local tests. For example in the caseof linearity, the self-correctedversion, gf (�), is such that
gf (x) is the majorit y (or pluralit y) value of f (x + y) � f (y), taken over all points y in the domain.
Showing that gf is closeto f tends to be relatively easy, and the crux of the proof is in showing
that gf indeed has the tested property (e.g., is a linear function).

A coding-theory persp ectiv e. The results described in this sectionalsohave an interpretation
from the point of view of coding theory. Namely, each of the properties (function classes)corre-
sponds to a code (or family of codes): The Hadamard code, Reed-Solomoncodes, Reed Muller
codes,and GeneralizedReedMuller codes,respectively. If we view functions aswords (e.g., for the
domain f 0; 1gn , the word is of length 2n ), then the test distinguishesbetweencodewords and words
that are � -far from every codeword. This is referred to as local testing of codes (see,e.g., [Gol05]).
Taking this point of view, the self-correctedversion of a word that is not too far from being a
codeword corresponds to the closestcodeword.

3.1 Linearit y

For the sake of simplicit y we consider functions from f 0; 1gn ! f 0; 1g. The result extends to
functions f : G ! H , where G and H are groups. Thus, here addition is modulo 2, and for
x; y 2 f 0; 1g, x + y is the bitwise sum (XOR) of the two strings, that is, it is the string z 2 f 0; 1gn

such that zi = x i + yi . For the sake of simplicit y, here when we say \linear functions" we mean
linear functions that do not have a free term (as de�ned next). In order to allow a free term, the
test (Algorithm 3.1) should be slightly modi�ed. Thus, strictly speaking, the algorithm is actually
a homomorphism testing algorithm.

De�nition 3.1 (Linearit y) We say that f : f 0; 1gn ! f 0; 1g is a linear function if there exist
coe�cients b1; : : : ; bn 2 f 0; 1g such that for x = x1; : : : ; xn 2 f 0; 1gn , f (x) =

P n
i =1 bi x i . In other

words, there exists a subsetS � f 1; : : : ; ng such that f (x) =
P

i 2 S x i .

Linearit y testing is essentially the �rst property testing problem studied, though the term
\Prop erty Testing" was not yet explicitly de�ned at the time. Linearit y testing was �rst studied
by Blum, Luby and Rubinfeld [BLR93] in the context of Program Testing. Namely, they were
interestedin designingalgorithms (program-testers) that, givenaccessto a program that is supposed
to compute a particular function f , distinguish between the casethat the program computes f
correctly on all inputs, and the casethat it errs on at least a certain fraction � of the domain
elements. The program-tester should be much simpler than the program itself, and is typically
basedon calls to the program and somebasic operations on the resulting outputs.
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In the caseof testing whether a program computes a particular linear function, the program-
tester �rst distinguishes between the casethat the program computes some linear function and
the casethat the function it computes is far from any linear function. That is, it �rst performs
property testing of linearity. The starting point of the BLR test is the following characterization
of linear functions, which is not hard to verify (and somewould actually use it as a de�nition of
linear functions).

Fact 3.1 A function f : f 0; 1gn ! f 0; 1g is linear if and only if f (x) + f (y) = f (x + y) for every
x; y 2 f 0; 1gn .

The BLR test is given in Figure 1.

Algorithm 3.1 : Linearit y Test

1. Repeat the following �(1 =�) times.

(a) Uniformly and independently select x; y 2 f 0; 1gn .

(b) If f (x) + f (y) 6= f (x + y) then output reject (and exit).

2. If no iteration caused rejection then output accept.

Figure 1: The BLR linearit y testing algorithm.

Before we prove the correctnessof the algorithm, we remark on its complexity: the algorithm
performs only O(1=�) queries. In particular, its query complexity is independent of n. This is in
contrast to the query complexity of any learning algorithm for the classof linear (parity ) functions,
which is 
( n). This is true simply becauseevery two linear functions have distance 1=2 between
them (under the uniform distribution), and a linear function is not uniquely determined by fewer
than n labeledpoints. We note that the di�erence in the running time betweentesting and learning
is lessdramatic (linear in n versusquadratic in n), since the testing algorithm reads all n bits of
each sampledstring.

Theorem 3.1 Algorithm 3.1 is a one-sided error testing algorithm for linearity. Its query com-
plexity is O(1=�).

Let L denote the classof linear functions over f 0; 1gn . By Fact 3.1, Algorithm 3.1 acceptsevery
function f 2 L with probabilit y 1. We turn to proving that if dist( f ; L ) > � then the algorithm
rejects with probabilit y at least 2=3. Let � L (f ) denote the distance of f to being linear. Namely,

if we let L denote the set of all linear functions then � L (f ) def= dist( f ; L ). We would like to prove
that for every given � > 0, if � > � L (f ) then the probabilit y that the test rejects is at least 2=3.
This will follow from showing that if the constraint f (x) + f (y) = f (x + y) is violated for relatively
few pairs (x; y), then f is close to some linear function. In other words (using the terminology
of [BLR93, RS96]), the characterization provided by Fact 3.1 is robust. To this end we de�ne:

� (f ) def= Prx;y [f (x) + f (y) 6= f (x + y)] ; (3)

wherein Equation (3) and elsewherein this subsection,the probabilit y is takenover a uniform choice
of points in f 0; 1gn . That is, � (f ) is the probabilit y that a single iteration of Algorithm 3.1 \�nds
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evidence" that f is not a linear function. We shall show that � (f ) � � L (f )=c for someconstant
c � 1 (this can actually be shown for c = 1 but the proof usesDiscrete Fourier analysis [BCH+ 96]
while the proof we show builds on �rst principles). It directly follows that if � L (f ) > � and the
number of iterations is at least 2c=�, then the probabilit y that the test rejects is at least

1 � (1 � � (f ))2c=� > 1 � e� 2c� (f )=� � 1 � e� 2 > 2=3 ; (4)

thus establishing Theorem 3.1.

Somewhatunintuitiv ely, showing that � (f ) � � L (f )=c is easierif � L (f ) is not too large. Specif-
ically, it is not hard to prove the following claim.

Claim 3.2 For every function f it holdsthat � (f ) � 3� L (f )(1� 2� L (f )) . In particular, if � L (f ) � 1
4

then � (f ) � 3
2 � (f ) (and more generally, if � (f ) = 1

2 � 
 for 
 > 0, then � (f ) � 6
 � L (f ), which
givesa weak bound as � (f ) approaches1=2).

It remains to prove that even when � L (f ) is not boundedaway (from above) from 1=2 then still
� (f ) � � L (f )=c for a constant c. To this end we de�ne the following majority function: for each
�xed choice of x 2 f 0; 1gn ,

gf (x) =
�

0 if Pry [f (x + y) � f (y) = 0] � 1=2
1 otherwise :

(5)

Let
V f

y (x) def= f (x + y) � f (y) = f (y) + f (x + y) (6)

be the Vote that y casts on the value of x. By the de�nition of gf (x) it is the majorit y vote taken
over all y. Note that if f is linear then V f

y (x) = f (x) for every y 2 f 0; 1gn .

We shall prove two lemmas,stated next.

Lemma 3.3 dist( f ; gf ) � 2� (f ).

Lemma 3.4 If � (f ) � 1
6 then gf is a linear function.

By combining Lemmas3.3 and 3.4 we get that � (f ) � 1
6 � L (f ). To seewhy this is true, observe

�rst that if � (f ) > 1
6 , then the inequality clearly holds because� L (f ) � 1. (In fact, since it

can be shown that � L (f ) � 1=2 for every f , we actually have that � (f ) � 1
3 � L (f ).) Otherwise

(� (f ) � 1
6), since gf is linear and dist( f ; gf ) � 2� (f ), we have that � L (f ) � dist( f ; gf ) � 2� (f ),

so that � (f ) � � L (f )=2, and we are done. Since gf is de�ned only basedon f (and it is a linear
function closeto f ), we view it as the self-corrected version of f (with respect to linearity).

Pro of of Lemma 3.3. Let �( f ; gf ) = f x : gf (x) 6= f (x)g be the set of points on which f and
gf di�er. By the de�nition of gf (x), it is the majorit y value of V f

y (x) taken over all y. Hence,for
every �xed choice of x 2 �( f ; gf ) we have that Pry [V f

y (x) 6= f (x)] � 1=2. Therefore,

Prx;y [f (x) 6= V f
y (x)] � Prx [x 2 �( f ; gf )] � Pry [f (x) 6= V f

y (x) j x 2 �( f ; gf )]

�
1
2

Prx [gf (x) 6= f (x)] : (7)

SincePrx;y [f (x) 6= V f
y (x)] = � (f ), it must hold that Prx [gf (x) 6= f (x)] � 2� (f ).

Pro of of Lemma 3.4. In order to prove this lemma, we �rst prove the next claim.
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Claim 3.5 For every x 2 f 0; 1gn it holds that Pry [gf (x) = V f
y (x)] � 1 � 2� (f ).

Note that by the de�nition of gf as the \ma jorit y-vote function", Pry [gf (x) = V f
y (x)] � 1

2 .
Claim 3.5 says that the majorit y is actually \stronger" (for small � (f )).

Pro of: Fixing x, let p0(x) = Pry [V f
y (x) = 0], and let p1(x) = Pry [V f

y (x) = 1]. We are interested
in lower bounding pgf (x)(x), where, by the de�nition of gf , pgf (x) (x) = maxf p0(x); p1(x)g. Now,

pgf (x) (x) = pgf (x) (x) � (p0(x) + p1(x)) � (p0(x))2 + (p1(x))2 : (8)

Since(p0(x))2 + (p1(x))2 = Pry;z[V f
y (x) = V f

z (x)], in order to lower bound pgf (x)(x), it su�ces to

lower bound Pry;z [V f
y (x) = V f

z (x)], which is what we do next. In what follows we shall usethe fact
that the range of f is f 0; 1g.

Pry;z [V f
y (x) = V f

z (x)]

= Pry;z [V f
y (x) + V f

z (x) = 0]

= Pry;z [f (y) + f (x + y) + f (z) + f (x + z) = 0]

= Pry;z [f (y) + f (x + z) + f (y + x + z) + f (z) + f (x + y) + f (z + x + y) = 0]

� Pry;z [f (y) + f (x + z) + f (y + x + z) = 0 ^ f (z) + f (x + y) + f (z + x + y) = 0]

= 1 � Pry;z[f (y) + f (x + z) + f (y + x + z) = 1 _ f (z) + f (x + y) + f (z + x + y) = 1]

� 1 � (Pry;z [f (y) + f (x + z) + f (y + x + z) = 1] + Pry;z [f (z) + f (x + y) + f (z + x + y) = 1])

= 1 � 2� (f ) :

(Claim 3.5)

In order to completethe proof of Lemma 3.4, weshow that for any two givenpoints a;b 2 f 0; 1gn ,
gf (a) + gf (b) = gf (a + b). We prove this by the probabilistic method. Speci�cally , we show that
there exists a point y for which the following three equalities hold simultaneously:

1. gf (a) = f (a + y) � f (y) (= V f
y (a)).

2. gf (b) = f (b+ (a + y)) � f (a + y) (= V f
a+ y(b)).

3. gf (a + b) = f (a + b+ y) � f (y) (= V f
y (a + b)).

But in such a case,
gf (a) + gf (b) = f (b+ a + y) � f (y) = gf (a + b) ; (9)

and we are done. To seewhy there exists such a point y, considerselectingy uniformly at random.
For each of the above three equalities, by Claim 3.5, the probabilit y that the equality doesnot hold
is at most 2� (f ). By the union bound, the probabilit y (over a uniform selectionof y) that any one
of the three does not hold is at most 6� (f ). Since � (f ) < 1=6, this is bounded away from 1, and
so the probabilit y that there exists a point y for which all three equalities hold simultaneously is
greater than 0, implying that such a point y indeed exists. (Lemma 3.4)
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3.1.1 Self-Correction in its Own Righ t

In the foregoing discussionwe presented self-correction as an analysis technique. However, the
argument introduced directly implies that if f is not too far from being linear, then it can be
constructively self-corrected(which was also a task studied in [BLR93]). Namely, for any x of our
choice, if we want to know the value, on x, of the linear function closest to f , (or, in the coding
theory view, we want to know the correct bit in the position corresponding to x in the closestcode-
word), then we do the following. We select,uniformly at random, y1; : : : ; yt and take the majorit y
vote of V f

y1 (x); : : : ; V f
yt (x) (where the choice of t determines the probabilit y that the majorit y is

correct). The fact that self-correction can be done constructively has several implications, which
we discussin Subsection3.3.

3.2 Low-Degree Polynomials

Self-correcting is also applied in several results on testing low-degree polynomials over �nite
�elds [RS96, FS95, AKK + 05, KR06, JPRZ04]. Consider �rst the univariate case, that is, test-

ing whether a function f : F ! F for a �nite �eld F is of the form f (x) =
dP

i =0
C f

i x i for a given

degreebound d (where the coe�cien ts C f
i belong to F ). In this case,the testing algorithm [RS96]

works by simply trying to interpolate the function f on �(1 =�) collectionsof d+ 2 uniformly selected
points, and checking whether the resulting functions are all polynomial of degreeat most d. Thus
the algorithm essentially works by trying to learn the function f (and the interpolated function
obtained is the self-correctedversion of f ).3

When dealing with the moregeneralcaseof multiv ariate polynomials, the results vary according
to the relation between the size of the �eld jF j and the degreebound d. In what follows we give
the high level idea of the results, and note where self-correctingcomesinto play.

The case of large �elds. In the �rst result, of Rubinfeld and Sudan [RS96] (which builds in
part on [FS95]), it is assumedthat jF j � d + 2 (and that F is a prime �eld). The idea of the
algorithm is to select random lines in F n , and to verify that the restriction of f to each line is a
(univariate) polynomial of degreeat most d. To be precise,the algorithm doesnot query all points
on the line, but rather d + 2 evenly spacedpoints of the form f (x + i � y) (for uniformly selected
x; y 2 F n ), and veri�es that they obey a certain linear constraint.

Here the self-correctedversion of f (denoted gf ) is de�ned (for each x 2 F n ) as the plurality
value taken over all y 2 F n of the vote V f

y (x) of y on the value of x. This vote is the value that
f (x) \should have", so that the restriction of f to the line de�ned by x and y will indeed be a
univariate polynomial of degreeat most d (conditioned on the values that f has on x + i � y for
i 6= 0). This value is simply a linear combination of f (x + i � y) for 1 � i � d + 1. Similarly to the
analysisof the linearity testing algorithm, it is shown that if the test acceptswith su�cien tly large
probabilit y, then gf is a polynomial of degreeat most d and is closeto f .

3 In fact, a slightly more e�cien t version of the algorithm would selectd+ 1 arbitrary points, �nd (by interpolating),
the unique polynomial gf of degreed that agreeswith f on these points, and then check that gf agreeswith f on an
additional sample of �(1 =�) uniformly selectedpoints.
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Small �elds and the general case. The casethat jF j < d + 2 was �rst studied by Alon et
al. [AKK + 05] for the special caseof jF j = 2 (which corresponds to the well known Reed-Muller
codes). and was later generalized to jF j > 2 in [KR06, JPRZ04] (where the two works di�er
somewhat in the scope and the techniques). A main building block of the analysis of the general
casein [KR06] is the following characterization of degree-d multiv ariate polynomials over �nite
�elds.

Theorem 3.2 Let F = GF(q) where q = ps and p is prime. Let d be an integer, and let f : F n !
F . The function f is a polynomial of degree at most d if and only if its restriction to every a�ne
subspace of dimension ` =

l
d+1

q� q=p

m
is a polynomial of degree at most d.

Theorem 3.2 generalizesthe characterization result of Friedl and Sudan [FS95] (on which the
aforementioned algorithm of [RS96] builds) which refers to the caseq � q=p � d + 1. That is, the
size of the �eld F is su�cien tly larger than the degreed, and the a�ne subspacesconsideredare
of dimension ` = 1.

The testing algorithm of [KR06] utilizes the characterization in Theorem 3.2 (which is shown to
be robust). Speci�cally , the algorithm selectsrandom a�ne subspaces(of dimension ` as de�ned
in Theorem 3.2), and checks that the restriction of the function f to each of the selectedsubspaces
is indeed a polynomial of degreeat most d. Such a check is implemented by verifying that various
linear combinations of the valuesof f on the subspacesum to 0. Here too the self-correctedversion
of f , gf , is de�ned for each x 2 F n as the pluralit y value of a certain vote. In this casethe vote
is taken over all `-tuples y1; : : : ; y` , which are linearly independent points in F n . Each such tuple,
together with x, determinesan a�ne subspaceof dimension `, and the vote is the value that f (x)
\should have" so that the restriction of f to the subspacebe a polynomial of degreeat most d
(conditioned on the valuesof f on the other points in the subspace).

The query complexity and running times of the abovealgorithms dependon the relation between
jF j and d. Roughly speaking, for any degreed, as the �eld size jF j increases,the complexity
decreasesfrom being exponential in d (e.g., when jF j = 2) to being polynomial in d when F is of
the sameorder as d (or larger). This behavior can be shown to be fairly tight by almost matching
lower bounds. More details on thesealgorithms and their analysescan be found in [Ron08, Sec. 3].

Extending the results for testing low-degree polynomials. The testabilit y of low-degree
polynomials was signi�cantly extendedby Kaufman and Sudan [KS08b]. Using invariance proper-
ties of algebraicfunction classes,they givesu�cien t conditions for e�cien t testing. Theseconditions
imply previously known results as well as new ones(e.g., sub-families of polynomials with degree
that is linear in n). Self-correctingplays a role in their analysis as well.

Other techniques for testing algebraic prop erties. One of the analysis techniques that was
usedearly on in the study of testing linearity by Bellare et al. [BCH+ 96] is Fourier analysis. Bellare
et al. [BCH+ 96] reveal a relation between the Fourier coe�cien ts of (an appropriate transforma-
tion of) a function f and its distance to linearity as well as a relation between these coe�cien ts
and the probabilit y that the BLR test [BLR93] rejects f . Using these relations they gain better
understanding of the behavior of the linearity test.
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Another technique that was applied more recently by Kaufman and Litsyn [KL05] for testing
certain families of \almost-orthogonal" codes(e.g., dual-BCH) is the weightdistribution (spectrum)
of a code and its dual.

3.3 Implications of Self-Correction

3.3.1 Self-Correcting and Distribution-F ree testing

One interesting implication of self-correction is in the context of distribution-fr ee testing. In
distribution-free testing there is an unknown underlying distribution D over the domain X , and
distance is de�ned with respect to this distribution. That is, for two functions f ; g : X ! R we let

distD (f ; g) def= Prx� D [f (x) 6= g(x)] (10)

and for a function f : X ! R and a property (family of functions) P we let

distD (f ; P) def= min
g2P

f distD (f ; g)g : (11)

As in the \standard" de�nition of testing (when the underlying distribution is uniform), the algo-
rithm is given query accessto the tested function f . In addition, the algorithm is given accessto
examplesx 2 X distributed according to D . The algorithm should still accept with probabilit y at
least 2=3 if4 f 2 P, but now it should reject (with probabilit y at least 2=3) if distD (f ; P) > � .

The notion of distribution-free testing was introduced in [GGR98]. However, in that paper it
was only observed that distribution-free (proper) learning implies distribution-free testing. Other
than that, in [GGR98] there were only negative results about distribution-free testing of graph
properties, which have very e�cien t standard testing algorithms (that is, that work under the
uniform distribution). The �rst positive results for distribution-free testing (with queries) were
given by Halevy and Kushilevitz [HK03, HK07]. Here we describe their generalresult for obtaining
distribution-free testing algorithms from standard testing algorithms when the function classhas a
(property) self-corrector.

Halevy and Kushilevitz introduce the notion of a property self-corrector , which generalizesthe
notion of a self-corrector, introduced by Blum, Luby, and Rubinfeld [BLR93]

De�nition 3.2 A 
 -self-corrector for a class of functions F is a probabilistic oracle machine M ,
which is givenoracleaccessto an arbitrary function f : X ! R and satis�es the following conditions
(where M f denotesthe execution of M when given oracle accessto f ):

� If f 2 F then Pr[M f (x) = f (x)] = 1 for every x 2 X .

� If there exists a function g 2 F such that dist( f ; g) � 
 , then Pr[M f (x) = g(x)] � 2=3 for
every x 2 X .

In this de�nition, the distance (i.e., the measuredist( �; �)) is de�ned with respect to the uniform
distribution. However, it will be useful for distribution-free testing (when the distance (dist D (�; �))
is measuredwith respect to some�xed but unknown distribution (D)). Observe that the second
condition in De�nition 3.2 implies that g must be unique.

4An alternativ e de�nition would require that the algorithm accept (with high probabilit y) if dist D (f ; P ) = 0. We
adopt the requirement that f 2 P since the known results are under this de�nition.
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Theorem 3.3 Let F be a classof functions that has a standard testing algorithm T and a 
 -self-
corrector M . Let QT (�) be the query complexity of T (as a function of the distance parameter
� ) and let QM be the query complexity of M (that is, the number of queries required in order
to determine M f (x)). Then there exists a distribution-fr ee testing algorithm for F with query
complexity O(QT (minf �; 
 g) + QM =�).

In Figure 2 we give the distribution-free testing algorithm referred to in Theorem 3.3. We assume
that the distance parameter � is smaller than 
 (or elsewe set � to 
 ).

Algorithm 3.2 : Distribution-free test based on self-correction

1. Run the standard testing algorithm T on f , 24 (independent) times with the distance
parameter � . If T outputs reject in at least half of theseexecutions then halt and output
reject.

2. Repeat 2=� times:

(a) Samplea point x 2 X according to the underlying distribution D .

(b) Repeat twice: Compute M f (x) and query f (x). If M f (x) 6= f (x) then output
reject (and exit).

3. If no iteration caused rejection then output accept.

Figure 2: The distribution-free testing algorithm that is basedon self-correction.

Pro of of Theorem 3.3. Clearly the query complexity of Algorithm 3.2 is as stated in Theo-
rem 3.3. Hencewe turn to proving its correctness. Consider �rst the casethat f 2 F . In such a
casethe standard testing algorithm T should accept with probabilit y at least 2=3, and the proba-
bilit y that it rejects in at least half of its 24 independent executionsis lessthan 1=3. Assumesuch
an event did not occur. By the �rst condition in De�nition 3.2, for every x 2 X , we have that
M f (x) = f (x) with probabilit y 1. Hencethe secondstep of the algorithm never causesrejection.
It follows that the algorithm acceptswith probabilit y at least 2=3. (Note that if T has one-sided
error then so doesAlgorithm 3.2.)

In what follows, in order to distinguish between the casethat distance is measuredwith re-
spect to the uniform distribution, and the casethat it is measuredwith respect to the underlying
distribution D , we shall use the terms (�; U)-close (or far) and (�; D )-close (or far), respectively.
Assumenow that f is (�; D )-far from F . If f is also (�; U)-far from F then it is rejected by T with
probabilit y at least 2=3, and is therefore rejected by the algorithm in its �rst step with probabilit y
at least 2=3. Henceassumethat f is (�; U)-closeto F .

