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Abstract

We continue the study of the trade-off between the length of PCPs and their query complexity,
establishing the following main results (which refer to proofs of satisfiability of circuits of size n):

1. We present PCPs of length exp(o(log log n)?)-n that can be verified by making o(log log n) Boolean
queries.

2. For every € > 0, we present PCPs of length exp(log®n) - n that can be verified by making a
constant number of Boolean queries.

In both cases, false assertions are rejected with constant probability (which may be set to be arbitrarily
close to 1). The multiplicative overhead on the length of the proof, introduced by transforming a proof
into a probabilistically checkable one, is just quasi-polylogarithmic in the first case (of query complexity
o(loglogmn)), and 20°87)° for any € > 0, in the second case (of constant query complexity).

Our techniques include the introduction of a new variant of PCPs that we call “Robust PCPs of
proximity”. These new PCPs facilitate proof composition, which is a central ingredient in construction of
PCP systems. (A related notion and its composition properties were discovered independently by Dinur
and Reingold.) Our main technical contribution is a construction of a “length-efficient” Robust PCP
of proximity. While the new construction uses many of the standard techniques in PCPs, it does differ
from previous constructions in fundamental ways, and in particular does not use the “parallelization”
step of Arora et al. The alternative approach may be of independent interest.

We also obtain analogous quantitative results for locally testable codes. In addition, we introduce
a relaxed notion of locally decodable codes, and present such codes mapping k information bits to
codewords of length k'™¢, for any £ > 0.

*Preliminary versions of this paper have appeared on ECCC [BGH104a] and in STOC ‘04 [BGH*04b].
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1 Introduction

Probabilistically Checkable Proofs [FGLT96, AS98, ALM 98] (a.k.a. Holographic Proofs [BFLS91])
are NP witnesses that allow efficient probabilistic verification based on probing few bits of the NP
witness. The celebrated PCP Theorem [AS98, ALM™98] asserts that probing a constant number of
bits suffices, and it turned out that three bits suffice for rejecting false assertions with probability
almost 1/2 (cf. [Has01, GLST98]).

Optimizing the query complexity of PCPs has attracted a lot of attention, motivated in part by
the significance of query complexity for non-approximability results (see, for example, [BGLR93,
BGS98, Has01, GLSTY8, ST00]). However, these works only guarantee that the new NP witness
(i.e., the PCP) is of length that is upper-bounded by a polynomial in the length of the original NP
witness.! Optimizing the length of the new NP witness was the focus of [BFLS91, PS94, HS00,
GS02, BSVW03], and in this work we continue the latter research direction.

In our view, the significance of PCPs extends far beyond their applicability to deriving non-
approximability results. The mere fact that NP-witnesses can be transformed into a format that
supports super-fast probabilistic verification is remarkable. From this perspective, the question of
how much redundancy is introduced by such a transformation is a fundamental one. Furthermore,
PCPs have been used not only to derive non-approximability results but also for obtaining positive
results (e.g., CS-proofs [Kil92, Mic00] and their applications [Bar01, CGH98]), and the length of
the PCP affects the complexity of those applications.

In any case, the length of PCPs is also relevant to non-approximability results; specifically, it
affects their tightness with respect to the running time (as noted in [Sze99]). For example, suppose
(exact) SAT has complexity 2("), The original PCP theorem [AS98, ALM*98] only implies that
approximating MaxSAT requires time 2"", for some (small) o > 0. The work of Polishchuk and
Spielman [PS94] makes a arbitrarily close to 1, whereas the results of [GS02, BSVWO03] further

1—-o(1) 2

improve the lower-bound to 2" . Our results reduce the o(1) term.

1.1 PCPs with better length vs query trade-off

How short can a PCP be? The answer may depend on the number of bits we are willing to read
in order to reject false assertions (say) with probability at least 1/2. It is implicit in the work of
Polishchuk and Spielman [PS94] that, for proofs of satisfiability of circuits of size n, if we are willing
to read n%%! bits then the length of the new NP witness may be O(n). That is, stretching the NP
witness by only a poly-logarithmic amount, allows to dramatically reduce the number of bits read
(from n to n%0'). More precisely:?

Theorem 1.1 (implicit in [PS94]) Satisfiability of circuits of size n can be probabilistically verified
by probing an NP witness of length poly(logn) - n in n°W) bit locations. In fact, for any integer
value of a parameter m < logn, there is a PCP having randomness complezity (1 —m ') -logyn +
O(loglogn) + O(mlogm) and query complexity poly(logn) - n'/™,

Recall that the proof length of a PCP is at most 2" - ¢, where r is the randomness complexity
and ¢ is the query complexity of the PCP. Thus, the first part of the above theorem follows by

1'We stress that in all the above works as well as in the current work, the new NP witness can be computed in
polynomial-time from the original NP witness.

2A caveat: it is currently not known whether these improved lower-bounds can be achieved simultaneously with
optimal approximation ratios, but the hope is that this can eventually be done.

3All logarithms in this work are to based 2, but in some places we choose to emphasize this fact by using the
notation log, rather than log.



setting m = loglog n/logloglog n in the second part.

Our results show that the query complexity can be reduced dramatically if we are willing to
increase the length of the proof slightly. First, with a quasi-polylogarithmic stretch, the query
complexity can be made double-logarithmic:

Theorem 1.2 Satisfiability of circuits of size n can be probabilistically verified by probing an NP
witness of length exp(o(loglogn)?)-n in o(loglogn) bit-locations. In fact, it has a PCP having ran-
domness complezity logy n+0 ((log logn)?/ logloglogn) and query complezity O(log log n/ log loglogn).

We mention that the only prior work claiming query complexity below exp(y/logn) (cf. [GS02,
BSVWO03]) required stretching the NP witness by at least a exp(y/logn) factor. With approxi-
mately such a stretch factor, these works actually achieved constant query complexity (cf. [GS02,
BSVWO03]). Thus, Theorem 1.2 represents a vast improvement in the query complexity of PCPs
that use very short proofs (i.e., in the range between exp(o(loglogn)?) - n and exp(y/Iogn) - n).
On the other hand, considering NP witnesses that allow probabilistic verification by a constant
number of queries, we reduce the best known stretch factor from exp(log®®*¢n) (established
in [GS02, BSVWO03]) to exp(log® n), for any ¢ > 0. That is:

Theorem 1.3 For every constant € > 0, satisfiability of circuits of size n can be probabilistically
verified by probing an NP witness of length exp(log® n)-n in a constant number of bit-locations. In
fact, it has a PCP having randomness complexity logy n 4 log® n and query complexity O(1/e).

It may indeed be the case that the trade-off (between length blow-up factors and query complexity)
offered by Theorems 1.1-1.3 merely reflects our (incomplete) state of knowledge. In particular, we
wonder whether circuit satisfiability can be probabilistically verified by a PCP having proof-length
n - poly(logn) and constant query complexity.

1.2 New notions and main techniques

A natural approach to reducing the query complexity of the PCP provided by Theorem 1.1 is via
the “proof composition” paradigm of [AS98]. However, that PCP (as constructed in [PS94]) does
not seem amenable to composition (when the parameter m is non-constant).* The reason being
that standard proof composition requires that the “outer” proof system makes a constant number
of multi-value oracle queries (or can be converted to such), whereas this specific PCP does not have
this property (and we cannot afford the standard parallelization involved in a suitable conversion).
Thus, we begin by giving a new PCP construction whose parameters match those in Theorem 1.1,
but is suitable for composition. As we will see, we cannot afford the standard proof composition
techniques, and thus also introduce a new, more efficient composition paradigm.

The initial PCP. Our new proof of Theorem 1.1 modifies the constructions of Polishchuk and
Spielman [PS94] and Harsha and Sudan [HS00]. The latter construction was already improved

in [GS02, BSVWO03] to reduce the length of PCPs to n - 20(VIogn)  Oyr results go further by
re-examining the “low-degree test” (query-efficient tests that verify if a given function is close to
being a low-degree polynomial), and observing that the small-bias sample sets of [BSVWO03] give
an even more significant savings on the randomness complexity of low-degree tests than noticed in
their work. However, exploiting this advantage takes a significant effort in modifying known PCP
modules, and redefining the ingredients in “proof composition”.

% Also for constant m, we get stronger quantitative results by using our new PCP construction as a starting-point.



For starters, PCP constructions tend to use many (i.e., a super-constant number of) functions
and need to test if each is a low-degree polynomial. In prior results, this was performed efficiently by
combining the many different functions on, say m variables, into a single new one on m+1 variables,
where the extra variable provides an index into the many different old functions. Testing if the new
function is of low-degree, implicitly tests all the old functions. Such tricks, which involve introducing
a few extra variables, turn out to be too expensive in our context. Furthermore, for similar reasons,
we can not use other “parallelization” techniques [FRS94, LS92, ALM 198, GS00, Raz98], which
were instrumental to the proof composition technique of [AS98]. In turn, this forces us to introduce
a new variant of the proof composition method, which is much more flexible than the one of [AS98].
Going back to the PCP derived in Theorem 1.1, we adapt it for our new composition method by
introducing a “bundling” technique that offers a randomness efficient alternative to parallelization.

Our new “proof composition” method refers to two new notions: the notion of a PCP of prozim-
ity and the notion of a robust PCP. Our method is related to the method discovered independently
by Dinur and Reingold [DRO04]. (There are significant differences between the two methods; as
explained in Section 1.3, where we also discuss the relation to Szegedy’s work [Sze99].)

PCPs of Proximity. Recall that a standard PCP is given an explicit input (which is supposedly
in some NP language) as well as access to an oracle that is supposed to encode a “probabilistically
verifiable” NP witness. The PCP verifier uses oracle queries (which are counted) in order to
probabilistically verify whether the input, which is explicitly given to it, is in the language. In
contrast, a PCP of proximity is given access to two oracles, one representing an input (supposedly in
the language) and the other being a redundant encoding of an NP-witness (as in a PCP). Indeed,
the verifier may query both the input oracle and the proof oracle, but its queries to the input oracle
are also counted in its query complexity. As usual we focus on verifiers having very low query
complexity, certainly smaller than the length of the input. Needless to say, such a constrained
verifier cannot distinguish inputs in the language from inputs out of the language, but it is not
required to do so. A verifier for a PCP of proximity is only required to accept inputs that are in
the language and reject inputs that are far from the language (i.e., far in Hamming distance from
any input in the language). Indeed, PCPs of proximity are related to holographic proofs [BFLS91]
and to “PCP spot-checkers” [EKR99]; see further discussion in Section 1.3.

Robust PCPs. To discuss robust PCPs, let us review the soundness guarantee of standard
(non-adaptive) PCPs. The corresponding verifier can be thought of as determining, based on its
coin tosses, a sequence of oracle positions and a predicate such that evaluating this predicate on the
indicated oracle bits always accepts if the input is in the language and rejects with high probability
otherwise. That is, in the latter case, we require that the assignment of oracle bits to the predicate
does satisfy the predicate. In a robust PCP we strengthen the latter requirement. We require that
the said assignment (of oracle bits) not only fails to satisfy the predicate but rather is far from any
assignment that does satisfy the predicate.

Proof Composition. The key observation is that “proof composition” works very smoothly when
we compose an outer “robust PCP” with an inner “PCP of proximity”. We need neither worry
about how many queries the outer “robust PCP” makes nor care about what coding the inner “PCP
of proximity” uses in its proof oracle (much less apply the same encoding to the outer answers). All
that we should make sure is that the lengths of the objects match and that the distance parameter
in the robustness condition (of the outer verifier) is at least as big as the distance parameter in the
proximity condition (of the inner verifier).

Indeed, Theorems 1.2 and 1.3 are proved by first extending Theorem 1.1 to provide a robust PCP
of proximity of similar complexities, and then applying the new “proof composition” method. We



stress that our contribution is in providing a proof of Theorem 1.1 that lends itself to a modification
that satisfies the robustness property, and in establishing the latter property. In particular, the
aforementioned “bundling” is applied in order to establish the robustness property. Some care is
also due when deriving Theorem 1.2 using a non-constant number of “proof compositions”. In
particular, Theorem 1.2 (resp., Theorem 1.3) is derived in a way that guarantees that the query
complexity is linear rather than exponential in the number of “proof compositions”, where the
latter is o(log logn) (resp., 1/¢). This, in turn, requires obtaining strong bounds on the robustness
property of the (“robust”) extension of Theorem 1.1.

We stress that the flexibility in composing robust PCPs of proximity plays an important role
in our ability to derive quantitatively stronger results regarding PCPs. We believe that robust
PCPs of proximity may play a similar role in other quantitative studies of PCPs. We note that
the standard PCP Theorem of [AS98, ALM™198] can be easily derived using a much weaker and
simpler variant of our basic robust PCP of proximity, and the said construction seems easier than
the basic PCPs used in the proof composition of [AS98, ALM™93].

In addition to their role in our “proof composition” method, PCPs of proximity provide also
a good starting point for deriving improved locally testable codes (see discussion in Section 1.4).
The relation of PCPs of proximity to “property testing” is further discussed in Section 1.3.

1.3 Related work

As mentioned above, the notion of a PCP of proximity is related to notions that have appeared in
the literature.

Relation to holographic proofs. Firstly, the notion of a PCP of proximity generalizes the
notion of holographic proofs set forward by Babai, Fortnow, Levin, and Szegedy [BFLS91]. In both
cases, the verifier is given oracle access to the input, and we count its probes to the input in its
query complexity. The key issue is that holographic proofs refer to inputs that are presented in
an error-correcting format (e.g., one aims to verify that a graph that is represented by an error-
correcting encoding of its adjacency matriz (or incidence list) is 3-colorable). In contrast, a PCP
of proximity refers to inputs that are presented in any format but makes assertions only about
their proximity to acceptable inputs (e.g., one is interested in whether a graph, represented by its
adjacency matrix (or incidence list), is 3-colorable or is far from being 3-colorable).

Relation to property testing. PCP of proximity are implicit in the low-degree testers that
utilize auxiliary oracles (e.g., an oracle that provides the polynomial representing the value of the
function restricted to a queried line); cf. [AS98, ALM98]. PCPs of proximity are a natural special
case of the “PCP spot-checkers” defined by Ergiin, Kumar and Rubinfeld [EKR99]. On the other
hand, PCPs of proximity extend property testing [RS96, GGR98]. Loosely speaking, a property
tester is given oracle access to an input and is required to distinguish the case in which the input
has the property from the case in which it is far (say in Hamming distance) from any input having
the property. Typically, the interest is in testers that query their input on few bit-locations (or
at the very least on a sub-linear number of such locations). In a PCP of proximity such a tester
(now called a verifier) is also given oracle access to an alleged proof. Thus, the relation of PCPs of
proximity to property testing is analogous to the relation of NP to BPP (or RP). Put differently,
while property testing provides a notion of approximation for decision procedures, PCP of proximity
provides a notion of approximation for (probabilistic) proof-verification procedures. In both cases,
approximation means that inputs in the language should be accepted (when accompanied with



suitable proofs) while inputs that are far from the language should be rejected (no matter what
false proof is provided).

We comment that PCPs of proximity are provably stronger than property testers; that is, there
are (natural) separations between property testers and PCPs of proximity (which may be viewed
as the “approximation” versions of BPP and NP). For further discussions, refer to Section 2.2

Relation to Assignment Testers and another proof composition method. As stated
above, our “proof composition” method is related to the method discovered independently by
Dinur and Reingold [DR04]. Both methods use the same notion of PCPs of proximity (which are
called assignment testers in [DR04]). A key difference between the two methods is that, while our
method refers to the new notion of robustness (i.e., to the robustness of the outer verifier), the
method of Dinur and Reingold refers to the number of (non-Boolean) queries (made by the outer
verifier). Indeed, the method of Dinur and Reingold uses a (new) parallelization procedure (which
reduces the number of queries by a constant factor), whereas we avoid parallelization altogether
(but rather use a related “bundling” of queries into a non-constant number of “bundles” such that
robustness is satisfied at the bundle-level).> We stress that we cannot afford the cost of any known
parallelization procedure, because at the very least these procedures increase the length of the proof
by a factor related to the answer length, which is far too large in the context of Theorem 1.1 (which
in turn serves as the starting point for all the other results in this work). We comment that the
parallelization procedure of [DR04] is combinatorial (albeit inapplicable in our context), whereas
our “bundling” relies on the algebraic structure of our proof system.

Relation to Szegedy’s work [Sze99]|. Some of the ideas presented in the current work are
implicit in Szegedy’s work [Sze99]. In particular, notions of robustness and proximity are implicit
in [Sze99], in which a robust PCP of proximity (attributed to [PS94]) is composed with itself in
a way that is similar to our composition theorem. We note that Szegedy does not seek to obtain
PCPs with improved parameters, but rather to suggest a framework for deriving nicer proofs of
existing results such as [PS94]. Actually, he focuses on proving the main result of [PS94] (i.e.,
a PCP of nearly linear length and constant number of queries) using as building block a robust
PCP of proximity that has length O(n) and makes O(y/n) queries (plus the constant-query PCP
of [ALMT98]).

We note that the aforementioned robust PCP of proximity is not presented in [Sze99], but is
rather attributed to [PS94]. Indeed, observe that Theorem 1.1 above (implicit in [PS94]) achieves
O(n) length and O(y/n) queries when the parameter m = 2. Thus, Szegedy’s assertion is that
this PCP can be strengthened to be a robust PCP of proximity, similarly to our main construct
(specifically, Theorem 3.1, specialized to m = 2). However, our main construct achieves stronger
parameters than those claimed in [Sze99], especially with respect to robust soundness. Indeed, the
parameters claimed in [Sze99] only allow for the robust PCP of proximity to be composed with
itself a constant number of times.® As mentioned above, a significant amount of our effort is aimed

®The main part of the bundling technique takes place at the level of analysis, without modifying the proof system
at all. Specifically, we show that the answers read by the verifier can be partitioned into a non-constant number of
(a-priori fixed) “bundles” so that on any no instance, with high probability a constant fraction of the bundles read
should be modified to make the verifier accept. We stress that the fact that certain sets of queries (namely those in
each bundle) are always made together is a feature that our particular proof system happens to have (or rather it was
somewhat massaged to have). Once “robust soundness” is established at the “bundle level,” we may just modify the
proof system so that the bundles become queries and the answers are placed in (any) good error-correcting format,
which implies robustness at the bit level.

%In the language of Section 2, his soundness and robustness parameters are unspecified functions of the proximity



at ensuring that our robust PCP of proximity has sufficiently strong parameters to be composed
a nonconstant number of times and moreoever to ensure that the query complexity grows only
linearly rather than exponentially with the number of compositions. (See Section 3.2 for further
explanation.)

1.4 Applications to coding problems

The flexibility of PCPs of proximity makes them relatively easy to use towards obtaining results
regarding locally testable and decodable codes. In particular, using a suitable PCP of proximity, we
obtain an improvement in the rate of locally testable codes (improving over the results of [GS02,
BSVWO03]). Loosely speaking, a codeword test (for a code C) is a randomized oracle machine
that is given oracle access to a string. The tester may query the oracle at a constant number of
bit-locations and is required to (always) accept every codeword and reject with (relatively) high
probability every string that is “far” from the code. The locally testable codes of [GS02, BSVW03]
used codewords of length exp(log®®* k)-k in order to encode k bits of information, for any constant
e > 0. Here we reduce the length of the codewords to exp(log® k) - k. That is:

Theorem 1.4 (loosely stated, see Section 4.1 for details): For every constant € > 0, there ex-
ists locally testable codes that use codewords of length exp(log® k) - k in order to encode k bits of
information.

We also introduce a relaxed notion of locally decodable codes, and show how to construct such codes
using any PCP of proximity (and ours in particular). Loosely speaking, a code is said to be locally
decodable if whenever relatively few location are corrupted, the decoder is able to recover each
information-bit, with high probability, based on a constant number of queries to the (corrupted)
codeword. This notion was formally defined by Katz and Trevisan [KT00] and the best known
locally decodable code has codeword of length that is sub-exponential in the number of information
bits. We relax the definition of locally decodable codes by requiring that, whenever few location
are corrupted, the decoder should be able to recover most of the individual information-bits (based
on few queries) and for the rest of the locations, the decoder may output a fail symbol (but not the
wrong value). That is, the decoder must still avoid errors (with high probability), but is allowed
to say “don’t know” on a few bit-locations. We show that this relaxed notion of local decodability
can be supported by codes that have codewords of length that is almost-linear in the number of
information bits. That is:

Theorem 1.5 (loosely stated, see Section 4.2 for details): For every constant € > 0, there ex-
ists relazed locally decodable codes that use codewords of length k'*¢ in order to encode k bits of
information.

1.5 Organization

Theorems 1.2 and 1.3, which are the work’s main results, are proved by constructing and using
a Robust PCP of Proximity that achieves a very good trade-off between randomness and query
complexity. Thus, this Robust PCP of Proximity is the main building block that underlies our work.
Unfortunately, the construction of a very efficient Robust PCP of Proximity is quite involved, and

parameter. In retrospect, it seems that the ideas of [PS94] may lead to a robust PCP of proximity with robustness that
is at best linearly related to the proximity parameter; this would make the query complexity increase exponentially
with the number of compositions (as discussed in Section 3.2).



is thus deferred to the second part of this work (which starts with an overview). In the first part
of this work we show how the aforementioned Robust PCP of Proximity can be used to derive all
the results mentioned in the Introduction (and, in particular, Theorems 1.2 and 1.3). Thus, the
overall structure of this work is as follows:

Part I: Using the main building block. We start by providing a definitional treatment of PCPs
of proximity and robust PCPs. The basic definitions as well as some observations and use-
ful transformations are presented in Section 2. Most importantly, we analyze the natural
composition of an outer robust PCP with an inner PCP of proximity.

In Section 3, we state the properties of our main building block (i.e., a highly efficient Robust
PCP of proximity), and show how to derive Theorems 1.2 and 1.3, by composing this Robust
PCP of proximity with itself multiple times. Specifically, o(loglogn) compositions are used
to derive Theorem 1.2 and 1/e compositions are used to derive Theorem 1.3. The coding
applications stated in Theorems 1.4 and 1.5 are presented in Section 4.

Part II: Constructing the main building block. We start this part by providing an overview
of the construction. This overview (i.e., Section 5) can be read before reading Part I, provided
that the reader is comfortable with the notion of a Robust PCP of proximity.

The construction itself is presented in Sections 6-8. We start by presenting a (highly efficient)
ordinary PCP (establishing Theorem 1.1), which lends itself to the subsequent modifications.
In Section 7, we augment this PCP with a test of proximity, deriving an analogous PCP of
proximity. In Section 8 we present a robust version of the PCP of proximity derived in the
previous sections.

Part III: Appendices. The construction presented in Section 3 also uses a PCP of proximity of
polynomial randomness complexity and constant query complexity. Such a PCP of proximity
can be derived by a simple augmentation of the Hadamard-based PCP of [ALM198], which
we present in Appendix A.

In Appendix B, we recall results regarding random-efficient low-degree tests and a related
sampling lemma, which are used in Part II.

1.6 Relation to previous versions of this work

The current version includes a discussion of Szegedy’s work [Sze99], of which we were unaware
when writing the first version [BGH"04a]. The relation of his work to ours is now discussed in
Section 1.3.

Section 4 has been extensively revised, adding formal definitions and providing more precise
descriptions of the main constructions and proofs. In addition, we identified a weaker form of the
definition of a relaxed locally decodable code, proved that it essentially implies the original form,
and restructuring our presentation accordingly (see Section 4.2).

The parameters of Theorem 1.2 in this version are stronger (to a limited extent) than that of
earlier versions of this paper ([BGH*04a, BGH'04b]). More specifically, we show that satisfiability
of circuits of size n can be verified by probing o(loglog n) bit-locations in an NP-witness of length
exp(o(loglogn)?) - n as opposed to an NP-witness of length exp(O(loglogn)?) - n, as was claimed
in earlier versions. We achieve this strengthening by improving the robustness parameter of the
ALMSS-type Robust PCP of Proximity (Theorem 7.2) constructed in Part II of this paper taking
advantage of the greater slackness allowed in the randomness complexity of this PCP.



Part 1
All but the main construct

2 PCPs and variants: definitions, observations and transforma-
tions

Notation: Except when otherwise noted, all circusts in this paper have fan-in 2 and fan-out 2,
and we allow arbitrary unary and binary Boolean operations as internal gates. The size of a circuit
is the number of gates. We will refer to the following languages associated with circuits: the P-
complete language CIRCUIT VALUE, defined as CKTVAL = {(C,w) : C(w) = 1} ;the NP-complete
CIRCUIT SATISFIABILITY, defined as CKTSAT = {C : JwC(w) = 1}; and the also NP-complete
NONDETERMINISTIC CIRCUIT VALUE, defined as NCKTVAL = {C : (C,w) : 32C(w,z) = 1}. (In
the latter, we assume that the partition of the variables of C' into w-variables and z-variables is
explicit in the encoding of C'.)

We will extensively refer to the relative distance between strings/sequences over some alphabet
Y: For u,v € ¢, we denote by A(u,v) the fraction of locations on which u and v differ (i.e.,
A(u,v) £ |{i : u; # v;}|/¢, where u = uy ---uy € ¢ and v = vy ---v, € £F). We say that u is 6-
close to v (resp., 6-far from v) if A(u,v) < 6 (resp., A(u,v) > §). The relative distance of a string to
a set of strings is defined in the natural manner; that is, A(u, S) 2 min,es{A(u,v)}. Occasionally,
we will refer to the absolute Hamming distance, which we will denote by A(u,v) = |{i : u; # v;}|.

Organization of this section: After recalling the standard definition of PCP (in Section 2.1),
we present the definitions of PCPs of Proximity and Robust PCPs (in Sections 2.2 and 2.3, respec-
tively). We then turn to discuss (in Section 2.4) the composition of a Robust PCP with a PCP of
Proximity. Various observations and transformations regarding the new notions are presented in
Section 2.5.

2.1 Standard PCPs

We begin by recalling the formalism of a PCP verifier. Throughout this work, we restrict our
attention to nonadaptive verifiers, both for simplicity and because one of our variants (namely
robust PCPs) only makes sense for nonadaptive verifiers.