In such a case,by the secondcondition in De�nition 3.2, for every x 2 X , Pr[M f (x) = g(x)] �
2=3, where g is a �xed function in F that is (
 ; U)-close to f and the probabilit y is taken over
the internal coin 
ips of M (recall that � � 
 so such a function g exists). In particular, for any
point x such that f (x) 6= g(x) we have that Pr[M f (x) 6= f (x)] � 2=3. Thus, if in one of the
(2=�) iterations of the secondstep of the algorithm we obtain such a point x, then the algorithm
rejects with probabilit y at least 1 � (1=3)2 = 8=9 (since it computesM f (x) twice). But since f is
(�; D )-far from F , for every function h 2 F , we have that Pr x� D [f (x) 6= h(x)] > � , and in particular
this is true of g. Hencethe probabilit y that the algorithm does not obtain any point x for which
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f (x) 6= g(x) is at most (1 � � )2=� < exp(� 2) < 1=6. It follows that the algorithm rejects with
probabilit y at least 1 � (1=9 + 1=6) > 2=3, as required.

In particular, Theorem 3.3canbeapplied to obtain distribution-free property testing algorithms
for all properties described in this section. Other properties (function classes)include singletons
(since they are a subclassof the classof linear functions), and k-juntas (since they are a subclass
of degree-k multiv ariate polynomials).

3.3.2 Self-Correcting and Testing Sub classes of Functions

Two other (related) results that build on self-correcting, are testing singletons (also known as
dictator functions) and testing monomials.

De�nition 3.3 (Singletons and Monomials) A function f : f 0; 1gn ! f 0; 1g is a singleton
function if there exists an i 2 [n] such that f (x) = x i for every x 2 f 0; 1gn or f (x) = �x i for every
x 2 f 0; 1gn .

We say that f is a monotonek-monomial for 1 � k � n if there exist k indices i 1; : : : ; i k 2 [n]
such that f (x) = x i 1 ^ � � � ^ x i k for every x 2 f 0; 1gn . If we allow some of the x i j 's above to be
replaced with �x i j , then f is a k-monomial. The function f is a monomialif it is a k-monomial for
some1 � k � n.

Here we describe the algorithm for testing singletons and explain how self-correcting comesinto
play. The testing algorithm for k-monomials generalizesthe algorithm for testing singletons and
also builds on self-correcting. We actually describe an algorithm for testing whether a function f
is a monotone singleton. In order to test whether f is a singleton we can check whether either f
or �f pass the monotone singleton test. For the sake of succinctness,in what follows we refer to
monotone singletonssimply as singletons.

For x; y 2 f 0; 1gn we shall use x ^ y to denote the bitwise `AND' of the two strings. That is,

z = x ^ y satis�es zi = x i ^ yi for every 1 � i � n.

The following characterization of monotone k-monomials motivates our algorithm.

Lemma 3.6 Let f : f 0; 1gn ! f 0; 1g. The function f is a monotonek-monomial if and only if the
following two conditions hold:

1. Pr[f (x) = 1] = 1
2k ;

2. f (x ^ y) = f (x) ^ f (y) for all x; y 2 f 0; 1gn .

In what follows we shall say that a pair of points x; y 2 f 0; 1gn are violating with respect to f if
f (x ^ y) 6= f (x) ^ f (y).

Pro of: If f is a k-monomial then clearly the conditions hold. We turn to prove the other direction.
We �rst observe that the two conditions imply that f (x) = 0 for all jxj < k, where jxj denotesthe
number of onesin x. In order to verify this, assumein contradiction that there exists somex such
that jxj < k but f (x) = 1. Now considerany y such that yi = 1 whenever x i = 1. Then x ^ y = x,
and therefore f (x ^ y) = 1. But by the seconditem, sincef (x) = 1, it must alsohold that f (y) = 1.

19



However, sincejxj < k, the number of such points y is strictly greater than 2n� k , contradicting the
�rst item.

Next let F1
def= f x : f (x) = 1g, and let y =

V
x2 F1

x. Using the seconditem in the claim we get:

f (y) = f
� ^

x2 F1

x
�

=
^

x2 F1

f (x) = 1 : (12)

However, we have just shown that f (x) = 0 for all jxj < k, and thus jyj � k. Hence,there exist k
indicesi 1; : : : ; i k such that yi j = 1 for all 1 � j � k. But yi j =

V
x2 F1

x i j . Hence,x i 1 = : : : = x i k = 1
for every x 2 F1. The �rst item now implies that f (x) = x i 1 ^ : : : ^ x i k for every x 2 f 0; 1gn .

Given Lemma 3.6, a natural candidate for a testing algorithm for singletonswould take a sample
of uniformly selectedpairs (x; y), and for each pair verify that it is not violating with respect to
f . In addition, the test would check that Pr[f (x) = 0] is roughly 1=2 (or elseany monotone k-
monomial would passthe test). As shown in [PRS02], the correctnessof this testing algorithm can
be proved as long as the distance between f and the closestsingleton is bounded away from 1=2.
It is an open question whether this testing algorithm is correct in general.

We next describe a modi�ed version of this algorithm, which consistsof two stages. In the �rst
stage,the algorithm tests whether f belongsto (is closeto) a more generalclassof functions (that
contains all singleton functions). In the secondstageit applies a slight variant of the original test
(as described in the previous paragraph). Speci�cally , the more general classof functions is the
classL of linear Boolean functions over f 0; 1gn , which was discussedin Subsection 3.1. Clearly,
every singleton function f (x) = x i is a linear function. Hence, if f is a singleton function, then it
passesthe �rst stageof the test (the linearity test) with probabilit y 1. On the other hand, if it is
far from any linear function, then it will be rejected already by the linearity test. As we shall see,if
f is far from every singleton function, but it is closeto somelinear function that is not a singleton
function (so that it may passthe linearity test), then we can prove that it will be rejected in the
secondstageof the algorithm with high probabilit y.

In order to motivate the modi�cation we introduce in the aforementioned \natural" singleton
test, we state the following lemma and discussits implications.

Lemma 3.7 Let S � [n], and let gS(x) =
P

i 2 S x i (where the sum is taken modulo 2). If jSj is
even then

Prx;y [gS(x ^ y) = gS(x) ^ gS(y)] =
1
2

+
1

2jSj+1

and if jSj is odd then

Prx;y [gS(x ^ y) = gS(x) ^ gS(y)] =
1
2

+
1

2jSj
:

Pro of: Let s = jSj, and let x; y be two strings such that (i) x has 0 � i � s onesin S, that is,
jf ` 2 S : x ` = 1gj = i ; (ii) x ^ y has 0 � k � i onesin S; and (iii) y has a total of j + k onesin S,
where 0 � j � s � i .

If gS(x ^ y) = gS(x) ^ gS(y), then either (1) i is even and k is even, or (2) i is odd and j is
even. Let Z1 � f 0; 1gn � f 0; 1gn be the subsetof pairs x; y that obey the �rst constraint, and let
Z2 � f 0; 1gn � f 0; 1gn be the subset of pairs x; y that obey the secondconstraint. Since the two
subsetsare disjoint,

Prx;y [gS(x ^ y) = gS(x) ^ gS(y)] = 2� 2n (jZ1j + jZ2j) : (13)
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It remains to compute the sizesof the two sets. Sincethe coordinates of x and y outside S do not
determine whether the pair x; y belongsto one of thesesets,we have

jZ1j = 2n� s � 2n� s �

0

@
sX

i =0 ;i even

�
s
i

� iX

k=0 ;k even

�
i
k

� s� iX

j =0

�
s � i

j

�
1

A (14)

and

jZ2j = 2n� s � 2n� s �

0

@
sX

i =0 ;i odd

�
s
i

� iX

k=0

�
i
k

� s� iX

j =0 ;j even

�
s � i

j

�
1

A (15)

The right-hand-side of Equation (14) equals

22n� 2s � (22s� 2 + 2s� 1) = 22n� 2 + 22n� s� 1 = 22n � (2� 2 + 2� (s+1) ) : (16)

The right-hand-side of Equation (15) equals22n � (2� 2 + 2� (s+1) ) if s is odd and 22n� 2 if s is even.
The lemma follows by combining Equations (14) and (15) with Equation (13).

Hence,if f is a linear function that is not a singleton and is not the all-0 function, that is, f = gS

for jSj � 2, then the probabilit y that a uniformly selectedpair x; y is violating with respect to f is
at least 1=8. In this case,a sampleof 16 such pairs will contain a violating pair with probabilit y
at least 1 � (1 � 1=8)16 � 1 � e� 2 > 2=3.

However, what if f passesthe linearity test but is only closeto being a linear function? Let g
denote the linear function that is closestto f and let � be the distance betweenthem. (Note that
g is unique, given that f is su�cien tly close to a linear function). What we would like to do is
check whether g is a singleton, by selectinga sampleof pairs x; y and checking whether it contains
a violating pair with respect to g. Observe that, sincethe distance betweenfunctions is measured
with respect to the uniform distribution, for a uniformly selectedpair x; y, with probabilit y at least
(1 � � )2, both f (x) = g(x) and f (y) = g(y). However, we cannot make a similar claim about
f (x ^ y) and g(x ^ y), since x ^ y is not uniformly distributed. Thus it is not clear that we can
replace the violation test for g with a violation test for f . In addition we need to verify that g is
not the all-0 function.

The solution is to usea self-corrector for linear functions, essentially asde�ned in De�nition 3.2.
Namely, given query accessto a function f : f 0; 1gn ! f 0; 1g, which is strictly closer than 1=4 to
somelinear function g, and an input x 2 f 0; 1gn , the procedureSelf-Correct(f ; x) returns the value
of g(x), with probabilit y at least 9=10. The query complexity of the procedureis constant.

The testing algorithm for singletonsis given in Figure 3.

Theorem 3.4 Algorithm 3.3 is a one-sided error testing algorithm for monotone singletons. The
query complexity of the algorithm is O(1=�).

Pro of: Since the linearity testing algorithm has a one-sidederror, if f is a singleton function
then it always passesthe linearity test. In this casethe self corrector always returns the value of
f on every given input point. In particular, Self-Correct(f ; ~1) = f (~1) = 1, since every monotone
singleton hasvalue 1 on the all-1 vector. Similarly, no violating pair can be found in Step 3. Hence,
Algorithm 3.3 always acceptsa singleton.
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Algorithm 3.3 : Test for Singleton Functions

1. Apply the linearity test (A lgorithm 3.1) to f with distance parameter min(1=5; � ). If
the test rejects then output reject (and exit).

2. If Self-Correct(f ;~1) = 0 (where ~1 is the all-1 vector), then output reject (and exit).

3. Uniformly and independently select m = 64 pairs of points x; y.

� For each suchpair, let bx = Self-Correct(f ; x), by = Self-Correct(f ; y) and bx^ y =
Self-Correct(f ; x ^ y).

� Check that bx^ y = bx ^ by .

4. If one of the checks fails then output reject. Otherwise output accept.

Figure 3: The testing algorithm for singletons(that is basedon self-correction).

Assume,without lossof generality, that � � 1=5. Consider the casein which f is � -far from any
singleton. If it is also � -far from any linear function, then it will be rejected with probabilit y at
least 9=10 in the �rst step of the algorithm. Otherwise, there exists a unique linear function g such
that f is � -closeto g. If g is the all-0 function, then f is rejected with probabilit y at least 9=10 (in
Step 2).

Otherwise, g is a linear function of at least 2 variables. By Lemma 3.7, the probabilit y that a
uniformly selectedpair x; y is a violating pair with respect to g is at least 1=8. Given such a pair,
the probabilit y that the self-correctorreturns the value of g on all the three calls (that is, bx = g(x),
by = g(y), and bx^ y = g(x ^ y)), is at least (1 � 1=10)3 > 7=10. The probabilit y that Algorithm 3.3
obtains a violating pair with respect to g and all calls to the self-correctorreturn the correct value,
is greater than 1=16. Therefore, a sample of 64 pairs will ensure that a violation bx^ y 6= bx ^ by

will be found with probabilit y at least 9=10. The total probabilit y that f is accepted,despitebeing
� -far from any singleton, is henceat most 3 � (1=10) < 1=3.

The query complexity of the algorithm is dominated by the query complexity of the linear
tester, which is O(1=�). The secondstagetakesconstant time.

4 The Enforce-and-T est Approac h

In order to introduce the idea of the \enforce-and-test" approach, we start by giving a very simple
example: Testing whether a graph is a biclique. We later present the slightly more involved analysis
for the more general problem of testing whether a graph is bipartite, and shortly discussother
properties for which the enforce-and-testapproach is applied. We note that this approach was
most commonly (though not solely) applied when testing properties of graphs in the dense-graphs
model.
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4.1 Testing Whether a Graph is a Biclique

A graph G = (V; E) is a biclique if there exists a partition (V1; V2) of the graph vertices such that
E = V1 � V2 (that is, V1 and V2 are independent sets and there is a complete bipartite graph
betweenV1 and V2). Recall that by the de�nition of the dense-graphsmodel, a graph is � -far from
being a biclique (and henceshould be rejected with probabilit y at least 2=3) if more than �n 2 edge-
modi�cation (additions and/or deletions) should be performed on the graph so that it becomesa
biclique. This is equivalent to saying that for every partition (V1; V2), the size of the symmetric
di�erence (E n V1 � V2) [ (V1 � V2 n E) is greater than �n 2.

Consider the following algorithm. It �rst selectsan arbitrary vertex v0. It then uniformly and
independently selectss = 2=� pairs of vertices (u1; w1); : : : ; (us; ws) and querieseach pair (uj ; wj )
aswell as(v0; uj ) and (v0; wj ). If the algorithm encounters evidencethat the graph is not a biclique
(that is, for some1 � j � s we have that (uj ; wj ), (v0; uj ), and (v0; wj ) are all edgesor exactly one
of them is an edge), then it rejects. Otherwise it accepts. Sincethe algorithm only rejects when it
�nds evidencethat the graph is not a biclique, it acceptsevery biclique with probabilit y 1.

In order to prove the if the tested graph is � -far from being a biclique, then the algorithm rejects
it with probabilit y at least 2=3, we do the following. We view v0 as enforcing a partition of all
graph vertices in the following manner. On one side of the partition (V1) we put v0 together with
all vertices that it doesnot neighbor, and on the other side(V2), we put all the neighbors of v0. The
vertex v0 enforces this partition in the sensethat if the graph is indeed a biclique then this is the
only partition that obeysthe biclique conditions. On the other hand, recall that if the graph is � -far
from beinga biclique then for every partition (V1; V2) we have that jE nV1 � V2j + jV1 � V2nEj > �n 2.
In particular this is true of the aforementioned partition where V1 = V n �( v0) and V2 = �( v0)
(recall that �( v0) denotesthe set of neighbors of v0).

Therefore,with probabilit y at least 1� (1� � )s > 1� exp(� �s ) > 2=3, amongthe s sampledpairs
(u1; w1); : : : ; (us; ws) there will be at least one pair (uj ; wj ) either in E n V1 � V2 or in V1 � V2 n E.
In the former caseeither uj and wj both belong to V1, and so the subgraph induced by uj , wj and
v0 contains a single edge(uj ; wj ), or uj and wj both belong to V2, and so the subgraph induced
by uj , wj and v0 contains all three edges. In the latter casethis subgraph contains a single edge
(betweenv0 and either uj or wj ). For an illustration, seeFigure 4

V1

V2

wj

V1

V2

v0

V1

V2

v0 uj

wj
uj

v0

uj

wj

Figure 4: An illustration of the three casesin the analysisof the biclique tester. On the left is an illustration
for the casethat (uj ; wj ) 2 E n V1 � V2 and uj ; wj 2 V1; In the middle is an illustration for the casethat
(uj ; wj ) 2 E nV1 � V2 and uj ; wj 2 V2; On the right is an illustration for the casethat (uj ; wj ) 2 V1 � V2 nE,
and uj 2 V1, wj 2 V2. In the last casethe \missing edge" betweenuj and wj is marked by a dotted line.
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The General Idea. As exempli�ed by the problem of testing whether a graph is a biclique,
the high-level idea behind the designand analysisof algorithms that follows the \enforce-and-test"
approach is roughly the following. The algorithm takes a sample from the tested object (e.g.,
a small random subgraph), and checks whether the sample has a particular property, which is
possibly, but not necessarily, the property tested. The analysis views the sample as consisting of
two parts. The �rst part is the \enforcing" part, and the secondis the \testing" part. The goal of
the enforcing part is to implicitly induce certain constraints over the structure of the (yet unseen
portion) of the object. The constraints are such that if the object is far from having the property,
then with high probabilit y over the choiceof the testing part it will contain evidencethat (together
with the enforcepart) \pro ves" that the object doesnot have the tested property.

4.2 Testing Bipartiteness in the Dense-Graphs Mo del

Recall that a graph G = (V; E) is bipartite if there exists a partition (V1; V2) of the vertices where
there are no edges(u; w) such that u; w 2 V1 or u; w 2 V2. We say in such a casethat the partition
is bipartite . If a partition (V1; V2) is not bipartite, then we shall say that the edges(u; w) 2 E such
that u; w 2 V1 or u; w 2 V2 are violating edgeswith respect to (V1; V2). Recall that we can decide
(exactly) whether a graph is bipartite in linear time by running a Breadth First Search (BFS). By
the de�nition of the dense-graphsmodel, a graph G is � -far from (being) bipartite in this model if
(and only if ) it is necessaryto remove more than �n 2 edgesto make it bipartite.

The algorithm is very simple and is given in Figure 5. Note that the number of queriesperformedis
independent of the sizeof the graph, and only depends(polynomially) on 1=�. Clearly, if the graph

Algorithm 4.1 : Bipartiteness Test

1. Take a sampleS of �
�
� � 2 � log(1=�)

�
vertices, selected uniformly at random;

2. Ask vertex-pair queriesfor all pairs in the sample,thus obtaining the induced subgraph
GS ;

3. Run a Breadth First Search (BFS) on GS: if it is bipartite then accept, otherwise,
reject.

Figure 5: The bipartiteness testing algorithm (for densegraphs).

G is bipartite then it is acceptedby Algorithm 4.1 with probabilit y 1, and when the algorithm
rejects a graph it provides evidence\against" the graph in the form of a small subgraph (GS) that
is not bipartite. Hence,from this point on assumeG is � -far from being bipartite, and we will show
that it is rejected with probabilit y at least 2=3.

If G is � -far from bipartite then this meansthat for every partition (V1; V2) of V , there are more
than �n 2 violating edgeswith respect to (V1; V2). Considerthe following initial attempt of analyzing
the algorithm: If we consider a single partition (V1; V2) (that has more than �n 2 violating edges,
sincethe graph is � -far from bipartite), then it is easyto seethat a sampleof s = �

�
� � 1 � log(1=� )

�

verticeswill \hit" the two end-points of such an edge(i.e., that is violating with respect to (V1; V2))
with probabilit y at least 1� � . The natural idea would be to take a union bound over all partitions.
The problem is that there are 2n possiblepartitions and so in order for the union bound to work
we would have to take � < 2� n , implying that the sampleshould have size linear in n.
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Instead, we shall think of the sample as consisting of two disjoint parts, U (the \enforce"
part) and W (the \test" part). The intuition is that in somesenseU will introduce constraints
that will e�ectiv ely reduce the number of \relevant" partitions of V to a much smaller number
than 2n , and then W will be used to \test" only them. We let jUj = �

�
� � 1 � log(1=�)

�
and

jW j = �
�
� � 1 � log2jU j

�
= �

�
� � 2 � log(1=�)

�
.

We �rst introduce a couple of additional de�nitions:

De�nition 4.1 For any �xed partition (U1; U2) of U, we shall say that W is not compatiblewith
(U1; U2) if there is no partition (W1; W2) of W suchthat (U1 [ W1; U2 [ W2) is a bipartite partition.

We would like to show that (since G is � -far from bipartite), with high probabilit y over the choice
of U and W , no matter how we partition U into (U1; U2), the subset W will not be compatible
with (U1; U2) (implying that there is no bipartite partition of both U and W , which causesthe
algorithm to reject).

De�nition 4.2 Let (U1; U2) be a (bipartite) partition of U. We shall say that a vertex w is a
witnessagainst (U1; U2) if there exist u1 2 U1 and u2 2 U2 such that (w; u1); (w; u2) 2 E. We shall
say that a pair w1 and w2 are witnessesagainst (U1; U2) if (w1; w2) 2 E and there exist u1; u2 2 U
such that u1; u2 2 U1 or u1; u2 2 U2 and (w1; u1); (w2; u2) 2 E.

For an illustration of the notion of witnesses,seeFigure 6.

U1 U2

w1

U1 U2

w

u1 u2
u1

u2

w2

Figure 6: An illustration of a witness w, and a pair of witnessesw1; w2, both with respect to the partition
(U1; U2) of U.

Observ ation: If W contains a vertex w that is a witness against (U2; U2) or a pair of vertices
w1 and w2 that are witnessesagainst (U1; U2) then W is not compatible with (U1; U2). Hence,we
would like to show that with high probabilit y over U and W , there are witnessesin W against
every partition of U.

Simplifying assumption: We �rst continue the analysis under the assumption that U is such
that every v 2 V has at least one neighbor in U. (We later remove this assumption). Under this
assumption, given a bipartite partition (U1; U2) of U, we de�ne a partition of all of V . For u 2 U
we put u in V1 if v 2 U1 and we put u in V2 if u 2 U2. For v 2 V n U (that is, almost all vertices
are consideredhere) if v has a neighbor in U1 then we put v in V2 and otherwise (it has a neighbor
in U2), then we put it in V1. For an illustration, seeFigure 7.

Now, each one of these at most 2jU j partitions of V contains more than �n 2 violating edges.
Since(U1; U2) is bipartite, and we put each vertex in V n U opposite its neighbor, theseedgesare
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U1

V1

U2

V2

Figure 7: An illustration of the partition of V that is de�ned basedon (U1; U2) whenwemakethe simplifying
assumption that every vertex in V hasa neighbor in U. Violating edges(which correspond to witnesses)are
marked by bold lines.

of the form (w1; w2) 2 E where w1 and w2 both have a neighbor in U1 or both have a neighbor in
U2, or they are of the form (w; u2) where u2 2 U2 and w has a neighbor u1 2 U1 (so it was put in
V2). But this exactly coincideswith our de�nition of witnessesagainst (U1; U2). Therefore, if we
catch such a vertex (pair), then W in not compatible with (U1; U2). For simplicit y of the analysis,
even in the casethat w is a witness becauseit was put in V1 but it has a neighbor u2 2 U2, we
shall think of (u2; w) as a pair of witnesses,and so it won't be consideredsu�cien t that w 2 W
but we'll require that u2; w 2 W .

We shall think of the uniform sampleW as a sampleover uniformly selectedpairs of vertices.
Since the probabilit y that we catch a pair of witnessesin a single trial is more than �n 2

n2 = � , the
probabilit y that we don't catch any pair of witnessesin W is at most (1 � � ) jW j=2. If we take
jW j = �( jUj=�) then this is lessthan (1=6) � 2�j U j . By a union bound over all two-way partitions
of U, the probabilit y that for some(U1; U2), we have that W is compatible with (U1; U2) is hence
at most 1=3. In other words, with probabilit y at least 5=6 there is no bipartite partition of U [ W .

It remains to remove the assumption that every vertex in V has a neighbor in U.

De�nition 4.3 We say that a vertex in V hashigh degreeif its degree is at least (�=4)n. Otherwise
it has low degree.

Lemma 4.1 With probability at least 5=6 over the choice of (4=�) � log(24=�) vertices (denoted U),
all but at most (�=4)n of the high degree vertices in V havea neighbor in U.