Definition 2.1 (PCP verifiers)

e A verifier s a probabilistic polynomial-time algorithm V' that, on an input x of length n,
tosses = r(n) random coins R and generates a sequence of ¢ = q(n) queries I = (iy,... ,iq)
and a circuit D : {0,1}7 — {0,1} of size at most d(n).

We think of V as representing a probabilistic oracle machine that queries its oracle w for the

positions in I, receives the q answer bits ©|p 2 (m;,, . .. , i, ), and accepts iff D(w|r) = 1.

o We write (I, D) & V(z) to denote the queries and circuit generated by V on input © and
random coin tosses, and (I,D) =V (x; R) if we wish to specify the coin tosses R.

e We call v the randomness complexity, ¢ the query complexity, and d the decision complexity of
V.



For simplicity in these definitions, we treat the parameters r, ¢, and d above (and other param-
eters below) as functions of only the input length n. However, at times we may also allow them
to depend on other parameters, which should be understood as being given to the verifier together
with the input. We now present the standard notion of PCPs, restricted to perfect completeness
for simplicity.

Definition 2.2 (standard PCPs) For a function s : Z+ — [0,1], a verifier V is a probabilistically
checkable proof system for a language L with soundness error s if the following two conditions hold
for every string x:

Completeness: If v € L then there exists m such that V(x) accepts oracle ™ with probability 1.
Formally,
dr Pr  [D(r|;) =1]=1.
(1,D)EV (z)

Soundness: If x ¢ L then for every oracle m, the verifier V(x) accepts m with probability strictly
less than s. Formally,
v Pr  [D(x|r) =1] < s(|z]|).
(1,D)&V ()

If s is not specified, then it is assumed to be a constant in (0,1).

Our main goal in this work is to construct short PCPs that use very few queries. Recalling that
the length of a (nonadaptive) PCP is upper-bounded by 27 . ¢(n), we focus on optimizing the
(trade-off between) randomness and query complexities.

We will focus on constructing PCPs for the NP-complete problem CIRCUIT SATISFIABILITY,
defined as CKTSAT = {C : Jw C(w) = 1}. Recall that every language in NTIME(¢(n)) reduces
to CKTSAT in time O(t(n)logt(n)) (cf. [HS66, PF79, Co088]), and so a nearly linear-sized PCP
for CKTSAT implies PCPs for NTIME(¢(n)) of size nearly linear in #(n) for every polynomial

t(n).

2.2 PCPs of Proximity

We now present a relaxation of PCPs that only verify that the input is close to an element of the
language. The advantage of this relaxation is that it allows the possibility that the verifier may
read only a small number of bits from the input. Actually, for greater generality, we will divide the
input into two parts (x,y), giving the verifier x explicitly and y as an oracle, and we only count
the verifier’s queries to the latter. Thus we consider languages consisting of pairs of strings, which
we refer to as a pair language. One pair language to keep in mind is the CIRCUIT VALUE problem:
CKTVAL = {(C,w) : C(w) = 1}. For a pair language L, we define L(z) = {y : (z,y) € L}. For
example, CKTVAL(C) is the set of satisfying assignments to C. It will be useful below to treat the
two oracles to which the verifier has access as a single oracle, thus for oracles 7° and 7!, we define

the concatenated oracle 7 = 7% o 7! as i = ﬂf.

Definition 2.3 (PCPs of proximity (PCPPs)) For functions s,6 : ZT — [0,1], a verifier V is
a probabilistically checkable proof of proximity (PCPP) system for a pair language L with proximity
parameter ¢ and soundness error s if the following two conditions hold for every pair of strings (x,y):
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Completeness: If (x,y) € L, then there exists ™ such that V(x) accepts oracle y o m with proba-
bility 1. Formally,
ar Pr [D((yom)|;)=1=1.
(I,D)EV (z)

Soundness: If y is 6(|z|)-far from L(z), then for every w, the verifier V(x) accepts oracle y o
with probability strictly less than s(|z|). Formally,

v Pr [D((yom)|r) =1] < s(|z]).
(1,D)2v (z)

If s and 6 are not specified, then both are assumed to be constants in (0,1).

Note that the parameters (soundness, randomness, etc.) of a PCPP are measured as a function of
the length of x, the explicit portion of the input.

In comparing PCPPs and PCPs, one should note two differences that have conflicting effects.
On one hand, the soundness criterion of PCPPs is a relaxation of the soundness of PCPs. Whereas,
a PCP is required to reject (with high probability) every input that is not in the language, a PCPP
is only required to reject input pairs (x,y) in which the second element (i.e., y) is far from being
suitable for the first element (i.e., y is far from L(x)). That is, in a PCPP, nothing is required in
the case that y is close to L(z) and yet y ¢ L(x). On the other hand, the query complexity of
a PCPP is measured more stringently, as it accounts also for the queries to the input-part y (on
top of the standard queries to the proof 7). This should be contrasted with a standard PCP that
has free access to all its input, and is only charged for access to an auxiliary proof. To summarize,
PCPPs are required to do less (i.e., their performance requirements are more relaxed), but they are
charged for more things (i.e., their complexity is evaluated more stringently). Although it may not
be a priori clear, the stringent complexity requirement prevails. That is, PCPPs tend to be more
difficult to construct than PCPs of the same parameters. For example, while CIRCUIT VALUE has
a trivial PCP (since it is in P), a PCPP for it implies a PCP for CIRCUIT SATISFIABILITY:

Proposition 2.4 If CIRCUIT VALUE has a PCPP, then CIRCUIT SATISFIABILITY has a PCP with
identical parameters (randomness, query complezity, decision complezity, and soundness).

An analogous statement holds for any pair language L and the corresponding projection on first
element Ly = {x : Jy s.t. (z,y) € L}; that is, if L has a PCPP then L; has a PCP with identical
parameters.

Proof: A PCP = that C is satisfiable can be taken to be won’, where w is a satisfying assignment
to C and 7’ is a PCPP that (C,w) € CKTVAL. This proof 7 can be verified using the PCPP verifier.
The key observation is that if C' ¢ CIRCUIT SATISFIABILITY then there exists no w that is 1-close
to CIrcUIT VALUE(C), because the latter set is empty.

Note that we only obtain a standard PCP for CIRCUIT SATISFIABILITY, rather than a PCP
of proximity. Indeed, CIRCUIT SATISFIABILITY is not a pair language, so it does not even fit
syntactically into the definition of a PCPP. However, we can give a PCPP for the closely related
(and also NP-complete) pair language NONDETERMINISTIC CIRCUIT VALUE. Recall that is the
language NCKTVAL = {(C,w) : 32C(w, z) = 1} (where the variables of C are explicitly partitioned
into w-variables and z-variables).

11



Proposition 2.5 If CIRCUIT VALUE has a PCPP with prozimity parameter 6(n), soundness s(n),
randomness r(n), query complexity q(n), and decision complexity d(n), then NONDETERMINISTIC
CIrRCUIT VALUE has a PCPP with prozimity parameter 26(4n), soundness s(4n), randomness r(4n),
query complezity q(4n), and decision complexity d(4n).

Proof: Given a circuit C(-,-) of size n whose variables are partitioned into one group of size k
and another of size ¢, we transform it into a new circuit C’(+,-) of size n’ = 4n in which the first
group has size k' > ¢ and the second group has size £. Specifically, we set t = [{/k] and k' =t - k,
and define C'(2/,y) to be a circuit that checks whether 2/ = ' for some x such that C(z,y) = 1. It
can be verified that this can be done in size n 4+ 3tk < 4n (over the full binary basis). In addition,
if w is 6-far from being extendable to a satisfying assignment of C, then w' is é-far from being
extendable to a satisfying assignment of C’.

Now, the NCKTVAL-verifier, on explicit input C' and input oracle w € {0,1}*, will construct C’
as above and expect a proof oracle of the form zom, where z € {0,1}" and 7 is a PCPP that w'oz
satisfies C' as constructed above. That is, the NCKTVAL-verifier will simulate the CKTVAL-verifier
on explicit input C’, input oracle w® o z (which can easily be simulated given oracle access to w
and z), and proof oracle w. Completeness can be verified by inspection. For soundness, suppose
that w is 26-far from being extendable to a satisfying assignment of C. Then w' is 26-far from
being extendable to a satisfying assignment of C’, which implies that, for any z, w' o z is é-far
from satisfying C’. Thus, by the soundness of the CKTVAL-verifier, the acceptance probability is
at most s(n') = s(4n), for any proof oracle 7. W

Relation to property testing: Actually, the requirements from a PCPP for a pair language L
refer only to its performance on the (“gap”) promise problem II = (Ily,Ily), where IIy = L and
Iy = {(z,y) : y is 6-far from L(x)}. That is, this PCPP is only required to (always) accept inputs
in ITy and reject (with high probability) inputs in IIy (whereas nothing is required with respect
to inputs not in IIy U IIy). Such a gap problem corresponds to the notion of approximation in
property testing [RS96, GGR98].” Indeed, property testers are equivalent to PCPP verifiers that
have no access to an auxiliary proof w. Thus the relation between property testing and PCPPs is
analogous to the relation between BPP and NP (or MA). For example, the problem of testing
Bipartiteness can be cast by the pair language L = {(n,G) : the n-vertex graph G is bipartite},
where the first (i.e., explicit) input is only used to specify the length of the second (i.e., non-explicit)
input G, to which the tester has oracle access (measured in its query complexity). We comment
that the formulation of pair languages allows to capture more general property testing problems
where more information about the property (to be tested) itself is specified as part of the input
(e.g., by a circuit, as in CKTVAL).

In both property testers and PCPs of proximity, the interest is in testers/verifiers that query
their input (and proof oracle) in only a small (preferably constant, and certainly sublinear) number
of bit-locations. It turns out that PCPPs are provably stronger than property testers; that is,
there are (natural) separations between property testers and PCPs of proximity. (Some of the
following examples were pointed out in [EKR99].) In the adjacency matrix model (cf. [GGRYS]),
Bipartiteness has a PCP of proximity in which the verifier makes only O(1/6) queries and rejects
any graph that is 6-far from being bipartite with probability at least 2/3. (The proof-oracle consists
of an assignment of vertices to the two parts, and the verifier queries the assignment of the end-
points of O(1/6) random edges. This construction also generalizes to k-colorability, and in fact any

"This notion of approximation (of decision problems) should not be confused with the approximation of (search)
optimization problems, which is also closely related to PCPs [FGLT96, ALM™98].
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generalized graph partition property (cf. [GGR98]) with an efficient one-sided tester.) In contrast,
Bogdanov and Trevisan [BT04] showed that any tester for Bipartiteness that rejects graphs that are
é-far from being bipartite must make Q(673/2) queries. More drastic separations are known in in
the incidence-lists (bounded-degree) model (of [GR02]): testing Bipartiteness (resp., 3-colorability)
of n-vertex graphs has query complexity Q(y/n) [GR02] (resp., Q(n) [BOT02]), but again a PCP
of proximity will only use O(1/6) queries.

Another example comes from the domain of codes. For any good code (or “even” any code of
linear distance), there exists a PCP of proximity for the property of being a codeword that makes
a constant number of queries.® This stands in contrast to the linear lower-bound on the query-
complexity of codeword testing for some (good) linear codes, proved by Ben-Sasson et al. [BHR03].

Needless to say, there may be interesting cases in which PCPs of proximity do not out-perform
property testers.

Queries vs. proximity: Intuitively, the query complexity of a PCPP should depend on the
proximity parameter 6. Proposition 2.8 (in Section 2.5) confirms this intuition.

The relation of PCPP to other works: As discussed in the introduction (see Section 1.3),
notions related to (and equivalent to) PCPPs have appeared in the literature before [BFLS91,
EKR99]. In particular, holographic proofs are a special case of PCPPs (which refer to pair languages
L ={(n,C(x)) : = € L'N{0,1}"}, where C is an error-correcting code and L' € NP), whereas
PCPPs are a special case of “PCP spot-checkers” (when viewing decision problems as a special
case of search problems). In addition, PCPPs play an important role also in the work of Dinur
and Reingold [DRO04]; again, see Section 1.3. Recall that both our use and their use of PCPPs is
for facilitating “proof composition” (of PCP-type constructs). Finally, existing PCP constructions
(such as [ALM™98]) can be modified to yield PCPPs.

2.3 Robust Soundness

In this section, we present a strengthening of the standard PCP soundness condition. Instead of
asking that the bits that the verifier reads from the oracle are merely rejected with high probability,
we ask that the bits that the verifier reads are far from being accepted with high probability. The
main motivation for this notion is that, in conjunction with PCPPs, it allows for a very simple
composition without the usual costs of “parallelization”.

Definition 2.6 (robust soundness) For functions s,p : ZT — [0,1], a PCP wverifier V for a
language L has robust-soundness error s with robustness parameter p if the following holds for every
x ¢ L: For every oracle w, the bits read by the verifier V are p-close to being accepted with probability
strictly less than s. Formally,

Vo Pr  [Ja s.t. D(a) =1 and A(a,7|7) < p] < s(|z|).
(I,D)EV ()

If s and p are not specified, then they are assumed to be constants in (0,1). PCPPs with robust-
soundness are defined analogously, with the m|; being replaced by (y o m)|;.

Note that for PCPs with query complexity ¢, robust-soundness with any robustness parameter
p < 1/q is equivalent to standard PCP soundness. However, there can be robust PCPs with large

8Indeed, this is a special case of our extension of the result of Babai et al. [BFLS91], discussed in Section 1.3. On
the other hand, this result is simpler than the locally testable code mentioned in Section 1.4, because here the PCP
of proximity is not part of the codeword.
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query complexity (e.g. ¢ = n*1)) yet constant robustness, and indeed such robust PCPs will be
the main building block for our construction.

Various observations regarding robust PCPs are presented in Section 2.5. We briefly mention
here the relation of robustness to parallelization; specifically, when applied to a robust PCP, the
simple query-reduction technique of Fortnow et al. [FRS94| performs less poorly than usual (i.e.,
the resulting soundness is determined by the robustness parameter rather than by the number of
queries).

2.4 Composition

As promised, a robust “outer” PCP composes very easily with an “inner” PCPPs. Loosely speaking,
we can compose such schemes provided that the decision complexity of the outer verifier matches
the input length of the inner verifier, and soundness holds provided that the robustness parameter of
the outer verifier upper-bounds the proximity parameter of the inner verifier. Note that composition
does not refer to the query complexity of the outer verifier, which is always upper-bounded by its
decision complexity.

Theorem 2.7 (Composition Theorem) Suppose that for functions rout, Tin, dout, din, gin : N —
N, and eout, €in, Pout, Oin : N—1[0, 1], the following hold:

e Language L has a robust PCP wverifier Vou, with randomness complexity rou, decision com-
plexity doug, Tobust-soundness error 1 — gqus, and robustness parameter pout-

e CIRCUIT VALUE has a PCPP werifier Vi, with randomness complexity rin, query complexity
Gin, decision complexity din, prozimity parameter 6in, and soundness error 1 — eiy.

o Gin(dowt()) < pous(n), for every n.
Then, L has a (standard) PCP, denoted Viomp, with
e randomness complexity Tout(n) + rin(dout(n)),
o query complexity gin(dous(n)),
e decision complexity din(dout(n)), and
o soundness error 1 — eout(n) - €in(dout(n))-

Furthermore, the computation of Veomp (i.e. evaluating (I,D) «— Veomp(z; R)) can be performed
by some universal algorithm with black-box access to Vouy and Vin. On inputs of length n, this
algorithm runs in time n¢ for some uniwversal constant ¢, with one call to Vouy on an input of length
n and one call to Vi, on an input of length doyi(n). In addition:

e [f (instead of being a PCP) the verifier Voy, is a PCPP with prozimity parameter dou(n) then
Veomp 18 @ PCPP with prozimity parameter 6oy (n).

o If Vi, has robust-soundness with robustness parameter pi(n), then Veomp has robust-soundness
with robustness parameter pin(dout(n)).
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Proof: We will use the inner PCPP to verify that the oracle positions selected by the (robust)
outer-verifier are close to being accepted by the outer-verifier’s decision circuit. Thus, the new
proof will consist of a proof for the outer verifier as well as proofs for the inner verifier, where each
of the latter corresponds to a possible setting of the outer verifier’s coin tosses (and is intended to
prove that the bits that should have been read by the outer-verifier satisfy its decision circuit). We
will index the positions of the new (combined) oracle by pairs such that (out,i) denotes the ¢’th
position in the part of the oracle that represents the outer-verifier’s proof oracle, and (R, j) denotes
the j’th position in the R’th auxiliary block (which represents the R-th possible proof oracle (for
the inner verifier’s), which in turn is associated with the outer-verifier’s coins R € {0,1}"t). For
notational convenience, we drop the input length n from the notation below; all parameters of V
are with respect to length n and all parameters of Vi, with respect to length doui(n). With these
conventions, here is the description of the composed verifier, Veomp():

1. Choose R < {0,1}"u,
2. Run Voue(z; R) to obtain Ioy = (i1,... g, ) and Doyg.

3. Run Viy(Dout) (on random coin tosses) to obtain Iy = ((b1, 1), .- ; (bgy s Jg,)) and Diy.

(Recall that Vi,, as a PCPP verifier, expects two oracles, an input oracle and a proof oracle,
and thus makes queries of the form (b, j), where b € {0, 1} indicates which oracle it wishes to

query.)
4. For each £ =1,... , ¢y, determine the queries of the composed verifier:

(a) If by = 0, set ky = (out, ¢j,); that is, Vi,’s queries to its input oracle are directed to the
corresponding locations in Viu’s proof oracle. Recall that the j-th bit in Vj,’s input
oracle is the j-th bit in the input to Dgy, which in turn is the i;-th bit in the proof
oracle of V.

(b) If by = 1, set ky, = (R, j¢); that is, Viy’s queries to its R’th possible proof oracle are
directed to the corresponding locations in the auxiliary proof. Recall that the j-th bit in
the proof oracle that Vi, is using to verify the claim referring to the outer-verifier coins
R is the j-th bit in the R-th block of the auxiliary proof.

5. Output Icomp = (k1,... ,kg,) and Diy,.

The claims about Viomp’s randomness, query, decision, and computational complexities can be
verified by inspection. Thus we proceed to check completeness and soundness.

Suppose that € L. Then, by completeness of the outer verifier, there exists a proof 7y, making
Vout accept with probability 1. In other words, for every R € {0,1}7  if we set (Iout, Dout) =
Vout(x; R), we have Doyt (mout|1,,,) = 1. By completeness of the inner verifier, there exists a proof
mr such that Viy(Doyt) accepts the oracle mout|z,,, © mr with probability 1. If we set 7 (¢,-) = m(-)
for all ¢ € {out} U {0,1} ¢, then Viomp accepts m with probability 1.

Suppose that ¢ L, and let = be any oracle. Define oracles m(-) = m(¢,-). By the robust-
soundness (of Vo), with probability greater than €., over the choices of R € {0,1}"v¢, if we set
(Lout, Dout) = Vous(x; R), then mousl|r,., 1S pout-far from satisfying Doy Fixing such an R, by the
PCPP-soundness of Vi, (and 6, < pout), it holds that Vi, (Dout) rejects the oracle mout|z,,, © g (or,
actually, any proof oracle augmenting the input oracle mout|z,,,) With probability greater than ej,.
Therefore, Vcomp(:n) rejects oracle m with probability at least oyt - €in-
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The additional items follow by similar arguments. If Vo, is a PCPP verifier, then the input is
of the form (x,y), where y is given via oracle access. In this case, throughout the proof above we
should replace references to the oracle 7,y with the oracle y o moyt, and for soundness we should
consider the case that y is doui-far from L(z). If Vi, has robust-soundness, then at the end of the
soundness analysis, we note that not only is mout|z,,, © Tr rejected with probability greater than ej,
but rather it is pj,-far from being accepted by Vi, (and hence also by Veomp)- |

The above theorem can serve as a substitute for the original Composition Theorem in the
derivation of the original PCP Theorem [ALM™98]. Specifically, one simply needs to modify the
(pre-composition) verifiers of [ALM™98] to both test proximity and have robust soundness. As we
shall see in the next section, robust soundness can be obtained automatically from “parallelized
PCPs” (as already constructed in [ALM198]). And the PCPs [ALM 98] can easily be made PCPs
of proximity by augmenting them with appropriate “proximity tests”. Thus, all the technical work
in Part II is not forced by the new notion of robust PCPPs, but rather is aimed at constructing
ones which have nearly linear length.

2.5 Various observations and transformations

Most of this subsection refers to robust PCPs, but we start with an observation regarding PCPs of
proximity.

Queries vs. proximity: Intuitively, the query complexity of a PCPP should depend on the
proximity parameter 6. The following proposition confirms this intuition.

Proposition 2.8 (queries vs. proximity) Suppose pair-language L has a PCPP with prozimity
parameter 0, soundness error 1 — e, and query complexity q. Suppose further that there exists
(z,y) € L such that |x| = n and |y| = m, such that if we let z € {0,1}™ be a random string of
relative Hamming distance 8' = §'(x) from y, we have

f;r[z is 6-far from L(z)] > v = v(z).

Then
€.y
6/

In particular, if L = CKTVAL, then ¢ > /(6 + O(1/n)).

q >

The first part of Proposition 2.8 does not specify the relation of ¢’ to § (although, surely, §' > ¢
must hold for any v > 0, because A(z, L(x)) < A(z,y) = ¢'). The second part relies on the fact
that, for CKTVAL, one may set ¢’ as low as 6 + O(1/n).

Proof: By completeness, there exists an oracle 7 such that the PCPP verifier V(x) accepts oracle
y o with probability 1. Consider z = y®n, where n € {0,1}"™ is a uniformly distributed string
with relative Hamming weight 6’. If we invoke V' (x) with oracle to z o, then the probability (over
the choice of 1) that any of the positions read by V has been changed is at most ¢ - ¢'. Thus, V(z)
rejects oracle (y @ 1) o m with probability at most ¢ - &'

On the other hand, by assumption z is é-far from L(x) with probability at least 7, in which
case V (z) should reject oracle z o with probability greater than e, by the PCPP soundness. Thus
V(x) should reject with probability greater than 7 - e (over the choice of z and the coin tosses of
V), and we conclude that ¢ - 8" > v - £, as desired.
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For the application to CKTVAL, let C' : {0,1}"™ — {0,1} be a circuit of size n that accepts only
the all-zeroes string 0™, for m = Q(n). Then we have (C,0™) € CKTVAL, but for every §' > 6 and
every string z of relative Hamming weight ¢’, we see that (C, z) is é-far from satisfying C. Setting
v =1 and ¢’ such that §'m is the least integer greater than ém completes the proof.

Expected robustness: Occasionally, we will be interested in a variant of robust-soundness,
which refers to distance on average rather than with high probability.

Definition 2.9 (expected robustness) For a function p : ZT — [0,1], a PCP has expected
robustness p if for every x ¢ L, we have

v, E [A(x]r, DTHD)] > plJa])-

(I,D)&v (2)

Ezxpected robustness for PCPPs is defined analogously.

We now present several generic transformations regarding robustness and soundness. Although
we only state them for PCPs, all of these results also hold for PCPPs, with no change in the
proximity parameter. The following proposition relates robust-soundness to expected robustness.

Proposition 2.10 (robust-soundness vs. expected robustness) If a PCP has robust-soundness
error 1 — & with robustness p, then it has expected robustness € - p. On the other hand, if a PCP
has expected robustness p, then for every € < p, it has robust-soundness error 1 — ¢ with robustness
parameter p — €.

Expected robustness can easily be amplified to standard robustness with low robust-soundness
error, using any averaging (a.k.a. oblivious) sampler (cf., [Gol97]). Combined with Proposi-
tion 2.10, we get a (soundness) error reduction for robust PCPs. For example, using the expander-
neighborhood sampler of [GW97], we have:

Lemma 2.11 (error reduction via expander neighborhoods) If a language L has a PCP
with expected robustness p, randomness complexity r, query complexity q, and decision complex-
ity d, then for every two functions s,y : Z+ — [0,1], then L has PCP having

e robust-soundness error s with robustness parameter p — -y,
e randomness complexity r + O(log(1/s) +log(1/7)),

e query complexity O(1/(s7?)) - q, and

e decision complexity O(1/(sv?))-d

An alternative error-reduction procedure that will also be used is given by pairwise independent
samples:

Lemma 2.12 (error reduction via pairwise independence) If a language L has a PCP with

expected robustness p, randommness complezity r, query complexity q, and decision complezity d such
that p- 2" > 2, then L has PCP having

e robust-soundness error 1/2 with robustness parameter p/2,

e randomness complexity 2r,
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e query complexity 2q/p, and

e decision complexity 2d/p

Non-Boolean PCPs: The next few transformations involve non-Boolean PCPs. That is, PCPs
where the oracle returns symbols over some larger alphabet ¥ = {0, 1} rather than bits; we refer to
a = a(n) as the answer length of the PCP. (Often non-Boolean PCPs are discussed in the language
of multi-prover interactive proofs, but it is simpler for us to work with the PCP formulation.)

Robust-soundness of a non-Boolean PCP is defined in the natural way, using Hamming distance
over the alphabet ¥. (In the case of a robust non-Boolean PCPP, we still treat the input oracle as
binary.)

The first transformation provides a way of converting non-Boolean PCPs to Boolean PCPs in
a way that preserves robust-soundness.

Lemma 2.13 (alphabet reduction) If a language L has a non-Boolean PCP with answer length
a, query complexity q, randomness complezity v, decision complexity d, and robust-soundness error
s with robustness parameter p, then L has a Boolean PCP with query complezity O(a-q), randomness
complezity r, decision complezity d+0O(a-q), and robust-soundness error s with robustness parameter
Q(p). If, instead of robust-soundness, the non-Boolean PCP has expected robustness p, then the
Boolean PCP has expected robustness Q(p).

The proof uses a good error-correcting code (i.e., constant relative distance and rate). Furthermore,
to obtain decision complexity d+O(a-q) we should use a code having linear-size circuits for encoding
(cf. [Spi%6]). Using more classical codes would only give decision complexity d + O(a - g), which is
actually sufficient for our purposes.