We prove this lemma momentarily , but �rst show how to modify the argument basedon the
lemma. AssumeU is as stated in the lemma (where we later take into account the probabilit y of
1=6 that this is not the case). Then, given a partition (U1; U2) of U, we de�ne a partition of all
vertices similarly to what we did before. In particular, the vertices in U and their neighbors are
partitioned as before. All remaining vertices, which do not have a neighbor in U and whoseset
is denoted R, are put arbitrarily in V1. For an illustration, seeFigure 8. Once again, for every
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R

U1 U2

V1 V2

Figure 8: An illustration of the partition of V that is de�ned based on (U1; U2) when we remove the
simplifying assumption that every vertex in V has a neighbor in U. Violating edgesthat are incident to R
are marked by dashedlines while violating edgeswhich correspond to witnessesare marked by bold lines.

bipartite partition (U1; U2), the partition of V just de�ned contains more than �n 2 violating edges.
Now, someof theseviolating edgesmight not correspond to witnesses.In particular, someof these
edgesmight be incident to vertices in R. However, the total number of edgesthat are incident to
vertices in R is at most n � (�=4)n + (�=4)n � n = (�=2)n2. Hence,there are at least (�=2)n2 violating
edgesthat correspond to witnesses,and we shall catch one with high constant probabilit y.

More precisely, if jW j = �( � � 1 � jUj) = �( � � 2 � log(1=�)), then, conditioned on U being as in
Lemma 4.1, with probabilit y at least 5=6 over the choice of W , there is a pair of witnessesin W
against every partition of U. The probabilit y that either U is not as in Lemma 4.1, or W doesnot
include witnessesagainst somepartition of U, is at most 1=3. It follows that with probabilit y at
least 2=3 (over the choice of S = U [ W ) the algorithm rejects (since there is no bipartite partition
of S). It remains to prove Lemma 4.1.

Pro of of Lemma 4.1. Considerany �xed high degreevertex v. The probabilit y that U doesnot
contain any neighbor of v is at most (1 � (�=4)) jU j < �=24. Therefore, the expected fraction of high
degreevertices in V that do not have a neighbor in U is at most �=24. By Markov's inequality, the
probabilit y that there is more than an �=4 fraction of such vertices in V (that is, more than 6 times
the expected value), is at most 1=6.

4.2.1 Reducing the Num ber of Queries

We �rst observe that by the foregoing analysis, we can modify the algorithm (seeFigure 9) so as
to reduce the query complexity and running time to �( � � 3 � log2(1=�)). The basic observation is
that we can actually partition the sample into two parts, U and W (as described in the analysis),
and we don't needto perform all vertex-pair querieson pairs of vertices in W , but rather only on
a linear (in jW j) number of disjoint pairs.
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Algorithm 4.2 : Bipartiteness Test (V ersion I I)

1. Takea sampleU of �
�
� � 1 � log(1=�)

�
vertices, u1; : : : ; us, selected uniformly, indepen-

dently, at random, and a sampleW of �
�
� � 2 � log(1=�)

�
vertices w1; : : : ; wt selected

uniformly, independently, at random.

2. Ask vertex-pair queries for all pairs (u i ; uj ) 2 U � U, (ui ; wk ) 2 U � W and for all
pairs (w2`� 1; w2` ) where 1 � ` � bt=2c. Let the subgraph obtained be denoted H .

3. Run a Breadth First Search (BFS) on H : if it is bipartite then accept, otherwise,
reject.

Figure 9: The bipartiteness testing algorithm (version I I).

A more sophisticated analysis of Alon and Kriv elevich [AK02] shows that a sampleof vertices
having size�( � � 1 � log(1=�)) su�ces for the original algorithm (Algorithm 4.1), so that the number
of queriesperformed is �( � � 2 � log2(1=�)). The result of Alon and Kriv elevich is optimal in terms of
the number of vertices that the tester inspects [AK02]. A natural question addressedby Bogdanov
and Trevisan [BT04] is whether 
( � � 2) queriesare necessary. Bogdanov and Trevisan showed that

( � � 2) queriesare indeed necessaryfor any non-adaptive tester. For adaptive testers they showed
that 
( � � 3=2) queriesare necessary.5 This result still left open the question whether an adaptive
tester can indeed have query complexity that is o(� � 2), and possibly even O(� � 3=2). This question
was answered a�rmativ ely in [GR07] for the casethat (almost) all vertices have degreeO(�n ),
where the lower bounds of [BT04] holds under this condition. The algorithm of [GR07] works by
importing ideas from testing in the bounded-degreemodel to the dense-graphsmodel. They also
showed that O(� � 3=2) are su�cien t when (almost) all vertices have degree
( � 1=2n). The general
question regarding the exact complexity of adaptively testing bipartiteness for generalgraphs (in
the dense-graphsmodel) is still open. We note that the power of adaptivit y in the dense-graphs
model was further studied in [GR09].

4.2.2 Constructing an Appro ximately Go od Bipartition

One interesting implication of the analysis of the bipartiteness tester is that if the graph is indeed
bipartite then it is possibleto use the tester to obtain (with high constant probabilit y) auxiliary
information that lets us construct an approximately good bipartition in time linear in n. To be
precise, we say that a partition (V1; V2) is � -good if there are at most �n 2 violating edgesin G
with respect to (V1; V2). Now supposeG is bipartite and we run Algorithm 4.1, where we view the
sample as consisting of two parts: U and W (or we run Algorithm 4.2 for which the partition of
the sampleis explicit).

As shown in Lemma 4.1, with high constant probabilit y, all but at most (�=4)n of the high
degreevertices in V have a neighbor in U (where we said that a vertex has high degreeif it has at
least (�=4)n neighbors). We shall say in such a casethat U is an (�=4)-dominating-set. Assumefrom
this point on that U is indeedan (�=4)-dominating-set (where we take into account the probabilit y

5A non-adaptiv e tester must choose all its queries in advance whereas an adaptiv e tester may choose its queries
based on answers to previous queries. In the dense-graphs model, for any �xed property the gap in the query
complexity between adaptiv e and non-adaptiv e testing algorithms is at most quadratic [AFKS00, GT03].
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that this is not the casein our failure probabilit y).

For each bipartite partition (U1; U2) of U, considerthe partition (U1 [ (V n �( U1)) ; U2 [ �( U1))
of V (as de�ned in the analysis of the tester). By the argument used to prove the correctnessof
the tester in the casethat the graph is � -far from being bipartite, we have the following. With high
constant probabilit y over the choiceof W , for every (U1; U2) such that (U1 [ (V n�( U1)) ; U2 [ �( U1))
is not � -good, there will be no bipartite partition (U1 [ W1; U2 [ W2) of the sample. Assumethis is
in fact the case(where we add the probabilit y that this is not the caseto our failure probabilit y).
SinceG is bipartite, the BFS executedby the tester will �nd a bipartite partition (U1 [ W1; U2 [ W2),
implying that the partition (U1 [ (V n �( U1)) ; U2 [ �( U1)) must be � -good.

We can henceuse the partition (U1; U2) to determine, for every vertex v 2 V to which side
it belongsin the � -good partition (U1 [ (V n �( U1)) ; U2 [ �( U1)) by simply performing all queries
betweenv and u 2 U.

4.3 Other Applications of the Enforce-and-T est Approac h

There are alsosimilar (though somewhatmore complex) analysesof algorithms in the dense-graphs
model for testing k-colorability, � -Clique (having a clique of size �N ), � -cut (having a cut of size
at least �N 2), and in general for the family of all partition properties [GGR98]. Namely, these
properties are de�ned by upper and lower bounds on the sizes of some constant number k of
parts, and upper and lower bounds on the edge-densitiesbetween these parts and within each
part. The number of queriesperformed in all casesis polynomial in 1=� and exponential in k. The
time-complexity is exponential in 1=�, but this is inevitable (assuming P 6= N P) since partition
problems include N P-hard problems.

As in the caseof bipartiteness, for all theseproperties, when the graph hasthe desiredproperty,
the testing algorithm outputs someauxiliary information that lets us construct, in poly(1=�) � N
time, a partition that approximately obeys the property (recall that the number of parts, k, is
assumedto be a constant). For example,for � -Clique, the algorithm will �nd a subsetof verticesof
size�N , such that at most �N 2 edgesneedto be added so that it becomesa clique. In the caseof
� -Cut, the algorithm will construct a partition with at least (� � � )N 2 crossingedges(so that if we
run the algorithm with � = 
 � � , we get a cut of sizeat least (1 � 
 ) times the optimal). As in the
caseof bipartiteness, the basic idea is that the partition of the sample that causedthe algorithm
to accept is usedto partition the whole graph.

Returning to the property of bipartiteness, we observe that the construction algorithm for � -
Cut (which constructs a partition with at least (� � � )N 2 crossingedges)can be applied to get an
� -good bipartition even when the graph is not bipartite but rather is close(say, �=2-close)to being
bipartite. More generally, the construction algorithm for the generalpartition problem can be used
to construct approximately good partitions even when the graph does not have a corresponding
\p erfect" partition.

Other property testing problems that are solved using the enforce-and-testapproach include
testing metric properties [PR03] and testing of clustering [ADPR03]. In these casesit also holds
that the testing algorithms can be extended to solve approximate versions of the corresponding
search problems (e.g., �nding good clusterings of all but a small fraction of the points). As we
discussin Section 8, the analysis of the bipartiteness tester in the bounded-degreemodel can also
be viewed as following the enforce-and-testapproach, though this is perhaps lessevident than in
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other cases.

The enforce-and-testapproach is also related to the framework of Czumaj and Sohler [CS05],
in which the notion of Abstract Combinatorial Programs is de�ned, and basedon theseprograms,
several (old and new) property testing algorithms are derived.

5 Testing by Implicit Learning

In this subsectionwe describe the results of Diakonikolas et al. [DLM + 07]. They present a general
method for testing whether a function has a conciserepresentation (e.g., an s-term DNF or an s-
node decisiontree). Here we mostly focus on the Booleancase,though the technique in [DLM + 07]
extends to general domains and ranges. The query complexity is always polynomial in the size
parameter s, and is quadratic in 1=�. The running time grows exponentially 6 with s.

The approach taken in [DLM + 07] combines ideasfrom the junta testing algorithm(s) of Fischer
et al. [FKR + 04] and ideas from learning theory (a k-junta is a function that dependson at most
k variables). As noted in the introduction, it was observed in [GGR98] that if we have a proper
learning algorithm for a classof functions F , then wecanuseit asa subroutine to test the property of
membership in F . However, for all the properties consideredin [DLM + 07], proper learning requires
a number of queriesthat grows at least logarithmically with the number of variables,n. Therefore,
a more re�ned approach is required in order to obtain algorithms whosequery complexity doesnot
depend on n.

The �rst key observation behind the general algorithm of [DLM + 07] is that many classesof
functions that have a conciserepresentation are \w ell-approximated" by small juntas that belong
to the class. That is, every function in the classis closeto someother function in the classthat is a
small junta. For example, for any choice of � , every s-term DNF is � -closeto an s-term DNF that
dependsonly on at most s log(s=�) variables. This is true sinceby removing a term that has more
than log(s=�) variables, the error incurred is at most � =s (recall that the underlying distribution is
uniform).

Given this observation, the algorithm works roughly as follows. It �rst �nds a collection of
subsetsof variables such that each subsetcontains a single variable on which the function depends
(in a non-negligible manner). If the number of such subsetsis larger than somethreshold k, then
the algorithm rejects. Otherwise, the algorithm createsa sample of labeled examples,where the
examples are points in f 0; 1gk , that is, over the variables that the function depends on. It is
important to stressthat the algorithm createsthis samplewithout actually identifying the relevant
variables. Finally, the algorithm checks whether there existsa function of the appropriate form over
the small set of variablesthat is consistent with the sample. Roughly speaking, the algorithm works
by attempting to learn the structure of the junta that f is closeto (without actually identifying its
variables). This is the essenceof the idea of \testing by implicit learning".

Sincethe results of [DLM + 08] build on testing juntas, we �rst describe an algorithm for testing
whether a function is a small junta [FKR + 04].

6 In recent work [DLM + 08] the dependenceof the running time on s in the caseof s-term polynomials over GF (2)
was reduced to polynomial.
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5.1 A Building Blo ck: Testing Jun tas

We start with a formal de�nition.

De�nition 5.1 (Jun tas) A function f : f 0; 1gn ! f 0; 1g is a k-junta for an integer k � n if f
is a function of at most k variables. Namely, there exists a set J � [n] where jJ j � k such that
f (x) = f (y) for every x; y 2 f 0; 1gn that satisfy x i = yi for each i 2 J . We say in such a case that
J dominatesthe function f .

The main result of [FKR + 04] is stated next.

Theorem 5.1 For every �xed k, the property of being a k-junta is testableusing poly(k)=� queries.

Fischer et al. [FKR + 04] establishTheorem 5.1 by describingand analyzing several algorithms. The
algorithms vary in the polynomial dependenceon k (ranging between7 ~O(k4) to ~O(k2)), and in
two properties: whether the algorithm is non-adaptive or adaptive (that is, queriesmay depend on
answers to previous queries), and whether it is has one-sidederror or two-sided error. They also
prove a lower bound of ~
 (

p
k) for non-adaptive algorithms, which was later improved to an 
( k)

lower bound for adaptive algorithms by Chockler and Gutreund [CG06], thus establishing that a
polynomial dependenceon k is necessary. While we focus here on the domain f 0; 1gn and on the
casethat the underlying distribution is uniform, Theorem 5.1 holds for other domains and when
the underlying distribution is a product distribution.

In order to describe and analyze the testing algorithm, we �rst intro duce somede�nitions and
notations. The domain of the functions we consider is always f 0; 1gn and it will be convenient to
assumethat the range of the functions is f 1; � 1g = f (� 1)0; (� 1)1g (rather than f 0; 1g).

Partial Assignmen ts. For a subset S � [n] we denote by A(S) the set of partial assignments
to the variables x i where i 2 S. Each w 2 A(S) can be viewed as a string in f 0; 1; �g n , where for
every i 2 S, wi 2 f 0; 1g, and for every i =2 S, wi = � . In particular, A ([n]) = f 0; 1gn . For two
disjoint subsetsS;S0 � [n], and for partial assignments w 2 A(S) and w0 2 A(S0), we let wt w0

denote the partial assignment z 2 A(S [ S0) de�ned by: zi = wi , for every i 2 S, zi = w0
i for every

i 2 S0, and zi = wi = w0
i = � for every i 2 [n] n f S [ S0g. In particular, we shall consider the

caseS0 = [n] n S, so that wt w0 2 f 0; 1gn is a complete assignment (and f (wt w0) is well de�ned).
Finally, for x 2 f 0; 1gn and S � [n], we let x jS denote the partial assignment w 2 A(S) de�ned by
wi = x i for every i 2 S, and wi = � for every i =2 S. For the sake of conciseness,we shall useS as
a shorthand for [n] n S.

Variation. For a function f : f 0; 1gn ! f 1; � 1g and a subsetS � [n], we de�ne the variation of
f on S (or the variation of S with respect to f ), denoted Vr f (S), as the probabilit y, taken over a
uniform choice of w 2 A(S) and z1; z2 2 A(S), that f (wt z1) 6= f (wt z2). That is:8

Vr f (S) def= Prw2A (S);z1 ;z22A (S) [f (wt z1) 6= f (wt z2)] : (17)

7The notation ~O(g(t)) for a function g of a parameter t means O(g(t) � polylog(g(t)).
8We note that in [FKR + 04] a more general de�nition is given (for real-valued functions). For the sake of simplicit y

we give only the special caseof f 1; � 1g-valued function, and we slightly modify the de�nition by removing a factor
of 2.
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The simple but important observation is that if f doesnot depend on any variable x i where i 2 S,
then Vr f (S) = 0, and otherwise it must be non-zero(though possibly small). One useful property
of the variation is that it is monotone. Namely, for any two subsetsS;T � [n],

Vr f (S) � Vr f (S [ T) : (18)

Another property is that it is subadditive, that is, for any two subsetsS;T � [n],

Vr f (S [ T) � Vr f (S) + Vr f (T) : (19)

As we show next, the variation can also be used to bound the distance that a function has to
being a k-junta.

Lemma 5.1 Let f : f 0; 1gn ! f 1; � 1g and let J � [n] be such that jJ j � k and Vr f (J ) � � . Then
there exists a k-junta g that is dominated by J and is such that dist( f ; g) � � .

Pro of: We de�ne the function g as follows: for each x 2 f 0; 1gn let

g(x) def= majorit yu2A (J ) f f (x jJ t u)g : (20)

That is, for each w 2 A(J ), the function g has the samevalue on all strings x 2 f 0; 1gn = A([n])
such that x jJ = w, and this value is simply the majorit y value of the function f taken over all
strings of this form.

We are interested in showing that Pr[f (x) = g(x)] � 1 � � . That is,

Prw2A (J );z2A (J )

h
f (wt z) = majorit yu2A (J ) f f (wt u)g

i
� 1 � � : (21)

Similarly to what was shown in the proof of Claim 3.5, this probabilit y is lower bounded by
Prw2A (J );z1 ;z22A (J ) [f (wt z1) = f (wt z2)], which is simply 1 � Vr f (J ) � 1 � � .

5.1.1 An Algorithm for Testing Jun tas

Here we describe an algorithm for testing k-juntas, which hasone-sidederror, is non-adaptive, and
hasquery complexity ~O(k4=�). In [FKR + 04] there are actually two algorithms with this complexity.
We have chosento describe the one on which the more e�cien t algorithms (mentioned previously)
are based,and which also plays a role in the results described in Subsection5.2. We assumethat
k > 1, since1-juntas are simply singletons,for which we already know there is a testing algorithm.
The idea behind the algorithm is simple: It randomly partitions the variables into �( k 2) disjoint
subsets.For each subset it checks whether it contains any variable on which the function depends.
If there aremore than k subsetsfor which such a dependenceis detected,then the algorithm rejects.
Otherwise it accepts. The algorithm is given in Figure 10.

Theorem 5.2 Algorithm 5.1 is a one-sided error testing algorithm for k-juntas. Its query com-
plexity is O(k4 logk=�).
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Algorithm 5.1 : k -Jun ta Test

1. For r = �( k2) select a random partition f S1; : : : ; Sr g of [n] by assigningeach i 2 [n]
to a set Sj with equal probability.

2. For each j 2 [r ], perform the following dependencetest at most

h = 4(log(k + 1) + 4)r =� = �( k2 logk=�)

times:

� Uniformly and independently select w 2 A(Sj ) and z1; z2 2 A(Sj ). If f (wt z1) 6=
f (wt z2) then declare that f dependson variables in Sj (and continue to j + 1).

3. If f is found to depend on more than k subsetsSj , then output reject, otherwiseoutput
accept.

Figure 10: Testing algorithm for juntas.

The bound on the query complexity of the algorithm is O(r �h) = O(k4 logk=�). The dependence
test declaresthat f depends on a set Sj only if it has found evidenceof such a dependenceand
the algorithm rejects only if there are more than k disjoint sets for which such evidenceis found.
Therefore, the algorithm never rejects a k-junta. We next turn to proving that if f is � -far from an
k-junta then it is rejected with probabilit y at least 2=3.

Let � = (log(k + 1) + 4)=h and note that by the de�nition of h, � � �=(4r ) (recall that r
is the number of sets in the random partition selectedby the algorithm and h is the number of

applications of the dependencetest). De�ne J = J � (f ) def= f i 2 [n] : Vr f (f ig) > � g. Thus J
consistsof all i such that Vr f (f ig) � � . We claim:

Lemma 5.2 If Vr f (J ) > � then Algorithm 5.1 rejects with probability at least 2=3.

Lemma 5.3 If jJ j > k then Algorithm 5.1 rejects with probability at least 2=3.

By Lemma 5.1, if f is � -far from any k-junta, then either Vr f (J ) > � or jJ j > k (or both).
By Lemmas5.2 and 5.3 this implies that the algorithm rejects with probabilit y at least 2=3. Both
lemmasrely on the following claim regarding the dependencetest.

Claim 5.4 For any subsetSj , if Vr f (Sj ) � � , then the probability that Step 2 in Algorithm 5.1
declares that f dependson variables in Sj is at least 1 � 1=(e4(k + 1)).

Pro of: By the de�nition of the dependencetest, the probabilit y that a single application of the
test �nds evidence that f depends on Sj is exactly Vr f (Sj ). Since � = (log(k + 1) + 4)=h, if
Vr f (Sj ) � � , the probabilit y that the test fails to �nd such evidencein h independent applications
is at most (1 � � )h < exp(� � h) < e� 4=(k + 1), as claimed.

We now prove Lemma 5.3, which is quite simple, and later sketch the proof of Lemma 5.2,
which is more complex.

Pro of of Lemma 5.3. First observe that if jJ j > k, then the probabilit y, over the choice of the
partition, that there are fewer than k + 1 setsSj such that Sj \ J 6= ; , is O(k2=r). Sincer = ck2
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where c is a constant, for an appropriate choice of c, this probabilit y is at most 1=6. Assumefrom
this point on that are at least k + 1 setsSj such that Sj \ J 6= ; (where we later take into account
the probabilit y that this is not the case).

By the monotonicity of the variation (Equation (18)) and sinceVr f (f ig) > � for each i 2 J , if
a set Sj satis�es Sj \ J 6= ; , then Vr f (Sj ) � � . By Claim 5.4 and the union bound, the probabilit y
that the algorithm �nds evidenceof dependencefor fewer than k + 1 setsis lessthan 1=6. Summing
this probabilit y with the probabilit y that there are fewer than k + 1 setsSj such that Sj \ J 6= ; ,
the lemma follows.

Pro of Sketch of Lemma 5.2. By the premiseof the lemma, Vr f (J ) > � . Sincethe variation is
subadditive (Equation (19)), for any partition f S1; : : : ; Sr g,

P r
j =1 Vr f (Sj \ J ) > � . Sincethe subsets

in the partition are equally distributed, we have that for each �xed choiceof j , E[Vr f (Sj \ J )] > �=r .
The main technical claim (whose proof we omit) is that with high probabilit y Vr f (Sj \ J ) is not
much smaller than its expected value. To be precise, for each �xed choice of j , with probabilit y
at least 3=4 (over the random choice of the partition), Vr f (Sj \ J ) � �=(4r ). Recall that by the
de�nition of � (and of h as a function of r ), we have that �=(4r ) � � .

Using this claim, we now show how Lemma 5.2 follows. Recall that by monotonicity of the
variation, Vr f (Sj ) � Vr f (Sj \ J ). We shall say that a set Sj is detectable, if Vr f (Sj ) � � . Thus,
the expected number of detectable subsetsis at least (3=4)r . Let � denote the probabilit y that
there are fewer than r =8 detectable subsets. Then � � 2=7 (as the expected number of detectable
subsetsis at most � (r =8) + (1 � � )r ). Equivalently, with probabilit y at least 5=7, there are at
least r =8 = 
( k2) > k + 1 detectable subsets. Conditioned on this event, by Claim 5.4 (and the
union bound), the probabilit y that the algorithm detects dependencefor fewer than J + 1 subsets
is at most 1=e4. Adding this to the probabilit y that there are fewer than k + 1 detectablesets, the
lemma follows.

5.1.2 More E�cien t Algorithms

By allowing the algorithm to be adaptive, it is possible to reduce the query complexity to
O(k3 log3(k + 1)=�), and by allowing the algorithm to have two-sided error, it can be reduced
to O(k2 log3(k + 1)=�) (without the needfor adaptivit y). Here we give the high-level ideasfor the
more e�cien t algorithms.

Both algorithms start by partitioning the variables into r = �( k2) disjoint subsets
f S1; S2; : : : ; Sr g as done in Algorithm 5.1. The main idea used in the �rst improvement (the
adaptive algorithm) is to speed up the detection of subsetsSj that have non-negligible variation
Vr f (Sj ), in the following manner of divide and conquer. Instead of applying the dependencetest to
each subsetseparately, it is applied to blocks, each of which is a union of several subsets. If f is not
found to depend on a block, then all the variables in the block are declaredto be \v ariation free".
Otherwise (somedependenceis detected), the algorithm partitions the block into two equally sized
sub-blocks, and continues the search on them.