Proof: This transformation is analogous to converting non-Boolean error-correcting codes to
Boolean ones via “code concatenation”. Let V' be the given non-Boolean PCP verifier, with answer
length a. Let ECC : {0,1}% — {0,1}" for b = O(a) a binary error-correcting code of constant
relative minimum distance, which can be computed by an explicit circuit of size O(a). We will
augment the original oracle 7 having a-bit entries with an additional oracle 7 having b-bit entries,
where 7; is supposed to be ECC(m;). (We note that including the original oracle simplifies the
argument as well as frees us from assuming a noiseless decoding algorithm.)

Our new verifier V'(x), on oracle access to wor, will simulate V(z), and for each query i made by
V', will query the a bits in 7; and the b bits in 74, for a total of ¢- (a+b) binary queries. That is, if V'
queries positions I = (iy,... ,iq), V' will query positions I’ = ((0,41),... ,(0,4q),(1,%1),... ,(1,44)).
If V outputs a decision circuit D : ({0,1}*)? — {0,1}, V' will output the circuit D’ : ({0,1}%)? x
({0,1}*)¢ — {0,1} defined by

DI(ID'" y Lg, Y1, .- - 73/q) ZD(I‘]_,... ,I‘q)/\C(I‘l,... yLgy Y1, - - 73/(1)7

where
q

Oty e gyt 590 = \ (i = ECC(a).
=1

Since ECC can be evaluated by a circuit of size O(a), we see that |D'| =|D|+ O(a - q), as desired.

For completeness of V', we note that any accepting oracle 7w for V' can be augmented to an
accepting oracle for V' by setting 7, = ECC(m;) for all i. For soundness of V', suppose = ¢ L
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and let (7, 7) be any pair of oracles. Define a “decoded” oracle & by setting 7; to be the string
x € {0,1}* which minimizes the distance between ECC(z) and ;. We will relate the robustness of
V on oracle 7 to the robustness of V' on oracles m and 7. Specifically, let 3 > 0 be a constant such
that the (absolute) minimum distance of ECC is greater than 23 - (a + ). Then we will show that
for every sequence R of coin tosses and for every a > 0, if the bits read by V'(x; R) from 7o 7 are
af-close to being accepted, then the bits read by V' from 7 are a-close to being accepted. Thus,
both robustness parameters (standard and expected) decrease by at most a factor of /.

Consider any sequence R of coin tosses, let (I,D) = V(x;R), and write I = (i1,... ,14).
Suppose that (m;,,... , T, Tiy,... ,Ti,) is af-close to some (] ,... ,ﬂgq,Ti’l, - ,Tilq) that satisfies
D" = D AC. Then, for at least a 1 — a fraction of j € [q], the pair (m;,7;) is B-close to
(7r£]_ , Ti,]_) = (71';]_ , ECC(?T;]_)). For such j, the choice of § implies that ECC(?T;]_) is the closest codeword
to 7, and hence 7;; = 7r§],. Since the 7'’s satisfy D, we conclude that 7’s are a-close to satisfying
D, as desired. [

The usual “parallelization” paradigm of PCPs [LS92, ALM198] converts a Boolean PCP with
many queries into a non-Boolean PCP with a constant number of queries, where this is typically the
first step in PCP composition. As mentioned in the introduction, we cannot afford parallelization,
and robust-soundness will be our substitute. Nevertheless, there is a close (but not close enough
for us) connection between parallelized PCPs and PCPs with robust-soundness:

Proposition 2.14 (parallelization vs. robustness)

1. If a language L has a non-Boolean PCP with answer length a, query complexity q, randomness
complezity r, decision complexity d, and soundness error s, then L has o (Boolean) PCP with
query complezity O(a - q), randomness complezity r, decision complexity d + O(a - q), and
robust-soundness error s with robustness parameter p = Q(1/q).

2. If a language L has a (Boolean) PCP with query complezity q, randomness complezity T,
decision complexity d, and expected robustness p, then L has a 2-query non-Boolean PCP
with answer length q, randomness complezity r + logq, decision complexity d + O(1), and
soundness error 1 — p.

Thus, for constant soundness and constant robustness parameter, g-query robust (Boolean)
PCPs are essentially equivalent to constant-query non-Boolean PCPs with answer length ©(g).
However, note that in passing from robust-soundness to a 2-query non-Boolean PCP, the random-
ness complexity increases by logq. It is precisely this cost that we cannot afford, and hence we
work with robust-soundness in the rest of the paper.

Proof: For Part 1, note that any non-Boolean PCP with query complexity ¢ and soundness error
s has robust-soundness error s for any robustness parameter p < 1/g. Thus, the claim follows from
Lemma 2.13.

Turning to Part 2, let V' be a robust PCP verifier for L with the stated parameters. We use
the usual query-reduction technique for PCPs [FRS94], and observe that when applied to a robust
PCP, the detection probability (i.e., one minus the soundness error) does not deteriorate by a factor
of ¢ as usual. Instead, the detection probability of the resulting 2-query (non-Boolean) PCP equals
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the expected robustness of V.2 Specifically, the 2-query non-Boolean PCP verifier V' is defined as
follows:

e V' expects two oracles, one Boolean oracle 7 corresponding to the oracle for V', and a second
oracle 7 with answer length ¢, indexed by random strings of V.

e On input z, the verifier V' selects a random string R for V and j & [¢], and computes
(I, D) = V(z; R), where I = (i1,... ,iq). It sets I' = (R,4;) (which means that the queries
for the values 7 and m;;) and D'(a,b) = [(D(a) = 1) A (aj = b)]; that is, it accepts if and
only if [D(tr) = 1] A [(Tr); = 7ri].].

It can be verified that the probability that V' rejects a false assertion is precisely the expected
robustness of V. In particular, suppose that V'(x) accepts the oracle pair (7, 7) with probability
p. We may assume, without loss of generality, that D(7g) = 1 for any R, where (-, D) = V(z; R).
Then, it follows that the expected (relative) distance of 7|y from 7, where (I, D) = V (z; R) for a
random R, equals 1 — p (because 1 —p = Prg j[(Tr); # ], which in turn equals Eg[A(7g, 7|1)])-
This means that on the average, 7 is (1 — p)-close to assignments that satisfy the corresponding
decision circuits. Thus, if ¢ ¢ L then 1 —p > p, and p < 1 — p follows. [

Robustness vs. proximity: Finally, for PCPPs, we prove that the robustness parameter is
upper-bounded by the proximity parameter.

Proposition 2.15 (robustness vs. proximity) Suppose a pair-language L has a PCPP with
proximity parameter 6 and expected robustness p. Suppose further that there exists (z,y) € L such
that |x| = n and |y| = m, such that if we let z € {0,1}"™ be a random string at relative Hamming
distance §' = §'(x) from y, we have

P;r[z is 6-far to L(z)] > v = ~y(x).

Then
p <8/
In particular, if L = CKTVAL, then p < 6+ O(1/n).

Proof: The proof is similar to that of Proposition 2.8. By completeness, there exists an oracle
7 such that the PCPP verifier V(z) accepts oracle y o m with probability 1. If we run V(z) with
oracle z o 7 instead, then bits read by V have expected distance at most ¢’ from being accepted,
where the expectation is over the choices of z (even when fixing the coins of V).

On the other hand, z is ¢-far from L(z) with probability at least v, and for any such fixed z
the bits read by V from z o 7w should have expected distance greater than p from being accepted
(over the coin tosses of V). Thus, the expected distance of z o 7 from being accepted is greater
than v - p, where here the expectation is over the choice of z and the coin tosses of V. We conclude
that &' >~ - p, as desired.

Recall that in the proof of Proposition 2.8, we have demonstrated the existence of a pair (C,w)
such that any string z at distance 8’ = 6§ + O(1/n) from w it holds that w is é-far from satistying
C. Setting v = 1, the second part follows. [

°It may be more instructive (alas more cumbersome) to discuss what is happening in terms of ordinary robustness.
Suppose that V' has robust-soundness error s = 1 —d with respect to robustness p. The standard analysis ignores the
robustness and asserts that the 2-query (non-Boolean) PCP has soundness error s' = 1 — d’, where d' = d/q. This
crude analysis implicitly assumes the trivial bound (i.e., 1/¢) of the robustness parameter. A more refined analysis
takes advantage of the actual bound of the robustness parameter, and asserts that the 2-query (non-Boolean) PCP
has soundness error s’ =1 — p - d.
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3 Very short PCPs with very few queries

In this section we prove the main results of this work; that is, we establish Theorem 1.2 and 1.3.
Our starting point is the following Robust PCP of proximity, which is constructed in the second
part of this work (Part II: Sections 5-8).

Theorem 3.1 (Main Construct) There exists a universal constant ¢ such for all n,m € Z¥,
0 < &, < 1/2 satisfying n'/™ > m/(v6)3 and 6 < /¢, CIRCUIT VALUE has a robust PCP of
proximity (for circuits of size n) with the following parameters

o randomness (1 — L) logn + O(mlogm)+ O(loglog n) + O(log(1/6)),
o decision complezity n'/™ - poly(logn,1/6), which also upper-bounds the query complexity.*
e perfect completeness, and

e for proximity parameter 6, the verifier has robust-soundness error vy with robustness parameter
(1 =7)é.

We comment that the condition § < /¢ merely means that we present robust PCPs of proximity
only for the more difficult cases (when 6 is small), and our robustness parameter does not improve
for larger values of §. We call the reader’s attention to the typically small value of the query and
randomness complexities, which yield a proof length that is upper-bounded by poly(m™ logn) - n
(for 6 and 7 as small as 1/poly(m™,logn)), as well as to the small values of the soundness error
and the the small deterioration of robustness wrt proximity.

Note that the Main Construct (of Theorem 3.1) works only when n, the size of the input
circuit, is not too small (more precisely, when n'/™ > m®"/63%). While constructing our short
PCPs (via proof composition), we need robust PCPPs that work for even smaller values of n. For
this purpose, we also construct the following robust PCP of proximity (of Theorem 3.2) that has
parameters similar to the PCP constructed by Arora et al. [ALM198]. In comparison to the Main
Construct (of Theorem 3.1), this PCPP is not as efficient in randomness (i.e., it has randomness
complexity O(logn) rather than (1 —o0(1))logy n). However, since we plan to use the latter (robust)
PCPP only towards the final stages of composition, we can afford to pay this cost in randomness.
Theorem 3.2 will be proven in the second part of this work, by modifying the proof of Theorem 3.1.
An alternate construction of this robust PCPP can be obtained by adding a suitable proximity test
to the “parallelized PCPs” of Arora et al. [ALM™98].

Theorem 3.2 (ALMSS-type Robust PCP of proximity) For all n € Z* and § € (0,1),
CIRCUIT VALUE has a robust PCP of prozimity (for circuits of size n) with the following parameters

e randomness O(logn),
e decision complexity poly logn, which also upper-bounds the query complezity.
e perfect completeness, and

e for proximity parameter 6, the verifier has robust-soundness error 1 — Q(6) with robustness
parameter Q(1).

10Th fact, we will upper-bound the query complexity by ¢ = AL poly(logn,1/6) and show that the verifier’s
decision can be implemented by a circuit of size O(g), which can also be bounded by nt/m . poly(logn,1/6) with a
slightly larger unspecified polynomial.
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Theorems 3.1 and 3.2 differ also in their robustness parameters. Theorem 3.2 provides a better
bound on the robustness parameter (i.e., (1) rather than (1 — 7)é provided by Theorem 3.1),
while guaranteeing only a much weaker robust-soundness error (i.e., 1 —Q(¢) rather than ), where
v > 6 > 0 is typically small. It is instructive to compare the expected robustness provided by the
two results: The expected robustness in Theorem 3.1 is at least (1—)2¢, while that in Theorem 3.2
is (6)- (1) = Q(6). Thus, for v < 1, the expected robustness in Theorem 3.1 can be very close to
the proximity parameter é (which is close to optimal — see Proposition 2.15), whereas in Theorem 3.2
the expected robustness is always a constant factor smaller than the proximity parameter. Hence,
the robust PCPP of Theorem 3.1 is suitable for a large number of proof composition operations,
whereas the one in Theorem 3.2 is useful when the query complexity of the outer verifier is already
very small (and Theorem 3.1 can no longer be applied). Indeed, this is exactly how these two
theorems are used in the construction of our short PCPs. Using Theorems 3.1 and 3.2, we derive
a general trade-off between the length of PCPs and their query complexity:

Theorem 3.3 (Randomness vs. query complexity trade-off for PCPs of proximity) For

every parameters n,t € N such that 3 <t < % there exists a PCP of proximaty for CIRCUIT

VALUE (for circuits of size n) with the following parameters
e randomness complexity logy n + A¢(n), where

2
t

Ai(n) 2 O(t+ (logn)#)loglogn + O((logn)?) (1)

e query complexity O(1),
e perfect completeness, and

e soundness error 1 — Q(1/t) with respect to prozimity parameter ©(1/t).

Alternatively, we can have query complexity O(t) and soundness error 1/2 maintaining all other
parameters the same.

For t € [3,..., &2 loglogn) " e have (log n)% > (loglogn)1/%9 and so A;(n) = O((log n)%) On the

) logloglogn
1 2
other hand, for ¢ > %, we have (logn)t < (loglogn)'/10" and so A;(n) = O(%) =

o(log log n)2.

Theorem 3.3 actually asserts a PCP of proximity (for CIRCUIT VALUE), but a PCP for CIrRCUIT
SATISFIABILITY and a PCP of proximity for NONDETERMINISTIC CIRCUIT VALUE (of the same
complexity) follow; see Propositions 2.4 and 2.5. Theorems 1.2 and 1.3 follow by suitable settings
of the parameter ¢. Further detail as well as another corollary appear in Section 3.2.

3.1 Proof of Theorem 3.3

Theorem 3.3 is proved by using the robust PCP of proximity described in Theorem 3.1. Specifically,
this robust PCP of proximity is composed with itself several times (using the Composition Theorem
from Section 2). Each such composition drastically reduces the query complexity of the resulting
PCP, while only increasing very moderately its randomness complexity. The deterioration of the
soundness error and the robustness is also very moderate. After composing the robust PCP of
proximity with itself O(t(n)) times, we compose the resulting robust PCP with the ALMSS-type
robust PCP of proximity thrice to reduce the query complexity to polylogloglogn. Finally we
compose this resultant robust PCP of proximity with a PCPP of proximity parameter roughly
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Q(1/t) that has query complexity O(1) and exponential length. The latter PCP of proximity can
be obtained by a suitable modification of the Hadamard-based PCP of [ALM™98], as shown in
Appendix A. We now turn to the actual proof.

Proof: We construct the PCP of proximity of Theorem 3.3 by composing the robust PCP of
proximity described in Theorem 3.1 with itself several times. Each such composition reduces the
query complexity from n to approximately n'/™. Ideally, we would like to do the following: Set
m = (logn)t and compose the robust PCPP of Theorem 3.1 with parameter m with itself ¢t — 1
times. This would result in a robust PCPP of query complexity roughly pl/m* = pl/logn — O(1)
giving us the desired result. However, we cannot continue this repeated composition for all the
t — 1 steps as the requirements of Theorem 3.1 (namely, n'/™ > m®™/(6v)?) are violated in the
penultimate two steps of the repeated composition. So we instead do the following: In the first stage,
we compose the (new and) highly efficient verifier from Theorem 3.1 with itself £ — 3 times. This
yields a verifier with query complexity roughly n!/™ ™ = (nl/mt)m2 =2 = exp(log?tn) < n,
while the soundness error is bounded away from 1 and robustness is €2(1/¢). In the second stage,
we compose the resultant robust PCPP a constant number of times with the ALMSS-type robust
PCPP described in Theorem 3.2 to reduce the query complexity to poly logloglogn (and keeping
the other parameters essentially the same). The ALMSS-type PCPP is (relatively) poor in terms of
randomness, however the input size to the ALMSS-type PCPP is too small to affect the randomness
of the resultant PCPP. Finally, we compose with the Hadamard-based verifier of Theorem A.1l to
bring the query complexity down to O(1). In all stages, we invoke the Composition Theorem
(Theorem 2.7).

Throughout the proof, n denotes the size of the circuit that is given as explicit input to the
PCPP verifier that we construct. We shall actually construct a sequence of such verifiers. Each
verifier in the sequence will be obtained by composing the prior verifier (used as the outer verifier
in the composition) with an adequate inner verifier. In the first stage, the inner verifier will be
the verifier obtained from Theorem 3.1, whereas in the second and third stages it will be the
one obtained from Theorem 3.2 and Theorem A.1, respectively. Either way, the inner verifier
will operate on circuits of much smaller size (than n) and will use a proximity parameter that is
upper-bounded by the robustness parameter of the corresponding outer verifier.

Stage I: Let m = (log n)% >2andy= % For this choice of m and ~, let V4 be the verifier obtained
from Theorem 3.1. We recall the parameters of this verifier: For circuits of size £ and any proximity
parameter 6y € (v/3¢,v/c), its randomness complexity is ro(¢) £ (1-— #) -logy £ 4+ O(loglog ¢) +
O(mlogm)-+O(logt), its decision (and query) complexity is do(¢) = o -poly(log ¢, t), its soundness
error is so = v and its robustness is pp > (1 — 7)dp.

We compose Vy with itself ¢ —3 times for the same fixed choice of m and v to obtain a sequence of
verifiers of increasingly smaller query complexity.!! While doing so, we will use the largest possible
proximity parameter for the inner verifier (Vj) in each step; that is, in the i-th composition, we set
the proximity parameter of the inner verifier to equal the robustness of the outer verifier, where the
latter is the result of 2 — 1 compositions of Vj with itself. We get a sequence of verifiers Vi,... ,V;_»
such that V3 =V} and the verifier V; is obtained by composing (the outer verifier) V;_; with (the
inner verifier) Vj, where the proximity parameter of the latter is set to equal the robustness of
the former. Unlike Vj, which is invoked on different circuit sizes and (slightly) different values of
the proximity parameter, all the V;’s (i € [t — 2]) refer to circuit size n and proximity parameter

"VWe assume, for simplicity, that ¢ > 3. Note that it suffices to establish the claimed result for ¢ that is greater
than any universal constant.
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6§ & /e < 1/t.

Let 7;,d;,6;,s; and p; denote the randomness complexity, decision (and query) complexity,
proximity parameter, soundness error, and the robustness parameter of the verifier V;. (Recall
that V; will be composed with the inner-verifier V, where in this composition the input size and
proximity parameter of the latter will be set to d; and p; respectively, and so we will need to verify
that dg/m > m™/(yp;)® and p; < y/c for i <t —2).'2 We first claim that the decision complexity,
proximity, soundness-error, robustness, and proof size parameters satisfy the following conditions:

1. Decision complexity: d;(n) < a(n,m)? ™ where a(f,m) £ dy(£)/¢Y™ = poly(log ¢,1).
On the other hand, d;(n) > n!/™.

2. Proximity: §; = 6.

3. Soundness error: s; < 1 — (1 — )% (In particular, s; < i7.)

4. Robustness: p; > (1 —7)*- 4. On the other hand, p; < py < v/c.

5. Proof length: 27" d;(n) < b(n, m)* - n, where b(£,m) £ 270 . dy(£) /¢ = poly(m™,log L, ).

We prove this claim by induction on 7. For starters, note that the base case (i.e., i = 1) follows from
the properties of Vy: In particular, di(n) < poly(log n,t)-n'/™ and 271(")d, (n) < poly(m™,logn,t)-
n. Turning to the induction step, assuming that these claims holds for V;, we prove that they hold
also for V;41. For (1), note that

div1(n) = do(d;(n)) [By the Composition Theorem]
= a(d;(n),m) - dy(n)"/™ [By definition of a(,-)]
< a(n,m) - d;(n)t/™ [By monotonicity of a(-,-) and d;(n) < n]
N\ 1/m
< a(n,m) - (a(n,m)?-nt/m ) [By induction]
< a(n,m)?-pt/m" [Using m > 2]

and di1(n) > di(n)/™ > n'/™*" also holds. Clearly & = § and the bound on s; is straightforward
from the Composition Theorem. Recalling that the proximity parameter for Vj in this composition
is set to p;, the robustness of the composed verifier V; 1 is p;11 = (1—7)p; = (1—~)"16 as desired.
Furthermore, p; = (1 — 7)% > (1 — 3)'§ > e 1§ = v/O(1). We now move to the last condition
(essentially bounding the randomness). Notice first that r;1(n) = r;(n) + ro(d;(n)) and thus

gri+1(n) diyi(n) = gri(n) . gro(di(n)) . do(di(n)) [By the Composition Theorem]
= 2% di(n) - b(dy(n),m)  [By definition of b(-,")]
< b(n,m)'-n-b(n,m) [By induction and monotonicity of b(, )]

Thus, Part (5) is verified. Recall that we have to verify that d;/m > m™/(ypi)3 for i <t —2 as
promised before. We have dg/m > (p/myL/m = pl/mT > g 1/m (gince i < t — 2). Since m =

(log n)%, we have n!/™ = 2. Hence, dg/m > (pb/m"ym* = 9m* On the other hand, m™/(yp;)® <

12We also need to verify that nt/m™ > mcm/(’y&))?’ and 6o < 7/c for the initial verifier Vi = V{ but this is true for our
choice of parameters. Furthermore, as p; can only deteriorate with each composition, we have that o = p; < po < v/c.
Thus, the only condition that needs to be verified is d*/™ > me™ [(yp;:)® for i < t — 2.

)
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m™/(e~1y6)3 = m™ - poly(t), because § = /c and v = 1/t. Thus it suffices to verify that
gm’ /m™ > poly(t), for 2 < t < 2loglogn/ log log log n, which is straightforward.?

Lastly, we consider the running-time of V;, denoted T;, which ought to be polynomial. A careful
use of the Composition Theorem (Theorem 2.7) indicates that T;(n) = poly(n) +T;—1(n), for every
i =2,...,t —2, where T1(n) = poly(n) (since V; = Vp). Alternatively, unraveling the inductive
composition, we note that V; consists of invoking V{ for ¢ times, where in the first invocation Vj is
invoked on V;’s input and in later invocations Vj is invoked on an input obtained from the previous
invocation. Furthermore, the output of V; is obtained by a combining the inputs obtained in these
1 < t— 2 < n invocations.

We now conclude the first stage by showing that the final verifier V. = V;_s has the desired
properties. By Part (5) above (and the fact that d;_o > 1), we have r.(n) = r_2(n) < logn +
(t —2)-logb(n,m) < logn + tlogb(n,m). By the definition of b(n,m), we have logb(n,m) =
O(log logn)4+O(mlog m)+O(logt) = O(loglog n+mlogm), whereas m log m = (log n)% Lloglog n.
Thus r.(n) <logyn+O0(t-loglogn)+t-O(mlogm) = logy n+O(t+ (log n)%)-log log n. The decision
complexity of V, is do(n) = dy_s(n) < a(n,m)®-n/™ " = a(n,m)?-2™° because n*/™" = 2. Using
a(n,m) = poly(logn, t), it follows that d.(n) < 2™ - poly(logn). The proximity of V, equals §, its
soundness error is s, = s; 9 =1 — (1 — )72 =1— (1 - 1/t)""2 < 1 - Q(1), and its robustness is
pe= iz > (1= )26 = 6/ = Q(1/2).

Stage Il: We now compose the verifier V. with the ALMSS-type verifier V, described in Theorem 3.2
thrice to obtain the verifiers V', V" and V"' respectively; that is, V' equals V, composed with
Va, whereas V" equals V' composed with V,, and V" equals V" composed with V,. We apply
composition as before, setting the proximity parameter of the inner verifier to equal the robustness
parameter of the outer verifier. Recall from Theorem 3.2 that the ALMSS-type verifier V,, has the
following parameters: randomness r4(¢,6,) = O(log ), decision complexity d,(¢,d,) = poly log ¥,
soundness error s4(¢,0,) = 1 —Q(8,) and robustness pq (¢, 6,) = (1) for input size £ and proximity
parameter §,. Recall that when composing V. with V, we set 6, = p. = (1/t), whereas when
composing V' (resp., V") with V, we set 6, = p’ = Q(1) (resp., 6, = p” = Q(1)). Each composition
with the inner verifier V,, adds O(log d) to the randomness, while reducing the query complexity to
poly log d, where d is the decision complexity of the outer verifier. Furthermore, when composing
any of these outer verifiers (i.e., either V. or V', V") with V,, the resulting verifier has robustness
parameter (1) while its robust-soundness error is 1 —Q((1—s)p), where p and s are the robustness
and soudness error of the outer verifier. Hence, the parameters of the verifiers V', V" and V"’ are
as follows:

Parameters of V' (recall that d. = 2™ - poly(logn) and p, = (6)):
r' =r.+ O(logd.(n)) = r. + O(m? + loglog n),
d" = poly(log dc(n)) = poly(m, log logn),
s'=1-Q((1 = sc)pe) =1 —Q(6),
and p' = Q(1).
Parameters of V":
" =r"+ O(logd) = 7' + O(log m + log log log n),
d" = poly(log d') = poly(log m, log log logn),
= 1- (1 - )l) = 1 - 9(6),

!3Note that as t varies from 2 to 2loglogn/logloglogn, the value of m varies from /logn to v/loglogn. For
t € [2,2loglogn/logloglogn|, the maximum value of poly(t) is poly(loglogn/logloglogn) = poly(loglogn). On
the other hand, for m € [Vloglog n, \/log n|, the minimum value of 9™’ Jmm > gm®/2 jg gVIesTorn®/2 — Viegn >
poly(log log n).
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and p" = Q(1).

Parameters of V"':
" =" + O(log d") = r"" + O(log log m + log log log log n),
d" = poly(log d") = poly(log log m, log log log log n),
=1 - Q((1— ")) = 1 6),
and p" = Q(1).

Recall that the proximity parameter for all three verifiers equals that of V.. (i.e., §). We have that

™ = 7.+ 0(m? +loglogn)
= logyn + O(t + (logn)'/?) - loglog n + O(m?),
" < d" = poly(loglogloglogn,loglogm),

whereas s = 1 — Q(6) and p"” = Q(1). Substituting m = (log n)%
2
t

(logn)'/t) -loglog n 4+ O((logn) ) and ¢"" = poly(log log log n).

, we get " =logyn + O(t +

Stage Ill: Finally, we compose V"’ with the Hadamard-based inner verifier V;, of Theorem A.1 to
obtain our final verifier Vy. The query complexity of V}, and hence that of Vy is constant. The
randomness complexity of V; is 7¢(n) = 7™ (n) + rp(¢"(n)) = r""(n) + poly(log log log n), because
rp(€) = O(¢%). Thus, r(n) = logyn + O(t + (log n)%) - loglogn + O((log n)%) On proximity
parameter 6y, the soundness error of V3, is sp, = 1 — Q(éy). Setting 6, = p"" = Q(1), we conclude
that the soundness error of Vy on proximity parameter 6 is 1 —€(6) = 1—(1/t), since the soundness
error of V" is 1 — Q(¢6).

To obtain soundness error 1/2, we perform O(t) repetitions of V}, yielding a query complex-
ity of O(t). This can be done without increasing the randomness complexity by using “recycled
randomness” (specifically, the neighbors of a uniformly selected vertex in a Ramanujan expander

graph; see [Gol97, Apdx. C.4]). |

Comment: We note that the tight bound on the robustness (as a function of the proximity
parameter) in our main construct (Theorem 3.1) plays an important role in the proof of Theorem 3.3.
The reason is that when we compose two robust PCPs of proximity, the proximity parameter of
the second must be upper-bounded by the robustness parameter of the first. Thus, when we
compose many robust PCPs of proximity, the robustness parameter deteriorates exponentially in
the number of composed systems where the base of the exponent is determined by the tightness
of the robustness (of the second verifier). That is, let 7 = p/6, where § and p are the proximity
and robustness parameters of the system. Then composing this system ¢ times with itself, means
that at the lowest PCP-instance we need to set the proximity parameter to be 7/~ times the
initial proximity. This requires the lowest PCP-instance to make at least 1/70"! queries (or be
composed with a PCP of proximity that can handle proximity parameter 7%, which again lower-
bounds the number of queries). For a constant 7 < 1, we get exp(t) query complexity, whereas for
T=1-—v=(1-(1/t)) we get query complexity that is linear in 1/((1 —~)"-v) = O(¢). Finally, we
argue that in the context of such an application, setting v = 1/t is actually the “natural” choice.
Such a choice, assigns each proof-oracle encountered in the composition almost equal weight (of
1/t); that is, such a proof oracle is assigned weight 1/t when it appears as the current proof-oracle
and maintains its weight when it appears as part of the input-oracle in subsequent compositions.
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3.2 Corollaries to Theorem 3.3

Recall that Theorem 3.3 asserts a PCP of proximity (for CIRCUIT VALUE) with randomness com-
plexity logy n + A¢(n), where Ay(n) £ O(t + (log n)%) log log n + O((log n)%) and query complexity
O(t) (for soundness error 1/2). For constant ¢ > 3, we have A;(n) = O((log n)%) On the other
hand, for t > %, we have A;(n) = o(loglogn)?. Using Proposition 2.4, these PCPPs yield
corresponding PCPs for CIRCUIT SATISFIABILITY.

Deriving Theorems 1.2 and 1.3: Two extreme choices of t(n) are when t(n) = 2, for some
2loglogn

ogloglogn (Which minimizes

e > 0 (which maintains a constant query complexity), and #(n) =

the randomness complexity of the verifier). Setting ¢(n) = 2 yields Theorem 1.3 (i.e., constant
query complexity O(1/e) and randomness logy n + O(log®n)), whereas setting ¢(n) = %
yields Theorem 1.2 (i.e., query complexity O((loglogn)/logloglogn) and randomness logyn +

O((loglogn)?/logloglog n)). Thus, both Theorems 1.2 and 1.3 follow from Theorem 3.3.

Deriving a PCP of proximity for NONDETERMINISTIC CIRCUIT VALUE: By Proposition 2.5,
we conclude that for every 3 < t(n) < %, there exists a PCP of proximity for NONDETER-
MINISTIC CIRCUIT VALUE of the same complexities (i.e., randomness complexity log, n + A¢(n),

query complexity O(¢(n)), perfect completeness, and soundness error 1/2 with respect to proximity

5 = Q(L/t(n)).

A more flexible notion of a PCP of proximity: Our definition of a PCP of proximity (see
Definition 2.3) specifies for each system a unique proximity parameter. In many settings (see, e.g.,
Section 4.1), it is better to have the proximity parameter be given as an input to the verifier and
have the latter behave accordingly (e.g., make an adequate number of queries). We refrain from
presenting a formal definition as well as a general transformation of PCPs of proximity to their
more relaxed form. Instead, we state the following corollary to Theorem 3.3.

2loglogn

Togloglogn there exists a

Corollary 3.4 For every parameters n,t1,ta € N such that 3 < t; <t9 <

PCP of prozimity for CIRCUIT VALUE (for circuits of size n) with proof length 24t () ., where
Ag(n) is as in Eq. (1), query complezity O(t2), perfect completeness, and soundness error 1/2 with
respect to prozimity parameter 1/ty. Furthermore, when given (as auxiliary input) a prozimity
parameter § > 1/ty, the verifier makes only O(max{1/6,t1}) queries and rejects any input oracle
that is 6-far from satisfying the circuit with probability at least 1/2.

Underlying the following proof is a general transformation of PCPs of proximity to the more relaxed
form as stated in Corollary 3.4.

Proof: The proof oracle consists of a sequence of proofs for the system of Theorem 3.3, when
instantiated with proximity parameter 27¢, for i = |logs 1], ..., [logs ta]. When the new verifier is
invoked with proximity parameter 8, it invokes the original verifier with proximity parameter 27,
where i = [log, 1/6], and emulates the answers using the i-th portion of its proof oracle. i

4 Applications to coding problems

In this section we show that, combined with any good code, any PCP of proximity yields a Locally
Testable Code (LTC). Using our PCPs of proximity, we obtain an improvement in the rate of LTCs
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(improving over the results of [GS02, BSVWO03]). We also introduce a relaxed notion of Locally
Decodable Codes, and show how to construct such codes using any PCP of proximity (and ours in
particular).

Preliminaries: For a string w € {0,1}" and i € [n] = {1,2,...,n}, unless stated differently, w;
denotes the ¢-th bit of w.

We consider codes mapping sequences of k (input) bits into sequences of n > k (output) bits.
Such a generic code is denoted by C: {0,1}* — {0,1}", and the elements of {C(z) : z€{0,1}*} C
{0,1}™ are called codewords (of C). Throughout this section, the integers k and n are to be thought
of as parameters, and we are typically interested in the relation of n to k (i.e., how n grows as
a function of k). Thus, we actually discuss infinite families of codes (which are associated with
infinite sets of possible k’s), and whenever we say that some quantity of the code is a constant we
mean that this quantity is constant for the entire family (of codes).

The distance of a code C : {0,1}* — {0,1}" is the minimum (Hamming) distance between
its codewords; that is, min, ., {A(C(z),C(y))}, where A(u,v) denotes the number of bit-locations
on which u and v differ. Throughout this work, we focus on codes of “linear distance”; that is,
codes C : {0,1}* — {0,1}" of distance Q(n). The distance of w € {0,1}" from a code C :
{0,1}* — {0,1}", denoted Ac(w), is the minimum distance between w and the codewords; that
is, Ac(w) £ ming {A(w,C(x))}. For § € [0,1], the n-bit long strings « and v are said to be §-far
(resp., é-close) if A(u,v) > 6 -n (resp., A(u,v) < 6-n). Similarly, w is é-far from C (resp., d-close
to Q) if Ag(w) > 6 -n (resp., Ag(w) < - n).

As in the case of PCP, all oracle machines considered below are non-adaptive. Here these oracle
machines will model highly efficient testing and decoding procedures, which probe their input
w € {0,1}" in relatively few places. Thus, these procedures are modeled as oracle machines having
oracle access to w (which is viewed as a function w : {1,...,n} — {0,1}).

4.1 Locally Testable Codes

Loosely speaking, by a codeword test (for the code C : {0,1}¥ — {0,1}") we mean a randomized
(non-adaptive) oracle machine, also called a tester, that is given oracle access to w € {0,1}". The
tester may query the oracle at a constant number of bit-locations and is required to (always) accept
every codeword and reject with (relatively) high probability every oracle that is “far” from the
code. Indeed, since our focus is on positive results, we use a strict formulation in which the tester is
required to accept each codeword with probability 1. (This corresponds to “perfect completeness”
in the PCP setting.) The first definition below provides a general template (in terms of several
parameters) for the rejection condition. Later we will discuss the kinds of asymptotic parameters
we would like to achieve.

Definition 4.1 (codeword tests): A randomized (non-adaptive) oracle machine M is called a
(6, 5)-codeword test for C : {0,1}* — {0,1}" if it satisfies the following two conditions:

1. Accepting codewords (aka completeness): For every x € {0,1}F, given oracle access to w =
C(x), machine M accepts with probability 1. That is, Pr[MC(x) =1 = 1, for every xz €
{0,1}*.

2. Rejection of non-codeword (aka soundness): Given oracle access to any w € {0,1}" that is
6-far from C, machine M accepts with probability at most s. That is, Pr[M™¥ =1] < s, for
every w € {0,1}" that is 6-far from C.
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The parameter 6 s called the proximity parameter and s is called the soundness error. The query
complexity ¢ of M is the maximum number of queries it makes (taken over all sequences of coin
tosses).

Note that this definition requires nothing with respect to non-codewords that are relatively close
to the code (i.e., are 6-close to C). In addition to the usual goals in constructing error-correcting
codes (e.g., maximizing minimum distance and minimizing the blocklength n = n(k)), here we are
also interested in simultaneously minimizing the query complexity ¢, the proximity parameter 6,
and the soundness error s. More generally, we are interested in the tradeoff between ¢, 6, and s.
(As usual, the soundness error can be reduced to s* by increasing the query complexity to k - ¢.)
A minimalistic goal is to have a family of codes with ¢, §, and s all fixed constants. However, note
that this would only be interesting if ¢ is sufficiently small with respect to the distance parameters
of the code, e.g. smaller than half the relative minimum distance. (For example, if ¢ is larger than
the “covering radius” of the code, then there does not exist any string that is 6-far from the code,
and the soundness condition becomes vacuous.) A stronger definition requires the tester to work
for any given proximity parameter § > o(1), but allows its query complexity to depend on ¢:

Definition 4.2 (locally testable codes): A family of codes {Cy : {0,1}F — {0,1}"}ren is locally
testable if it satisfies

1. Linear Distance: There is a constant p > 0, such that for every k, Cy has minimum distance
at least p-n.

2. Local Testability: There is a randomized, non-adaptive oracle machine M such that for every
constant 6 > 0, there is a constant ¢ = q(8) such that for all sufficiently large k, M (1%, 6)
is a (6,1/2)-codeword test for Cy with query complexity q.

The family is called explicit if both Cp and M™(1*,6) can be evaluated with computation time
polynomial in k.

We comment that Definition 4.2 is somewhat weaker than the definitions used in [GS02].14

Using an adequate PCP of proximity, we can transform any code to a related code that has
a codeword tester. This is done by appending each codeword with a PCP of proximity proving
the codeword is indeed the encoding of a message. One technical problem that arises is that the
PCP of proximity constitutes most of the length of the new encoding. Furthermore, we cannot
assume much about the Hamming distance between different proofs of the same statement, thus
the distance of the new code may deteriorate. But this is easily fixed by repeating the codeword
many times, so that the PCP of proximity constitutes only a small fraction of the total length.'®
Specifically, given a code Cy : {0, 1}* — {0,1}™, we consider the code C(z) £ (Cy(z)!, 7(z)), where
t = (d(k) — 1) - |n(x)|/|Co(x)| such that (say) d(k) = logk, and 7(z) is a PCP of proximity that
asserts that an m-bit string (given as an input oracle) is a codeword (of Cy).

11n the weaker among the definitions in [GS02], the tester is not given 6 as input (and thus has query complexity
that is a fixed constant independent of §) but is required to be a (6§, 1 — Q(§))-codeword test for every constant § > 0
and sufficiently large k. That is, strings that are §-far from the code are rejected with probability 2(6). Such a tester
implies a tester as in Definition 4.2, with query complexity ¢(6) = O(1/6) .

5 Throughout this section we will use repetitions to adjust the “weights” of various parts of our codes. An alternative
method would be to work with weighted Hamming distance (i.e. where different coordinates of a codeword receive
different weights), and indeed these two methods (weighting and repeating) are essentially equivalent. For the sake
of explicitness we work only with repetitions.
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Construction 4.3 Let d be a free parameter to be determined later, Cy : {0,1}* — {0,1}™ be a
code, and V' be a PCP of prozimity verifier for membership in So = {Co(x) : x€{0,1}*}. Let n(x)
be the proof-oracle corresponding to the claim that the input-oracle equals Co(x); that is, m(x) is

the canonical proof obtained by using x as an NP-witness for membership of Co(x) in Sy. Consider
the code C(x) £ (Co(z)!, w(x)), where t = (d — 1) - |(x)|/|Co(z)].

The codeword test emulates the PCP-verifier in the natural way. Specifically, given oracle access
to w = (wi, ..., wy, ) € {0,1}¢™+E the codeword tester selects uniformly i € [t], and emulates the
PCP-verifier providing it with oracle access to the input-oracle w; and to the proof-oracle 7. In
addition, the tester checks that the repetitions are valid (by inspecting randomly selected positions
in some ¢, randomly selected pairs of m-bit long blocks, where g, is a free parameter to be
optimized later). Let us denote this tester by 7. That is, T" proceeds as follows

1. Uniformly selects i € [t] and invokes Vo™,

2. Repeats the following gep times: Uniformly selects i1, € [t] and j € [m] and checks whether

(wil )j = (wiQ )j'

Proposition 4.4 Let d and gr.p be the free parameters in the above construction of the code C and
tester T. Suppose that the code Cy : {0,1}F — {0,1}™ has relative minimum distance py, and that
the PCP of prozimity has proof length { > m, soundness error 1/4 for prozimity parameter dpcpp
and query complexity qpcpp. Then, the code C and tester T' have the following properties:

1. The blocklength of C is n 2 d - £ and its relative minimum distance is at least py — 1/d.
2. The oracle machine T' is a (6,1/2)-codeword tester for the C, where 6 = bpepp + -+ L.

3. The query complexity of T' i8 ¢ = Qpepp + 2qrep-

Proof: The parameters of the code C are obvious from the construction. In particular, C has
blocklength t-m + ¢ = d-{ = n, and the PCP of proximity 7(z) constitutes only an ¢/n = 1/d
fraction of the length the codeword C(z). Since the remainder consists of replicated versions of
Co(x), it follows that the relative minimum distance of C is at least (n — £)py/n > pp — 1/d.

The query complexity of 71" is obvious from its construction, and so we only need to show
that it is a good codeword tester. Completeness follows immediately from the completeness of
the PCP of proximity, and so we focus on the soundness condition. We consider an arbitrary
w = (wy,...,wy,7) € {0,1}™F that is é-far from C, and observe that w' = (wy, ...,w;) must be
§'-far from C' = {Co(x)! : = € {0,1}*}, where 6’ > (én —E)/n =06—(1/d). Let u € {0 1}™ be a
strmg that minimizes A(w’,ut) = 3F_ | A(w;, u); that i is, u! is the “repetition sequence” closest to
w'. We consider two cases:

Case 1: A(w',u') > tm/grep. In this case, a single execution of the basic repetition test (comparing
two locations) rejects with probability:

Er,se[t} [K(wr;ws)/m] 2 Ere[ [ (wr, )/m]
= Aw',u")/(t-m)
> 1/gep

where the last inequality is due to the case hypothesis. It follows that g, executions of the
repetition test would accept with probability at most (1 — 1/grep)®» < 1/e < 1/2.
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Case 2: A(w',u') < tm/grep. In this case

KCO(U) _ Zcr(ut) > Kcl(wl) —K(w',ut) > 6, . 1
tm Grep

m tm

where the last inequality is due to the case hypothesis. Also, recalling that on the average

(i.e., average i) w; is 1/grep-close to u, it holds that at least two thirds of the w;’s are 3/grep-

close to u. Recalling that w is (8" — (1/grep))-far from Cy and using dpepp = 8" — (4/¢rep), it

follows at least two thirds of the w;’s are 6,cpp-far from Cp. Thus, by the soundness condition

of the PCP of proximity, these w; will be accepted with probability at most 1/4. Thus, in
1 _ 1

the current case, the tester accepts with probability at most % + % 1= 35-

The soundness condition follows. N

To prove Theorem 1.4, we instantiate the above construction as follows. We let Cq : {0, 1}* —
{0,1}™ come from a family of codes with constant relative minimum distance py > 0 and nearly
linear blocklength m = O(k), where encoding can be done by circuits of nearly linear size sy =
so(k) = O(k). We take the PCP of proximity from Corollary 3.4, setting ¢; = O(1/¢) (for an
arbitrarily small constant ¢ > 0) and ¢y = 2loglogsg/ logloglog sy = w(1). Thus, we obtain proof
length ¢ = sq - exp(log®/? s0) and query complexity Gpepp = O(max{1/0pcpp,t1}) = O(1/0pepp) for
any proximity parameter dpcpp > 1/ty = o(l). We actually invoke the verifier twice to reduce
its soundness error to 1/4. Setting d = logk = w(1l), we obtain final blocklength n = d - £ <
k - exp(log® k) and relative distance py — o(1). We further specify the test T as follows. Given a
proximity parameter § > 6/ty = o(1), the tester 7' invokes the aforementioned PCPP with 6,cpp =
6/6, and performs the repetition test grp, = 6/6 times. Observing that dpepp + (4/¢rep) + (1/d) < 6,
we conclude that the resulting test (i.e., T = T(1¥,8pcpp)) is a (8,1/2)-codeword tester of query
complexity O(1/6pcpp) + 2¢rep = O(1/6). Thus we conclude:

Conclusion (Restating Theorem 1.4): For every constant € > 0, there exists a a family of
locally testable codes Cy : {0,1}* — {0,1}", where n = exp(log® k) - k, with query complexity
q(6) = O(1/6).

4.2 Relaxed Locally Decodable codes

We first recall the definition of Locally Decodable Codes (LDCs), as formally stated by Katz and
Trevisan [KT00]. A code C : {0,1}* — {0,1}" is locally decodable if for some constant & > 0
(which is independent of k) there exists an efficient oracle machine M that, on input any index
i € [k] and access to any oracle w € {0,1}" such that A(w,C(x)) < én, recovers the i-th bit of x
with probability at least 2/3 while making a constant number of queries to w. That is, whenever
relatively few location are corrupted, the decoder should be able to recover each information-bit,
with high probability, based on a constant number of queries to the (corrupted) codeword.

Katz and Trevisan showed that if M makes ¢ queries then n = Q(k'*+/(¢=1)) must hold [KT00].'6
This lower-bound is quite far from the best known upper-bound, due to Beimal et al. [BIKR02],
that asserts n = O(exp(k?(?)), where £(q) = O((loglogq)/(¢qlogq)) = o(1/q), which improves
(already for ¢ = 4) over a previous upper-bound where £(¢) = 1/(2¢ 4+ 1). It has been conjectured

6T heir lower-bound refers to non-adaptive decoders, and yields a lower-bound of n = Q(k1+1/(zq_1)) for adaptive
decoders. A lower-bound of n = Q(k*+1/©@) for adaptive decoders was presented in [DJK*02], and lower-bound of
n = QK'Y (4/2=D) for non-adaptive decoders was presented in [KAW03]. (We note that below we use a non-adaptive
(relaxed) decoder.)
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that, for a constant number of queries, n should be exponential in k; that is, for every constant
q there exists a constant € > 0 such that n > exp(k®) must hold. In view of this state of affairs,
it is natural to relax the definition of Locally Decodable Codes, with the hope of obtaining more
efficient constructions (e.g., n = poly(k)).

We relax the definition of Locally Decodable Codes by requiring that, whenever few location are
corrupted, the decoder should be able to recover most (or almost all) of the individual information-
bits (based on few queries) and for the remaining locations the decoder outputs either the right
message bit or a fail symbol (but not the wrong value). That is, the decoder must still avoid errors
(with high probability), but is allowed to say “don’t know” on a few bit-locations. The following
definition is actually weaker; yet, the (aforementioned) stronger formulation is obtained when
considering p ~ 1 (and using amplification to reduce the error from 1/3 to any desired constant).!”
Furthermore, it is desirable to recover all bits of the information, whenever the codeword is not
corrupted.

Definition 4.5 (Relaxed LDC) A code C : {0,1}* — {0,1}" is relaxed locally decodable if for
some constants 6,p > 0 there exists an efficient probabilistic oracle machine M that makes a
constant number of queries and satisfies the following three conditions with respect to any w €

{0,1}" and = € {0,1}* such that A(w,C(x)) < én:

1. If w = C(z) is a codeword then the decoder correctly recovers every bit of x with probability
at least 2/3. That is, for every x € {0,1}* and i € [k], it holds that Pr[MC®) (i) = z;] > 2.

2. On input any index i € [k] and given access to the oracle w, with probability at least 2/3
machine M outputs either the i-th bit of x or a special failure symbol, denoted L. That is,
for every i, it holds that Pr[M™ (i) € {z;, L}] > 2.

3. For at least a p fraction of the indices i € [k], on input i and oracle access to w € {0,1}",
with probability at least 2/3, machine M outputs the i-th bit of x. That is, there ezists a set
L, C [k] of size at least pk such that for every i € L, it holds that Pr[M™ (i) = z;] > 2.

We call 6 the proximity parameter.

One may strengthen the definition by requiring that p be greater than 1/2 or any other favorite
constant smaller than 1 (but probably refrain from setting p > 1—6 or so). A different strengthening
is for Condition 1 to hold with probability 1 (i.e., Pr[M®) (i) = 2;] = 1). In fact, we achieve both
the stronger forms.

Remark 4.6 The above definition refers only to strings w that are 6-close to the code. Howewver,
using Construction 4.3, any relazed LDC can be augmented so that strings that are 6-far from
the code are rejected with high probability (i.e., for every index i, the decoder outputs L with high
probability). This can be achieved with only a nearly linear increase in the length of the code (from
length n to length n - exp(log® n)).

Remark 4.7 We stress that Condition 2 does NOT mean that, for every i and w that is 6-close to
C(z), either Pr[M™ (i) = x;] > 2 or Pr[M"“(i) = L] > 2 holds. We refer to the latter condition
as Condition X, and conjecture that the seemingly minor difference between Conditions 2 and X is

"Here error reduction may be performed by estimating the probability that the machine outputs each of the
possible bits, and outputting the more frequent bit only if it has sufficient statistical support (e.g., say 50% support,
which the wrong bit cannot have). Otherwise, one outputs the don’t know symbol.
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actually substantial. This congecture is enforced by a recent work of Buhrman and de Wolf [BdW04]
who showed that codes that satisfy Condition X are actually locally decodable in the standard, non-
relazed sense (i.e., according to the definition of [KT00]).

4.2.1 Definitional issues and transformations

Note that it is very easy to come up with constructions that satisfy each one of the three conditions
of Definition 4.5. For example, Condition 2 can be satisfied by (any code and) a trivial decoder
that always returns L. On the other hand, the identity encoding (combined with a trivial decoder)
satisfies Conditions 1 and 3. Our aim, however, is to obtain a construction that satisfies all
conditions and beats the performance of the known locally decodable codes.

It turns out that codes that satisfy Conditions 1 and 2 can be converted into “equally good”
codes that satisfy all three conditions. Let us start with a key definition, which refers to the
distribution of the decoder’s queries when asked to recover a random bit position.

Definition 4.8 (Average smoothness) Let M be a randomized non-adaptive oracle machine
having access to an oracle w € {0,1}"™ and getting input i € [k|. Further suppose that M always
makes q queries. Let M(i,j,r) denote the j-th query of M on input i and coin tosses r. We say
that M satisfies the average smoothness condition if, for every v € [n],

1 . 2
o < Pry i [M(i,5,r) =v] < "
where the probability is taken uniformly over all possible choices of i € [k], j € [q], and coin tosses
r.

By having M randomly permute its queries, average smoothness implies that for every j € [¢] and
v € [n], it holds that % < Pri, [M(i,j,r) =v] < %, where now the probability is taken uniformly
over all possible choices of i € [k] and the coin tosses 7. We stress that average smoothness is
different from the notion of smoothness as defined by Katz and Trevisan [KTO00]: They require
that for every i € [k] (and for every j € [g] and v € [n]), it holds that 5 < Pr,[M(i,j,r) =
v] < % Indeed, average smoothness is a weaker requirement, and (as we will shortly see) any
code and decoder pair can be easily modified to satisfy it, while preserving the decoding properties
(of Definition 4.5). (In contrast, Katz and Trevisan [KKT00] present a modification that achieves
smoothness while preserving strict local-decodability, but their transformation does not preserve

Definition 4.5.)

Lemma 4.9 Let C: {0,1}* — {0,1}" be a code and M be a machine that satisfies Conditions 1
and 2 of Definition 4.5 with respect to prozimity parameter 6. Then, for some n' € [3n,4n], there
exists a code C' : {0,1}* — {0,1}" and a machine M' that satisfies average smoothness as well as
Conditions 1 and 2 of Definition 4.5 with respect to proximity parameter ' = §/20. Furthermore,
the query complexity of M’ is twice the one of M, and if M satisfies also Condition 3, with respect
to a constant p, then so does M’'.

Jumping ahead, we mention that, for a decoder that satisfies average smoothness, Conditions 1
and 2 essentially imply Condition 3. Hence our interest in average smoothness and in Lemma 4.9.

¥Tn case one wishes the code to have a linear distance this can be achieved too: Consider C(z) = (z,C'(z)), where
C' is any code of linear length and linear distance, and a decoder that merely retrieves the desired bit from the first
part.
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Proof: As noted above, we may assume without loss of generality that each of M’s queries
is distributed identically. Throughout the analysis, we refer to the distribution of queries for a
uniformly distributed index i € [k]. Let ¢ denote the query complexity of M.

We first modify M such that for a random ¢ € [k], each query probes each possible location with
probability €(1/n). This is done by adding ¢ dummy queries, each being uniformly distributed.
Thus, each location gets probed by each query with probability at least 1/2n.