The two-sidederror test also applies the dependencetest to blocks of subsets,only the blocks
are chosendi�eren tly and in particular, may overlap. The selection of blocks is done as follows.
For s = �( k log r ) = �( k logk), the algorithm picks s random subsetsof coordinates I 1 : : : ; I s � [r ]
of size k, independently, each by uniformly selecting (without repetitions) k elements of [n]. For
each 1 � ` � s, block B ` is de�ned as B ` =

S
j 2 I `

Sj . The dependencetest is then applied h times

34



to each block (where h is as in Algorithm 5.1). For each subset Sj , the algorithm considersthe
blocks that contain it. The algorithm declaresthat f dependson Sj , if it found that f dependson
all blocks that contain Sj . If there are more than k such subsets,or if f dependson at least a half
of the blocks, the the algorithm rejects, otherwise, it accepts. For further details of the analysis,
see[FKR + 04].

An almost optimal tester for jun tas. In a recent work [Bla09] Blais improvesthe dependence
on k and gives an almost optimal one-sidederror tester for k-juntas whose query complexity is
O(k=� + k logk) (recall that there is a 
( k) lower bound [CG06] for this problem). This algorithm
works for functions with arbitrary �nite product domains and arbitrary �nite ranges, as well as
with respect to any underlying product distribution.

5.2 The Algorithm for Testing by Implicit Learning

Before describing the algorithm in more detail, we give a central de�nition, and state the main
theorem.

De�nition 5.2 Let F be a class of Boolean functions over f 0; 1gn . For � > 0, we say that a
subclassF � � F is a (� ; k� )-approximator for F if the following two conditions hold.

� The subclassF � is closed under permutations of the variables.

� For every function f 2 F there is a function f 0 2 F � such that dist( f 0; f ) � � and f 0 is a
k� -junta.

Returning to the casethat F is the class of s-term DNF functions, we may take F � to be the
subclassof F that consists of s-term DNF where each term is of size at most log(s=�), so that
k� = s log(s=�). Note that k� may be a function of other parametersdetermining the function class
F .

We shall use the notation bF � for the subset of functions in F � that depend on the variables
x1; : : : ; xk � . Moreover, we shall view these functions as taking only k � arguments, that is, being
over f 0; 1gk � .

We now state the main theorem of [DLM + 07] (for the Boolean case).

Theorem 5.3 Let F be a class of Boolean functions over f 0; 1gn . Suppose that for each choice
of � > 0, bF � � F is a (� ; k� ) approximator for F . Suppose also that for every � > 0 there is a �
satisfying

� �
c�2

k2
� � log2(k� ) � log2 j bF � j � log log(k� ) � log(log j bF � j=�)

(22)

where c is a �xed constant. Let � � be the largestvalue of � that satis�es Equation (22). Then there
is a two-sided error testing algorithm for F that makes ~O(k2

� � log2 j bF � � j=�2) queries.

We note that Theorem 5.3 extendsto function classeswith domain 
 n and any range, in which case
there is a dependenceon log j
 j in Equation (22) and in the query complexity of the algorithm.

All results from [DLM + 07] that appear in Table 1 are obtained by applying Theorem 5.3. In
all theseapplications, k� grows logarithmically with 1=� , and log j bF � j is at most polynomial in k� .
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Class of functions Num ber of Queries

decision lists ~O(1=�2)
size-s decisiontrees, size-s branching programs ~O(s4=�2)

s-term DNF, size-s Boolean formulae 
(log s=log logs)
s-sparsepolynomials over GF (2) ~O(s4=�2), ~
(

p
s)

size-s Boolean circuits ~O(s6=�2)
functions with Fourier degree� d ~O(26d=�2), ~
(

p
d)

s-sparsepolynomials over a general �eld F ~O((sjF j)4=�2), ~
(
p

s) for jF j = O(1)
size-s algebraic circuits and computation trees over F ~O(s4jF j3=�2)

Table 1: Results obtained by [DLM + 07] using the implicit learning approach.

This ensuresthat Equation (22) can be satis�ed. The most typical casein the applications is that
for a class F de�ned by a size parameter s, we have that k � � poly(s) log(1=� ) and log j bF � j �
poly(s)polylog(1=� ). This yields � � = ~O(� 2)=poly(s), and so the query complexity of the algorithm
is poly(s)=~� (� 2).

In particular, returning to the case that F is the class of s-term DNF, we have that k � =
s log(s=�) and j bF � j � (2s log(s=�)) s log(s=� ) . This implies that � � = ~O(� 2=s4), from which the upper
bound of ~O(s4=�2) on the query complexity follows. As another example, consider the casethat
F is the classof all decision lists. Then, for every � , if we let bF � be the subclassof decision lists
with length log(1=� ), and we set k� = log(1=� ), then bF � is a (� ; k� )-approximation for F . Since
j bF � j � 2� 4log(1=� ) (log(1=� ))!, we get that � � = ~O(� 2), from which the bound of ~O(1=�2) on the query
complexity follows.

The algorithm. The testing algorithm consistsof three procedures.The �rst procedure,named
Identify-Critical-Subsets, is a slight variant of the two-sidederror junta test of [FKR + 04] (described
in Subsection5.1.2). This variant is executedwith k = k� � , where � � is as de�ned in Theorem 5.3
and with slightly larger constants than the original [FKR + 04] algorithm. The main modi�cation
is that instead of returning accept in the caseof success,the procedure returns the at most k � �

subsetsof variables among S1; : : : Sr that the function f was found to depend on by the test. In
the caseof failure, it outputs reject like the two-sidederror junta test.

The analysis of the two-sidederror test can be slightly modi�ed so as to ensurethe following.
If f 2 F , so that it is � � -closeto a k� � -junta f 0 2 F � � , then with high probabilit y, Identify-Critical-
Subsetscompletessuccessfullyand outputs ` � k � � subsetsof variables Si 1 ; : : : Si ` . On the other
hand, it is still true that if f is far from any k� � -junta, then Identify-Critical-Subsetsoutputs reject
with high probabilit y. Moreover, if f is such that with probabilit y at least 1=3 the procedure
completes successfullyand outputs ` � k� � subsets Si 1 ; : : : ; Si ` , then these subsets satisfy the
following conditions. (1) For � = �( �=k � � ), each variable x i for which Vr f (f ig) � � occurs in one
of the subsetsSi j , and each of these subsetscontains at most one such variable; (2) The total
variation of all other variables is O(�= log j bF � � j).

We now turn to the secondprocedure,which is referred to asConstruct-Sample. This procedure
receivesas input the subsetsSi 1 ; : : : ; Si ` that were output by Identify-Critical-Subsets. Assumethat
indeed the subsetssatisfy the aforementioned conditions. For the sake of the discussion, let us
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make the stronger assumption that every variable has either non-negligible variation with respect
to f or zerovariation. This implies that each subsetSi j output by Identify-Critical-Subsetscontains
exactly one relevant variable (and there are no other relevant variables).

Given a point z 2 f 0; 1gn , we would like to �nd the restriction of z to its ` � k � � relevant
variables (without actually determining thesevariables). Consider a subsetSi j output by Identify-
Critical-Subsets, and let xp, for p 2 Si j , denote the relevant variable in Si j . We would like to
know whether zp = 0 or zp = 1. To this end, we partition the variables in Si j into two subsets:
S0

i j
(z) = f q 2 Si j : zq = 0g, and S1

i j
(z) = f q 2 Si j : zq = 1g. Now all we do is run the dependence

test (as de�ned in Algorithm 5.1) su�cien tly many times so as to ensure(with high probabilit y)
that we determine whether p 2 S0

i j
(z) (so that zp = 0), or p 2 S1

i j
(z) (so that zp = 1). The

pseudo-code for the procedureappears in Figure 11.

Pro cedure Construct-Sample (Input: Si 1 ; : : : ; Si ` )
Let m = �(log j bF � � j=�). For t = 1; : : : ; m construct a labeled example (x t ; yt ), where
x t 2 f 0; 1gk � � as follows:

1. Uniformly selectzt 2 f 0; 1gn , and let yt = f (zt ).

2. For j = 1; : : : ; ` do:

(a) For b 2 f 0; 1g, let Sb
i j

(zt ) = f q 2 Si j : zt
q = bg.

(b) For g = �( k� � log(m � k� � )=�) = �
�

(k� � =�) log(log jF � � jk� � =�)
�

, run the depen-

dencetest on S0
i j

(zt ) and on S1
i j

(zt ), g times (each).

(c) If there is evidencethat f dependson both S0
i j

(zt ) and S1
i j

(zt ), then output reject

(and exit). If there is evidencethat f dependson Sb
i j

(zt ) for b = 0 or b = 1, then
set x t

j = b. Otherwise set x t
j uniformly at random to be either 0 or 1.

3. For j = ` + 1; : : : ; k� � , set x t
j uniformly at random to be either 0 or 1.

Figure 11: The procedurefor constructing a labeled sample.

The third procedure, Check-Consistency, is given as input the sample output by Construct-
Sample. If some function f 0 2 bF � � is consistent with the sample, then the procedure outputs
accept. Otherwise it outputs reject.

Pro of Sketch of Theorem 5.3. Consider �rst the casethat f 2 F , so that it is � � -close to
some function f 0 2 bF � � where f 0 is a k� � -junta. The parameter � � is selectedto be su�cien tly
small so that we can essentially assumethat f = f 0. Thus, we shall make this assumption in
this proof sketch. For � = �( �=k � � ), each variable x i such that Vr f 0(f ig) � � will be referred to
as highly relevant. As discussedpreviously, with high probabilit y, the procedure Identify-Critical-
Subsetsoutputs ` � k� � subsetsSi 1 ; : : : ; Si ` that satisfy the following conditions: (1) each highly
relevant variable occurs in oneof thesesubsets;(2) each of the subsetscontains at most onehighly
relevant variable of f 0 (in fact, exactly one relevant variable of f 0); (3) all other variables are \v ery
irrelevant" (have small total variation).

Assuming the subsetsoutput by Identify-Critical-Subsetsare as speci�ed above, consider the
construction of x t 2 f 0; 1gk � � for any 1 � t � m. Since each Si j contains exactly one relevant
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variable, if this variable is highly relevant, then the following holds with high probabilit y: one of
the executionsof the dependencetest �nds evidencethat either this variable is in S0

i j
(zt ) or that

it is in S1
i j

(zt ), and x t
j is set accordingly. If the variable is not highly relevant, then either x t

j is set
correctly, as in the highly relevant case,or x t

j is set randomly to 0 or 1. Sincethe total variation of
all non-highly-relevant variables is small, with high probabilit y f 0(x t

j ) = yt (recall that yt = f (zt )).

Thus, with high probabilit y, we get a random sample of points in f 0; 1gk � � that is labeled by the
k� � -junta f 0. Sincef 0 2 bF � � , in such a casethe procedureCheck-Consistencywill output accept, as
required (recall that bF � � is closedunder permutations of the variables).

We now turn to the casethat f is � -far from F . If it is also (�=2)-far from every k � � -junta, then
Identify-Critical-Subsetsdetectsthis with high probabilit y, and rejects. Otherwise, f is (�=2)-closeto
a k� � -junta. Note that f can still be rejected by either Identify-Critical-Subsetsor by Create-Sample.
If this occurs with high probabilit y, then we are done. Otherwise, by the properties of these two
procedures,with high probabilit y there won't be any function in bF � � that is consistent with the
sampleoutput by Create-Sample(basedon the subsetsoutput by Identify-Critical-Subsets). This is
true sinceotherwise it would imply that there is a function f 002 bF � � � F that is (�=2)-closeto a
k� � -junta f 0 such that dist( f ; f 0) � �=2. But this would contradict the fact that f is � -far from F .

6 The Regularit y Lemma

One of the most powerful tools for analyzing property testing algorithms in the dense-graphsmodel
is Szemer�edi's Regularity Lemma [Sze78] and variants of it.

6.1 Background

The �rst property testing result that uses(a variant of) the Regularity Lemma is implicit in work
of Alon et al. [ADL + 94]. Their result implies that k-colorability is testable with query complexity
that is independent of n, where the dependenceon 1=� is a tower of poly(1=�) exponents. The �rst
explicit testing result that usesthe Regularity Lemma is in the work of Alon et al. [AFKS00]. Alon
et al. [AFKS00] give algorithms for the classof �rst order graph properties. Theseare properties
that can be formulated by �rst order expressionsabout graphs. This covers a large classof graph
properties (in particular coloring and subgraph-freenessproperties). Here too the application of
the Regularity Lemma implies that the dependenceon 1=� is a tower of poly(1=�) exponents.

A sequenceof works by Alon and Shapira [AS06, AS05b, AS05a], together with the work of Fis-
cher and Newman [FN07] culminated in a characterization of all graph properties that are testable
(in the dense-graphsmodel) using a number of queriesthat is independent of n [AFNS06]. As the
title of the paper says: \It's all about regularity". To be a little more precise,the characterization
says (roughly) that a graph property P is testable using a number of queries that is independent
of n if and only if testing P can be reduced to testing the property of satisfying one of a �nitely
many Szemer�edi-partitions [Sze78]. A di�eren t characterization, basedon graph limits, was proved
independently by Borgs et al. [BCL+ 06].

Variants of the regularity lemma were also used to derive property testing results for directed
graphs[AS04] and for hypergraphs[KNR02, AS03, Fis05]. In what follows we �rst state the lemma
and then give an exampleof its application by analyzing a testing algorithm for triangle-freeness.
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6.2 Statemen t of the Lemma

In order to state the lemma, we need some de�nitions and notations. For any two non-empty
disjoint sets of vertices, A and B , we let E(A; B ) denote the set of edgesbetween A and B , and
we let e(A; B ) = jE(A; B )j. The edge-densityof the pair is de�ned as

d(A; B ) def=
e(A; B )
jAj � jB j

: (23)

We say that a pair A; B is 
 -regular for some
 2 [0; 1] if for every two subsetsA 0 � A and B 0 � B
satisfying jA0j � 
 jAj and jB 0j � 
 jB j we have that jd(A0; B 0) � d(A; B )j < 
 . Note that if we
consider a random bipartite graph between A and B (where there is an edgebetween each pair
of vertices v 2 A and u 2 B with constant probabilit y p), then it will be regular w.h.p. for some
constant 
 . In what follows, when we refer to an equipartition A = f V1; : : : ; Vkg of V , we mean
that for every 1 � j � k, jjVi j � jVj jj � 1.

Lemma 6.1 (Regularit y Lemma) For every integer ` 0 and for every 
 2 (0; 1], there exists a
number u0 = u0(`0; 
 ) with the following property: Every graph G = (V; E) with n � u0 vertices
has an equipartition A = f V1; : : : ; Vkg of V where `0 � k � u0 for which all pairs (Vi ; Vj ) but at
most 
 �

� k
2

�
of them are 
 -regular.

6.3 Testing Triangle-F reeness

For a graph G = (V; E) and a triple of distinct vertices (u; v; w), we say that (u; v; w) is a triangle
in G if all three pairs, (u; v), (u; w) and (v; w) are edgesin the graph. A graph G = (V; E) is
triangle-free if it contains no triangles. The algorithm for testing triangle-freenesssimply takes a
sampleof sizem = m(� ) (which will beset later), queriesall pairs of verticesin the sampleto obtain
the induced subgraph,and acceptsor rejectsdepending on whether it seesa triangle in the induced
subgraph. Clearly, if the graph is triangle-free, then the algorithm acceptswith probabilit y 1. It
remains to prove that if the graph is � -far from triangle-free, then (for su�cien tly large m = m(� )),
the samplewill contain a triangle with high constant probabilit y.

An important note is in placeconcerningthe sizeof m. Alon [Alo02] hasshown that (as opposed
to bipartiteness and other partition problems) it does not su�ce to take m that is polynomial in
1=�. That is, there exist graphsthat are � -far from being triangle-free but for which a poly(1=�)-size
samplewill not show any triangle. In other words, it is possiblethat the fraction of edgesthat need
to be removed in order to make a graph triangle-free is greater than � , but the fraction of triples of
vertices that are triangles (among all n3 triples) is smaller than poly(� ). We discussthis in more
detail in Subsection9.1. As we shall see,the samplesizem that we can show su�ces for our needs,
is signi�cantly higher than the lower bound, so there is quite a big gap betweenthe upper and the
lower bound, and indeed it is an interesting open problem to reducethis gap.

Supposewe apply the regularity lemma with ` 0 = 8=� and 
 = �=8. Our �rst observation is
that for this setting, the total number of edgesin G that are betweenpairs of vertices that belong
to the samepart Vi of the partition is at most

k �
� n

k

� 2
=

1
k

� n2 �
1
`0

� n2 =
�
8

n2 : (24)
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It follows that if we de�ne G1 as the graph that is the sameas G except that we remove all edges
within the parts of the regular partition, then G1 is at least (7=8)� -far from being triangle-free.

Next, sincethere are at most �
8 �

� k
2

�
< �

16k2 non-regular pairs, the total number of edgesbetween
non-regular pairs in the partition is at most

�
16

k2 �
� n

k

� 2
=

�
16

n2 : (25)

Therefore, if we continue by removing all these edgesfrom G1, and let the resulting graph be
denoted G2, then G2 is at least (3=4)� -far from being triangle-free.
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Figure 12: An illustration of the three stepsin the modi�cation of the graph G, given its regular partition.
In the transformation from G to G1 we remove all edgesinternal to the parts in the partition. In the
transformation from G1 to G2 we remove all edgesbetween non-regular pairs of parts (i.e., E (V1; V4) and
E(V3; V5)), and in the transformation from G2 to G3 we remove all edgesbetweenpairs of parts whoseedge
density is relatively small (i.e., E (V2; V5)).

We shall perform onemore step of this kind (for an illustration of all three steps,seeFigure 12).
Consider all pairs (Vi ; Vj ) such that d(Vi ; Vj ) < �

2 . That is, e(Vi ; Vj ) < �
2 �

� n
k

� 2. Sincethere are at
most k2=2 such pairs, the total number of edgesbetween such pairs is at most �

4n2. Therefore, if
we remove all theseedgesfrom G2, and let the resulting graph be denoted G3, then G3 is at least
(�=2)-far from being triangle-free. In particular this means that there exists at least one triplet
(Vi ; Vj ; V` ) such that all three edgedensities,d(Vi ; Vj ), d(Vj ; V` ) and d(Vi ; V` ) are at least �=2 in G3.
(If no such triplet exists then G3 would be triangle-free.) We shall show that sinceall three pairs
are (�=8)-regular, there are \many real triangles" (u; v; w) 2 Vi � Vj � V` , so that a su�cien tly large
samplewill catch one.

For simplicit y we denote the three subsetsby V1; V2; V3. For each vertex v 2 V1, we let � 2(v)
denote the set of neighbors that v has in V2, and by � 3(v) the set of neighbors that v has in V3. We
shall say that v is helpful if both j� 2(v)j � �

4

� n
k

�
and j� 3(v)j � �

4

� n
k

�
. Since (V2; V3) is a regular
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pair,

e(� 2(v); � 3(v)) � (d(V2; V3) � 
 )
� �

4

� 2 � n
k

� 2
�

� 3

c � k2 n2 (26)

for some constant c. It follows that if we get a helpful vertex v from V1, and then we take an
additional sample of �(( u0)2=�) pairs of vertices (recall that k � u0), then we shall obtain a
triangle with high constant probabilit y. It remains to show that there are relatively many helpful

V1

V1V2 V2

� 3(v)� 2(v)
u

v

w

Figure 13: An illustration of three parts such that all three pairs of parts are 
 -regular, and the edgedensity
between each pair is at least �=2. For every helpful vertex v in V1, there are relatively many edges(u; w)
such that u 2 � 2(v) and w 2 � 3(v).

vertices in V1.

Consider any vertex z 2 V1 that is not helpful. We shall say that it is unhelpful of type 2 if
j� 2(v)j < �

4

� n
k

�
, and that it is unhelpful of type 3 if j� 3(v)j < �

4

� n
k

�
. Without loss of generality,

assumethat there are more unhelpful vertices of type 2. Supposethat at least half the vertices in
V1 are unhelpful. Then at least a fourth are unhelpful of type 2. Let V 0

1 consistof all thesevertices,
so that jV 0

1 j > 
 jV1j (recall that 
 = �=8 � 1=8). Let V 0
2 = V2. But then,

d(V 0
1; V2) �

jV 0
1 j � �

4

� n
k

�

jV 0
1 j � jV 0

2 j
=

�
4

< d(V1; V2) � 
 (27)

and we have reached a contradiction to the regularity of the pair (V1; V2). Hence, at least a
half of the vertices in V1 are helpful (that is, 


� n
k

�
vertices), and so a sample of size �( u0) will

contain a helpful vertex with high probabilit y. Therefore, if we take a sample of vertices having
size�( u0) + �(( u0)2=�) = �(( u0)2=�), then the induced subgraph will contain a triangle with high
probabilit y.

The above analysis may seemsomewhat wasteful, but unless we �nd a way to remove the
dependenceon the number of parts of the partition, given that this number is a tower of height
poly(1=�), it doesn't make much of a di�erence if our dependenceon this number is linear or
quadratic.

Other results based on the Regularit y lemma. As noted previously, there are many other
results that build on the Regularity Lemma. While their analysismay be more complex than that
of triangle-freeness,the coreof thesearguments is the same.Speci�cally , what the regularity lemma
essentially says is that for any given 
 , every graph G corresponds to a small graph, G 
 over k(
 )
vertices whoseedgeshave weights in [0; 1]. The correspondenceis such that for every vertex in
the small graph there is a subsetof vertices in G, where the subsetshave (almost) the samesize,
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the edge-densitiesbetween the subsetsin G equal the weights of the edgesin G 
 , and all but a

 -fraction of the pairs of subsetsare 
 -regular. It can then be shown that: (1) If G is � -far from a
certain property then for 
 = 
 (� ), G
 is relatively far from a related property (where the distance
measuretakes the edge-weights of G
 into account); (2) If G
 is far from this property then, due
to the regularity of almost all pairs of subsetsin G, a su�cien tly large (i.e., that dependson k(
 ))
sample in G will provide evidencethat G doesnot have the original property considered.

7 Lo cal-Search Algorithms

Recall that when dealing with sparsegraphs (where here this will refer to graphs with O(n) edges,
though someof the resultsaremoregeneral),we considertwo models. In both modelsthe algorithm
can perform queriesof the form: \who is the i th neighbor of vertex v", where if v has lessthan i
neighbor, then a special symbol is returned. The di�erence betweenthe two models is in whether
there is a �xed degree-bound, denoted d, on the degreesof all vertices or whether no such bound
is assumed.In the �rst model, referred to as the bounded-degree model, a graph is said to be � -far
from having a speci�ed property if more than �dn edgesmodi�cations should be performed so that
the graph obtain the property (where its degreeremains bounded by d). In the secondmodel,
referred to as the sparse-graphs model, a graph is said to be � -far from having a speci�ed property
if more than �m edgesmodi�cations should be performed so that the graph obtain the property,
where m is the number of edgesin the graph (or a given upper bound on this number).

In what follows we �rst present what is probably the simplest local-search type algorithm: the
algorithm for testing connectivity [GR02]. We then discussthe extension of this simple algorithm
to testing k-edge connectivity, and very shortly discuss what is known about testing k-vertex
connectivity. Testing minor-closed properties [BSS08, HKNO09] is consideredin Subsection 7.4,
and in Subsection7.5 we brie
y mention other testing algorithms that are basedon local search.