Next we modify the code and the decoder such that each location is probed with almost uniform
distribution. The idea is to repeat heavily-probed locations for an adequate number of times, and
have the decoder probe a random copy. Specifically, let p, be the probability that location v
is probed (i.e., p, = Pricr),[M(i,1,7) = v] or equivalently p, = Zie[k],jepq} Pr; ;  [M(i,j,7) =
v]/2kq). By the above modification, we have p, > 1/2n. Now, we repeat location v for r, = [4np, |
times. Note that r, < 4np, and r, > 4np, —1 > 2 —1 (and so r, > 2). We obtain a new code C’ of
length n' = 3" r, < 4n. (Note that n’ > 3n.) The relative distance of C’ is at least one fourth that
of C, and the rate changes in the same way. The new decoder, M', when seeking to probe location
v will select and probe at random one of the 7, copies of that location. (Interestingly, there is no
need to augment this decoder by a testing of the consistency of the copies of an original location.)

Each new location is probed with probability p! 2 p, - % (by each of these queries). Recalling
that L2 = L4Z;vJ7 it follows that p, > 1/4n and p, < -Pe— < 1/2n (using p, > 1/2n). Recalling
that n’ € [3n,4n], each p! isin [(3/4) - (1/n'),2 - (1/n')], i.e., within a factor of 2 from uniform.

Clearly, M’ satisfies Condition 1 (of Definition 4.5) and we turn to show that it (essentially)
satisfies Condition 2 as well. Let w = (w1, ..., w,) € {0,1}" be §'-close to C'(z), where |w,| = 7.
Let Y, be a 0-1 random variable that represents the value of a random bit in w,; that is, Pr[Y, = 1]
equals the fraction of 1’s in w,. Then, Pr[Y, # C(z),] > 0 implies that A(w,,c,) > 1, where
C'(z) = (c1, ..., Cn) and |ey| = 1y, For Y = Y7 ---Y,, it follows that E(A(Y,C(z))) < A(w, C'(z)),
and so E(A(Y,C(z))) < ¢'n' < £ -n (since §' = §/20 and n’ < 4n). Thus, with probability at least
4/5, the random string Y is é-close to C(z), in which case the M must succeed with probability at
least 2/3. Noting that M'*(i) merely invokes MY (i), we conclude that

Pr[M" (i) € {x;, L}] = Pr[MY (i) € {z;, L}]
> Pr[A(Y,C(z)) < én]-Pr[MY (i) € {xi, L} | A(Y,C(z)) < 6n]
42 8
> 5371

An analogous argument can be applied in the case M satisfies Condition 3. In both cases, additional
error-reduction is needed in order to satisfy the actual conditions, which require success with
probability at least 2/3. (For details see Footnote 17.)

Lemma 4.10 Let C: {0,1}* — {0,1}" be a code and M be a machine that satisfies Conditions 1
and 2 of Definition 4.5 with respect to a constant 6. Suppose that M satisfies the average smoothness
condition and has query complexity q. Then, invoking M for a constant number of times (and ruling
as in Footnote 17) yields a decoder that satisfies all three conditions of Definition 4.5. Specifically,
Condition 3 holds with respect to a constant p = 1 — 18q6. Furthermore, for any w and z, for
1 — 18¢A(w,C(x)) fraction of the i’s, it holds that Pr[M¥ (i) = x;] > 5/9.

Our usage of the average smoothness condition actually amounts to using the hypothesis that, for
a uniformly distributed ¢ € [k], each query hits any fixed position with probabilty at most 2/n.
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Proof: By Condition 1, for any = € {0,1}* and every i € [k], it holds that Pr[MC®) (i) = z;] >
2/3. Considering any w that is 6-close to C(x), the probability that on input a uniformly distributed
i € [k] machine M queries a location on which w and C(x) disagree is at most ¢-(2/n)-6n = 2¢é. This
is due to the fact that, for a uniformly distributed i, the queries are almost uniformly distributed;
specifically, no position is queried with probabilty greater than 2/n (by a single query).

Let p{ denote the probability that on input ¢ machine M queries a location on which w and
C(z) disagree. We have just established that (1/k) - Z;“:l p¥ < 2¢6. For I, = {i € [k] : p¥ < 1/9},
it holds that |I,,| > (1 — 18¢d) - k. Observe that for any ¢ € I, it holds that Pr[M™ (i) = z;] >
(2/3) — (1/9) = 5/9. Note that, by replacing § with A(w,C(z))/n, the above argument actually
establishes that for 1 — 18¢ - A(w, C(x)) fraction of the 4’s, it holds that Pr[M¥ (i) = ;] > 5/9.

Additional error-reduction is needed in order to satisfy the actual definition (of Condition 3),
which require success with probability at least 2/3. The error-reduction should be done in a manner
that preserves Conditions 1 and 2 of Definition 4.5. For details see Footnote 17. [

In view of the furthermore clause of Lemma 4.10, it makes sense to state a stronger definition
of relaxed locally decodable codes.

Definition 4.11 (Relaxed LDC, revisited) A code C : {0,1}* — {0,1}" is relaxed locally de-
codable if for some constants 6 > 0 there exists an efficient probabilistic oracle machine M that

makes a constant number of queries and satisfies the following two conditions with respect to any
w € {0,1}" and = € {0,1}* such that A(w, C(z)) < én:

1. For every i € [k] it holds that Pr[M"™ (i) € {z;, L}] > 2.

2. There ewists a set I, C [k] of density at least 1 — O(A(w,C(x))/n) such that for every i € I,
it holds that Pr[M™ (i) = z;] > 2.

Note that the “everywhere good” decoding of codewords (i.e., Condition 1 of Definition 4.5) is
implied by Condition 2 of Definition 4.11. By combining Lemmas 4.9 and 4.10, we get:

Theorem 4.12 Let C : {0,1}F — {0,1}" be a code and M be a machine that makes a constant
q number of queries and satisfies Conditions 1 and 2 of Definition 4.5 with respect to a constant
6. Then, for some n' € [3n,4n)|, there exists a code C' : {0,1}* — {0,1}" that is relazed locally
decodable with respect to proxzimity parameter &' = §/20. Furthermore, this code satisfies Defini-
tion 4.11.

4.2.2 Constructions

In view of Lemma 4.10, we focus on presenting codes with decoders that satisfy Conditions 1 and 2
of Definition 4.5 as well as the average smoothness property. (The latter property will save us
the need to invoke Lemma 4.9.) We will start with a code that has nearly quadratic length (i.e.,
n = k?t°(M) which serves as a good warm-up towards our final construction in which n = k'*¢,
for any desired constant € > 0.

Motivation to our construction: We seek a code of linear distance that has some weak
“local decodability” properties. One idea is to separate the codeword into two parts, the first
allowing for “local decodability” (e.g., using the identity map) and the second providing the distance
property (e.g., using any code of linear distance). It is obvious that a third part that guarantees
the consistency of the first two parts should be added, and it is natural to try to use a PCP of
proximity in the latter part. The natural decoder will check consistency (via the PCPP), and in
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case it detects no error will decode according to the first part. Indeed, the first part may not be
“robust to corruption” but the second part is “robust to corruption” and consistency means that
both parts encode the same information. Counsidering this vague idea, we encounter two problems.
First, a PCP of proximity is unlikely to detect a small change in the first part. Thus, if we use the
identity map in the first part then the decoder may output the wrong value of some (although few)
bits. Put in other words, the “proximity relaxation” in PCPPs makes sense for the second part of
the codewords but not for the first part. Our solution is to provide, for each bit (position) in the
first part, a proof of the consistency of this bit (value) with the entire second part. The second
problem is that the PCPPs (let alone all of them combined) are much longer than the first two
parts, whereas the corruption rate is measured in terms of the entire codeword. This problem is
easy to fix by repeating the first two parts sufficiently many times. However, it is important not
to “overdo” this repetition, because if the third part is too short, then corrupting it may prevent
meaningful decoding (as per Condition 3 of Definition 4.5) even at low corruption rates (measured
in terms of the entire codeword). Put in other words, if the third part too short then we have no
chance to satisfy the average smoothness condition.

The actual construction. Let Cg: {0,1}* — {0,1}™ be a good code of relative distance &y,
then we encode = € {0,1}* by C(z) £ (zt, Co(z)!, 71 (), ..., 7k (2)), where t = |71 (2), ..., 7 ()| /|2]
(resp., t' = |m1 (), ..., 7k (2)|/|Co(x)]), and m;(x) is a PCP of proximity to be further discussed. We
first note that the replicated versions of  (resp., Co(z)) takes a third of the total length of C(z). As
for 7;(x), it is a PCP of proximity that refers to an input of the form (21, 23) € {0,1}"™ and asserts
that there exists an « = x; - - - 2} (indeed the one that is a parameter to m;) such that z; =« and
29 = Co(z).1? We use our PCP of proximity from Theorem 3.3, while setting its parameters such
that the proximity parameter is small enough but the query complexity is a constant. Specifically,
let 6,cpp > 0 be the proximity parameter of the PCP of proximity, which will be set to be sufficiently
small, and let ¢ = O(1/6pcpp) denote the number of queries the verifier makes in order to support a
soundness error of 1/6 (rather than the standard 1/2). A key observation regarding this verifier is
that its queries to its input-oracle are uniformly distributed. The queries to the the proof oracle can
be made almost uniform by a modification analogous to the one used in the proof of Lemma 4.9.

Observe that the code C maps k-bit long strings to codewords of length n £ 3 - k - ¢, where
{ = so(m)**°M) denotes the length of the PCPP-proof and so(m) denotes the size of the circuit
for encoding relative to Co. Using a good code Cp : {0,1}F — {0,1}™ (i.e., of constant relative
distance &, linear length m = O(k), and so(m) = O(m)), we obtain n = k>t°(1). The relative
distance of C is at least do/3.

We now turn to the description of the decoder D. Recall that a valid codeword has the form
(2, Co(2)!, w1 (2), ..., m(2)). The decoding of the i-th information bit (i.e., ;) will depend on a
random (possibly wrong) copy of x; located in the first part (which supposedly equals z*), a random
(possibly corrupted) copy of Cy(x) located in the second part, and the relevant (i.e., i-th) proof
located in the third part (which is also possibly corrupted). On input i € [k] and oracle access
to w = (wy,wz,ws) € {0,1}", where |w| = |w2| = |ws|, the decoder invokes the PCPP-verifier
while providing it with access to an input-oracle (z1, z2) and a proof oracle 7 that are defined and
emulated as follows: The decoder selects uniformly r € [¢t] and ' € [t/], and defines each bit of z;
to equal the ((r — 1)k +14)-th bit of wy, the string 25 is defined to equal the 7'-th (m-bit long) block
of we, and 7 is defined to equal the i-th block (£-bit long) of ws. That is, when the verifier asks to
access the j-th bit of z; (resp., z2) [resp., 7], the decoder answers with the ((r — 1)k 4 4)-th bit of

¥Indeed z; is merely the bit z; repeated |Cp(z)| times in order to give equal weight to each part in measuring
proximity.
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wy (resp., ((r' — 1)m + j)-th bit of wy) [resp., the ((i — 1) + j)-th bit of ws]. If the verifier rejects
then the decoder outputs a special (failure) symbol. Otherwise, it outputs the ((r — 1)k +4)-th bit
of w1.

The above construction can be performed for any sufficiently small constant proximity parameter
6 € (0,60/18). All that this entails is setting the proximity parameter of the PCPP to be sufficiently
small but positive (e.g., dpcpp = (60 — 186)/2). We actually need to augment the decoder such that
it makes an equal number of queries to each of the three (equal length) parts of the codeword,
which is easy to do by adding (a constant number of) dummy queries. Let us denote the resulting
decoder by D.

Proposition 4.13 The above code and decoder satisfy Conditions 1 and 2 of Definition 4.5 with re-
spect to proximity parameter 6 € (0,80/18). Furthermore, this decoder satisfies the average smooth-
ness property.

Proof: Condition 1 (of Definition 4.5) is obvious from the construction (and the completeness
property of the PCPP). In fact, the perfect completeness of the PCPP implies that bits of an
uncorrupted codeword are recovered with probability one (rather than with probability at least
2/3). The average smoothness property of the decoder is obvious from the construction and the
smoothness property of the PCPP. We thus turn to establish Condition 2 (of Definition 4.5).

Fixing any = € {0,1}*, we consider an arbitrary oracle w = (w1, wy, ws) that is 6-close to C(z),
where wy (resp., we) denotes the alleged replication of z (resp., Co(z)) and w3 = (uq, ..., ux) denotes
the part of the PCPs of proximity. Note that wo is 36-close to C[](S(I)t’. To analyze the performance
of D" (i), we define random variables Z; and Z; that correspond to the input-oracles to which the
PCP-verifier is given access. Specifically, Z; = ¢", where o is set to equal the ((r — 1)k + ¢)-th bit
of wy, when r is uniformly distributed in [¢t]. Likewise, Z, is determined to be the r’-th block of
wgy, where 7/ is uniformly distributed in [t']. Finally, we set the proof-oracle, m, to equal the i-th
block of ws (i.e., m = u;). We bound the probability that the decoder outputs —x; by considering
three cases:

Case 1: 0 = x;. Recall that ¢ is the bit read by D from w;, and that by construction D always
outputs either o or L. Thus, in this case, Condition 2 is satisfied (because, regardless of
whether D outputs o or L, the output is always in {z;, L}).

Case 2: Zy is 186-far from Co(z). Recall that wsy is 36-close to Cp(z)!, which means that the
expected relative distance of Zy and Cy(z) is at most 36. Thus, the current case occurs with
probability at most 1/6.

Case 3: Z3is 186-close to Co(x) and o # x;. Then, on one hand, (Z;, Z3) is 1/2-far from (2", Co(x)),
because Zy = o'. On the other hand, Zy is (§y — 188)-far from any other codeword of Cj,
because Z5 is 186-close to Cy(z) and the codewords of Cy are §p-far from one another, Thus,
(Z1,Zy) is (69— 186) /2-far from any string of the form (y;", Co(y)). Using dpepp < (60 —186)/2,
we conclude that the PCPP verifier accepts (£, Z») with probability at most 1/6. It follows
that, in the current case, the decoder outputs —z; with probability at most 1/6.

Thus, in total, the decoder outputs —z; with probability at most 1/6 +1/6 = 1/3. |
Improving the rate: The reason that our code has quadratic length codewords (i.e., n = Q(k?))

is that we augmented a standard code with proofs regarding the relation of the standard codeword
to the value of each information bit. Thus, we had k proofs each relating to a statement of length
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Q(k). Now, consider the following improvement: Partition the message into vk blocks, each of
length vk. Encode the original message as well as each of the smaller blocks, via a good error
correcting code. Let w be the encoding of the entire message, and w; (i = 1,...,v/k) be the
encodings of the blocks. For every i = 1,...,vk, append a PCP of proximity for the claim “w;
is the encoding of the ¢-th block of a message encoded by w”. In addition, for each message bit
Tl 1)E residing in block ¢, append a PCP of proximity of the statement “x(ifl)\/E+j is the j-th

bit of the v/k-bit long string encoded in w;”. The total encoding length has decreased, because we
have vk proofs of statements of length O(k) and k proofs of statements of length O(vk), leading
to a total length that is almost linear in &3/2.

In general, for any constant ¢, we consider £ successively finer partitions of the message into
blocks, where the (i+1)-st partition is obtained by breaking each block of the previous partition into
k'/¢ equally sized pieces. Thus, the i-th partition uses k/¢ blocks, each of length k=G0 Encoding
is done by providing, for each ¢ = 0,1, ..., £, encodings of each of the blocks in the i-th partition by a
good error-correcting code. Thus, for 7 = 0 we provide the encoding of the entire messages, whereas
for ¢« = ¢ we provide an “encoding” of individual bits. Each of these £+ 1 levels of encodings will be
assigned equal weight (via repetitions) in the new codeword. In addition, the new codeword will
contain PCPs of proximity that assert the consistency of “directly related” blocks (i.e., blocks of
consecutive levels that contain one another). That is, for every i = 1,...,£ and j € [k*/*], we place
a proof that the encoding of the j-th block in the i-th level is consistent with the encoding of the
[j/kY*]-th block in the (i —1)-st level. The i-th such sequence of proofs contains k** proofs, where
each such proof refers to statements of length O(k!=(/0 4 1=((=1/0) = Ok —((=1/0) which
yields a total length of proofs that is upper-bounded by k¢ . (k1=(G=1/0)l+0(1) — p1+{1/6)+0(1),
Each of these sequences will be assigned equal weight in the new codeword, and the total weight
of all the encodings will equal the total weight of all proofs. The new decoder will just check the
consistency of the ¢ relevant proofs and act accordingly. We stress that, as before, the proofs in
use are PCPs of proximity. In the current context these proofs refer to two input-oracles of vastly
different length, and so the bit-positions of the shorter input-oracle are given higher “weight” (by
repetition) such that both input-oracles are assigned the same weight.?°

Construction 4.14 Let Cy be a code of minimal relative distance 6y, constant rate, and nearly
linear-sized encoding circuits. For simplicity, assume that a single bit 1s encoded by repetitions; that
is, Co(0) = a®W) for o € {0,1}. Let V be a PCP of prozimity of membership in Sy = {Co(z) : z €
{0,1}*} having almost-linear proof-length, query-complezity O(1/6pcpp) and soundness error 1/9,
for proximity parameter Opcpp. Furthermore, V'’s queries to both its input-oracle and proof-oracle
are distributed almost uniformly.2t For a fized parameter £ € N, let b 2 k/t. For z € {0,1}*,
we consider £ different partitions of x, such that the j-th partition denoted (Q}j’l,...,l'j’bj), where
Tjj = T(jo1ypt-ip1 Tjpe—i. We define Cj(x) £ (Co(wj1), Colw2), w0 Co(zj45)), and mj(x) =
(mj,1(2), ..y T 4i (1)), where p; ji(x) is a PCPP proof-oracle that asserts the consistency of j'-th block
of Cj(x) and the [j'/b]-th block of Cj_1(x). That is, p; ji(x) refers to an input oracle of the form
(21,22), where |21| = |22| = O(b*7TY), and asserts the existence of x such that 2 = Co(z;;1)° and
22 = Co(zj_1,j15))- We consider the following code

C(‘T) = (Co(x)t(): Cl(x)t(): X3) CZ(I)tOﬂI-?; X) ﬂél)

*0Indeed, this was also done in the simpler code analyzed in Proposition 4.13.
21Recall that all these conditions hold for the PCP of proximity of Theorem 3.3, where almost-uniformly distributed
queries to the proof-oracle are obtained by a modification analogous to the proof of Lemma 4.9.
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where the t;’s are selected such that each of the 20+1 parts of C(x) has the same length. The decoder,
denoted D, operates as follows. On input i € [k] and oracle access to w = (wo, Wi, ..., We, V1, ..., Vg),
where |wy| = |w;| = |vj| for all j:

o D selects uniformly ro,r1,...,1¢ € [to], and (r],rh,...,1y) € [t1] X [ta] X - X [tg].

e Forj =1,...,L, the decoder invokes the PCPP-verifier providing it with access to an input-
oracle (z1,22) and a proof oracle w that are defined as follows:

— 21 = u®, where u is the ((rj — 1) - b + [i/b*77])-th block of w;.
— 29 48 the ((rj—1 — 1) - &= + [i/b9+1))-th block of wj_y.
— m s the ((r; — 1) - v + [i/b"9])-th block of v;.

The PCPP-verifier is invoked with prozimity parameter dpcpp = 1306 > 0, where 6 < 6y/81¢
1s the prozimity parameter sought for the decoder.

e If the PCPP-verifier rejects, in any of the aforementioned ¢ invocations, then the decoder
outputs a special (failure) symbol. Otherwise, the decoder outputs a random value in the
((re = 1) - k +1i)-th block of wy (which is supposedly a repetition code of z;).

e In order to make D satisfy the average smoothness property, we issue some dummy queries
that are uniformly distributed in adequate parts of w that are queried less by the above.

(Suppose that V' makes ¢ (resp., g2) queries to the first (resp., second) part of it input-oracle
and ¢’ queries to its proof oracle. Then, wy is accessed gy times, wy is accessed ¢, times, each
other w; is accessed g1 +¢a times, and each v; is accessed ¢’ times. Thus, we may add dummy
queries to make each part accessed max(q; +¢2,¢’) times, which means increasing the number
of queries by a factor of at most (2¢ +1)/(¢ — 1) assuming ¢ > 2.)

Using an adequate PCP of proximity, it holds that |C(z)| = £ - (Ja|tT(1/O)1+e) < |g|i+e for
e = 2/{. The query complexity of D is O(£) - O(1/épepp) = O(£?). The proof of Proposition 4.13
can be extended, obtaining the following:

Proposition 4.15 The code and decoder of Construction 4.14 satisfy Conditions 1 and 2 of Def-
inition 4.5 with respect to proximity parameter 6 < 6y/81L. Furthermore, this decoder satisfies the
average smoothness property.

Using Lemma 4.10, Theorem 1.5 follows.

Proof: Again, Condition 1 as well as the average smoothness property are obvious from the
construction, and we focus on establishing Condition 2. Thus, we fix an arbitrary ¢ € [k] and follow
the outline of the proof of Proposition 4.13.

We consider an oracle (wg, w1, ..., wy, 71,...,m¢) that is é-close to an encoding of x € {0,1}’“,
where each w; is supposed to consist of encodings of the kit (non-overlapping) e ZOR ST long
blocks of x, and 7; consists of the corresponding proofs of consistency. It follows that each w; is
(20 4+ 1) - é-close to Cj(x)'. Let Z; denote the block of w; that was selected and accessed by D.
Thus, the expected relative distance of Zjy from Cy(x) is at most (2 4+ 1) - 6, but we do not know
the same about the other Z;’s because their choice depends on i (or rather on [i/b°7]). Assuming,
without loss of generality, that 69 < 1/3 (and ¢ > 1), we consider three cases:
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Case 1: Z; is 1/9-close to Cy(z;). In this case, D outputs either L or a uniformly selected bit in
Zy, and so D outputs —z; with probability at most 1/9.

Using 6 < 6yp/81¢ and 6y < 1/3, it follows that 2746 < 1/9. Thus, if Case 1 does not hold
then Z; is 27¢6-far from Cy(x;).

Case 2: Zj is 27¢6-far from Cp(z). This case may occur with probability at most 1/9, because

E[A(Zo, Colx))] < 3¢5 - |Co(a)].

Note that if both Cases 1 and 2 do not hold then Zj is 27/6-close to Cy(z) but Z; is 2706-far
from Cy(x;). Also note that x = o1 and z; = x¢;.

Case 3: For some j € [f], it holds that Z;; is 27¢o-close to Cj_1(x;_y ;/pe-i+17) but Zj is 2706-far
from C;(x; ;/pe-37)- In this case, the pair (Z;?,Zj,l) is 2706 /2-far from the consistent pair
(Cj(@jrippe—91)s Cj—1(@j_y rijpe-—s+17)) and is (6o — 27€6)/2-far from any other consistent pair.
Using Opepp = 1306 < min(2746/2, 69 — 27¢6)/2), which holds because ¢ < 6y/81¢, it follows
that in the current case the PCPP-verifier accepts (and the decoder does not output L) with
probability at most 1/9.

Thus, in total, the decoder outputs —z; with probability at most 1/3. [

Conclusion (Restating Theorem 1.5): For every constant ¢ > 0, there exists a code C :
{0,1}* — {0,1}", where n = k'T¢, that is relazed locally decodable under Definition 4.11. The
query complezity of the corresponding decoder is O(1/€%) and the proxvimity parameter is e/O(1).

Open Problem: We wonder whether one can obtain relaxed-LDC that can be decoded using ¢
queries while having length n = o(k'T/(¢=1)). The existence of such relaxed-LDC will imply that
our relaxation (i.e., relaxed-LDC) is actually strict, because such codes will beat the lower-bound
currently known for LDC (cf. [KT00]). Alternatively, it may be possible to improve the lower-

bound for (g-query) LDC to n > k' V¢/% for any constant ¢ and every sufficiently large constant
q (where, as usual, k is a parameter whereas ¢ is a fixed constant). (In fact, some conjecture that
n must be superpolynomial in k, for any constant q.)

4.3 Linearity of the codes

We note that the codes presented above (establishing both Theorems 1.4 and 1.5) are actually
GF(2)-linear codes, whenever the base code Cj is also GF(2)-linear. Proving this assertion reduces
to proving that the PCPs of proximity used (in the aforementioned constructions) have proof-oracles
in which each bit is a linear functions of the bits to which the proof refers. The main part of the
latter task is undertaken in Section 8.4, where we show the the main construct (i.e., the PCPs of
proximity stated in Theorems 3.1 and 3.2) when applied to a linear circuit yields a an GF(2)-linear
transformation of assignments (satisfying the circuit) to proof-oracles (accepted by the verifier). In
addition, we need to show that also the construction underlying the proof of Theorem 3.3 satisfy
this property. This is done next, and consequently we get:

Proposition 4.16 IfC is a linear circuit (see Definition 8.13), then there is a linear transformation
T mapping satisfying assignments w of C to proof oracles T'(w) such that the PCPP wverifier of
Theorem 3.3 will, on input C, accept oracle (w, T (w)) with probability 1.
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Proof Sketch: In Section 8.4, we establish a corresponding result for the main construct (i.e.,
Proposition 8.14 refers to the linearity of the construction used in the proof of Theorem 3.1, which
in turn underlies Theorems 3.1 and 3.2). Here we show that linearity is preserved in composition
as well as by the most inner (or bottom) verifier.

In each composition step, we append the proof-oracle with new (inner) PCPs of proximity per
each test of the (outer) verifier. Since all these tests are linear, we can apply Proposition 8.14
and infer that the new appended information is a linear transformation of the input-oracle and the
outer proof-oracle (where, by induction, the latter is a linear transformation of the input).

At the bottom level of composition we apply a Hadamard based PCP (Section A). The encoding
defined there is not GF(2)-linear (rather it is quadratic), but this was necessary for dealing with
non-linear gates. It can be verified that for a linear circuit, one can perform all necessary tests of
Section A with the Hadamard encoding of the input. Thus, we conclude this final phase of the
encoding is also linear, and this completes the proof of Proposition 4.16. [

Part 11
The main construct: A short, robust PCP of
proximity

5 Overview of our main construct

Throughout this section, n denotes the length of the explicit input given to the PCPP verifier,
which in case of CIRCUIT VALUE is defined as the size of the circuit (given as explicit input). As
stated in the introduction, our main results rely on the following highly efficient robust PCP of
proximity.