7.1 Connectivit y

One of the most basic properties of graphs is connectivity . A graph is connected if there is a path
between every two vertices. Otherwise, the vertices in the graph are partitioned into connected
components, which are maximal subgraphs that are connected. The basic simple observation is
that if a graph is not connected,then the minimum number of edgesthat should be added to it in
order to make it connectedis simply � (G) � 1 where � (G) is the number of connectedcomponents
in G. The implication of this simple observation for the sparse-graphsmodel is:

Claim 7.1 If a graph is � -far from being connected (as de�ned in the sparse-graphs model), then
it contains more than �m + 1 connected components.

Pro of: Assume, contrary to the claim that there are at most �m + 1 connected components,
denoted C1; : : : ; C` . Then, by adding, for each 1 � j � ` � 1 an edgebetween somevertex in Cj

and somevertex in Cj +1 , we obtain a connectedgraph. Sincethe number of edgesaddedis at most
�m , we reach a contradiction.

In the bounded-degreemodel there is a small subtlety: Becauseof the degreeconstraint, we
can't immediately get a contradiction as in the proof of Claim 7.1. That is, it might be the case
that in someconnectedcomponent Cj , all vertices have the maximum degreed, and we cannot
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simply add edgesincident to them. However, it is not hard to show that in such a case(since d
must be at least 2 or elsethe graph cannot be connected),it is possibleto remove an edgefrom C j

without disconnecting it, and thus obtain two vertices with degreelessthan d. Therefore, in the
bounded-degreemodel it also holds that if the graph is far from being connectedthen it contains
many connectedcomponents. For the sake of simplicit y we continue with the sparse-graphsmodel.
Beforedoing sonote that since� (G) < n, so that � (G)=n2 < 1=n, in the dense-graphsmodel, every
graph is � -closeto being connectedfor � > 1=n. In other words, it is trivial to test for connectivity
in the dense-graphsmodel.

Let davg = m
n (the averagedegreeup to a factor of 2). Then Claim 7.1 implies the next claim.

Claim 7.2 If a graph is � -far from being connected, then it contains more than �
2davgn connected

components of size at most 2
� davg

each.

An implicit implication of Claim 7.2 is that if � � 2
davg

, then every graph is � -close to being
connected, so that the algorithm can immediately accept. Hence we assumefrom this point on
that � < 2

davg
.

Pro of: By Claim 7.1, the graph contains more than �d avgn connected components. Assume,
contrary to the claim, that there are at most �

2davgn components of size at most 2
� davg

each. We
shall refer to such components as small components. Otherwise they are big. Consider all other
(big) components. Since they each contain more than 2

� davg
vertices, and they are disjoint, there

can be at most n
2=(�d avg ) = �

2davgn such big connectedcomponents. Adding the number of small
connectedcomponents we get a contradiction.

Claim 7.1 suggeststhe algorithm given in Figure 14.

Algorithm 7.1 : Connectivit y Testing Algorithm I

1. Uniformly and independently select 4
� davg

vertices.a

2. For each selected vertex s perform a BFS starting from s until 2
� davg

vertices have
been reached or no more new vertices can be reached (a small connected component
has been found).

3. If any of the above searches �nds a small connected component, then the algorithm
rejects, otherwise it accepts.

a If � is so small so that the sample size is of the order of n, then the algorithm will take all graph vertices
and just run a BFS on the graph.

Figure 14: Connectivity testing algorithm (version I).

Correctness of the algorithm. Clearly, if the graph is connected,then the algorithm accepts
with probabilit y 1. On the other hand, if the graph is � -far from being connected,then by Claim 7.2
there are at least �

2davgn vertices that belong to small connected components. If the algorithm
selectssuch a vertex in its �rst step, then it rejects. The probabilit y that the algorithm does not
selectsuch a vertex is (1 � � davg

2 )4=(� davg ) < e� 2 < 1=3.
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The query complexit y (and running time). Consider�rst the casethat the maximum degree
in the graph is of the sameorder as the averagedegreedavg . In this casethe complexity is:

O
�

1
� davg

�
1

� davg
� davg

�
= O

�
1

� 2davg

�
; (28)

and in particular, when davg = O(1) we get O(1=�2). More generally, the cost of the BFS is the

total number of edgesobserved in the courseof the BFS, which is at most
�

2
� davg

� 2
and so we get

an upper bound of O
�

1
� 3(davg )3

�
.

Impro ving the query complexit y. Note that there was a certain \w aste" in our counting. On
one hand we performed, for each vertex selected,a BFS that may go up to 2

� davg
vertices, since in

the worst caseall small components have this number of vertices. On the other hand, when we
counted the number of vertices that belong to small connectedcomponents, then we assumeda
worst-casescenarioin which there is just onevertex in each small component. Thesetwo worst-case
scenarioscannot occur together. Speci�cally , if all small components indeed contain 2

� davg
vertices,

then (since there are at least �
2davg

n small components), every vertex belongsto a small component
so the probabilit y of selecting a vertex from a small component is 1. In the other extreme, if all
small components are of size1, then we will needto take a sampleof size �(1 =�davg), but then it
will be enoughto ask a constant number of queriesfor each of thesevertices.

More generally, let us partition the (at least �
2davg

n) small connected components according
to their size. Speci�cally , for i = 1; : : : ; ` where ` = log(2=(�d avg )) + 1, (where for simplicit y we
ignore 
o ors and ceilings), let B i consist of all connectedcomponents that contain at least 2i � 1

vertices and at most 2i � 1 vertices. By our lower bound on the total number of small connected
components,

P `
i =1 jB i j � �

2davgn. Hence, there exists an index j for which jB j j � 1
` � �

2davgn.
By de�nition of B j , the number of vertices that belong to connected components in B j is at
least 2j � 1 � jB j j � 2j � 1 � 1

` � �
2davgn, and if we uniformly and independently select a vertex, then

the probabilit y that it belongs to a component in B j is 2j � 1 � 1
` � �

2davg . Therefore, if we select

�
�

`
2j � 1 � davg

�
vertices, uniformly at random, and from each we perform a BFS until we reach 2j

vertices or a small connectedcomponent is detected, then we'll �nd evidenceof a small connected
component in B j with constant probabilit y.

Since we don't know what is the (an) index j for which jB j j � 1
` � �

2davgn, we run over all
possibilities. Namely, we get the algorithm in Figure 15.

The correctnessof the algorithm follows from the discussionwe had above. The query com-
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Algorithm 7.2 : Connectivit y Testing Algorithm I I

1. For i = 1 to ` = log(2=(�d avg )) + 1 do

(a) Uniformly and independently select t i = 4`
2i � 1 � davg

vertices.

(b) For each selected vertex s perform a BFS starting from s until 2i vertices have
been reached or no more new vertices can be reached (a small connected compo-
nent has been found).

2. If any of the above searches �nds a small connected component, then the algorithm
rejects, otherwise it accepts.

Figure 15: Connectivity testing algorithm (version I I).

plexity is bounded as follows:

X̀

i =1

t i � 22i = c �
X̀

i =1

`
2i � 1� davg

� 22i (29)

= c0 �
`

� davg

X̀

i =1

2i (30)

� c0 �
`

� davg
� 2`+1 (31)

= c00�
log(1=(�d avg ))

� 2davg
(32)

Therefore, we have saved a factor of �
�

log(1=(� davg ))
� davg

�
(as comparedto Algorithm 7.1).

7.2 k-Edge Connectivit y

Recall that a graph is k-edgeconnected(or in short, k-connected),if betweenevery pair of vertices
in the graph there are k edge-disjoint paths. An equivalent de�nition is that the size of every
cut in the graph is at least k. Recall that the connectivity (1-connectivity) testing algorithm is
basedon the observation that if a graph is far from being connected,then it contains many small
connectedcomponents (cuts of size0). This statement generalizesas follows to k-connectivity for
k > 1 (basedon e.g., [DW98, DKL76, NGM97]). If a graph is far from being k-connected,then it
contains many subsetsC of vertices that are small and such that: (1) (C; C) = ` < k; (2) for every
C0 � C, (C0; C0) > `. We say in this casethat the subsetC is `-extreme.

As in the caseof connectivity, we shall uniformly select a su�cien t number of vertices and
for each we shall try and detect whether it belongs to a small `-extreme set C for ` < k. The
algorithmic question is how to do this in time that dependsonly on the size of C and possibly d
(or davg) and k. There are special purposealgorithms for k = 2 and k = 3 (that are more e�cien t
than the generalalgorithm), but here we shall discusshow to deal with the generalcaseof k � 3.

The problem is formalized as follows: Given a vertex v 2 C where C is an `-extreme set for
` < k and jCj � t, describea (possibly randomized)procedurefor �nding C (with high probabilit y),
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when given accessto neighbor queriesin the graph. Here it will actually be somewhatsimpler to
work in the bounded-degreemodel (though the algorithm can be easily modi�ed to work in the
sparse-graphs(unbounded-degree)model).

The suggestedprocedureis an iterativ e procedure: at each step it hasa current subsetof vertices
S and it adds a single vertex to S until jSj = t or a cut of size lessthan k is detected. To this end
the proceduremaintains a cost that is assignedto every edgeincident to vertices in S. Speci�cally ,
initially S = f vg. At each step, the procedureconsidersall edgesin the cut (S;S). If an edgewas
not yet assigneda cost, then it is assigneda cost uniformly at random from [0; 1]. Then the edge
in (S;S) that has the minimum cost among all cut edgesis selected. If this edgeis (u; v) where
u 2 S and v 2 S, then v is added to S. The procedure is repeated �( t 2) times. Our goal is to
prove that a single iteration of the proceduresucceedsin reaching S = C with probabilit y at least
t � 2 or possibly reaching S = C0 such that the cut (C0; C0) hassizelessthan k (recall that ` may be
strictly smaller than k). Before doing so observe that the total running time is upper bounded by
O(t2 � t � d log(td)) = ~O(t3 � d). Sinceit is su�cien t to considert that is polynomial in k and 1=(�d),
we obtain an algorithm whosecomplexity is polynomial in k and 1=�.

For our purposesit will be convenient to represent C by a single vertex x that has ` neighbors
in C. Since,if the proceduretraversesan edgein the cut (C; C), we account for this as a failure in
detecting the cut, we are not interested in any other information regarding C. Let this new graph,
over at most t + 1 vertices, be denoted by GC . Note that sinceC is an `-extreme set, every vertex
v 2 C has degreegreater than `. The �rst observation is that though our procedureassignscosts
in an online manner, we can think of the random costs being assignedaheadof time, and letting
the algorithm \rev eal" them as it goesalong.

Consider any spanning tree T of the subgraph induced by C (this is the graph GC minus the
\outside" vertex x). We say that T is cheaper than the cut (C; C) if all t � 1 edgesin T have costs
that are lower than all costsof edgesin the cut (C; C).

Claim 7.3 Suppose that the subgraph induced by C has a spanning tree that is cheaper than the
cut (C; C). Then the search process succeeds in �nding the cut (C; C) or a cut (C 0; C0) that has
size lessthan k.

Pro of: We prove, by induction on the size of the current S, that S � C. Since the procedure
stops when it �nds a cut of sizelessthan k, it will stop when S = C, if it doesn't stop beforethat.
Initially , S = f vg so the baseof the induction holds. Consider any step of the procedure. By the
induction hypothesis, at the start of the step S � C. If S = C, then we are done. Otherwise,
S � C. But this meansthat there is at least one edgefrom the spanning tree in the current cut
(S;S) (that is, an edgeconnectingv 2 S to u 2 C nS). But sinceall edgesin (C; C) have a greater
cost, one of the spanning tree edgesmust be selected,and the induction step holds.

Karger's Algorithm. It remains to prove that with probabilit y 
( t � 2), the subgraph induced
by C hasa spanningtree that is cheaper than the cut (C; C). To this end we considera randomized
algorithm for �nding a minimum cut in a graph known as \Karger's min-cut algorithm"[ Kar93],
and its analysis.

Karger's algorithm works iterativ ely as follows. It starts from the original graph (in which it
wants to �nd a min-cut) and at each step it modi�es the graph and in particular decreasesthe
number of vertices in the graph. An important point is that the intermediate graphs may have
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parallel edges(even if the original graph does not). The modi�cation in each step is done by
contracting two vertices that have at least one edgebetweenthem. After the contraction we have
a singlevertex instead of two, but we keepall edgesto other vertices. That is, if we contract u and
v into a vertex w, then for every edge(u; z) such that z 6= v we have an edge(w; z) and similarly
for (v; z), z 6= u. The edgesbetweenu and v are discarded(i.e., we don't keepany self-loops). The
algorithm terminates when only two vertices remain: Each is the contraction of one side of a cut,
and the number of edgesbetweenthem is exactly the sizeof the cut.

The contraction in Karger's algorithm is performed by selecting,uniformly at random, an edge
in the current graph, and contracting its two endpoints. Recall that we have parallel edges,so the
probabilit y of contracting u and v dependson the number of edgesbetween them. An equivalent
way to describe the algorithm is that we �rst uniformly selecta random ordering (permutation) of
the edges,and then, at each step we contract the next edge(that is still in the graph) according to
this ordering. To get a random ordering we can simply assignrandom costs in [0; 1] to the edges
in the graph (which inducesa random ordering of the edges).

Now, as a thought experiment, consider an execution of Karger's min-cut algorithm on GC

(whosemin-cut is (C; f xg)). If the algorithm succeedsin �nding this cut (that is, it endswhen C
is contracted into a single vertex and no edgebetween C and x is contracted), then the edgesit
contracted along the way constitute a spanningtree of C and this spanningtree is cheaper than the
cut. So the probabilit y that Karger's algorithm succeedsis a lower bound on the probabilit y that
there exists a spanning tree that is cheaper than the cut, which is a lower bound on the success
probabilit y of the local-search procedure. Hence,it remains to lower bound the successprobabilit y
of Karger's algorithm. (Observe that our local-search procedurealsode�nes a spanningtree, but its
construction processis similar to Prim's algorithm while Karger's algorithm is similar to Kruskal's
algorithm.)

Returning to the analysis of Karger's algorithm, the simple key point is that, since C is an
`-extreme set, at every step of the algorithm the degreeof every vertex is at least ` + 1 (recall that
a vertex corresponds to a contracted subsetC0 � C). Thus, at the start of the i th contraction step
the current graph contains at least (n� (i � 1)) �(`+1)+ `

2 edges.Hence,the probabilit y that no cut edge
is contracted is at least

t � 1Y

i =1

�
1 �

2`
(t � (i � 1)) � (` + 1) + `

�
=

t � 2Y

i =0

�
1 �

2`
(t � i ) � (` + 1) + `

�
(33)

=
t � 2Y

i =0

(t � i )( ` + 1) � `
(t � i )( ` + 1) + `

(34)

=
tY

j =2

j � `=(` + 1)
j + `=(` + 1)

(35)

>
tY

j =2

j � 1
j + 1

>
6
t2 : (36)

(If ` is small, e.g., ` = 1, then the probabilit y is even higher.) Thus, the successprobabilit y of
Karger's algorithm, and henceof our local-search algorithm, is 
( t � 2).

A Comment. Note that the local-search procedure does not select to traverse at each step a
random edgein the cut (S;S). To illustrate why this would not be a good idea, consider the case
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in which k = 1, C is a cycle, and there is one edgefrom a vertex v in C to x. If we executedthe
alternative algorithm, then oncev would be added to S, at each step the probabilit y that the cut
edgeis traversed,would be 1=3, and the probabilit y this doesn't happen would be exponential in
t. On the other hand, the way our procedureworks, it succeedswith probabilit y 1

t becausethat is
the probabilit y that the cut edgegets the maximum cost.

7.3 k-Vertex Connectivit y.

A graph is k-vertex connected if between every two vertices there are k vertex-disjoint paths.
First note that being 1-vertex connectivity is the same as being 1-edge connected, a property
we have already discussed.Testing k-vertex connectivity for k = 2 and k = 3 was studied in the
bounded-degreemodel in [GR97], and the algorithms proposedhave query complexity (and running
time) ~O(� � 2d� 1) and ~O(� � 3d� 2), respectively. The general caseof k > 3 was studied by Ito and
Yoshida [IY08], and their algorithm has complexity ~O(d(ck=(�d)) k ) (for a constant c).

7.4 Minor Closed Prop erties

A graph property is said to be minor closed if it is closed under removal of edges,removal of
vertices and contraction of edges.9 All properties de�ned by a forbidden minor10 (or minors) are
minor closed, and in particular this is true of planarit y, outerplanarity, having a bounded tree-
width, and more. A graph property is hereditary if it is closedunder removal of vertices (so that
every minor closedproperty is hereditary, but alsoother propertiessuch ask-colorability). Czumaj,
Sohler and Shapira [CSS07] proved that every hereditary property is testable if the input graph
belongsto a family of graphs that is hereditary and \non-expanding" (that is, it doesnot contain
graphs with expansiongreater than 1=log2 n). The query complexity of their testing algorithm is
doubly-exponential in poly(1=�).

Building on someideas from [CSS07], Benjamini, Schramm, and Shapira [BSS08] proved that
every minor closedproperty is testable (without any condition on the tested graph), using a num-
ber of queries that is triply-exp onential in poly(1=�). This result was improved by Hassidim et
al. [HKNO09] who reducedthe complexity to singly-exponential in poly(1=�). We note that the spe-
cial caseof testing cycle-freeness(which is equivalent to testing whether a graph is K 3-minor-free)
is consideredin [GR02]. That work includesan algorithm for testing cycle-freenessin the bounded-
degreemodel with query complexity poly(1=�). We also mention that testing cycle-freenessin the
sparse(unbounded-degree)model requires 
(

p
n) queries[PR02].

All the abovementioned algorithms perform local search. The [CSS07] algorithm searches for
evidencethat the graph doesnot have the property, wherethis evidenceis in the form of a forbidden
induced subgraph (of bounded size). Thus their algorithm has one-sided error. Finding such
evidenceby performing a number of queries that does not depend on n is not possiblein general
graphs (even for the simple caseof the (minor closed) property of cycle-freenessthere is a lower
bound of 
(

p
n) on the number of queries necessaryfor any one-sidederror algorithm [GR02]).

9When an edge(u; v) is contracted, the vertices u and v are replaced by a single vertex w, and the set of neighbors
of w is the union of the sets of neighbors of u and v.

10 A graph H is a minor of a graph G if H can be obtained from G by vertex removals, edge removals, and edge
contractions. Robertson and Seymour [RS04] have shown that every minor-closed property can be expressedvia a
constant number of forbidden minors (where it is possible to �nd such a minor if it exists, in cubic time [RS95]).
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Instead, the algorithm of [BSS08] useslocal search in order to estimate the number of di�eren t
subgraphs of a bounded size, and it is shown that such an estimate can distinguish (with high
probabilit y) between graphs that have any particular minor-closed property and graphs that are
far from having the property.

The algorithm of [HKNO09] has both a \one-sided error part" and a \t wo-sided error part".
That is, it may reject either becauseit found \hard" evidencein the form of a small subgraph that
contains a forbidden H -minor, or becauseit found certain \circumstan tial evidence". The latter
type of evidenceis basedon the Separator Theorem of Alon, Seymourand Thomas [AST90]. This
theorem implies that if a graph (with degreeat most d) is H -minor free, then by removing at most
�dn edgesit is possible to obtain connectedcomponents that are all of size O(1=� 2) (where the
constant in the O(�) notation dependson H ). The algorithm of [HKNO09] �rst tries to estimate
the number of edgesin G between the subsets of vertices that correspond to these connected
components. This is done by implementing what they call a Partition Oracle (where in the case
that the graph is minor closed, the parts of the partition correspond to small connectedsubsets
that are separatedby a relatively small number of edges).

If the graph has the minor-closedproperty in question, then with high probabilit y the estimate
on the number of edgesbetweenparts will be su�cien tly small. On the other hand, if the graph is
far from from the property, then oneof the following two events will occur (with high probabilit y):
(1) The estimate obtained is large, so that the algorithm may reject; (2) The estimate obtained is
small (becausethe graph can be separatedto small connectedcomponents by removing few edges
(even though the graph is far from being minor-closed)). In the latter caseit can be shown that in
the secondpart of the algorithm, where the algorithm searches for a forbidden minor in the close
vicinit y of a sample of vertices, a forbidden minor will be detected with high probabilit y (since
many forbidden minors must residewithin the small parts).

7.5 Other Lo cal-Search Algorithms

There are also local-search algorithms for the following properties: being Eulerian, subgraph-
freeness[GR02], and having a diameter of a bounded size [PR02]. The dependenceon 1=� in
all thesecasesis polynomial (and there is no dependenceon the number, n, of graph vertices). In
somecases(subgraph-freeness)the algorithm works only in the bounded-degreemodel (and there
is a lower bound of 
(

p
n) on the number of queries required in the sparse(unbounded-degree)

model). In the other casesthere are algorithms that work in both models. All of thesealgorithms
are basedon local search, though naturally, the local search may be somewhatdi�eren t, and once
the local search is performed,di�eren t checks are performed. For example,in the caseof the diame-
ter testing algorithm, it is important to account for the depth of the BFS. That is, we are interested
in the number of vertices reached when going to a certain distance from the selectedvertices.

8 Random Walks Algorithms

In this sectionwe discusstwo algorithms that work in the bounded-degreemodel and are basedon
random walks. The �rst is for testing bipartiteness and the secondis for testing expansion. The
algorithm for testing bipartiteness wasextendedto the generalmodel (and as a special case,to the
sparse-graphsmodel), in [KKR04]. We shortly discussthe [KKR04] result in Section 10.
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8.1 Testing Bipartiteness in Bounded-Degree Graphs

Recall that a graph G = (V; E) is bipartite if there exists a partition (V1; V2) of V such that
E(V1; V1) [ E (V2; V2) = ; . A graph is � -far from being bipartite in the bounded-degreemodel if
more than �dn edgesshould be removed in order to make it bipartite. In other words, for every
partition (V1; V2) of V we have that jE (V1; V1) [ E (V2; V2)j > �dn . It was �rst shown in [GR02]
that asopposedto the dense-graphsmodel, any algorithm for testing bipartiteness in the bounded-
degreemodel must perform 
(

p
n) queries (for constant � ). (SeeSubsection 9.2 for a high level

idea of the proof.)

The algorithm we present [GR99] almost matches this lower bound in terms of its dependence
on n. The query complexity and running time of the algorithm are O(

p
n � poly(log n=� )). The

algorithm is basedon performing random walks of the following (lazy) form: In each step of the
random walk on a graph of degreeat most d, if the current vertex is v, then the walk continues
to each of v's neighbors with equal probabilit y 1

2d and remains in place with probabilit y 1 � deg(v)
2d .

An important property of such random walks on connected graphs is that, no matter in which
vertex we start, if we consider the distribution reached after t steps, then for su�cien tly large t,
the distribution is very closeto uniform. The su�cien t number of stepst dependson properties of
the graph (and of courseon how closewe needto be to the uniform distribution). In particular, if
it su�ces that t be relatively small (i.e., logarithmic in n), then we say that the graph is rapidly
mixing. In particular, expander graphs(in which subsetsof verticeshave relatively many neighbors
outside the subset), are rapidly mixing. We describe the algorithm in Figure 16, and give a sketch
of the proof of its correctnessfor the caseof rapidly mixing graphs.

Algorithm 8.1 : Test-Bipartite (for bounded-degree graphs)

� Repeat T = �( 1
� ) times:

1. Uniformly select s in V .

2. If odd-cycle(s) returns found, then reject.

� In case the algorithm did not reject in any one of the above iterations, it accepts.