Theorem 3.1 (Main Construct - restated): There ezists a universal constant ¢ such for all
n,m € Z+, 0 < 6,y < 1/2 satisfying n*/™ > m/(v6)> and § < /¢, CIRCUIT VALUE has a robust
PCP of proxzimity (for circuits of size n) with the following parameters

randomness (1 — L) logn + O(mlogm) + O(loglog n) + O(log(1/6)),

decision complezity n'/™ . poly(logn,1/8), which also upper-bounds the query complexity.?

perfect completeness, and

e for proximity parameter O, the verifier has robust-soundness error () with robustness pa-
rameter (1 —y)o.

We comment that the condition ¢ < /¢ merely means that we present robust PCPs of proximity
only for the more difficult cases (when ¢ is small). A (simplified) variant of Theorem 3.1 also yields
the ALMSS-type Robust PCP of proximity (of Theorem 3.2). Following is an overview of the proof
of Theorem 3.1; the actual proof is given in the subsequent three sections.

Theorem 3.1 is proved by modifying a construction that establishes Theorem 1.1. We follow
[HS00] and modify their construction. (An alternative approach would be to start from [PS94],

21n fact, we will upper-bound the query complexity by ¢ = AL poly(logn,1/6) and show that the verifier’s
decision can be implemented by a circuit of size O(g), which can also be bounded by nt/m . poly(logn,1/6) with a
slightly larger unspecified polynomial.
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but that construction does not seem amenable to achieving robust soundness.) The construction
of [HS00] may be abstracted as follows: To verify the satisfiability of a circuit of size n, a verifier
expects oracles F; : F — F, i€ {1.... ,t = polylogn}, where F is a field and m is a parameter
such that F™ ~ m™-n. The verifier then needs to test that (1) each of the F;’s is close to a m-variate
polynomial of low degree and (2) the polynomials satisfy some consistency properties which verify
that F; is locally consistent with F;_;.2% (These consistency checks include tests which depend on
the input circuit and verify that F;’s actually encode a satisfying assignment to the circuit.)

We work within this framework — namely our verifier will also try to access oracles for
F;’s and test low-degreeness and consistency. Our key modification to this construction is a
randomness-reduction in the low-degree test obtained by using the small collection of (small-
biased) lines of [BSVWO03], while using only the “canonical” representations of these lines (and
avoiding any complication that was introduced towards “proof composition”). In particular, unlike
in [HS00, GS02, BSVWO03], we cannot afford to pack the polynomials Fy,... | F; into a single poly-
nomial (by using an auxiliary variable that blows-up the proof length by a factor of the size of the
field in use). Instead, we just maintain all these ¢ polynomials separately and test them separately
to obtain Theorem 1.1. (In the traditional framework of parallelized PCPs, this would give an
unaffordable increase in the number of (non-Boolean) queries. However, we will later ameliorate
this loss by a “bundling technique” that will yield robust-soundness.)

The resulting PCP is converted into a PCP of proximity by comparing the input-oracle (i.e.
supposed satisfying assignment to the circuit) to the proof-oracle (which is supposed to include
an encoding of the said assignment). That is, we read a random location of the input and the
corresponding location of the proof oracle, and test for equality. Actually, these locations of the
proof-oracle must be accessed via a self-correction mechanism (rather than merely probing at the
desired points of comparison), since they constitute only a small part of the proof oracle (and thus
corruptions there may not be detected). (This technique was already suggested in [BFLS91].)

The most complex and subtle part of the proof of Theorem 3.1 is establishing the robust-
soundness property. We sketch how we do this below, first dealing with the low-degree test and
the consistency tests separately, and then showing how to reconcile the two “different” fixes.

Low-degree tests of Fy,... ,F;: Selecting a random line ¢ : F — F™ (from the aforementioned
sample space), we can check that (for each 7) the restriction of F; to the line £ (i.e., the function
fi(5) 2 F;(£(5))) is a low-degree (univariate) polynomial. Each of these tests is individually robust;
that is, if F; is far from being a low-degree polynomial then with high probability the restriction of
F; to a random line ¢ (in the sample space) is far from being a low-degree polynomial. The problem
is that the conjunction of the ¢ tests is not sufficiently robust; that is, if one of the F;’s is ¢-far from
being a low-degree polynomial then it is only guaranteed that the sequence of ¢ restrictions (i.e.,
the sequence of the f;’s) is (§/t)-far from being a sequence of ¢ low-degree (univariate) polynomials.
Thus robustness decreases by a factor of ¢, which we cannot afford for non-constant t.h

Our solution is to observe that we can “bundle” the ¢ functions together into a function F :
F™ — F' such that if one of the F;’s is far from being a low-degree polynomial then the restriction
of F' to a random line will be far from being a bundling of ¢ low-degree univariate polynomials.
Specifically, for every x € F™, define F(z) = (Fi(x),..., Fs(z)). To test that F is a bundling of low-
degree polynomials, select a random line £ (as above), and check that f,(j) = F(£(5)) is a bundling
of low-degree univariate polynomials. Thus, we establish robustness at the bundle level; that is, if
one of the F;’s is far from being low degree then, with high probability, one must modify f, on a

ZGtrictly speaking, the consistency checks are a little more complicated, with the functions really being indexed
by two subscripts and consistency tests being between F; ; and F; j_1, as well as between F; o and F;11,0. However,
these differences don’t alter our task significantly — we ignore them in this section to simplify our notation.
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constant fraction of values in order to make the test accept. The point is that this robustness refers
to Hamming distance over the alphabet F!, rather than alphabet F as before. We can afford this
increase in alphabet size, as we later encode the values of F using an error-correcting code in order
to derive robustness at the bit level.

We wish to highlight a key point that makes the above approach work: when we look at the
values of F restricted to a random line, we get the values of the individual F;’s restricted to some
random line, which is exactly what a low-degree test of each F; needs. This fact is not very
surprising, given that we are subjecting all F;’s to the same test. But what happens when we
need to make two different types of tests? This question is not academic and does come up in the
consistency tests.

Consistency tests: To bundle the ¢ consistency tests between F; and F;;; we need to look
into the structure of these tests. We note that for every ¢, a random test essentially refers to the
values of F; and F;;; on (random) i-th axis-parallel lines. That is, for every i, and a random
v = (21,..,2; 1) € FV and 2" = (2441, ..., ) € F™7%, we need to check some relation between
Fi(2',-,2") and Fy1(2',-,2").2* Clearly, querying F as above on the i-th axis-parallel line, we can
obtain the relevant values from F(2/, -, "), but this works only for one specific value of i, and other
values of 7 will require us to make other queries. The end result would be that we’ll gain nothing
from the bundling (i.e., from F) over using the individual F;’s, which yields a factor of ¢ loss in the
robustness.?’> Fortunately, a different bundling works in this case.
Consider F' such that F'(z) 2 (Fy(z),

GF(2)(S()), ..., F¢(S™1(x))), for every z € F™, where S denotes a (right) cyclic-shift (i.e.,
S(@1y s ) = (T, 1+ Tin—1) and SY(T1, s Tin) = (Tin—(i=1)> -+ > Ty T1, X2, + + - Trn—i)).  NOW,
if we ask for the value of F on the first and last axis-parallel lines (i.e., on (-, x9,...,%,,) and
(2, ey T, -) = ST, 22, .0, ), then we get all we need for all the m tests. Specifically, for
every 4, the i-th component in the bundled function F/(-,xg,...,a;m) is Fi(S71(, 20y 2m)) =
Fi(Zm—it2y ooy Tmyy T2y ooy Tm—it+1), Whereas the (i + 1)-st component in FI(S_I('7I27...,$m)) is
Fir1(SH (S (2o, 2m))) = Fir1 (Tm—ity ooy Ty -, T2,y ooy Trn—ir1). Thus, we need only to query
two bundles (rather than ¢), and robustness only drops by a constant factor.

Reconciling the two bundlings: But what happens with the low-degree tests that we need to
do (which were “served” nicely by the original bundling F)? Note that we cannot use both F and
F’, because this will requires testing consistency between them, which will introduce new problems
as well as a cost in randomness that we cannot afford. Fortunately, the new bundling (i.e., F’),
designed to serve the axis-parallel line comparisons, can also serve the low-degree tests. Indeed, the
various F;’s will not be inspected on the same lines, but this does not matter, because the property
of being a low-degree polynomial is preserved when “shifted” (under S).

Tightening the gap between robustness and proximity: The above description suffices for
deriving a weaker version of Theorem 3.1 in which the robustuness is only (say) /3 rather than
(1 — )6 for a parameter v that may be set as low as 1/poly(logn). Such a weaker result yields a
weaker version of Theorem 3.3 in which the query complexity is exponentially larger (e.g., for proof-
length exp(o(loglogn)?) - n, we would have obtained query complexity exp(o(loglogn)) = log®®M n
rather than o(loglogn)); see comment at the end of Section 3. To obtain the stronger bound on
the robustness parameter, we take a closer look at the conjunction of the standard PCP test and

24 Again, this is an oversimplification, but suffices to convey the main idea of our solution.

51t turns out that for constant m (e.g., m = 2) this does not pose a problem. However, a constant m would suffice
only for proving a slightly weaker version of Theorem 1.2 (where o(loglogn) is replaced by loglogn). but not for
proving Theorem 1.3, which requires setting m = log® n, for constant £ > 0.
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the proximity test. The PCP test can be shown to have constant robustness ¢ > 0, whereas the
proximity test can be shown to have robustness & 2 (1 — v))§. When combining the two tests,
we obtain robustness equal to min(ae, (1 — «)d’), where « is the relative length of queries used in
the PCP test (as a fraction of the total number of queries). A natural choice, which yields the
weaker result, is to weight the queries (or replicate the smaller part) so that « = 1/2. (This yields
robustness of approximately min(e, ¢')/2.) In order to obtain the stronger bound, we assign weights
such that « = 7, and obtain robustness min(vye, (1 —v)é') > min(Q(y), (1 — 27)d), which simplifies
to (1—2v)6 for 6 < v/O(1). (The above description avoids the fact that the PCP test has constant
soundness error, but the soundness error can be decreased to vy by using sequential repetitions
while paying a minor cost in randomness and while approximately preserving the robustness. We
comment that the proximity test, as is, has soundness error 7.)

6 A randomness-efficient PCP

In this section, we present a vanilla version (Theorem 6.1) of Theorem 3.1. More specifically, we
construct a regular PCP for CIRCUIT SATISFIABILITY (i.e., a robust PCP of proximity without either
the robustness or proximity properties). This construction favors over earlier PCP constructions in
the fact that it is very efficient in randomness. As mentioned earlier, this theorem suffices to prove
Theorem 1.1.

Theorem 6.1 There exists a universal constant 0 < ¢ < 1 such that the following holds. Suppose
m € Z* satisfies m < logn/loglogn Then there exists a PCP for CIRCUIT SATISFIABILITY (for
circuits of size m) with the following parameters

o randomness (1 — L) logn + O(mlogm) + O(log logn),
o query complezity ¢ = O(m?*n'/™log?n) and decision complexity 6(q),
e perfect completeness,

e and soundness error 1 — ¢.

The construction of the PCP for CIRCUIT SATISFIABILITY proceeds in three steps. First,
we transform the input circuit ¢ to a well-structured circuit ¢’ along the lines of Polishchuk and
Spielman [PS94, Spi95] (Section 6.1). ¢’ is only slightly larger than ¢, but has an algebraic structure
that will be crucial to our verification process. Any legal assignment to the gates of ¢ (i.e. one
that preserves the functionality of the gates of ) can be transformed to a legal assignment to ¢'.
The important property of ' is the following: If we encode an assignment to the gates of ' using
a specific sequence of Reed-Muller codewords (i.e. low degree polynomials), then the legality of
the assignment can be locally verified (by reading a small random portion of the encoding). The
encoding via low degree polynomials (and resulting local tests) is as in Harsha and Sudan [HS00]
and is described in Section 6.2. Thus, our PCP verifier will essentially test (i) that the encoding
of the purported satisfying assignment to ¢’ is formed of low degree polynomials, (this part will be
done using the randomness-efficient low degree test of Ben Sasson et al. [BSVWO03]); and (7i) that
the assignment is legal. Section 6.3 describes the construction of the PCP verifier and Section 6.4
analyzes its properties. Most of the above results are implicit in the literature, but carefully

abstracting the results and putting them together helps us in significantly reducing the randomness
of the PCP verifier.
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6.1 Well-structured Boolean circuits

The main problem with designing a randomness-efficient PCP verifier directly for CIRCUIT SATIS-
FIABILITY is that we need to encode the assignment to all gates of the input circuit using certain
Reed-Muller based codes, in such a way that will allow us to locally verify the legality of all gates
of the circuit, using only the encoded assignment. In order to do this, we require the circuit to
have a well-behaved structure (amenable to our specific encoding and verification demands). Of
course, an arbitrary circuit does not necessarily have this structure, but luckily we have the tech-
nology to overcome this. More to the point, we can restructure any circuit into a well-behaved
circuit that will suit our needs. The natural encoding (used e.g. in the Hadamard based PCP,
Section A) incurs a quadratic blowup in size. To get over this problem, Polishchuk and Spiel-
man [PS94, Spi95] introduced a different, more efficient restructuring process that embeds the
input circuit into well-structured graphs known as de Bruijn graphs. Indeed, the blowup in circuit
size using these circuits is merely by a logarithmic multiplicative factor, and their usefulness for
the local verification of legal assignments will become evident later (in Section 6.2). As in Pol-
ishchuk and Spielman [PS94, Spi95], we embed the input circuit into wrapped de Bruijn graphs
(see Definition 6.2). We use a slightly different definition of de Bruijn graphs, more convenient for
our purposes, than that used in [PS94, Spi95]. However it can easily be checked that these two
definitions yield isomorphic graphs. The main advantage with the de Bruijn graphs is that the
neighborhood relations can be expressed very easily using simple bit-operations like cyclic-shifts
and bit-flips. In [PS94, Spi95] the vertex set of these graphs is identified with a vector space. We
instead work with a strict embedding of these graphs in a vector space where the vertices are a
strict subset of the vector space. The benefit of both approaches is that the neighborhood functions
can be expressed as affine functions (see Section 6.2 for more details). The reason for our approach
will be explained at the end of Section 6.2.

Definition 6.2 The wrapped de Bruijn graph Gy, is a directed graph with | layers each with 2N
nodes which are represented by N-bit strings. The layers are numbered 0,1,...,1 — 1. The node
represented by v = (bg,...,byx,...,bny_1) in layer i has edges pointing to the nodes represented by
Lio(v) = (bo,...,bx,...,bn—1) and L'y 1(v) = (bo,...,bi=®1,...,by_1) in layer (¢ + 1) modulo [,
where i* is © modulo N and a®b denotes the sum of a and b modulo 2.

See Figure 1 for an example.

We now describe how to embed a circuit into a wrapped de Bruijn graph (see Figure 2 for
a simple example). Given a circuit C' with n gates (including both input and output gates), we
associate with it a wrapped de Bruijn graph Gy ; where N =logn and [ = 5N = 5logn. We then
associate the nodes in layer 0 with the gates of the circuit. Now, we wish to map each wire in
the circuit to a path in Gy between the corresponding nodes of layer 0. Standard packet-routing
techniques (see [Lei92]) can be used to show that if the number of layers [ is at least 5N then such
a routing can be done with edge-disjoint paths. (Recall that we work with circuits whose fan-in
and fan-out are 2.)

Thus, we can find “switches” for each of the nodes in layers 1,...,l — 1 of the graph such
that the output of each gate (i.e., node in layer 0) is routed to the input of the gates that require
it. Each node has two inputs and two outputs, and thus there is a constant number of switches
routing incoming edges to outgoing ones (See Figure 3). For nodes in layer 0, instead of specifying
a switch, we specify the functionality of the Boolean gate associated to that node in the circuit
(e.g. AND, OR, PARITY, NOT, INPUT, OUTPUT). Actually unary gates (such as NOT and
OUTPUT) have two forms (NOT, NOT’, OUTPUT, OUTPUT’) in order to specify which of the
two incoming edges in the de Bruijn graph to use.
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Figure 1: The wrapped de Bruijn graph G3 3. Notice the first and last layer are the same.

This specifies the embedding of the input circuit into a well-structured circuit (based on a de
Bruijn graph). More precisely, let C = {Type of switching actions} U {Type of Boolean gates} be
the set of allowable gates of the well-structured circuit (see Figure 3). Given a circuit on n gates,
we can construct, in polynomial time, a wrapped de Bruijn graph Gy; (where N = logn and
I =5log N) and [ functions Ty, Ty, ..., Tj_1 : {0,1} — C where each function T} is a specification
of the gates of layer ¢ (i.e. a specification of the switching action or Boolean functionality).

We now demonstrate how to translate a proof that a circuit is satisfiable into an assignment
that satisfies the embedded circuit. A proof that a circuit is satisfiable consists of an assignment
of 0’s and 1’s to the inputs and the gates of the circuit such that each gate’s output is consistent
with its inputs and the output gate evaluates to 1. The corresponding assignment to the embedded
circuit consists of an assignment of 0’s and 1’s to the edges entering and leaving the nodes of the
wrapped de Bruijn graph that is consistent with the functionality of the gates (in layer 0) and the
switching actions of the nodes (in the other layers). Since we are assigning values to nodes of the
embedded graph (and not their edges), the assignment actually associates a 4-tuple of 0’s and 1’s
to each of the nodes in the graph indicating the value carried by the four edges incident at that
node (two incoming and two outgoing). More formally, the embedded assignment is given by a
set of [ functions Ag, A1,...,A; 1 where each function 4; : {0,1}" — {0,1}* specifies the values
carried by the 4 edges incident at that vertex.
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Figure 2: Embedding of a circuit into G3 3. In this example all paths between nodes at 0 layer are
vertex disjoint. For general circuits we merely need edge disjoint paths.

We now list the constraints on the embedded circuit that assure us that the only legal assign-
ments are ones that correspond to legal satisfying assignments of the original circuit, i.e. assign-
ments that correctly propagate along the edges of the circuit, correctly compute the value of every
gate and produce a 1 at the output gate.

Definition 6.3 The assignment constraints for each node of the well-structured circuit require:

e the two outgoing values at the mode are propagated correctly to the incoming values of its
neighbors at the next level,

e for nodes at layers # 0, the two outgoing values have the unique values dictated by the in-
coming values and the switching action,

e for non-OUTPUT nodes in layer 0, both outgoing values equal the unique value dictated by
the gate functionality and the incoming values (the INPUT functionality merely requires that
the two outgoing values are equal to each other)

e for nodes in layer 0 with an OUTPUT functionality, the appropriate incoming value equals 1

Let v : C x ({0,1}*)3 — {0, 1} be the boolean function such that 1 (t,a,ag,a1) = 0 iff @ node whose
T-gate 1s t, A-assignment is a, and whose neighbors in the next layer have A-assignments ag and
a1 respectively, satisfies the aforementioned assignment constraints.

Observe that the definition of ¢ is independent of N, the assignments A; and gates 7;. By def-
inition, the assignment A = (Ag,..., A;_1) is legal for an embedded circuit defined by Ty, ..., T;_1
if and only if for every layer ¢ and every node v in layer ¢,

v (Ti(v)’ Ai(v), Ai1 (Tip(v)), Aita (Fm(v))) = 0.

We are now ready to formally define the well-structured circuit satisfiability problem.

47



In Out In Dut:L

1

In2 o 3

GatE:L Gate2 Gate3

]:1‘12 DL‘Lt2

Figure 3: Some gates of a well-structured circuit. Gates 1-2 are switching gates, and gate 3 sits in
layer 0 and computes the parity (xor) function.

Definition 6.4 The problem STRUCTURED-CKTSAT has as its instances (Gn 1, {To, T, ..., T1-1})
where Gy s a wrapped de Bruijn graph with 1 layers and T; : {0, 1}V — C is a specification of the
node types of layer i of the graph (T;’s are specified by a table of values).

(Gn 1, {T0, ..., Ti—1}) € STRUCTURED-CKTSAT if there exists a set of assignments Ag, Ax, ..., A1
where A; : {0,131 — {0,1}* is an assignment to the nodes of layer i of Gy such that for all layers
1 and all nodes v in layer 1,

(0 <Tz(’U), A; (’U), Ai+1 (F¢70(’l))) , Ai+1 (1—‘2-71(1)))) =0.

The above discussion also demonstrates the existence of a reduction from CKTSAT to STRUCTURED-
CKTSAT which does not blow up the length of the target instance by more than a logarithmic
multiplicative factor.

Proposition 6.5 There exists a polynomial time reduction R from CKTSAT to STRUCTURED-
CKTSAT such that for any circuit C, it holds that C € CKTSAT if and only if R(C') € STRUCTURED-
CKTSAT. Moreover, if C is a circuit of size n, then R(C) = (Gny,{To,-..,Ti—1}) where N =
[logn] and | = 5N.

Remark 6.6 The above reduction though known to take polynomial time (via routing techniques)
s not known to be of almost linear time.

Remark 6.7 We observe that if C' is a satisfiable circuit, then any set of assignments Ay, ..., A;
proving that the reduced instance R(C) = (Gn i, {To,...,T1-1}) is a YES instance of STRUCTURED-
CKTSAT contains within it a satisfying assignment to the circuit C. Specifically, let I be the set of
nodes in layer 0 that have gate functionality INPUT associated with them. Then the assignment
Ay restricted to the set of nodes I (i.e.,Ag|r) contains a satisfying assignment. More precisely, the
satisfying assignment is obtained by concatenating the third bit (i.e., first outgoing bit) of Agl; €
{0,1}* for alli € I. Conversely, every satisfying assignment w to C can be extended to Ao, ... ,A; 1
such that Ag|r contains w. This is done by computing the values of all gates in the computation
of C(w), setting the outgoing bits of Ag according to these values, and routing them throughout
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Figure 4: Example of legal and illegal assignments. The two vertices on the left are the inputs (at
layer i — 1) to a gate at layer i. Recall that assignments evaluate each incoming and outgoing edge
of a gate.

Gn, according to the switching actions to obtain Ai,...,A;_y and the incoming bits of Ag. This
observation will be vital while constructing PCPs of prozimity(see Section 7).

Remark 6.8 Suppose the input circuit C s a linear circuit, in the sense that all gates are INPUT,
OUTPUT, or PARITY gates, and the OUTPUT gates test for 0 rather 1 (See Definition 8.13).
Then it can be verified that the transformation mapping satisfying assignments w of C to legal
assignments Ao, ..., A1 of R(C) is GF(2)-linear. The reason is that each gate in the computation
of C(w) is a GF(2)-linear function of w. These remarks will be used in the coding applications, to
obtain linear codes (see Section 8.4 for more information).

6.2 Arithmetization

In this section, we construct an algebraic version of STRUCTURED-CKTSAT by arithmetizing it
along the lines of Harsha and Sudan [HS00]. The broad overview of the arithmetization is as
follows: We embed the nodes in each layer of the wrapped de Bruijn graph Gy, in a vector space
and extend the gate specifications and assignments to low-degree polynomials over this space.
Finally, we express the assignment constraints (Definition 6.3) as a pair of polynomial identities
satisfied by these polynomials.

First for some notation. Let m be a parameter. Set h such that h = N/m where 2% is the
number of nodes in each layer of the de Bruijn graph. Choose a finite extension field F' of GF(2)
of size roughly cpm?2" = cpm?2N/™ where ¢p is a suitably large constant to be specified later.
Specifically, take F = GF(2)/ for f = h +2logm + logcp. Let {eo,e1,...,e;_1} be a basis of F
over GF(2). Set H to be a subspace of GF(2)/ (and hence a subset of F') spanned by {eg,...,en 1}
Note that H™ is a subset of the space F™. Furthermore, |[H™| = 2. Hence, we can embed each
layer of the graph Gy ; in F™ by identifying the node v = (by, ...,bnx—1) € {0,1}" with the element
(bg@g 4+ 4 bp_1ep_1,bheo+ -+ bop_1€h_1,. .., b(m—l)heﬂ +-- bmh—leh—l) of H™. Henceforth,
we use both representations (N-bit string and element of H™) interchangeably. The representation
will be clear from the context.

Any assignment S : H™ — F can be interpolated to obtain a polynomial S:F™— F of degree
at most |H| in each variable (and hence a total degree of at most m|H|) such that S|gm = S (i.e.,
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the restriction of S to H™ coincides with the function S). Conversely, any polynomial S:Fm™  F
can be interpreted as an assignment from H™ to F' by considering the function restricted to the
sub-domain H™.

Recall that C and {0,1}* are the set of allowable gates and assignments given by the gate
functions 7; and assignments A; in the STRUCTURED-CKTSAT problem. We identify C with
some fixed subset of F and we identify {0,1}* with the set of elements spanned by {eg, 1, e2,e3}
over GF(2). With this identification, we can view the assignments A; and gates T; as functions
A; : H™ — F and T; : H™ — F respectively. Furthermore, we can interpolate these functions, as
mentioned above, to obtain polynomials A; : F™ — F and T; : F™ — F of degree at most m/|H|
over F.

We now express the neighborhood functions of the graph in terms of affine functions over F™.
This is where the nice structure of the wrapped de Bruijn graph will be useful. For any positive
integer 4, define affine transformations f‘@o, f‘i,l : F™ — F™ as follows: fi,O is the identity function.
For fi,l, first let ¢ = |i/h| mod m and v = i mod h. Then fi71(z0, cesZm—1) = (205, 2t-1, 2t +
Cus X1y -+ -y zm_l).26 It can checked from the above definition that for any layer ¢ and node z in
layer i (which we view as a point in H™), we have I'; ;(z) = I'; j(x) for j = 0,1. In other words, T
is an extension of the neighborhood relations of the graph Gy ; over F'.