Procedureodd-cycle(s)

1. Let K def= poly((log n)=�) �
p

n, and L def= poly((log n)=�);

2. Perform K random walks starting from s, each of length L ;

3. If somevertex v is reached (from s) both on a pre�x of a random walk corre-
sponding to an even-length path and on a pre�x of a walk corresponding to an
odd-length path, then return found. Otherwise, return not-found.

Figure 16: The algorithm for testing bipartiteness in bounded-degreegraphs.

Note that while the number of steps performed in each walk is exactly the same (L), the
lengths of the paths they induce (i.e., removing steps in which the walk stays in place), vary.
Hence,in particular, there are even-length paths and odd-length paths. Also note that if the graph
is bipartite, then it is always accepted,and so we only needto show that if the graph is � -far from
bipartite, then it is rejected with probabilit y at least 2=3.
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The rapidly-mixing case. Assume the graph is rapidly mixing (with respect to L). That is,
from each starting vertex s in G, and for every v 2 V , the probabilit y that a random walk of length
L = poly((log n)=�) ends at v is at least 1

2n and at most 2
n { i.e., approximately the probabilit y

assignedby the stationary distribution. (Recall that this ideal caseoccurswhen G is an expander).
Let us �x a particular starting vertex s. For each vertex v, let p0

v be the probabilit y that a random
walk (of length L) starting from s, ends at v and corresponds to an even-length path. De�ne p1

v
analogouslyfor odd-length paths. Then, by our assumption on G, for every v, p0

v + p1
v � 1

2N .

We considertwo casesregarding the sum
P

v2 V p0
v � p1

v | In casethe sum is (relatively) \small",
we show that there exists a partition (V0; V1) of V that is � -good, and so G is � -close to being
bipartite. Otherwise (i.e., when the sum is not \small"), we show that Pr[odd-cycle(s) = found] is
constant. This implies that if G is � -far from beingbipartite, then necessarilythe sum is not \small"
(or elsewewould get a contradiction by the �rst case).But this meansthat Pr[odd-cycle(s) = found]
is a constant for every s, so that if we select a constant number of starting vertices, with high
probabilit y for at least one we'll detect a cycle.

Consider �rst the casein which
P

v2 V p0
v � p1

v is smaller than �
c�n for somesuitable constant c > 1

(c > 300 should su�ce). Let the partition (V0; V1) be de�ned as follows: V0 = f v : p0
v � p1

vg and
V1 = f v : p1

v > p0
vg. Consider a particular vertex v 2 V0. By de�nition of V0 and our rapid-mixing

assumption,p0
v � 1

4n . Assumev hasneighbors in V0, and denote this set of neighbors by � 0(v), and
their number by d0(v). Then for each such neighbor u 2 � 0(v), p0

u = p0
u(L ) � 1

4n as well. This can
be shown to imply that p0

u(L � 1) � 1
32n . (The high level idea is to map walks of L steps that end

at u and correspond to even-length paths to walks of L � 1 stepsthat are obtained by removing one
step of staying in place (and hencealso correspond to even-length paths).) However, sincethere is
a probabilit y of 1

2d of taking a transition from u to v in walks on G, we can infer that each neighbor
u contributes 1

2d � 1
32n to the probabilit y p1

v. In other words,

p1
v =

X

u2 � 0(v)

1
2d

� p0
u(L � 1) � d0(v) �

1
64dn

: (37)

Therefore, if we denote by d1(v) the number of neighbors that a vertex v 2 V1 has in V1, then

X

v2 V

p0
v � p1

v �
X

v2 V0

1
4n

�
d0(v)
64dn

+
X

v2 V1

1
4n

�
d1(v)
64dn

(38)

=
1

c0dn2 �

0

@
X

v2 V0

d0(v) +
X

v2 V1

d1(v)

1

A (39)

(where c0 is a constant). Thus, if there were many (more than �dn ) violating edgeswith respect
to (V0; V1), then the sum

P
v2 V p0

v � p1
v would be at least �

c0n , contradicting our casehypothesis(for
c > c0).

We now turn to the secondcase(
P

v2 V p0
v � p1

v � c � �
N ). For every �xed pair i; j 2 f 1; : : : ; K g,

(recall that K = 
(
p

n) is the number of walks taken from s), consider the 0/1 random variable
� i;j that is 1 if and only if both the i th and the j th walk end at the samevertex v but correspond
to paths with a di�eren t parit y (of their lengths). Then Pr[� i;j = 1] =

P
v2 V 2 � p0

v � p1
v , and so

E[� i;j ] =
P

v2 V 2 � p0
v � p1

v . What we would like to have is a lower bound on Pr[
P

i<j � i;j = 0]. Since
there are K 2 = 
( n=� ) such variables, the expected value of their sum is greater than 1. These
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random variables are not all independent from each other, nonethelessit is possible to obtain a
constant bound on the probabilit y that the sum is 0 using Chebyshev's inequality.

We note that the above analysis can be viewed as following the enforce-and-testapproach: A
selectedvertex s enforces a partition, and the walks taken from it test the partition.

The idea for the General Case. Unfortunately, we may not assumein general that for ev-
ery (or even some) starting vertex, all (or even almost all) vertices are reached with probabilit y
�(1 =n). Instead, for each vertex s, we may consider the set of vertices that are reached from s
with relatively high probabilit y on walks of length L = poly((log n)=�). As was done above, we
could try and partition theseverticesaccordingto the probabilit y that they are reached on random
walks corresponding to even-length and odd-length paths, respectively. The di�cult y that arisesis
how to combine the di�eren t partitions induced by the di�eren t starting vertices,and how to argue
that there are few violating edgesbetweenverticespartitioned accordingto onestarting vertex and
vertices partitioned according to another (assumingthey are exclusive).

To overcomethis di�cult y, the analysisof [GR99] proceedsin a di�eren t manner. Let us call a
vertex s good, if the probabilit y that odd-cycle(s) returns found is at most 0:1. Then, assumingG is
acceptedwith probabilit y greater than 1

3 , all but at most �
16 of the vertices are good. It is possible

to de�ne a partition in stagesas follows. In the �rst stage we pick any good vertex s. What can
be shown is that not only is there a set of vertices S that are reached from s with high probabilit y
and can be partitioned without many violations (due to the \goodness" of s), but also that there
is a small cut betweenS and the rest of the graph. Thus, no matter how we partition the rest of
the vertices, there cannot be many violating edgesbetweenS and V n S. We therefore partition S
(as above), and continue with the rest of the vertices in G.

In the next stage, and those that follow, we consider the subgraph H induced by the yet
\unpartitioned" vertices. If jH j < �

4n, then we can partition H arbitrarily and stop sincethe total
number of edgesadjacent to vertices in H is lessthan �

4 � dn. If jH j � �
4n, then it can be shown that

any good vertex s in H that has a certain additional property (which at least half of the vertices
in H have), determinesa set S (whosevertices are reached with high probabilit y from s) with the
following properties: S can be partitioned without having many violating edgesamong vertices in
S; and there is a small cut between S and the rest of H . Thus, each such set S accounts for the
violating edgesbetween pairs of vertices that both belong to S as well as edgesbetween pairs of
vertices such that one vertex belongsto S and one to V(H ) n S. Adding it all together, the total
number of violating edgeswith respect to the �nal partition is at most �dn . For an illustration see
Figure 17. The core of the proof is hence in proving that indeed for most good vertices s there
exists a subsetS asde�ned above. The analysisbuilds in part on techniquesof Mihail [Mih89] who
proved that the existenceof large cuts (good expansion) implies rapid mixing.

8.2 Testing Expansion

We have seenin the previous subsection that knowing that a graph is an expander can simplify
the analysisof a testing algorithm. Here we shortly discussthe problem of testing whether a graph
is an expander (using random walks). We say that a graph G = (V; E) is a (
 ; � )-expander if for
every subset U � V such that jUj � 
 n (where n = jV j), we have that the number of neighbors
of vertices in U that are outside of U (i.e.

�
� f v : v 2 V n U; and 9u 2 U s.t. (u; v) 2 Eg

�
�) is at
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s1

s3

s2

G

Figure 17: An illustration of several stagesof the partitioning processin the casethat the graph G passes
the test with su�cien tly high probabilit y. The vertices s1, s2 and s3 are \go od" vertices, where the random
walks from each areusedto obtain a partition with few violating edgesin a part of a graph. The \b oundaries"
betweentheseparts aremarkedby brokenlines,wherethe number of edgescrossingbetweenparts is relatively
small.

least � � jUj. (A closelyrelated de�nition setsa lower bound on the number of edgesgoing out of U
relative to jUj, but herewe usethe vertex-expansion de�nition.) When 
 is not explicitly speci�ed,
then it is assumedto be 1=2.

The �rst result concerningtesting expansionwas a negative one: It was shown in [GR02] that
testing expansionrequires 
(

p
n) queries (for constant � , 
 and � ). The lower bound establishes

that it is hard to distinguish in lessthan
p

n=c queries (for someconstant c), between a random
3-regular graphs (which is a very good expander with high probabilit y) and a graph that consists
of several such disjoint subgraphs(which is far from being even a weak expander).

In [GR00] it was conjectured that there is an almost matching upper bound in terms of the
dependenceon n. Speci�cally , in [GR00] a random-walks based algorithm was proposed. The
basic underlying idea of the algorithm is that if a graph is a su�cien tly good expander, then the
distribution induced by the end-points of random walks (of length that grows logarithmically with
n and also depends on the expansion parameter � ) is closeto uniform. The algorithm performsp

n � poly(1=�) random walks, and counts the number of collisions (that is, the number of times
that the samevertex appearsas an end-point of di�eren t walks). The algorithm rejects only if this
number is above a certain threshold. It was shown in [GR00] that the algorithm indeed accepts
every su�cien tly good expander.11 The harder direction of proving that the algorithm rejects
graphs that are far from being good (or even reasonablygood) expanderswas left open.

Several years later, Czumaj and Sohler [CS07] made progresson this problem and showed that
the algorithm of [GR00] (with an appropriate setting of the parameters) can distinguish with high
probabilit y betweenan � -expander(with degree-bound d) and a graph that is � -far from beingan � 0

expander for � 0 = O
�
� 2=(d2 log(n=� ))

�
. The query complexity and running time of the algorithm

are O
�
d2p

n log(n=� )� � 2� � 3
�
. This result was improved by Kale and Seshadhri [KS08a] and by

Nachmias and Shapira [NS07] (who build on an earlier version of [KS07]) so that � 0 = O(� 2=d2)
(with roughly the samecomplexity - the dependenceon n is slightly higher, and the dependenceon
1=� is lower). It is still open whether it is possibleto improve the result further so that it hold for
� 0 that dependslinearly on � (thus decreasingthe gap betweenacceptedinstancesand the rejected

11 The notion of expansion considered in [GR00] was actually the algebraic one, basedon the secondlargest eigen-
value of the graph, but this notion can be translated to vertex expansion.
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instances).

9 Lower Bounds

We have mentioned quite a few lower bound results along the way, but haven't given any details.
Here we give somedetails for two lower bounds so as to provide some
a vor of the types of con-
structions and arguments used. Note that when dealing with lower bounds, there are two main
issues. One is whether or not we allow the algorithm to be adaptive, that is, whether its queries
may depend on previous answers, and the secondis whether it is allowed to have two-sided error
or only one-sidederror. Clearly, the strongest type of lower bound is one that holds for adaptive
algorithms that are allowed two-sidederror, though weaker results may be informativ e as well.

9.1 A Lower Bound for Testing Triangle-F reeness

Recall that in Section 6 we showed that there is an algorithm for testing triangle-freenessof dense
graphs that has a dependenceon 1=� that is quite high. While there is no known matching lower
bound, we shall show that a super-polynomial dependenceon 1=� is necessary[Alo02]. Here we
give the proof only for the one-sidederror case,and note that it can be extended to two-sided
error algorithms [AS04]. Namely, we shall show how to construct dense graphs that are � -far
from being triangle-free but for which it is necessaryto perform a super-polynomial number of
queries in order to seea triangle. As shown in [AFKS00, GT03], if we ignore quadratic factors,
we may assumewithout lossof generality that the algorithm takesa uniformly selectedsampleof
vertices and makes its decisionbasedon the induced subgraph. This \gets rid" of having to deal
with adaptivit y. Furthermore, since we are currently considering one-sidederror algorithms, the
algorithm may reject only if it obtains a triangle in the sample.

The construction of [Alo02] is basedon graphsthat areknown asBehrend Graphs. Thesegraphs
are de�ned by sets of integers that include no three-term arithmetic progression(abbreviated by
3AP). Namely, these are sets X � f 1; : : : ; mg such that for every three elements x 1; x2; x3 2 X ,
if x2 � x1 = x3 � x2 (i.e., x1 + x3 = 2x2), then necessarilyx1 = x2 = x3. Below we describe a
construction of such sets that are large (relative to m), and later explain how such setsdetermine
Behrend graphs.

Lemma 9.1 For everysu�ciently largem there existsa set X � f 1; : : : ; mg, jX j � m1� g(m) where
g(m) = o(1), such that X contains no three-term arithmetic progression.

In particular, it is possibleto obtain g(m) = c=
p

logm for a small constant c. We present a simpler
proof that gives a weaker bound of g(m) = O(log log logm=log logm), but gives the idea of the
construction.

Pro of: Let b = logm and k =
j

log m
log b

k
� 1. Since logm=logb = logm=log logm we have that

k < b=2 for every m � 8. We arbitrarily select a subset of k di�eren t numbers f x 1; : : : ; xkg �
f 0; : : : ; b=2 � 1g and de�ne

X =

(
kX

i =1

x � (i )b
i : � is a permutation of f 1; : : : ; kg

)

: (40)
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By the de�nition of X we have that jX j = k!. By using z! > (z=e)z , we get that

jX j = k! =
��

logm
log logm

�
� 1

�
! >

1
(log m=log logm)2 �

logm
log logm

! (41)

>
�

log logm
logm

� 2

�
�

logm
e � log logm

� log m
log log m

(42)

= 22(log log log m� log log m) � 2log m� log log m � log e� log log log m
log log m > m1� log log log m +4

log log m : (43)

Consider any three elements u; v; w 2 X such that u + v = 2w. By de�nition of X , theseelements
are of the form u =

P k
i=1 x � u (i )bi , v =

P k
i=1 x � v (i )bi and w =

P k
i=1 x � w (i )bi 2 X , where � u ; � v ; � w

are permutations over f 1; : : : ; kg. Since u + v =
P k

i=1 (x � u (i ) + x � v (i ) )bi and x i < b=2 for every
1 � i � k, it must be the casethat for each i ,

x � u (i ) + x � v (i ) = 2x � w (i ) : (44)

This implies that for every i :
x2

� u (i ) + x2
� v (i ) � 2x2

� w (i ) (45)

where the inequality in Equation (45) is strict unlessx � u (i ) = x � v (i ) = x � w (i ) . (This follows from
the more general fact that for every convex function f , 1

n

P n
i=1 f (ai ) � f ( 1

n

P n
i =1 ai ).) If we sum

over all i 's and there is at least one index i for which the inequality in Equation (45) is strict we
get that

kX

i =1

x2
� u (i ) +

kX

i =1

x2
� v (i ) >

kX

i =1

2x2
� w (i ) (46)

which is a contradiction since we took permutations of the same numbers. Thus, we get that
u = v = w.

Remark. The better construction has a similar form. De�ne

X b;B =

(
kX

i =1

x i bi : 0 � x i <
b
2

and
kX

i =0

x2
i = B

)

where k =
j

log m
log b

k
� 1 as before. Then it can be shown that there exists a choice of b and B for

which jX b;B j � m
exp(

p
log m)

= m1� �(1 =
p

log m) .

Behrend graphs. Given a set X � f 1; : : : ; mg with no three-term arithmetic progressionwe
de�ne the Behrend graph B GX as follows. It has6m vertices that are partitioned into three parts:
V1, V2, and V3 where jVi j = i � m. For each i 2 f 1; 2; 3g we associate with each vertex in Vi a
di�eren t integer in f 1; : : : ; i � mg. The edgesof the graph are de�ned as follows (for an illustration
seeFigure 18):

� The edgesbetweenV1 and V2. For every x 2 X and j 2 f 1; : : : ; mg there is an edgebetween
j 2 V1 and (j + x) 2 V2;
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� The edgesbetweenV2 and V3. For every x 2 X and j 2 f 1; : : : ; 2mg there is an edgebetween
(j + x) 2 V2 and (j + 2x) 2 V3;

� The edgesbetweenV1 and V3. For every x 2 X and j 2 f 1; : : : ; mg there is an edgebetween
j 2 V1 and (j + 2x) 2 V3.

(It is also possibleto construct a \nicer", regular graph, by working modulo m.) We shall say that
an edgebetween j 2 V1 and j 0 2 V2 or between j 2 V2 and j 0 2 V3 is labeled by x, if j 0 = (j + x),
and we shall say that an edgebetweenj 2 V1 and j 0 2 V3 is labeled by x, if j 0 = (j + 2x).

j

j + x

j + 2x

V1

V2

V3

Figure 18: An illustration of the structure of Behrend graphs.

The graph B GX contains 3jX jm edges.SincejX j = o(m) we don't yet have a densegraph (or,
more precisely, if � is a constant, then the graph is not � -far from being triangle-free according to
the dense-graphsmodel), but we shall attend to that shortly. For every j 2 f 1; : : : ; mg and x 2 X ,
the graph contains a triangle (j; (j + x); (j + 2x)) where j 2 V1, (j + x) 2 V2 and (j + 2x) 2 V3.
There are m � jX j such edge-disjoint triangles and every edgeis part of one such triangle. That is,
in order to make the graph triangle-free it is necessaryto remove a constant fraction of the edges.

On the other hand, we next show that, basedon the assumption that X is 3AP-free, there are
no other triangles in the graph. To verify this considerany three verticesj 1; j 2; j 3 where j i 2 Vi and
such that there is a triangle betweenthe three vertices. By de�nition of the graph, j 2 = (j 1 + x1),
for somex1 2 X , j 3 = (j 2 + x2), for somex2 2 X , and j 3 = (j 1 + 2x3), for somex3 2 X . Therefore,
(j 1 + x1 + x2) = (j 1 + 2x3). That is, we get that x1 + x2 = 2x3. SinceX contains no three-term
arithmetic progression,the last implies that x1 = x2 = x3, meaning that the triangle (j 1; j 2; j 3) is
of the form (j; (j + x); (j + 2x)).

To get a densegraph that is � -far from triangle-free for any given � , we \blo w up" the graph
B GX . In \blo wing-up" we mean that we replaceeach vertex in B GX by an independent set of s
vertices (where s will be determined shortly), and we put a completebipartite graph betweenevery
two such \sup er-vertices". We make the following observations:

� The number of vertices in the resulting graph is 6m � s, and the number of edgesis 3jX jm � s2.

� It is necessaryto remove jX jm �s2 edgesin order to make the graph triangle-free. This follows
from the fact that there are jX jm edge-disjoint triangles in B GX , and when turning them
into \sup er-triangles" it is necessaryto remove at least s2 edgesfrom each super-triangle.
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� There are jX jm � s3 triangles in the graph (this follows from the construction of B G(x), and
the blow-up, which replaceseach triangle in the original graph with s3 triangles).

Given � and n, we selectm to be the largest integer satisfying � � m � g(m)=36. This ensuresthat
m is a super-polynomial function of 1=� (for g(m) = �(1 =

p
logm) we get that m � (c=�)c log(c=�)

for a constant c > 0.) Next we set s = n=(6m) so that 6m � s = n, and the number of edgesthat
should be removed is

jX jm � s2 � m2� g(m) � s2 = (6ms)2 � m� g(m)=36 = �n 2 :

Finally, if the algorithm takes a sample of size q, then the expected number of triangles in the
subgraph induced by the sampleis at most

q3 �
jX jms3

n3 = q3 �
m2� g(m)

63m3 < q3 �
1

cm
:

If q < m1=3 then this is much smaller than 1, implying that w.h.p. the algorithm won't seea
triangle. But sincem is super-polynomial in 1=�, q must be super-polynomial as well.

As noted previously, this lower bound canbeextendedto hold for two-sidederror algorithms [AS04].

9.2 A Lower Bound for Testing Bipartiteness of Constan t Degree Graphs

In this subsectionwe give a high-level description of the lower bound of 
(
p

n) (for constant � ) for
testing bipartiteness in the bounded-degree[GR02] The bound holds for adaptive two-sided error
algorithms. We useheresomenotions (e.g., violating edges)that were introducedin Subsection8.1
(where we described an algorithm for testing bipartiteness in the bounded-degreemodel whose
complexity is O(

p
n � poly(log n=� ))).

To obtain such a lower bound we de�ne two families of graphs. In one family all graphs are
bipartite, and in the other family (almost all) graphs are � -far from bipartite, for someconstant
� (e.g., � = 0:01). We then show that no algorithm that performs less than

p
m=c queries (for

someconstant c) can distinguish with su�cien tly high successprobabilit y betweena graph selected
randomly from the �rst family and a graph selectedrandomly from the secondfamily. This implies
that there is no testing algorithm whosequery complexity is at most

p
m=c. We explain how this

is proved (on a high level) momentarily , but �rst we describe the two families.

We assumethat the number of vertices, n is even. Otherwise, the graphs constructed have one
isolated vertices, and the constructions are over the (even number of) n � 1 remaining vertices. In
both families all verticesresideon a cycle(sincen is assumedto beeven, the cycle is of even length).
The ordering of the vertices on the cycle is selectedrandomly among all n! permutations. In both
families, in addition to the cycle, we put a random matching between the vertices (thus bringing
the degreeto 3). The only di�erence between the families is that in one family the matching is
totally random, while in the other it is constrained so that only pairs of vertices whoseorderings
on the cycle have di�eren t parit y (e.g., the 2nd and the 5th vertex) are allowed to be matched. In
other words, it is a random bipartite matching.
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Step 1. The �rst claim that needsto be establishedis that indeed almost all graphs in the �rst
family are far from being bipartite. This involves a basic counting argument, but needsto be
done carefully. Namely, we needto show that with high probabilit y over the choice of the random
matching, every two-way partition has many (a constant fraction of) violating edges. We would
have liked to simply show that for each �xed partition, sincewe selectthe matching edgesrandomly,
with very high probabilit y there are many violating edgesamong them, and then to take a union
bound over all two-way partitions. This doesn't quite work, sincethe number of two-way partitions
is too large compared to the probabilit y we get for each partition (that there are many violating
edgeswith respect to the partition). Instead, the counting argument is slightly re�ned, and in
particular, usesthe cycle edgesas well. The main observation is that we don't actually need to
count in the union bound those partitions that already have many violating edgesamong the cycle
edges. The bene�t is that the union bound now needsto be over a smaller number of partitions,
and the proof of the claim follows.

Step 2. Given an algorithm, we want to say somethingabout the distribution induced on \query-
answer" transcripts, when the probabilit y is taken both over the coin 
ips of the algorithm and
over the random choice of a graph (in either one of the two families). We want to show that if
the algorithm asks too few queries, then these transcripts are distributed very similarly. How is
such a transcript constructed? At each step the algorithm asksa query (based on the past, with
possiblerandomness)and is given an answer according to the randomly selectedgraph. The main
observation is that for the sake of the analysis, instead of generating the graph randomly and then
answering queries,it is possibleto generatethe graph (according to the correct distribution) during
the processof answering the algorithm's queries.

To �rst illustrate this in an easier case (in the dense-graphsmodel, where the queries are
vertex-pair queries), think of selectinga graph randomly by independently letting each pair (u; v)
be an edgewith probabilit y p. In this case,whenever the algorithm asksa query, the processthat
generatesthe graph 
ips a coin with bias p and answers. Clearly the distribution over query-answer
transcripts is the sameif we �rst construct the graph and then let the algorithm run and perform
its queries,or if we construct the graph while answering the algorithm's queries.