Finally, we now express the assignment constraints (Definition 6.3) as polynomial identities.
The first of these identities checks that the assignments given by the assignment polynomial A; are
actually elements of {0,1}* for points in H™. For this purpose, let ¢y : F — F be the univariate
polynomial of degree 2* given by

()= ] (- (2)

ac{0,1}4

This polynomial satisfies 1(2) = 0 iff z € {0,1}* (recall we identified {0,1}* with a subset
of F spanned by eg,...,e3). We check that ¥o(A;(x)) = 0 for all z € H™ and all layers i.
We then arithmetize the rule ¢ (from Definition 6.3) to obtain a polynomial ¢, : F* — F.
In other words, ¢; : F* — F is a polynomial such that v1(¢,a,ap,a1) = ¥%(t,a,a,a1) for all
(t,a,ap,a1) € C x ({0,1}*)3. The degree of 1/; can be made constant, because |C| and |{0,1}*|
are constant.?” The two polynomial identities we would like to check are 1g(A;(z)) = 0 and
U1 (Ti(x), Ai(2), A1 (Tio(x)), Ajy1(Dia(2))) = 0 for all z € H™. For notational convenience, we
express these two conditions together as a pair of polynomials ¢/ = (¢,¢1) : F* — F? such that
V'(x1,x9, 9, 24) = (Yo(x2), Y1 (21,22, 23,24)). Let £ be the maximum of the degree of these two
polynomials. In order to make these polynomial identities sufficiently redundant,, we set ¢y to be
a sufficiently large constant (say 100) such that km?2"/|F| is low.

We have thus reduced STRUCTURED-CKTSAT to an algebraic consistency problem, which we
shall call the AS-CKTSAT problem (short for ALGEBRAIC-STRUCTURED-CKTSAT)?8.

26 An alternate description of fi,l is as follows: Since F' = GF(?)f, we can view '™ as m f-dimensional space over
GF(2). Hence, any vector (zo, ..., zm—1) can be written as (bo,0,...,b0,7-1,b1,0,---,01,7-1,--+,bm—1,0,+--,bm—1,F-1).
Furthermore, we note that for any vector (zo,...,zm-1) in H™, b, s = 0 for all s > h and all 7. It can now be checked
that [';; is the affine transformation that flips the bit b;,, where ¢t = |i/h] mod m and u = i mod h..

2"Notice that we do not specify 1, uniquely at this stage. Any choice of a constant-degree polynomial will work
in this section, but to enforce linearity, we will use a somewhat non-standard choice in Section 8.4. Specifically, we
argue that if C is a linear circuit, then 11 can be picked to be GF(2)-linear transformations over GF'(2), and we
point out that g is a GF'(2)-linear transformation. For more details see Section 8.4.

28 AS-CKTSAT is actually a promise problem.
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Definition 6.9 The promise problem AS-CKTSAT = (AS-CKTSATYES AS-CKTSATNO) has
as its instances (1",1™ F, H, {Tg,...,fl,l}) where F is an finite extension field of GF(2) (i.e.,
F = GF () for some f), H a GF(2)-linear subspace of F and T : F™ — F, fori=0,...,1—1, a
sequence of polynomials of degree d, where |H| =n'/™, d =m - |H|, and F = ¢y -md. The field F
is specified by an irreducible polynomial p(x) of degree f over GF(2), H is taken to be spanned by
the first h = log|H| canonical basis elements, and each of the polynomials T; is specified by o list
of coefficients.

o (17, 1™, F, H, {Tg, e ,Tl,l}> € AS-CKTSATYES if there exist a sequence of degree d polyno-
mials A; : F™™ — F,1=0,...,1 —1 such that for all i =0,...,l —1 and all x € H™,

i0(2)), Ais1 (fi,l(ﬂ?))> =(0,0)

¥ (wa),éi(x),ﬁm (i

e (1",1™ F H, {Tg,...,f},ﬁ) € AS-CKTSATNO if for all functions A; : F™ — F,i =
0,...,01 —1 there exists an 1 =10,...,l —1 and © € H™ such that,

Y (ﬂ(w);z‘ii(ﬂ?)w‘iiﬂ (Fi,o(w))w‘iiﬂ(fi,l(ﬂ?))) #(0,0)

where fi,j 's and ' are as defined earlier. (Recall that the D’s are linear function while ' represents
a pair of polynomials of degree at most k.)

From the above discussion we have the following reduction from STRUCTURED-CKTSAT to
AS-CKTSAT.

Proposition 6.10 There exists a polynomial-time computable function R mapping any instance
I =GN, {10, T1,...,T1—1}) of STRUCTURED-CKTSAT and parameter m < logn/loglogn (where
n =1|Z|) to an instance R(Z,1™) of AS-CKTSAT such that

T € STRUCTURED-CKTSAT =— R(Z,1™) € AS-CKTSATY"S
T ¢ STRUCTURED-CKTSAT = R(Z,1™) € AS-CKTSATN®

Moreover, if R(Z,1™) = (1", 1™ F,H,{Ty,...,Ti_1}), then n' = 2N (the number of nodes in
each layer of the de Bruijn graph Gn;), m' = m, and I' =1 (the number of layers in the de Bruijn
graph,).

Combining Propositions 6.5 and 6.10, we have the following.

Proposition 6.11 There exists a polynomial-time computable function R mapping any circuit C
and parameter m < logn/loglogn (where n = |C|) to an instance R(C,1™) of AS-CKTSAT such
that C € CKTSAT <= R(C,1™) € AS-CKTSAT.

Moreover, if C is a circuit of size n then R(C,1™) = (1"’,1’”’,F7 H {Ty,...,Ty_1}), where
n' =0(n), m' =m, and I' < 5logn’. Thus, |[R(C,1™)| = O((ckm?)™logn) - |C|.

Remark 6.12 Following Remark 6.7, iof C' is a satisfiable circuit, then any set of polynomials
Ay, ..., Aj_y proving that the reduced instance R(C,1™) = (1", 1™, F, H,{Ty,...,Ti_1}) is a YES
wnstance of AS-CKTSAT contain within it a satisfying assignment to the czrcuz't C. Specifically,
the set I (of layer-0 nodes with INPUT functionality in Gn,) from Remark 6.7 can now be viewed
as a subset I C H™. Then the polynomial Ay : F™ — F restricted to the set I (i.e.,Ag|;) contains
a satisfying assignment (again as a concatenation of third-bits). C’onversely, every satisfying as-
signment w to C can be extended to a set of polynomials Ay, ..., Ai_1 such that A0|1 contains w.
This 1s done by taking low-degree extensions of the functions Ao, ..y A1 from Remark 6.7.
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Remark 6.13 Following Remark 6.8, if C is a linear circuit, then the mapping of satisfying as-
signments w of C to polynomials Ay, ..., A1 satisfying R(C) is GF(2)-linear. This is due to
Remark 6.8, the association of {0,1}* with the linear space spanned by {eq,e1,e2,e3} in F, and
from the fact that the interpolation from A; to A; is F-linear and hence GF(2)-linear. For more
nformation see Section 8.4.

Comment: Recall that the arithmetization was obtained by considering low-degree extensions
over F'™ of functions from H™ to H. If H were a subfield of the field F this step would have caused
a quadratic blow-up, and we avoid this problem by not insisting that H be a field. In [PS94, Spi95],
H is a field and F = H? is an extension of it, but the PCP system refers only to a O(|H|)-sized of
F. We cannot take this approach because we will be using a total low-degree test, which needs to
refer to the entire vector space F™. In contrast, in [PS94, Spi95] an individual low-degree test is
used, which can work with a subset of F™.

6.3 The PCP verifier

We design a PCP verifier for CKTSAT via the reduction to AS-CKTSAT based on the randomness-
efficient low-degree tests of Ben-Sasson et al. [BSVWO03]. Given a circuit C, the verifier reduces it
to an instance of the problem AS-CKTSAT (Proposition 6.11). The proof consists of a sequence
of oracles A; : F™ — F for i =0,...,l —1 and an auxiliary sequence of oracles P; j : F'™ — F? for
t=20,...,—1and j =0,...,m. For each ¢ and j, we view the auxiliary oracle P;; : F™ — F?
as a pair of functions P2 : F™ — F and P{Y : F™ — F (ie., P,j(z) = (P (x), P (2))). This
auxiliary sequence of oracles helps the verifier to check that the functions A; satisfy condition v’
(see Definition 6.9).

The verifier expects the first subsequence of auxiliary oracles P;o(-) fori =0,...,1—1, to satisfy
the following relation:

Poofa) = ' (mx), Aiw), Aro (Bro®)), Ass (fm(a:))) Ve e P 3)
Furthermore, it expects P; o(z) = 0 for every « € H™. Indeed, by Definition 6.9, we have:

Lemma 6.14 1. If (1",1™,F, H, {Tg,...,j},l}) 1s a YES instance of AS-CKTSAT, satisfied
by polynomials Ao, ..., A1, and Pyy,... ,P_1p are defined according to Equation 3, then
P;o(x) =(0,0) for all z € H™.

2. If (1", 1™, F, H, {TQ, ..,Ti_1}) is a NO instance of AS-CKTSAT, then for any sequences of
functions Ao, ... , A1, Poo,... ,Pi_10, either Equation 3 fails to hold for some i or P; o(x) #
(0,0) for some i and some x € H™.

Recalling that the degree of the constraint ¢’ (see Definition 6.9) is at most x and that the A;’s
are of degree at most d = m - |[H|, we observe that the P;’s can be taken to be of degree at most
kd in Part 1.

As mentioned above, the verifier now needs to check that the functions P; g vanish on the set H™.
For this we use a “zero-propagation test”, based on the sum-check protocol of Lund et al. [LFKN92].

Specifically, the verifier expects the remaining set of auxiliary oracles P;; = (PZ(S),PS)) (1 =
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0,...,l—1and j=1,...,m) to satisfy the following relations: Let H = {ho,... ,hjy|—1} be some
fixed enumeration of the elements in H. For all b € {0,1},

[H]-1

(b) — Z (b) k

}Di,j Q}l,...,.CL‘j_IJ,xj,\.CL‘j+1,...,.CL‘T,3 = Pi,jfl Q}l,...,$j_1j,hk,\$j+1,...,xn3 xj, (4)
k=0

~~ ~~ ~~ ~~

V(x1,.. ., xm) € F™

These relations ensure that for all i and j > 1, P, ;(-) vanishes on F7 x H™J iff the function
P, j_1(+) vanishes on F7~! x H™ %1 In other words:

Lemma 6.15 ‘lDi(f;')|Fj><Hm_j =0 < ‘lDi(f;')—1|Fj_1><Hm_j+1 =0.

Thus, for all ¢, P;,, vanishes on the entire space F™ iff P; vanishes on H™. Also, as Pi(’g) has

degree at most kd in each variable, so does PZ(I;) for each ¢ and j. Hence, the degree of PZ(I;) is at
most kd.
Thus, the verifier needs to make the following checks

o LOW-DEGREE TEST

Fori=0,...,01—1and j =0,...,m, the sequence of functions A; are polynomials of degree
at most d = m - |H| and the sequence of functions P; ; are pairs of polynomials of degree at
most xd,

e EDGE-CONSISTENCY TEST
For i =0,...,l — 1, the functions P;y obey Equation (3),

e ZERO PROPAGATION TEST
Fori=0,...,l —1and j=1,...,m, the functions P, ; satisfy Equation (4),

e IDENTITY TEST
For s =0,...,l -1, the functions P, ,, are identically zero on the entire domain F™.

The Low-Degree test in most earlier construction of PCP verifiers is performed using the “line-
point” test. The “line-point” low degree test first chooses a random line, a random point on this
line and checks if the restriction of the function to the line (given by a univariate polynomial) agrees
with the value of the function at the point. A random line [ is typically chosen by choosing two
random points ,y € F™ and setting | = I, , = {z + ty|t € F'}. However, this requires 2m log |F|
bits of randomness which is too expensive for our purposes. We save on randomness by using the
low-degree test of Ben-Sasson et al. [BSVWO03] based on small-biased spaces (see Section B for more
details). The low-degree test of [BSVWO03] uses pseudorandom lines instead of totally random lines
in the following sense: The pseudorandom line [ = [, , is chosen by choosing the first point = at
random from F", while the second point y is chosen from a A-biased subset Sy of £"*. This needs
only log |Sy| +log |F|™ bits of randomness. We further save on randomness by the use of canonical
lines®®. Consider any pseudorandom line [ = lzy where x € F'™ and y € Sy. We observe that for
every ' € [, we have Iy, = I, ,. In other words, |F| different choices of random bits leads to the
same line [, ,. We prevent this redundancy by representing each line in a canonical manner. A

29Tt is to be noted that the canonical representation of lines has been used either implicitly or explicitly in the
soundness analysis of all earlier uses of the Low-Degree Test. However, this is the first time that the canonical
representation is used to save on the number of random bits.
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canonical line is chosen by first choosing a random point y from the A-biased set S). We view this
y as specifying the direction (i.e., slope) of the line. This direction partitions the space F™ into
|F|™~! parallel lines (each with direction y). We enumerate these lines arbitrarily and select one of
them uniformly at random. Thus, choosing a random canonical line costs only log |Sy|+log |F|™ !
bits of randomness. A further point to be noted is that we perform a “line” test instead of the
regular “line-point” test: The test queries the function for all points along the canonical line [, ,
and verifies that the restriction of the function to this line is a low-degree polynomial.

Having performed the low-degree test (i.e., verified that the polynomials Aj’s and P; j’s are close
to low-degree polynomials), the verifier then performs each of the NODE-CONSISTENCY TEST,
ZERO PROPAGATION TEST, and IDENTITY TESTs by choosing a suitable small-sized sample in
the entire space and checking if the corresponding condition is satisfied on that sample. For the
ZERO PROPAGATION TEST indeed the natural sample is an axis-parallel line. For the EDGE-
CONSISTENCY TEST and IDENTITY TEST, the sample we use is any set of |F'| points selected from
a partition of F™ into |F|™~! equal sets.

We are now ready to formally describe the PCP verifier for CKTSAT. We parameterize the
PCP verifier in terms of m, the number of dimensions in our intermediate problem AS-CKTSAT,
and A, the parameter of the A-biased sets of F™ required for the low-degree tests of Ben-Sasson
et al. [BSVWO03]. We rely on the fact that A-biased subsets of F'"™ of size at most poly(log |F|™,1/\)
can be constructed efficiently [NN90, AGHP92].

A; P; 33i=0,...,1—-1;5=0,...,m
PCP-VERIFIER, "\ (C).

1. Use Proposition 6.11 to reduce the instance C' of CKTSAT, using parameter m, to an
instance (1",1™, F, H,{Ty,...,T;_1}) of AS-CKTSAT, and set d =m - |H|.

m 2
Notation: We let Sy C F'™ be a A-biased set of size at most (%) [AGHP92]. Let
m—1 m—1
F™ = &JLFZ‘I U, and F™ = &JLFZ‘I V,, be two arbitrary partitions of the space F™ into
|F'|-sized sets each.

2. Choose a random string R of length log(|Sy| - |F|™~!). [Note: We reuse R in all tests,
but only the LOow-DEGREE TEST utilizes the full length of R.]

3. Low-DEGREE TEST
Use random string R to determine a random canonical line £ in F™ using the A-biased
set S)y.
For:=0,...,1 —1,

Query oracle A; on all points along the line £ and reject if the restriction A to £
is not a (univariate) polynomial of degree at most d.

Fori=0,...,0—1,j=0,...,m, and b € {0,1},
Query oracle Pz-(l])-) on all points along the line £ and reject if the restriction of Pz-(l])-)
to L is not a (univariate) polynomial of degree at most xd.

4. EDGE-CONSISTENCY TEST .
Use the random string R to determine a random set Uy, of the partition F"™ = &J‘ni'l Uy.
Fori=0,...,1 -1,

For all 2 € U, query P, o(z), A;(x), Aiy1(Dig(x)) and A;y1(Ts1(x)) and reject if
Equation (3) is not satisfied.
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5. ZERO PROPAGATION TEST
Fori=0,...,0—1,j=1,...,m, and b € {0,1},

Use random string R to determine a random j-th axis-parallel line in F™ of the

form £ = {(a1,...,a;-1,X,aj41,...,am) : X € F}. Query PZ(I;)_I and Pz(I;) along

all the points in £. Reject if either the restriction of Pi(tgl')—l or Pz-(l;-) to L is not a
univariate polynomial of degree at most xd or if any of the points on the line £

violate Equation (4).

6. IDENTITY TEST .
Use the random string R to determine a random set V;, of the partition F'™* = L+JLF:‘1 V.
For:=0,...,1 -1,

For all x € V;, query P; ,,(x). Reject if any of these P; ,,(x) is not (0,0).

Accept if none of the above tests reject.

Remark 6.16

1. The LOW-DEGREE TEST requires log(|Sy| - |F|™ 1) random bits to generate a canonical line
in F™ using the \-biased set, while each of the other tests require at most log(|F|™ 1) bits of
randomness. Hence, the string R suffices for each of the tests. For the settings of parameters
we use, log(|Sy|-|F|™ 1) is typically significantly smaller than log(|F|™), which we would not
be able to afford.

2. The EDGE-CONSISTENCY TEST and IDENTITY TEST in the “standard” sense are usually
performed by selecting a random point in the space F™ and checking whether the correspond-
g condition is satisfied. However, we state these tests in a “non-standard” manner using
partitions of the space F™ into |F| sized tests so that these tests can easily be adapted when
we construct the robust PCP verifier (see Section 8). The non-standard tests are performed
i the following manner: Choose a random set in the partition and perform the standard test
for each point in the set. At present, we can work with any partition of F™, however we will
later need specific partitions to get “robustness”.

6.4 Analysis of the PCP verifier

We now analyze the PCP verifier above. The analysis below assumes that the parameters satisfy
m < log n/loglogn and A < 1/clog n for a sufficiently large constant ¢. Theorem 6.1 can be deduced
by setting A = 1/clogn.

Complexity: The PCP VERIFIER makes O(Im|F|) = O(m?®n'/™logn) queries each of which ex-
pects as an answer an element of F or F? (i.e., a string of length O(log |F|)). Hence, the total (bit)
query complexity is O(Im|F|log |F|) = O(Im-cpm?n/™ log(cpm?®n'/™)). Recalling that [ = 5logn,
this quantity is at most O(m?n'/™log? n) for m < logn. For the decision complexity, we note that
the main computations required are (a) testing whether a function is a low-degree univariate poly-
nomial over F (for LOow-DEGREE TEST and ZERO PROPAGATION TEST), (b) evaluating ¢’ on |F|
quadruples of points (for EDGE-CONSISTENCY TEST), and (c¢) univariate polynomial interpolation
and evaluation (for testing (4) in ZERO PROPAGATION TEST). We now argue that each of these
can be done with a nearly linear (O(|F|)) number of operations over F, yielding a nearly linear
(O(q)) decision complexity overall. Each evaluation of ¢ can be done with a constant number
of F-operations because v’ is of constant degree. Polynomial interpolation and evaluation can be
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done with a nearly linear number of F-operations by [SS71, Sch77], and testing whether a function
is of low degree reduces to polynomial interpolation (interpolate to represent as a polynomial of
degree |F| — 1 and check that the high-degree coefficients are zero). Each F-operations can be
done with O(log | F|) bit-operations, using the polynomial multiplication algorithm of [SS71, Sch77]
(over GF(2)).

The number of random bits used by the verifier is exactly log(]Sy|-|F|™ ). Let n’ = |[F|™. Then

log(|Sx|-|F|™ 1) = ( —) log n'+log (poly (log” )) = (1 — %) log n'+0(loglogn')+0O (log (%))

Now, n' = (cpm?)™n. Hence, logn' = log n+2m logm+O(m) and loglog n’ = loglog n+O(logm).

Thus, the total randomness is at most (1 — %) logn 4+ O(mlogm) + O(loglogn) + O (log (%))
We summarize the above observations in the following proposition for future reference.

Proposition 6.17 The randomness, query and decision complezities of the PCP—VERIFIER are
r=(1-21)logn+ O(mlogm)+ O(loglogn) + O (log (3)), ¢ = O(m2nt/™log?n) and d = O(q)
respectively.

Completeness: If Cissatisfiable, then the reduction reduces it to an YES instance of AS-CKTSAT.
Then by definition there exist polynomials A; that satisfy constraint /. Setting P; ; according to
Equations (3) and (4), we notice that the verifier accepts with probability one.

Soundness: To prove the soundness, we need to prove that if C' is not satisfiable then the verifier
accepts with probability bounded away from 1. We will prove a stronger statement. Recall from
Remark 6.12 that the function Ay : F™ — F supposedly has the satisfying assignment embedded
within it. Let I C F™ be the set of locations in F™ that contains the assignment (i.e., Ag|s is
supposedly the assignment).

Lemma 6.18 There exists a constant ¢ and a constant 0 < g9 < 1 such that for all e, m, A satisfying
e < €9, m < log n/loglogn and A < 1/clogn, the following holds. If Ay is de-far to every polynomial
Ay of degree md such that C(Ay|;) = 1, then for all proof oracles {A;} and {P; j}» the verifier accepts
with probability at most 1 — ¢,

Proof: Let a be the universal constant from Theorem B.4. Set g9 = min{e, 55 }. Let d = m2",
and choose ¢ to be a large enough constant such that kmd/|F| = k/cp < 9. Suppose each of the

functions A; are 4e-close to some polynomial of degree md and each of the functions PZ(I;) is 4e-close
to some polynomial of xkmd. If this were not the case, then by Theorem B.4 the LOW-DEGREE
TEST accepts with probability at most 1 — ¢ for the polynomial that is 4e-far. It can be verified
that the parameters satisfy the requirements of Theorem B.4, for sufficiently large choices of the
constants ¢y and c¢ and sufficiently small €.

Foreacht =10,...,l—1, let A\z : F™™ — F be the polynomial of degree at most md that is 4e-close
to A;. Similarly, for each i = 0,...,1 — 1,7 =0,...,m and b € {0,1}, let ﬁz(l;) be the polynomial
of degree at most kmd that is 4e-close to PZ(I;) Such polynomials are uniquely defined since every

two polynomials of degree kmd disagree in at least a 1 — ’“’]TP’E‘d > 1 — g9 > 8¢ fraction of points. As

in the case of the P; ;’s, let }3” : F™ — F? be the function given by Z](ar;) = (Pf? (x), l(;) (x)).

By hypothesis, 121\0|1 does not satisfy C. Then, by Lemmas 6.14 and 6.15, at least one of the
following must hold.

(a) There exists i =0,...,l —1 and b € {0,1} such that ]/52(?,)1 # 0.
Then for this 7, the IDENTITY TEST fails unless a random set V;, is chosen such that for all
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x €V, P(b)( ) = 0. Hence, it must be the case that for all z € V;,, either P ( ) # le( )
or PO )( ) = 0. Since the V s form a partition of F™, the probability of thls occurring is

,m

upper-bounded by the probability that a random z € F™ satisfies either P( )( ) # 131(1;1(:@

or PZ( )( ) = 0. This probability is at most 4e + "“’;rl = de + = < Sep, where we use the

fact that P( ) is de-close to P( ) and that a nonzero polynomial of degree xmd vanishes on
at most a /imd/|F| fraction of pomts

(b) There exists i =0,...,l — 1 such that 132-70, Xi, and A\i-i—l do not obey Equation (3).
In other words, P;o(z) # o'((Ti(z), Ai(x), Ais1(Tio(z)), Ajy1 (L (2))). Then for this i, the
EDGE-CONSISTENCY TEST fails unless a random partition U, is chosen such that for all
x € Uy, Pio(x) = ' (Ty(x), Ai(x), Aiy1(Dio(x)), Aip1(Ti1(2))). Hence, it must be the case
that for every x € U,), that one of the following holds:

PR@) # PY (@), PY@) # PPy Aie) # Aix); Ai(Tiple)) # A (Fip(@)):
), A;

Ain(Tip(@) # A (T (@)); Pro(e) = ¢/ ((Ti), Ai(x), Aipa (Do (@), Aig1 (Tin (2))).

The probability of this happening is at most the probability that a random z € F™ satisfies
these conditions, which is at most 5 - 4¢ 4 "T’;‘d < 21ey.

(c) For some i =0,...,l—-1,j=1,...,m, and b € {0,1}, PZ(]) does not obey Equation (4).
In other words, ]/52(;))( Ty ) FE Z‘m Pz] (oo by, .. )xk. Then, for this 4, j, the ZERO
PROPAGATION TEST rejects unless a random axis parallel line £ is chosen such that both

(b)(

P( )| and P(] 1|z are polynomials of degree at most xd and for every = € L, J Ty ) =

‘,fi'o 1]31(?_1( ,hi,...)z*. Suppose we have that for all € L, Pz(l;)( ) = 131(?(:(:) and

H(ill(x),\z ]5;(?)71(50) Then, it must be the case that for all x € L, ]/i(z)( R
‘,ﬂo_l Pl(z)&( ..y hk,...)z*. Since the axis-parallel lines cover F™ uniformly, the probabil-

ity of this occurring is at most the probability of a random x € F™ satisfying this condition
which is at most m’;d <e. The probability that that both P(b)| and P(b) 1| are polynomials

of degree kd and either P |£ # P | or P(b) e # P(]) e isat 2-4e/(1 —ep) < 9eg, since
rY

;g and P( ) 1 are 4e- close to P( ) and P( ) , respectively, and any two distinct polynomials
of degree mmd disagree on at least al— nmd/|F| > 1—¢ fraction of points.Hence, the ZERO

PROPAGATION TEST accepts with probability at most 10eg.

We thus have that the verifier accepts with probability at most max {1 — ¢, 5e9, 21eq, 109} =

1—c. l

Proof (of Theorem 6.1): Theorem 6.1 is proved using the PCP—VERIFIER defined in this section
setting A = 1/clogn. Step 1 of the verifier reduces the instance C' of CKTSAT to an instance
(1™, 1™ F, H,{Ty,...,Ti_1}) of AS-CKTSAT. We have from Proposition 6.11 that n’ = ©(n) and
[ = O(logn) where n is the size of the input circuit C. Setting n = n’ in Proposition 6.17, we have
that the randomness, query and decision complexity of the verifier are as claimed in Theorem 6.1.
The soundness of the verifier follows from Lemma 6.18.
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7 A randomness-efficient PCP of proximity

In this section, we modify the PCP for CIRCUIT SATISFIABILITY and construct a PCP of proximity
for CIrcUIT VALUE while maintaining all the complexities. (Recall that, by Proposition 2.4, the
latter implies the former.) We do so by adding a proximity test to the PCP—~VERIFIER defined in
Section 6.3. This new proximity test, as the name suggests, checks the closeness of the input to
the satisfying assignment that is supposed to be encoded in the proof oracle (see Remark 6.12).
This check is done by locally decoding a bit (or several bits) of the input from its encoding and
comparing it with the actual input oracle.