Going back to our problem, let's think how this can be done for our graph distributions. In the
�rst query (v; i ), both in casethe query concernsa cycle edgeor a matching edge(we can assume
that the algorithm knows the labeling of the three types of edges(e.g., 1 and 2 for cycle edges
and 3 for matching edge)), the answer is a uniformly selectedvertex u, with the only constraint
that u 6= v. In general,at any point in time we can de�ne the knowledge-graph that the algorithm
has. As long as the algorithm didn't closea cycle (this will be an important event), the knowledge
graph consistsof trees(for an illustration, seeFigure 19). Both processeswill attribute to each new
vertex that is addedto the graph its parit y on the cycle. The only di�erence betweenthe processes
is that in the processthat constructs a bipartite graph, for each matching-edgequery (v; 3), the
parit y of the matched vertex u is determined by the parit y of v, while in the other family there is
someprobabilit y for each parit y (depending on the number of vertices that already have a certain
parit y).

The crucial point is that for each query (v; i ), the probabilit y that the query is answered by a
vertex that already appearsin the knowledgegraph is O(n0=n), where n0 is the number of vertices
in the knowledge graph (and it can be at most twice the number of queries already performed).
On the other hand, if the vertex in the answer is not in the knowledgegraph, then in both cases
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3

2
v

1

Figure 19: An illustration of the knowledge graph, which consistsof trees. The longer lines in the �gure
correspond to matching edges(labeled by 3), and the shorter lines to cycle edges(labeled by 1 and 2).

it is a uniformly selectedvertex. Now, if the total number of queriesperform is lessthan
p

n=4,
then the probabilit y that the algorithm gets as an answer a vertex in the knowledgegraph, is less
than (

p
n=4) � (

p
n=4)=n = 1=16. Otherwise, the distributions on the query-answer transcripts are

identical.

10 Other Results

In this section we describe several families of results that did not fall naturally into the previous
sections. The list of results is clearly not comprehensive. In particular we note that one area that
wasnot covered is testing geometricproperties (e.g. [EKK + 00, CSZ00, CS01]). See[CS06] for some
works in this area (in the broader context of sublinear-time algorithms).

10.1 Testing Monotonicit y

Let X be a partially ordered set (poset) and let R be a fully ordered set. We say that a function
f : X ! R is monotone if for every x; y 2 R such that x is smaller than y (according to the partial
order de�ned over X ) it holds that f (x) is smaller or equal to f (y) (according to the full order
de�ned over R). In what follows we discussseveral special case,as well as the generalcase.

10.1.1 Testing Monotonicit y in One Dimension

We start by consideringthe following problem of testing monotonicity in onedimension, or testing
\sortedness" (�rst studied by Ergun et al. [EKK + 00]). Let f : [n] ! R, where the range R is
somefully ordered set. The function f can also be viewed as a string of length n over R. We say
that f is monotone (or sorted) if f (i ) � f (j ) for all 1 � i < j � n. There are actually several
algorithms for testing this property [EKK + 00, GGL+ 00]. Their query complexity and running time
are O(log n=� ), and 
(log n) queriesare necessaryfor constant � (by combining the non-adaptive
lower bound of Ergun et al. [EKK + 00] with a result of Fischer [Fis01]).

We �rst show that the \naiv e" algorithm, which simply takes a uniform sample of indices in
[n] and checks whether non-monotonicity is violated (i.e., whether in the sample there are i < j
such that f (i ) > f (j )), requires 
(

p
n) queriesfor constant � . To seewhy this is true, considerthe
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function f (i ) = i + 1 for odd i , 1 � i � n � 1, and f (i ) = i � 1 for even i , 2 � i � n. That is, the
string corresponding to f is (assuming for simplicit y that n is even): 2; 1; 4; 3; : : : ; n; n � 1. We
call each pair i; i + 1 where f (i ) = i + 1 and f (i + 1) = i a matched pair . Note that the algorithm
rejects only if it gets a matched pair in the sample. On one hand, this function is 1=2-far from
being monotone,becausein order to make it monotoneit is necessaryto modify its value on at least
one member of each matched pair. On the other hand, by the (lower bound part of the) birthday
paradox, the probabilit y that a uniform sample of size s �

p
n=2 contains a matched pair is less

than 1=3.

In Figure 20 we give the \binary-search-based" algorithm of [EKK + 00], wherewe assumewith-
out lossof generality that all function valuesaredistinct. This assumptioncanbemadewithout loss
of generality becauseif this is not the casethen we can replaceeach value f (i ) with f 0(i ) = (f (i ); i ),
where (f (i ); i ) < (f (j ); j )) if and only if either f (i ) < f (j ) or f (i ) = f (j ) but i < j . The distance
to monotonicity of the new function f 0 is the sameas the distance to monotonicity of the original
function f .

Algorithm 10.1 : Testing Monotonicit y for f : [n ] ! R

� Uniformly and independently at random select s = 2=� indices i 1; : : : ; i s.

� For each index i r selected, query f (i r ), and perform a binary search on f for f (i r )
(recall that f can be viewed as a string or array of length n).

� If the binary search failed for any i r , then output reject. Otherwise output accept.

Figure 20: Monotonicit y testing algorithm for f : [n] ! R.

Clearly, if the function f is monotonethen the algorithm acceptswith probabilit y 1 sinceevery
possiblebinary search must succeed.Assumefrom this point on that f is � -far from beingmonotone.
We show that the algorithm rejects with probabilit y at least 2=3.

We say that an index j 2 [n] is a witness (to the non-monotonicity of f ), if a binary search for
f (j ) fails.

Lemma 10.1 If f is � -far from being monotone, then there are at least �n witnesses.

Pro of: Assume,contrary to the claim, that there are lessthan �n witnesses.We shall show that
f is � -closeto being monotone, in contradiction to the premiseof the lemma. Speci�cally , we shall
show that if we consider all non-witnesses,then they constitute a monotone sequence.For each
pair of non-witnesses,j; j 0 where j < j 0, consider the stepsof the binary search for f (j ) and f (j 0),
respectively. Let u be the �rst index for which the two searchesdiverge. Namely, j � u � j 0 (where
at least one of the inequalities must be strict becausej < j 0) and f (j ) � f (u) � f (j 0) (where
again at least one of the inequalities must be strict since the function values are distinct). But
then f (j ) < f (j 0), as required. Now we are done since by modifying each witness to obtain the
value of the nearest non-witness, we can make f into a monotone function. The total number of
modi�cations equalsthe number of witnesses,which is at most �n .

Corollary 10.2 If f is � -far from monotone then Algorithm 10.1 rejects f with probability at least
2=3.
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Pro of: The probabilit y that the algorithm does not reject (i.e., accepts) equals the probabilit y
that no witness is selectedin the sample. This probabilit y is upper bounded by (1 � � ) s < e� �s =
e� 2 < 1=3, as required.

10.1.2 Testing Monotonicit y in Higher Dimensions

For a function f : [n]m ! R (where, as before, the range R is a fully ordered set), we say that f is
monotone if f (x) � f (y) for every x; y such that x � y, where � denotesthe natural partial order
over strings (that is, x1 : : : xm � y1 : : : ym if x i � yi for every i 2 [m], and x i < yi for at least one
i 2 [m]). Let � M (f ) denote the distance of f from the closestmonotone function (with the same
domain and range).

Batu et al. [BRW05] extended the algorithm of [EKK + 00] to higher dimensions, at an expo-
nential cost in the dimension m. The complexity of their algorithm is O((2 logn)m � � 1). Halevy
and Kushilevitz [HK03] reduced the complexity (for su�cien tly large n) to O(m4m logn� � 1), and
Ailon and Chazelle[AC06] further improved this bound to O(m2m logn� � 1).

Dodis et al. [DGL+ 99] showed that it is possible to obtain a linear dependenceon m at a
cost of a logarithmic dependenceon log jRj, where the dependenceon log jRj can be replaced by
m logn. An outline of the algorithm (Algorithm 10.2) is given in Figure 21. The complexity of

Algorithm 10.2 : (Outline of ) Testing Monotonicit y for f : [n ]m ! R

1. Repeat the following t(m; �; n) times:

(a) Uniformly select i 2 [m], � 2 [n]i � 1 and � 2 [n]m� i .

(b) Perform a test on the one-dimensional function f i;�;� : [n] ! R that is de�ned
by f i;�;� (x) = f (�x� ).

2. If no test caused rejection then accept.

Figure 21: Monotonicit y testing algorithm (outline) for f : [n]m ! R.

Algorithm 10.2 dependson the complexity of the test performed in Step 1b and on the probabilit y
that it rejects a uniformly selectedf i;�;� , which is then usedto set t(m; �; n).

We note that the high level structure of the algorithm is reminiscent of the algorithm of [RS96]
for testing multiv ariate polynomials over large �elds (shortly discussedin Subsection 3.2). Recall
that their algorithm considersrestrictions of the tested function f to random lines, and checks that
each restriction is a univariate polynomial of bounded degree.

We �rst consider in more detail the caseof testing monotonicity of Boolean functions over m
bit strings (that is, over the m-dimensional Boolean hypercube), and later talk about the general
case. That is, we consider testing a function f : f 0; 1gm ! f 0; 1g (which is equivalent to testing
f : [n]m ! R for n = 2 and any R such that jRj = 2). Observe that in this case,since the sizeof
the domain of each f i;�;� is 2, the one-dimensionaltest in Step 1b of Algorithm 10.2 simply checks
whether f (i; �; � )(0) � f (i; �; � )(1), or equivalently, whether f (� 0� ) � f (� 1� ) (as must be the
caseif the function is monotone).

Thus, similarly to the tests for linearity and low-degreepolynomials, we considera characteriza-
tion of monotonefunctions and show that it is robust (though lessrobust than the characterization
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we had for linear functions). The characterization is that a function f is monotoneif and only if for
every pair x; y 2 f 0; 1gm that di�er only on the i th bit for some1 � i � m, wherex i = 0 and yi = 1
(so that x � y), it holds that f (x) � f (y). Clearly, if f is monotone, then the above holds, and the
other direction is also easyto verify.12 Algorithm 10.2 for the special caseof f : f 0; 1gm ! f 0; 1g
thus becomesthe algorithm given in Figure 22.

Algorithm 10.3 : Testing Monotonicit y for f : f 0; 1gm ! f 0; 1g

1. Repeat the following �( m=�) times:

(a) Uniformly select i 2 [m] and x 2 f 0; 1gm such that x i = 0.

(b) Let y = x1 : : : x i � 1 1x i +1 : : : xm (that is, y is obtained by 
ipping the i th bit of
x).

(c) If f (x) > f (y) then reject (and exit).

2. If no test caused rejection then accept.

Figure 22: Monotonicit y testing algorithm for f : f 0; 1gm ! f 0; 1g.

As noted before, if f is monotone then the algorithm acceptswith probabilit y 1. We would like
to show that if � M (f ) > � then the algorithm rejects with probabilit y at least 2=3. To this end we
de�ne:

U def= f (x; y) : x and y di�er on a single bit and x � yg ; (47)

as the set of all neighboring pairs on the m-dimensional hypercube (where jUj = 2m� 1 � m),

V (f ) def= f (x; y) 2 U : f (x) > f (y)g (48)

as the set of all violating neighboring pairs, and

� (f ) def=
jV (f )j

jUj
= Pr (x;y )2 U [f (y) < f (x)] (49)

as the probabilit y that a neighboring pair is violating. The main lemma is:

Lemma 10.3 For every f : f 0; 1gm ! f 0; 1g, � (f ) � � M (f )
m .

The correctnessof the algorithm directly follows from Lemma 10.3, since the algorithm uniformly
selects�( n=� ) = 
(1 =� (f )) (assuming � M (f ) > � ) pairs (x; y) 2 U and checks whether (x; y) 2
V(f ). We will sketch how f can be turned into a monotone function by performing at most
m � � (f ) � 2m modi�cations. Since� M (f ) � 2m is the minimum number of modi�cations required to
make f monotone, Lemma 10.3 follows. We �rst add a few more notations and de�nitions.

De�nition 10.1 For any i 2 [m], we say that a function h : f 0; 1gm ! f 0; 1g is monotone in
dimensioni , if for every � 2 f 0; 1gi � 1 and � 2 f 0; 1gm� i , h(� 0 � ) � h(� 1 � ). For a set of indices
T � [m], we say that h is monotonein dimensionsT, if for every i 2 T, the function h is monotone
in dimension i .

12 Given x � y that di�er on more than one bit, consider a sequenceof intermediate points between x and y
(according to the partial order) where every two consecutive points in this sequencedi�er on a single bit.
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We next de�ne a switch operator, Si that transforms any function h to a function Si (h) that is
monotone in dimension i .

De�nition 10.2 Let h : f 0; 1gm ! f 0; 1g. For every i 2 [m], the function Si (h) : f 0; 1gm ! f 0; 1g
is de�ned as follows: For every � 2 f 0; 1gi � 1 and every � 2 f 0; 1gm� i , if h(� 0 � ) > h(� 1� ) then
Si (h)( � 0 � ) = h(� 1� ), and Si (h)( � 1 � ) = h(� 0� ). Otherwise, Si (h) is de�ned as equal to h on
the strings � 0� and � 1� .

Let
D i (f ) def= jf x : Si (f )(x) 6= f (x)gj (50)

so that D i (f ) is twice the number of pairs in V (f ) that di�er on the i 'th bit (and
P n

i =1 D i (f ) =
2 � jV (f )j).

Lemma 10.4 For every h : f 0; 1gm ! f 0; 1g and for every i; j 2 [m], D i (Sj (h)) � D i (h).

As a direct corollary of Lemma 10.4 (applying it to the special casethat D i (h) = 0 for every i in a
subsetT) we get:

Corollary 10.5 For every h : f 0; 1gm ! f 0; 1g and j 2 [m], if h is monotone in dimensions
T � [m], then Sj (h) is monotone in dimensions T [ f j g.

We won't prove Lemma 10.4 here but we shall show how Lemma 10.3 (and hencethe correctness
of the algorithm) follows. Let g = Sn (Sn� 1(� � � (S1(f )) � � � ). By the de�nition of g,

dist( f ; g) �
1

2m �
mX

i =1

D i (Si � 1(� � � (S1(f )) � � � ) : (51)

By successive applications of Lemma 10.4,

D i (Si � 1(� � � (S1(f )) � � � ) � D i (Si � 2(� � � (S1(f )) � � � ) � � � � � D i (f ) ; (52)

and so (by combining Equations (51) and (52)),

dist( f ; g) �
1

2m �
mX

i =1

D i (f ) : (53)

By successive application of Corollary 10.5, the function g is monotone, and hence dist( f ; g) �
� M (f ). Therefore,

mX

i =1

D i (f ) � dist( f ; g) � 2m � � M (f ) � 2m : (54)

On the other hand, by de�nition of D i (f ),

mX

i =1

D i (f ) = 2 � jV (f )j = 2 � � (f ) � jUj = � (f ) � 2m � m : (55)

Lemma 10.3 follows by combining Equations (54) and (55).
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Extending the Result to f : [n]m ! f 0; 1g for n > 2. In this caseit is possibleto de�ne 1-
dimensional tests (for Step 1b in Algorithm 10.2) that selecta pair of points � < � in [n] according
to particular distributions and check whether f i;�;� (� ) � f i;�;� (� ). By extending the analysis from
the casen = 2, and in particular modifying the switching operator Si (�) to a sorting operator,
it can be shown that for some distributions, �( m(log n)� � 1) such tests su�ce (and for another
distribution, �(( m=�)2) tests su�ce (the latter is for the uniform distribution on pairs)).

Extending the Result to f : [n]m ! R for n � 2 and R > 2. By performing a rangereduction,
it is shown in [DGL+ 99] that O(m logn log jRj� � 1) queriessu�ce.

General Posets. Fischer et al. [FLN + 02] considerthe more generalcasein which the domain is
any poset(and not necessary[n]m ). They show that testing monotonicity of Booleanfunctions over
generalposetsis equivalent to the problem of testing 2CNF assignments (namely, testing whether
a given assignment satis�es a �xed 2CNF formula or is far from any such assignment). They also
show that for every poset it is possibleto test monotonicity over the posetwith a number of queries
that is sublinear in the size of the domain poset; speci�cally , the complexity grows like a square
root of the sizeof the poset. Finally, they give somee�cien t algorithms for several special classes
of posets(e.g., posetsthat are de�ned by trees).

10.2 Testing in the General Graphs Mo del

Recall that in the general graphs model the distance measurebetween graphs (and hence to a
property) is de�ned with respect to the number of edgesin the graph (or an upper bound on this
number), as in the sparsegraphs model. Since the algorithm may have to deal with graphs of
varying density, it is allowed to perform both neighbor queriesand vertex queries(as well asdegree
queries).

Testing Bipartiteness. The general graphs model was �rst studied by Kriv elevich et
al. [KKR04]. Their focus was on the property of bipartiteness, which exhibits the following in-
teresting phenomenon. As shown in Subsection4.2, for densegraphs there is an algorithm whose
query complexity is poly(1=�) [GGR98, AK02]. In contrast, as sketched in Subsection 9.2, for
bounded-degreegraphs there is a lower bound of 
(

p
n) [GR02] (and, as described in Subsec-

tion 8.1, there is an almost matching upper bound [GR99]). The question Kriv elevich et al. asked
is: what is the complexity of testing bipartiteness in general graphs (using the generalmodel)?

They answer this question by describing and analyzing an algorithm for testing bipartiteness
in generalgraphswhosequery complexity (and running time) is O(min(

p
n; n2=m) � poly(log n=� )).

Thus, as long as the average degreeof the graph is O(
p

n), the running time (in terms of the
dependenceon n) is ~O(

p
n), and once the averagedegreegoes above this threshold, the running

time starts decreasing.

Kriv elevich et al. �rst considerthe casethat the graph is almost regular. That is, the maximum
degreed and the averagedegreedavg are of the sameorder. They later show how to reduce the
problem of testing bipartiteness of general graphs (where d may be much larger than davg) to
bipartiteness of almost-regular graphs. This reduction involves emulating the execution of the
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algorithm on an \imaginary" almost-regular graph where the queriesto this imaginary graph can
be answered by performing queriesto the \real" graph G.

The algorithm for almost-regular graphs builds on the testing algorithm for bipartiteness of
bounded-degreegraphs [GR99] (which is described in Subsection8.1 and whosequery complexity
is O(

p
n � poly(log n=� ))). In fact, as long as d �

p
n, the algorithm is equivalent to the algorithm

in [GR99]. In particular, as in [GR99], the algorithm selects�(1 =�) starting vertices and from each
it performs several random walks (using neighbor queries), each walk of length poly(log n=� ). If
d �

p
n then the number of thesewalks is O(

p
n � poly(log n=� )), and the algorithm simply checks

whether an odd-length cycle was detected in the courseof theserandom walks.

If d >
p

n then there are two important modi�cations: (1) The number of random walks
performed from each vertex is reduced to O(

p
n=d � poly(log n=� )); (2) For each pair of end

vertices that are reached by walks that correspond to paths whoselengths have the sameparit y,
the algorithm performs a vertex-pair query. Similarly to the d �

p
n case,the graph is rejected if

an odd-length cycle is found in the subgraph induced by all queriesperformed.

Kriv elevich et al. also present an almost matching lower bound of 
(min(
p

n; n2=m)) (for a
constant � ). This bound holds for all testing algorithms (that is, for those which are allowed a
two-sidederror and are adaptive). Furthermore, the bound holds for regular graphs.

Testing Triangle-F reeness. Another property that was studied in the generalmodel is testing
triangle-freeness(and more generally, subgraph-freeness)[AKKR06 ]. Recall that for this property
there is an algorithm in the dense-graphsmodel whosecomplexity dependsonly on 1=� [AFKS00]
(seeSubsection6.3), and the sameis true for constant-degreegraphs[GR02]. Here too the question
is what is the complexity of testing the property in generalgraphs. In particular this includesgraphs
that are sparse(that is, m = O(n)), but do not have constant degree.

The main �nding of Alon et al. [AKKR06 ] is a lower bound of 
( n1=3) on the necessarynumber
of queriesfor testing triangle-freenessthat holds whenever the averagedegreedavg is upper-bounded
by n1� � (n) , where � (n) = o(1). Since when d = �( n) the number of queriessu�cien t for testing
is independent of n [AFKS00], we observe an abrupt, threshold-likebehavior of the complexity of
testing around n. Additionally , they provide sub-linear upper bounds for testing triangle-freeness
that are at most quadratic in the corresponding lower bounds (which vary as a function of the
graph density).

Testing k-colorabilit y. Finally, a study of the complexity of testing k-colorability (for k � 3)
is conducted by Ben-Eliezer et al. [BKKR08 ]. For this property there is an algorithm with query
complexity poly(1=�) in the dense-graphsmodel [GGR98, AK02] (where the algorithm usesonly
vertex-pair queries), and there is a very strong lower bound of 
( n) for testing in the bounded-
degreemodel [BOT02] (where the algorithm usesneighbor queries). Ben-Eliezeret al. considerthe
complexity of testing k-colorability as a function of the averagedegreedavg in models that allow
di�eren t typesof queries(and in particular may allow only one type of query). In particular they
show that while for vertex-pair queries, testing k-colorability requires a number of queries that is
a monotone decreasingfunction in the average degreedavg , the query complexity in the caseof
neighbor queries remains roughly the samefor every density and for large values of k. They also
study a new, stronger, query model, which is related to the �eld of Group Testing.
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10.3 Testing Mem bership in Regular Languages and Other Languages

Alon et al. [AKNS01] consider the following problem of testing membership in a regular language.
For a predetermined regular languageL � f 0; 1g� , the tester for membership in L should accept
every word w 2 L with probabilit y at least 2=3, and should reject with probabilit y at least 2=3
every word w that di�ers from any w0 2 L on more than � jwj bits. We stressthat the task is not
to decidewhether a languageis regular, but rather the languageis predetermined, and the test is
for membership in the language.

The query complexity and running time of the testing algorithm for membership in a regular
languageis ~O(1=�), that is, independent of the length n of w. (The running time is dependent on the
sizeof the (smallest) �nite automaton acceptingL , but this sizeis consideredto be a �xed constant
with respect to n). Alon et al. [AKNS01] also show that a very simple context free language(of all
strings of the form vvRuuR , where wR denotesthe reversal of a string w), cannot be tested using
o(

p
n) queries.

One important subclass of the context-free languagesis the Dyck language, which includes
strings of properly balanced parentheses. Strings such as \(( )( ))" belong to this class,whereas
strings such as \(( )" or \) (" do not. If we allow more than one type of parenthesesthen \([ ])" is
a balancedstring but \([ )]" is not. Formally, the Dyck languageD m contains all balancedstrings
that contain at most m types of parentheses. Thus for example \(( )( ))" belongsto D 1 and \([
])" belongsto D2. Alon et al. [AKNS01] show that membership in D 1 can be tested by performing
~O(1=�) queries,whereasmembership in D 2 cannot be tested by performing o(log n) queries.

Parnas et al. [PRR03] present an algorithm that tests whether a string w belongsto D m . The
query complexity and running time of the algorithm are ~O

�
n2=3=�3

�
, where n is the length of w.

The complexity does not depend on m, the number of di�eren t types of parentheses. They also
prove a lower bound of 
( n1=11=logn) on the query complexity of any algorithm for testing D m

for m > 1. Finally they consider the context free languagefor which Alon et al. [AKNS01] gave
a lower bound of 
(

p
n): L rev = f uur vvr : u; v 2 � � g. They show that L rev can be tested in

~O( 1
�

p
n) time, thus almost matching the lower bound.

Newman [New02] extend the result of Alon et al. [AKNS01] for regular languagesand give an
algorithm that hasquery complexity poly(1=�) for testing whether a word w is acceptedby a given
constant-width oblivious read-oncebranching program. (It is noted in [Bol05] that the result can
be extendedto the non-oblivious case.) On the other hand, Fischer et al. [FNS04] show that testing
constant width oblivious read-twice branching programsrequires
( n � ) queries,and Bollig [Bol05]
shows that testing read-oncebranching programs of quadratic size (with no bound on the width)
requires 
( n1=2) queries(improving on [BW03]).

In both [FNS04] and [Bol05] lower bounds for membership in sets de�ned by CNF formulae
are also obtained, but the strongest result is in [BSHR05]: an 
( n) lower bound for 3CNF (over n
variables). This should be contrasted with an O(

p
n) upper bound that holds for 2CNF [FLN + 02].

More generally, Ben-Sasoon et al. [BSHR05] provide su�cien t conditions for linear properties to be
hard to test, where a property is linear if its elements form a linear space.
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11 Extensions, Generalizations, and Related Problems

11.1 Distribution-F ree Testing

The notion of distribution-free testing wasalready introducedand discussedin Subsection3.3.1(in
the context of applications of self-correcting). Here we mention a few other results in this model.

In addition to the result described in Subsection3.3.1, Halevy and Kushilevitz [HK03, HK07]
describe a distribution-free monotonicity testing algorithm for functions f : [n]m ! R with query
complexity O((2 logn)m =�). Note that the complexity of the algorithm has exponential depen-
dence on the dimension m of the input. This is in contrast to some of the standard testing
algorithms [GGL+ 00, DGL+ 99] where the dependenceon m is linear (to be precise,the complex-
it y is O(m logn log jRj=�), where jRj is the e�ectiv e size of the range of the function, that is, the
number of distinct values of the function). In a further investigation of distribution-free testing
of monotonicity [HK05, HK07], Halevy and Kushilevitz showed that the exponential dependence
on m is unavoidable even in the caseof Boolean functions over the Boolean hypercube (that is,
f : f 0; 1gm ! f 0; 1g).

Motiv ated by positive results for standard testing of several classesof Boolean functions (as
described in Section 5) Glasner and Servedio [GS07] ask whether theseresults can be extended to
the distribution-free model of testing. Speci�cally , they considermonotoneand generalmonomials
(conjunction), decisionslists, and linear threshold functions. They prove that for theseclasses,in
contrast to standard testing, wherethe query complexity doesnot dependon the number of variables
n, every distribution-free testing algorithm must make 
(( n= logn)1=5) queries (for constant � ).
While there is still a gap betweenthis lower bound and the upper bound implied by learning these
classes,a strong dependenceon n is unavoidable in the distribution-free case.

Finally we note that Halevy and Kushilevitz [HK04] alsostudy distribution-free testing of graph
properties in sparsegraphs,and give an algorithm for distribution-free testing of connectivity, with
similar complexity to the standard testing algorithm for this property.

11.2 Testing in the Orien tation Mo del

In the orientation model, introducedby Halevy et al. [HLNT05], there is a �xed and known under-
lying undirected graph G. For an unknown orientation of the edgesof G (that is, each edgehas a
direction), the goal is to determine whether the resulting directed graph hasa prespeci�ed property
or is far from having it. Heredistanceis measuredasthe fraction of edgeswhoseorientation should
be 
ipp ed (edgescannot be removed or added). To this end, the algorithm may query the direction
of edgesof its choice. Note that sincethe underlying undirected graph G is known in advance,the
model allows to perform any preprocessingon G with no cost in terms of the query complexity of
the algorithm.

Halevy et al. [HLNT05] �rst show the following relation between the orientation model and
the dense-graphsmodel: for every graph property P there is a property of orientations ~P together
with an underlying graph G, such that P is testable in the dense-graphsmodel if and only if ~P
is testable in the orientation model (with respect to G). They also study the following properties
in orientation model: being drain-source-free, being H -free for a �xed forbidden digraph H , and
being strongly connected.

In follow-up work, Halevy et al. [HLNT07] study testing properties of constraint-graphs. Here,
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each of the two orientations of an edge is thought of as an assignment of 0 or 1 to a variable
associated with the edge. A property is de�ned by the underlying graph and a function on each
vertex, where the arit y of the function is the degreeof the vertex. An assignment to the variables
(an orientation of the graph) has the property if the function at every vertex is satis�ed by the
assignment to its incident edges.The main result in [HLNT07] is that for a certain family of such
constraint graphs it is possibleto test whether an assignment to the edgessatis�es all constraints
or is � -far from any satisfying assignment by performing 2 ~O(1=� ) queries. This result has several
implications, amongthem that for every read-twice CNF formula � it is possibleto test assignments
for the property of satisfying � by performing 2 ~O(1=� ) queriesto the assignment. This positive result
stands in contrast to the negative results of [FLN + 02] and [BSHR05] for testing satis�abilit y of
slightly more generalCNF formula.

Chakroborty et al. [CFL+ 07] considera property of orientations that wasproposedin [HLNT05]:
testing st-connectivity. They give a one-sidederror algorithm for testing st-connectivity in the ori-
entation model whosequery complexity is double-exponential in 1=� 2. Interestingly, the algorithm
works by reducing the st-connectivity testing problem to the problem of testing languagesthat are
decidableby branching problems,wherethis problem wassolved by Newman[New02] (asmentioned
in Subsection10.3).

Another natural property of orientations, which was suggestedin [HLNT07], is testing whether
an orientation is Eulerian. As mentioned brie
y in Subsection 7.5, it is possible to test whether
an undirected graph is Eulerian by performing poly(1=�) queries, both in the bounded-degree
model [GR02] and in the sparse(unbounded-degree)model [PR02]. Theseresults can be extended
to directed graphs [Ore09]. Unfortunately, in the orientation model there is no algorithm for
testing whether an orientation is Eulerian whosequery complexity is poly(1=�) in general. Fischer
et al. [FLM + 08] show that for generalgraphsthere is a lower bound of 
( m) (wherem is the number
of graph edges)for one-sidederror testing. For bounded-degreegraphs they give a lower bound of

( m1=4) for non-adaptive one-sidederror testing, and an 
(log m) lower bound for one-sidederror
adaptive testing. For two-sidederror testing the lower boundsare roughly logarithmic functions of
the corresponding one-sidederror lower bounds (in the caseof bounded-degreegraphs).

Their upper bound for generalgraphs is O
�
(dm logm)2=3� � 4=3

�
for one-sidederror testing, and

min
n

~O(d1=3m2=3� � 4=3); ~O(d3=16m3=4� � 5=4)
o

for two-sided error testing (where d is the maximum

degreein the graph). They alsogive more e�cien t algorithms for special cases.In particular, if the
graph is an � -expander, then the complexity dependsonly on d and 1=(�� ), where the dependence
is linear.

11.3 Toleran t Testing and Distance Appro ximation

Two natural extensionsof property testing, �rst explicitly studied in [PRR06], are tolerant testing
and distance approximation. A tolerant property testing algorithm is required to accept objects
that are � 1-closeto having a given property P and reject objects that are � 2-far from having property
P, for 0 � � 1 < � 2 � 1. Standard property testing refers to the special caseof � 1 = 0. Ideally, a
tolerant testing algorithm should work for any given � 1 < � 2, and have complexity that depends
on � 2 � � 1. However, in somecasesthe relation between � 1 and � 2 may be more restricted (e.g.,
� 1 = � 2=2). A closely related notion is that of distance approximation where the goal is to obtain
an estimate of the distance that the object has to a property. In particular, we would like the
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estimate to have an additiv e error of at most � for a given error parameter � , or we may also allow
a multiplicativ e error.13

In [PRR06] it was �rst observed that some earlier works imply results in these models. In
particular this is true for coloring and other partition problems on densegraphs [GGR98], connec-
tivit y of sparsegraphs [CRT01], edit distance betweenstrings [BEK + 03] and L 1 distance between
distributions [BFR+ 00] (which will be discussedin Subsection 11.4). The new results obtained
in [PRR06] are for monotonicity of functions f : [n] ! R, and clusterability of a set of points. The
�rst result was later improved in [ACCL04] and extendedto higher dimensionsin [FR09].

In [FF06] it is shown that there exist properties of Boolean functions for which there exists
a test that makes a constant number of queries, yet there is no such tolerant test. In contrast,
in [FN07] it is shown that every property that has a testing algorithm in the dense-graphsmodel
whose complexity is only a function of the distance parameter � , has a distance approximation
algorithm with an additiv e error � in this model, whose complexity is only a function of � .14

Distance approximation in sparsegraphs is studied in [MR09]. Guruswami and Rudra [GR05]
present tolerant testing algorithms for several constructions of locally testable codes,and Koppart y
and Saraf [KS09] study tolerant linearity testing under generaldistributions and its connection to
locally testable codes.

11.4 Testing and Estimating Prop erties of Distributions

In this subsectionwe discussa research direction that is closely related to property testing (where
someof the problems can be viewed as actually falling into the property testing framework).

Given accessto samplesdrawn from an unknown distribution p (or several unknown distribu-
tions, p1; : : : ; pm ) and some measureover distributions (respectively, m-tuples of distributions),
the goal is to approximate the value of this measurefor the distribution p (respectively, the distri-
butions p1; : : : ; pm ), or to determine whether the value of the measureis below somethreshold �
or above somethreshold � . In either case,the algorithm is allowed a constant failure probabilit y.15

For example,given accessto samplesdrawn according to two distributions p and q, we may want
to decidewhether jp � qj � � or jp � qj > � (for certain settings of � and � ). The goal is to perform
the task by observing a number of samplesthat is sublinear in the sizeof the domain over which
the distribution(s) is (are) de�ned. In what follows, the running times of the algorithms mentioned
are linear (or almost linear) in their respective samplecomplexities. We shortly review the known
results and then give details for one of the results: Approximating the entropy of a distribution.

11.4.1 Summary of Results

Testing that distributions are close. Batu et al. [BFR+ 00] consider the problem of deter-
mining whether the distance between a pair of distributions over n elements is small (less than

max
n

�
4
p

n ; � 2

32n1=3

o
), or large (more than � ) according to the L 1 distance. They give an algorithm

13 We note that if one does not allow an additiv e error (that is, � = 0), but only allows a multiplicativ e error, then
a dependenceon the distance that the object has to the property must be allowed.

14 The dependenceon � may be quite high (a tower of height polynomial in 1=� ), but there is no dependenceon
the size of the graph.

15 An alternativ e model may allow the algorithm to obtain the probabilit y that the distribution assigns to any
element of its choice. We shall not discussthis model.
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for this problem that takes O(n2=3 logn=�4) independent samples from each distribution. This
result is based on testing closenessaccording to the L 2 distance, which can be performed using
O(1=�4) samples.This in turn is basedon estimating the deviation of a distribution from uniform
(which we mentioned in Subsection8.2 in the context of testing expansion) [GR00].

In recent work (discussedin more detail below), Valiant [Val08] shows that 
( n2=3) samplesare
also necessarilyfor this testing problem (with respect to the L 1 distance). For the more general
problem of distinguishing betweenthe casethat the two distributions are � 1-closeand the casethat
they are � 2-far, where � 1 and � 2 are both constants, Valiant [Val08] provesan almost linear (in n)
lower bound.

One can also consider the problem of testing whether a distribution p is closeto a �xed and
known distribution q, or is far from it (letting q be the uniform distribution is a special caseof
this problem). Batu et al. [BFF+ 01] show that it is possibleto distinguish between the casethat

the distance in L 2 norm is O
�

� 3
p

n log n

�
and the case that the distance is greater than � using

~O(
p

npoly(1=�)) samplesfrom p.

Testing random variables for indep endence. Batu et al. [BFF+ 01] also show that it is
possibleto test whether a distribution over [n] � [m] is independent or is � -far from any independent
joint distribution, using a sampleof size ~O(n2=3m1=3poly(1=�)).

Appro ximating the entrop y. A very basic and important measureof distributions is their
(binary) entropy. The main result of Batu et al. [BDKR05] is an algorithm that computes a

 -multiplicativ e approximation of the entropy using a sample of size O(n (1+ � )=
 2

logn) for distri-
butions with entropy 
( 
 =� ) where n is the size of the domain of the distribution and � is an
arbitrarily small positive constant. They alsoshow that 
( n1=(2
 2 )) samplesare necessary. A lower
bound that matches the upper bound of Batu et al. [BDKR05] is proved in [Val08].

Appro ximating the supp ort size. Another natural measurefor distributions is their support
size. To be precise,considerthe problem of approximating the support sizeof a distribution when
each element in the distribution appearswith probabilit y at least 1

n . This problem is closelyrelated
to the problem of approximating the number of distinct elements in a sequenceof length n. For
both problems, there is a nearly linear in n lower bound on the samplecomplexity, applicable even
for approximation with additive error [RRRS07].

A unifying approac h to testing symmetric prop erties of distributions. Valiant [Val08]
obtains the lower bounds mentioned in the foregoing discussion as part of a general study of
estimating symmetric measuresover distributions (or pairs of distributions). That is, he considers
measuresof distributions that are preserved under renaming of the elements in the domain of the
distributions. Roughly speaking, his main �nding is that for every such property, there exists a
threshold such that elements whoseprobabilit y weight is below the threshold \do not matter" in
terms of the task of estimating the measure(with a small additiv e error). This implies that such
properties have a \canonical estimator" that computes its output based on its estimate of the
probabilit y weight of elements that appear su�cien tly often in the sample(\heavy elements"), and
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essentially ignores those elements that do not appear su�cien tly often.16 In the other direction,
lower bounds can be derived by constructing pairs of distributions on which the value of the
estimated measureis signi�cantly di�eren t, but that give the sameprobabilit y weight to the heavy
elements (and may completely di�er on all light elements).

Other results. Other works on testing/estimating properties of distributions include [AAK + 07,
BKR04, RS05].

11.4.2 Estimating the En trop y

In this subsectionwe give the details for the algorithm that estimates the entropy of a distribu-
tion [BDKR05]. Consider a distribution p over the set [n] where the probabilit y of element i is
denoted by pi . Recall that the entropy of the distribution p is de�ned as follows:

H (p) def= �
nX

i =1

pi logpi =
nX

i =1

pi log(1=pi ) (56)

Given accessto samples i 2 [n] distributed according to p, we would like to estimate H (p) to
within a multiplicativ e factor 
 . That is, we seekan algorithm that obtains an estimate bH such
that H (p)=
 � bH � 
 � H (p) with probabilit y at least 2=3 (as usual, we can increasethe success
probabilit y to 1� � by running the algorithm O(log(1=� )) times and outputting the median value).

We next describe the algorithm of [BDKR05] whosesample complexity and running time are

O
�

n
1+ �

 2 logn

�
conditioned on H (p) = 
( 
 =� ). If there is no lower bound on the entropy, then it

is impossibleto obtain any multiplicativ e factor [BDKR05], and even if the entropy is quite high

(i.e., at least logn=
 2 � 2), then n
1


 2 � o(1)
samplesare necessary.

The main result of [BDKR05] is:

Theorem 11.1 For any 
 > 1 and 0 < � 0 < 1=2, there exists an algorithm that can approximate
the entropy of a distribution over [n] whoseentropy is at least 4


� 0(1� 2� 0 ) to within a multiplicative

factor of (1 + 2� 0)
 with probability at least 2=3 in time O
�

n1=
 2
logn� � 2

0

�
.

The main idea behind the algorithm is the following. Elements in [n] are classi�ed as either heavy
or light depending on their probabilit y mass. Speci�cally , for any choice of � > 0,

B � (p) def=
�

i 2 [n] : pi � n� � 	
: (57)

16 Valiant talks about testing, and refers to his algorithm as a \canonical tester". We have chosen to use the
terms \estimation" and \canonical estimator" for the following reason. When one discusses\testing" properties of
distributions then the task may be to distinguish between the casethat the measurein question is 0 (close to 0) and
the casethat it is above some threshold � , rather than distinguishing between the casethat the measure is below � 1

(for � 1 that is not necessarily close to 0) and above � 2 , which is essentially an additiv e estimation task. This is true
for example in the caseof testing closenessof distributions. The two tasks just described are di�eren t typesof tasks,
and, in particular, for the former task, low-frequency elements may play a role (as is the case in testing closeness
of distributions where the collision counts of low-frequency elements play a role). Thus, saying that low-frequency
elements may be ignored when testing properties distributions is not precise. The statement is true for estimating
(symmetric) measuresof distributions.
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The algorithm separatelyapproximates the contribution to the entropy of the heavy elements and
of the light elements, and then combines the two.

In order to describe the algorithm and analyze it, we shall need the following notation. For a
distribution p and a set T,

wp(T) =
X

i 2 T

pi and HT (p) = �
X

i 2 T

pi log(pi ) : (58)

Note that if T1; T2 are disjoint sets such that T1 [ T2 = [n] then H (p) = H T1 (p) + HT2 (p). The
algorithm (Algorithm 11.1) is given in Figure 23.

Algorithm 11.1 : Algorithm Appro ximate-En trop y( 
 ; � 0)

1. Set � = 1=
 2.

2. Get m = �( n � logn� � 2
0 ) samplesfrom p.

3. Let q be the empirical probability vector of the n elements. That is, qi is the number
of times i appears in the sampledivided by m.

4. Let bB � = f i : qi > (1 � � 0)n� � g.

5. Takean additional sampleof sizem = �( n � logn=�2
0) from p and let ŵ(S) be the total

empirical weight of elementsin S = [n] n bB � in the sample.

6. Output Ĥ = H bB �
(q) + ŵ(S) log n


 .

Figure 23: The algorithm for approximating the entropy of a distribution.

In the next two subsectionswe analyze separately the contribution of the heavy elements and
the contribution of the light elements to the estimate computed by Algorithm 11.1.

Appro ximating the contribution of heavy elemen ts

The next lemma follows by applying a multiplicativ e Cherno� bound.

Lemma 11.1 For m = 20n � logn=�2
0 and q as de�ned in the algorithm, with probability at least

1 � 1
n the following two conditions hold for every i 2 [n]:

1. If pi � 1� � 0
1+ � 0

n� � (in particular this is true of i 2 B � (p)) then jpi � qi j � � 0pi ;

2. If pi < 1� � 0
1+ � 0

n� � then qi < (1 � � 0)n� � .

By Lemma 11.1, we get that with high probabilit y, B � (p) � bB � , and for every i 2 bB � (even if
i =2 B � (p)), jqi � pi j � � 0pi . The next lemmaboundsthe deviation of H T (q) from H T (p) conditioned
on qi being closeto pi for every i 2 T.

Lemma 11.2 For every set T such that for every i 2 T, jqi � pi j � � 0pi ,

jHT (q) � HT (p)j � � 0HT (p) + 2� 0wp(T) :
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Pro of: For i 2 T, let � i be de�ned by qi = (1 + � i )pi whereby the premiseof the lemma, j� i j � � 0.

HT (q) � HT (p) = �
X

i 2 T

(1 + � i )pi log((1 + � i )pi ) +
X

i 2 T

pi logpi (59)

= �
X

i 2 T

(1 + � i )pi logpi �
X

i 2 T

(1 + � i )pi log(1 + � i ) +
X

i 2 T

pi logpi (60)

= �
X

i 2 T

� i pi log(1=pi ) �
X

i 2 T

(1 + � i )pi log(1 + � i ) : (61)

If we now consider the absolute value of this di�erence:

jHT (q) � HT (p)j �

�
�
�
�
�

X

i 2 T

� i pi log(1=pi )

�
�
�
�
�

+

�
�
�
�
�

X

i 2 T

(1 + � i )pi log(1 + � i )

�
�
�
�
�

(62)

�
X

i 2 T

j� i jpi log(1=pi ) +
X

i 2 T

(1 + � i )pi log(1 + � i ) (63)

� � 0HT (p) + 2� 0wT (p) : (64)

Appro ximating the contribution of ligh t elemen ts

Recall that S = [n] n bB � so that, By Lemma 11.1, with high probabilit y S � [n] n B � (p).

Claim 11.3 Let ŵ(S) be the fraction of samples,amongm = �(( n � =�20) logn) that belongto S (as
de�ned in Algorithm 11.1). If wp(S) � n� � then with probability 1 � 1=n,

(1 � � 0)wp(S) � ŵ(S) � (1 + � 0)wp(S) :

The claim directly follows by a multiplicativ e Cherno� bound.

Lemma 11.4 If pi � n� � for every i 2 S then

� � logn � wp(S) � HS(p) � logn � wp(S) + 1 :

Pro of: Conditioned on a particular weight wp(S), the entropy H S(p) is maximized when pi =
wp(S)=jSj for all i . In this case

HS(p) = wp(S) log(jSj=wp(S)) (65)

= wp(S) log jSj + wp(S) log(1=wp(S)) (66)

� wp(S) logn + 1 (67)

On the other hand, H S(p) is minimized when its support is minimized. Sincepi � n� � for every
i 2 S, this meansthat n � wp(S) of the elements have the maximum probabilit y pi = n� , and all
others have 0 probabilit y. In this caseH S(p) = �w p(S) logn.
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Putting it together

We now prove Theorem 11.1 basedon Algorithm 11.1. By Lemma 11.1 we have that with high
probabilit y:

1. If i 2 B � (p) then i 2 bB � . That is, pi � n� � for every i 2 S = [n] n bB � .

2. Every i 2 bB � satis�es jqi � pi j � � 0pi .

Assumefrom this point on that the above two properties hold. Let B be a shorthand for bB � and
let S = [n] n B be as de�ned in Algorithm 11.1. Assume �rst that wp(S) � n� � . In this case,
Lemma 11.4 tells us that (since � = 1=
 2)

1

 2 � wp(S) � logn � H S(p) � wp(S) logn + 1 (68)

or equivalently:
1

logn
� (HS(p) � 1) � wp(S) �

1
logn

� 
 2 � HS(p) : (69)

By Claim 11.3,
(1 � � 0)wp(S) � ŵ(S) � (1 + � 0)wp(S) (70)

If we now use Equations (69) and (70) and apply Lemma 11.2 (using jqi � pi j � � 0pi for every
i 2 B ), we get:

HB (q) +
ŵ(S) logn



� (1 + � 0)HB (p) + 2� 0 +

(1 + � 0)wp(S) logn



(71)

� (1 + � 0) � (HB (p) + 
 HS(p)) + 2� 0 (72)

� (1 + � 0)
 H (p) + 2� 0 (73)

� (1 + 2� 0)
 H (p) (74)

where in the last inequality we used the fact that 
 > 1, and H (p) � 4

� 0(1� 2� 0 ) > 4 so that

2� 0 < � 0 � 
 � H (p). Similarly,

HB (q) +
wq(S) logn



� (1 � � 0)HB (p) � 2� 0 +

(1 � � 0)wp(S) logn



(75)

� (1 � � 0) �
�

HB (p) +
HS(p) � 1




�
� 2� 0 (76)

�
H (p)


 (1 + 2� 0)
(77)

(the last inequality follows from the lower bound on H (p) by tedious (though elementary) manip-
ulations). Finally, if wp(S) < n� � then by Claim 11.3 wq(S) � (1 + � 0)n� � with high probabilit y.
Therefore, wq(S) logn=
 is at most (1 + � 0)n� � logn=
 (and at least 0). It is not hard to verify
that the contribution to the error is negligible, assuming
 is bounded away from 1.

We note that if p is monotone, that is pi � pi +1 for all i , then there is a more sophisticated
algorithm that usespoly(log n; log 
 ) samples[RS05].
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