Theorem 7.1 There exists universal constants ¢ and 0 < € < 1 such that the following holds for
all nym € Z1 and 0 < 6 < 1 satisfying n'/™ > m™ /63, There exists a PCP of prozimity for
CirRcUIT VALUE (for circuits of size n) with the following parameters

o randomness (1 — L) logn + O(mlogm) + O(loglogn) + O(log(1/6)),
o query complezity ¢ = O(m?n'/™log?n) and decision complexity d = 6((]),
e perfect completeness,

e soundness error 1 — e for proximity parameter 0.

Note that the condition n'/™ > m®"/6% (made in Theorem 7.1) implies the condition m <
log n/loglogn stated in Theorem 6.1. Thus, the PCPP of Theorem 7.1 works only when n, the
size of the circuit, is not too small (more, precisely, when n > mcm2/63m). As explained in Sec-
tion 3, when applying multiple proof compositions, we need (at the last compositions) PCPPs that
work for even smaller values of n. For this purpose, we construct the following PCP of proximity
that works for small values of n. This PCPP, however, performs relatively poorly with respect to
randomness (i.e., it has randomness complexity O(logn) rather than (1 — o(1))logy n). This will
not be a concern for us since this verifier (or rather the robust version of this verifier) is only used
in the inner levels of composition.

Theorem 7.2 For alln € Z* and § € (0,1), CIRCUIT VALUE has a PCP of prozimity (for circuits
of size n) with the following parameters

e randomness O(logn),
e decision complexity poly logn, which also upper-bounds the query complezity.
e perfect completeness, and

e soundness error 1 — Q(6) for proximity parameter 6.

Preliminaries. Recall that a PCPP verifier is supposed to work as follows: The verifier is given
explicit access to a circuit C' with n gates on k input bits and oracle access to the input w in the
form of an input oracle W : [k] — {0,1}. The verifier should accept W with probability 1 if it is
a satisfying assignment and accept it with probability at most 1 — ¢ if it §-far from any satisfying
assignment.

For starters, we assume that & > n/5. In other words, the size of the input w is linear in the
size of the circuit C. The reason we need this assumption is that we wish to verify the proximity
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of w to a satisfying assignment, but our proofs encode the assignment to all n gates of the circuit,
thus it better be the case that w is a non-negligible fraction of the circuit. This assumption is not
a major restriction, because if this is not the case then we work with the modified circuit C’ and
input w’ that are defined as follows: For t = [n/k], the circuit C" has n’ = n+ 3tk gates and k' = tk
input bits such that C'(w') = 1 iff w' = w' for some w such that C(w) = 1; that is, C" checks if its
input consists of ¢ copies of some satisfying assignment of C. (It can be verified that C’ can indeed
be implemented on a circuit of size n + 3tk.) We choose ¢ such that k£’ > n’/10. However, note
that the input oracle W cannot be altered. So the verifier emulates the input w’ using the original
input oracle W : [k] — {0,1} in the straightforward manner; that is, it defines W' : [tk] — {0,1}
such that W'(i) = W((i — 1) mod k) + 1). Indeed, in view of the way W' is emulated based on
W, testing that W' is a repetition of some k-bit string makes no sense. This test is incorporated
into C' in order to maintain the distance features of C; that is, if w is é-far from satisfying C' then
w' = w! is o-far from satisfying C’. We state this fact for future reference.

Remark 7.3 The above transformation from (C,w) to (C',w') is a generic one that increases the
length of the input oracle compared to the proof oracle (here, the values of all gates in C). The
transformation preserves the relative distance to the set of satisfying assignments; that s, if w is 6-
far from the set of satisfying assignments of C then w' = w' is 6-far from the satisfying assignments

of C'.

We first describe the PCPP—VERIFIER that proves Theorem 7.1 and later describe the ALMSS-
PCPP—-VERIFIER that proves Theorem 7.2.

7.1 The construction of PCPP-VERIFIER (Theorem 7.1)

As in the case of the PCP—VERIFIER described in Section 6.3, the PCPP—VERIFIER is constructed
by reducing the input circuit C, an instance of CKTSAT, using parameter m, to an instance
(1", 1™, F,H,{Ty,...,Ti_1}) of AS-CKTSAT. The proof oracle for the PCPP—VERIFIER is the
same as that of the PCP—VERIFIER (i.e., the proof oracle consists of a sequence of functions
A :F™ - Fi=0,...,0—1land P,; : F™ — F?,i=0,...,1—1,j = 0,...,m where | = 5logn).
Recall that the function Ay : F™ — F is supposed to contain within it an assignment (See Re-
marks 6.7,6.12). Let I C H™ C F™ be the set of locations in F™ that contain the assignment. The
PCPP-VERIFIER in addition to the tests of the PCP—-VERIFIER performs the following PROXIMITY
TEST to check if the assignment given by A0|[ matches with the input oracle W. Specifically:

W; A P j;i=0,..1-1;j=0,..,m
PCPP-VERIFIER,, ) s (C).

1. Run PCPfVERIFIERTV:;\A“Pi’j (C) and reject if it rejects.
Let R be the random string generated during the execution of this step.

2. ProximITY TEST

Use random string R to determine a random canonical line £ in F™ using the A-biased
set S). Query oracle Ag on all points along the line £ and reject if the restriction Ay to
L is not a polynomial of degree at most d = m - |H|. Query the input oracle W on all
locations corresponding to those in I N £ and reject if W disagrees with Ay on any of
the locations in I N L.

By inspection, the proximity test increases the query and decision complexity by (even less than)
a constant factor. For the randomness complexity, the randomness is used only to generate a random
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canonical line (as in the PCP verifier), so the randomness complexity is log(|F|"™~!-|Sy|) as before.
However, in order to prove soundness, we need to assume not only that A < 1/clogn for some
constant ¢ (as before), but also that A < §2/m™.3% Thus, setting A = min{1/clogn, §/m*™}, the
randomness complexity increases by at most O(mlogm)+ O(log(1/6)), as claimed in Theorem 7.1.
Summarizing the above observations for future reference, we have the following proposition.

Proposition 7.4 The randomness, query and decision complezities of the PCPP—-VERIFIER are
r=(1-2)logn+ O(mlogm)+ O(loglogn) + O (log (1/6)), ¢ = O(m*n'/™log?n) and d = O(q)
respectively.

It is straightforward to check perfect completeness of this verifier. To prove soundness, we
observe that if the input W is é-far from satisfying the circuit, then one of the following must
happen: (1) the verifier detects an inconsistency in the proof oracle or (2) the input oracle does not
match with the encoding of the input in the proof oracle. In case of the former, we prove soundness
by invoking Lemma 6.18 while in the latter case, we prove soundness by analyzing the proximity
test. These ideas are explained in detail in the following lemma which proves the soundness of the
verifier.

Lemma 7.5 There exists a constant ¢ and a constant ¢ > 0 such that for all m,\,0 satisfying
n > 8000|F|™~1/6%, A < 1/clogn, and X < 6§/m°™, the following holds. If the input w given by
the input oracle W : [k] — {0,1} is 6-far from satisfying the circuit, then for any proof oracle the
verifier rejects W with probability at least €.

Proof: Set € to be the constant ¢ in Lemma 6.18.

Case (i): Ay is not 4e-close to any polynomial Ay of degree md such that C(Ag|;) = 1. Then by
Lemma 6.18, we conclude that the verifier rejects with probability at least e.

Case (ii): Ay is 4e-close to some polynomial Ay of degree md such that C(Ap|;) = 1. Since w is
O-far from any satisfying assignment, the assignment given by 121\0| ;7 must be at least o-far
from w. Let B C F™ denote the set of locations in I where the assignment given by Ay
disagrees with w (i.e., B = {& € I|Ay(x) disagrees with w at #} ). Hence, |B|/|I| > 6. Since
|I| =k > n/5, we have |B| > én/5. Consider the following 2 events.

[Event I]: A, is be-far from Ag|p.
By the Sampling Lemma (Lemma B.3) with x4 = 4e and ¢ = ¢, this event occurs with

probability at most (ﬁ + )\) : g—i < 1 since |F|,+ > 32/e.

[Event Il]: BN L = 0.
B

Again by the Sampling Lemma (Lemma B.3) with y = ¢ = TFm] this event occurs with
probability at most (ﬁ + )\) . % = (ﬁ + )x) . 5|6an‘ < %, where the last inequality
follows because n > 8000|F|™ 1 /6% > 40|F|™ 1 /6 and X < §/(40(cpm?)™).

Suppose Event | does not occur. Then, if 121\0|L #+ flo|5, the PROXIMITY TEST rejects since

then A0|£ cannot be a polynomial of degree at most d as it is 5e-close to the polynomial 1/4.\[]

and hence cannot be closer to any other polynomial (as 5 < %(1 - %) = %(1 - #) Now

30 Actually, for the proximity test we only need A < §/m°™, however to prove robustness of the proximity test (see
Section 8.1) we require A < 6%/m*™.
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if A\o|£ = A0|£ and Event |l does not occur, then the PROXIMITY TEST detects a mismatch
between the input oracle W and fio|g. Hence, if both Event | and Event Il do not occur,
then the test rejects. Thus, the probability of the test accepting in this case is at most the
probability of either Event | or Event Il occurring which is at most 1/2.

Thus, the probability that the verifier accepts is at most max {1 — ¢, %} =1 — . This completes
the proof of the lemma. |

Proof (of Theorem 7.1): Theorem 7.1 is proved using the PCPP—VERIFIER defined in this
section setting A = min{1/clogn,>/m*"}. The randomness and decision (query) complexity
follow from Proposition 7.4. The only fact to be verified is the soundness of the verifier. By
hypothesis of Theorem 7.1, n/™ > mc™ /63 for a suitably large constant c¢. This implies that
nt/™ > 8000(cpm?)™ 1 /6% or equivalently n > 8000|F|™ 1 /6%, Hence, Lemma 7.5 applies and we
have that the verifier has soundness error 1 —¢ for proximity parameter 6. This proves Theorem 7.1.

7.2 The ALMSS-type PCP of Proximity (Theorem 7.2)

We now turn to designing a PCPP that proves Theorem 7.2. We call this the ALMSS-PCPP-
VERIFIER as it has parameters similar to the “parallelized” PCPs of [ALM198]. The ALMSS-
PCPP—-VERIFIER is identical to the PCPP—-VERIFIER (of Theorem 7.1) except for the fact that it
has a slightly different proximity test. All other details remain the same.

ALMSS-PCPP-VERipIER] & 407100 o h7=0mm o

1. Set m = logn/loglogn and A = 1/clogn.

s AiPi

2. Run PCPfVERIFIER:‘:’A (C) and reject if it rejects.

3. ALMSS ProximITY TEST
Choose a random position ¢ & {1,...,k} in the input and a random direction y € F™.
Let x € I be the point corresponding to ¢ in H™. Let £ be the line through z in the
direction y. Query oracle Ag on all points along the line £ and reject if the restriction

Ap to L is not a polynomial of degree at most d = m - |H|. Query the input oracle W at
location i and reject if Wi] # Ag(x).

Unlike the PCPP-VERIFIER, we will not calculate the randomness used by this verifier exactly.
An upper bound within a constant factor suffices for our purposes. The extra randomness used
by the ALMSS ProximiTy TEST is logk + mlog|F| = O(logn) (i.e., the randomness required
to choose a random index in {1,...,k} and a random direction in F"). For our choice of m and
6, the randomness of the PCP—VERIFIER is at most O(logn) (see Proposition 6.17). Hence, the
total randomness of the ALMSS-PCPP—-VERIFIER is at most O(logn). The query and decision
complexity are at most a constant times that of PCP—VERIFIER which is turn is upper-bounded
by polylogn. Summarizing the above observations for future reference, we have the following
proposition.

Proposition 7.6 The randomness, and decision complexities of the ALMSS-PCPP—-VERIFIER
are O(logn) and poly log n respectively.

The soundness of the verifier is given by the following lemma.
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Lemma 7.7 For all 6 € (0,1), the following holds. If the input w given by the input oracle

W : [k] — {0,1} is 6-far from satisfying the circuit, then for any proof oracle the verifier rejects W
with probability Q(6).

Proof: Let ¢y be the constant that appears in Lemma 6.18.

Case (i): Ay is not 4eg-close to any polynomial 20 of degree md such that C(Egh) = 1. Then by
Lemma 6.18, we conclude that the verifier rejects with probability at least &.

Case (ii): Ag is 4eg-close to some polynomial Ay of degree md such that C(A\oh) = 1. Since w
is o-far from any satisfying assignment, the assignment given by A\[]| 7 must be 6-far from w.
With probability greater than § over the choice of i € {1,... ,k} (and the corresponding point
z €I in H™), we have Wi] # Ay(x). If this occurs, the only way the verifier can accept is
if A0|g is a degree md polynomial other than A0|5 We will show that for any fixed point x
in F™ with probability at least 1 — 16¢¢ over the choice of random line £ through x, A0|£ is
a different degree md polynomial from A\0|L‘- We can then conclude that the verifier rejects
with probability at least 6 - (1 — 16gy) = Q(9).

Since £ is a random line through z, every point on £ other than z is a a uniformly random
point in F™. Recall that Ay and Ao are 4egp-close. By a Markov argument it follows that
for every fixed value of # and a random line £ through x, with probability at least 1 — 16¢y,
fi|£\{w} and 2|£\{w} are at least 1/4-close. This implies that Az cannot be a polynomial of

degree md other than E| £ (since two distinct polynomials agree in at most md points, and
(md—1)/|F| < 1/4).

In either case, the ALMSS-PCPP-VERIFIER rejects with probability at least min{eg, Q2(6)} =
o). N

Conclusion: Theorem 7.2 follows from Proposition 7.6 and Lemma 7.7.

8 A randommness-efficient robust PCP of proximity

In this section, we modify the PCP of proximity for CIRCUIT VALUE constructed in Section 7 to de-
sign a robust PCP of proximity, while essentially maintaining all complexities. Recall the definition
of robustness: If the input oracle W is é-far from a satisfying assignment, then a “regular” PCPP
verifier rejects the input for most choices of its random coins; that is, it observes an inconsistency
in the (input and) proof. In contrast, for most choices of its random coins, a robust PCPP verifier
not only notices an inconsistency in the (input and) proof but also observes that a considerable
portion of the (input and) proof read by it has to be modified to remove this inconsistency.

We construct two robust PCPPs, which are robust analogues of the two PCPPs presented in
Section 7: The first robust PCPP is the main construct (claimed in Theorem 3.1), which is the the
robust analogue of PCPP—VERIFIER. The second robust PCPP is an ALMSS-type robust PCPP
(claimed in Theorem 3.2), which is the robust analogue of ALMSS-PCPP—VERIFIER. Thus, we
prove Theorems 3.1 and 3.2.

Overview of the proofs of Theorem 3.1 and 3.2: We “robustify” the PCPP verifier in 3

steps. Recall that a single execution of the verifier actually involves several tests (in fact Im + 21
Low-DEGREE TESTs, [ EDGE-CONSISTENCY TESTs, Im ZERO PROPAGATION TESTs, | IDENTITY
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TEsTs and a single proximity test (either the PRoXimmiTY TEST or the ALMSS PrROXIMITY TEST
as the case may be)). In the first step (Section 8.1), we observe that each of these tests is robust
individually. In the second step (Section 8.2), we perform a “bundling” of the queries so that a cer-
tain set of queries can always be asked together. Indeed, bundling is analogous to “parallelization”
except that it does not involve any increase in the randomness complexity (unlike parallelization,
which introduces such an increase, which although small is too big for our purposes). We stress
that bundling is tailored to the specific tests, in contrast to parallelization which is generic. The
aforementioned bundling achieves robustness, albeit over a much a larger alphabet. In the final
step (Section 8.3), we use a good error-correcting code to transform the “bundles” into regular
bit-queries such that robustness over the binary alphabet is achieved.

8.1 Robustness of individual tests

For each possible random string R, the PCPP-VERIFIER (ALMSS-PCPP-VERIFIER) performs
several tests. More precisely, it performs I(m + 2) LOW-DEGREE TESTs, [ EDGE-CONSISTENCY
TESTS, Im ZERO PROPAGATION TESTs, [ IDENTITY TESTs and a single PRoOXiMITY TEST(ALMSS
ProxiMITY TEST). In this section, we prove that each of these test are robust individually. In
other words, we show that when one of these tests fail, it fails in a “robust” manner; that is, a
considerable portion of the input read by the test has to be modified for the test to pass.

First, some notation. We view functions ¢,¢' : F™ — F as strings of length |F|™ over the
alphabet F, so their relative Hamming distance A(g, ¢’) is simply Pr,[g(z) # ¢'(z)]. As before, let
I C H™ C F™ be the set of locations in F™ that contains the assignment.

Let 0 < € < 1 be a small constant to be specified later. As before, for ¢ = 0,...,] — 1,
j=0,....,mand b € {0,1}, let A, (resp., 132(?)) be the closest polynomials of degree md (resp.,
rmd) to A; and P, ; respectively. (If there is more than one polynomial, choose one arbitrarily.) The
proof of the soundness of the PCPP verifiers, PCPP—-VERIFIER and ALMSS-PCPP-VERIFIER
(see Sections 6 and 7) was along the following lines: If the input oracle W : [k] — {0,1} is 6-far
from satisfying the circuit, then one of the following must happen (changing e by a factor of 2).

1. There exists a¢ =0,...,l—1 such that A; is 8e-far from every degree md polynomial or there
existsai=0,...,0—1,7=0,...,mand b € {0,1} such that PZ(I;) is 8e-far from every degree
kmd polynomial. In this case, the LOw-DEGREE TEST detects the error with probability at
least 2e.

2. There exists i = 0,...,/ —1 and b € {0,1}, such that A(P-(b) ﬁ(b)) < 8¢ and ]3”,1 Z20. In

1,m? " 1,m
this case, the IDENTITY TEST detects the error with probability at least 1 — 10e.

3. There exists ¢ = 0,...,1 —1, 7 = 1,...,m and b € {0,1} such that A(RJ,EJ) < 8,
A(]DZ'J'_l, ﬁi,j—l) < 86, and ﬁi,j(- ce s Ly ) $_é ZL}QO_I 132'7]'_1(. ey hk, e )J};C In this case, the
ZERO PROPAGATION TEST detects the error with probability at least 1 — 20e.

4. Thereexistsai =0,...,]/—1 such that A(PZ.(?]), ]%(g)) < 8¢, A(Pi(é), ]31([1))) < 8¢, A(4;, A\Z) < 8,
A(Aigr, Aig1) < 8e, and Pig(x) # ¢'(Ti(), As(x), A1 (Tio(2)), A1 (Ti1(2))). In this case,
the EDGE-CONSISTENCY TEST detects the error with probability at least 1 — 42¢.

5. A(flg, A\g) < 8¢ but W and A\o|1 disagree on at least ¢ fraction of the points. In this case, the
ProxmmiTy TEST (or the ALMSS PROXIMITY TEST as the case may be) detects the error
with probability at least 1/2 (in Case I).
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Claims 8.1 to 8.6 below strengthen the above analysis and show that one of the tests not only
detects the error, but a significant portion of the input read by that test needs to be modified in
order to make the test accept. More formally, recall that each of our tests 7' (randomly) generates
a pair (I, D) where I is a set of queries to make to its oracle and D is the predicate to apply to the
answers. For such a pair (I, D) « T and an oracle 7, we define the distance of 7|r to T to be the
relative Hamming distance between 7|; and the nearest satisfying assignment of D. Similarly, we
say that 7 has expected distance p from satisfying T if the expectation of the distance of 7|; to T
over (I, D) <& T equals p.

We then have the following claims about the robustness of the individual tests.

The robustness of the LOw-DEGREE TEST can be easily be inferred from the analysis of the
A-biased low-degree test due to Ben-Sasson et al. [BSVWO03] as shown below.

Claim 8.1 The following holds for all sufficiently smalle > 0. IfA: F™ — F (resp., P: F™ — F)
is 8-far from every polynomial of degree md (resp., degree kmd), then the expected distance of A
(resp. P) from satisfying the LOW-DEGREE TEST with degree parameter d (resp., kd) is at least
2¢.

Proof: Recall that the Low-DEGREE TEST chooses a random canonical line £ and checks if A|,
is a univariate polynomial of degree d. For each canonical line £, define Aj,e5(L) to be the degree
d univariate polynomial mapping £ — F' having maximum agreement with A on £, breaking ties
arbitrarily. The distance of A|; to satisfying LOW-DEGREE TEST is precisely A(A|z, Alines(£))-

The low-degree test LDT of Ben-Sasson et al. [BSVWO03] works as follows (see Section B for
more details): The test LDT has oracle access to a points-oracle f : F™ — F and a lines oracle g.
It chooses a random canonical line £ using the A-biased set, queries the lines-oracle ¢ on the line
L and the points-oracle f on a random point x on L. It accepts iff g(£) agrees with f at x.

By inspection, the probability that LDT#*ines rejects the points-oracle A and lines-oracle Ajipes
as defined above equals E£[A(A|z, Alines(£))]. By Theorem B.4, if A is 8z-far from every degree md
polynomial, then LDTtines rejects with probability at least 2¢ (for sufficiently small £). (Recall
that our parameters satisfy the conditions of Theorem B.4 for sufficiently large choices of the
constants ¢ and cp.) Thus, A has expected distance 2¢ from satisfying our LOw-DEGREE TEST,
as desired.

The intuition behind the proofs of robustness of IDENTITY TEST, ZERO PROPAGATION TEST,
and EDGE-CONSISTENCY TEST is as follows. The key point to be noted is that the checks made by
each of these tests are in the form of polynomial identities. Hence, if the functions read by these tests
are close to being polynomials, then it follows from the Schwartz-Zippel Lemma that the inputs read
by these tests either satisfy these polynomial identities or are in fact far from satisfying them. We
formalize this intuition and prove the robustness of IDENTITY TEST, EDGE-CONSISTENCY TEST,
and ZERO PROPAGATION TEST in Claims 8.2, 8.3, and 8.4 respectively.

Claim 8.2 The following holds for all sufficiently small ¢ > 0. If for some 1 =0,...,1 — 1 and
be {0,1}, A(Pl(l;)m,PZ(Z)l) < 8¢ and 3(2() #0, then P, ., has expected distance at least 1 — 9e from

satisfying the IDENTITY TEST.
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Proof: The expected distance of P; ,, from satisfying the IDENTITY TEST equals

Ev, [A(P;mlv,,0)] A(P; m,0)(since the {V,} are a partition)

Z A(-ﬁi,my 0) - A(-Pi,my f)z,m)
> (1 — %i) — 8¢(by Schwartz-Zippel and hypothesis)
> 1—-9¢

Claim 8.3 The following holds for all sufficiently small ¢ > 0. Suppose for some i = 0,...,1 —

1, we have A(Pl(g),P(O)) < 8e, A(Pz([l]),P(l)) < 8, A(A;, A) < 8, A(Ajr, Aip1) < 8¢, and

Pio(-) ¢ (T;(), Ai(), Aip1(Tip(+)), Aig1 (T (). Then {Pio(-), Ai(-), A1 (Dio (1) Ais1 (Tin ()}

has expected distance at least (1 — 41e)/5 from satisfying the EDGE-CONSISTENCY TEST.

Proof: Note that the distance of {Pz',o('),Ai('),Ai+1(fi,0('))Az+1( )}, from satisfying the
EDGE-CONSISTENCY TEST is at least 1/5 times the the distance of szo( )|u, to the function
Y(Ti(+), Ai(), Air1(Tio(+)), Aig 1 (Ti1(+)))|u, (Since for each point x € U, where the latter two
functions disagree, at least one of F;, A;, Aj+1 010, Aix1 oI'; 1 needs to be changed at x to make
the test accept). As in the proof of Claim 8.2, we have:

Ey, [A(Pz',O(')|UT,aW(Ti(‘)aAi('),Ai+1(fi,0(')),Az’+1(f‘i,1(')))|U,,)] > (1 - %) —5-8 >1—4le,

where the (1 — kmd/|F|) term corresponds to the distance if we replace all five functions with
their corrected polynomials (e.g., P, Al, Az+1 o FZO, Az+1 ol; 1) and the —5 - 8¢ accounts for
the distance between each of the five functions and their corrected polynomials. Thus, the overall
expected distance to satisfying the EDGE-CONSISTENCY TEST is at least (1 — 41¢)/5.

Claim 8.4 The following holds for all sufficiently small € > 0. Suppose for some i =0,...,1 -1,
j=1,...,m,and b € {0,1}, we have A( z(]), p¢ )) < 8¢, A(Pz(l;) 17131'(3)_1) < 8, and]a\i(z)(. Cy Ly ) FE

|H‘ ! PZ(I;) IR TR )cc;C Then (P, z(]), PZ(]) 1) has expected distance at least (1—19¢)/2 from sat-
zsfymg the ZERO PROPAGATION TEST.

Proof: Suppose that £ is a j-th axis-parallel line such that

|H|-1

PO aj ez S P (o by )k
k=0

Then in order for the ZERO PROPAGATION TEST to accept, either P |L must be modified to

(b) (e

equal a degree kd polynomial other than P STy )|c or ]Dz'(,j)fl|/-" must be modified to equal

a degree kd polynomial other than PZ(J) 1( ,Zj,...)|c. (Recall that the ZERO PROPAGATION
TEST checks that the said restrictions are in fact polynomials of degree xd.) This would require

modifying P¢E?|£ (resp., P A 1|£) in at least a 1 — kd/|F| — A(P, (b)|£,P( )|£) fraction (resp., 1 —
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kd/|F| = APY) |2, PY | |2) fraction) of points. This implies that the pair (P{"], P")|) would
have to be modified in at least a

1 kd
- <1_W A(P(b)|£ap(b)| ) — (P(b) 1|L., ” 1|£>>

fraction of points.
Thus the expected distance of (P(b) p®

5 i b j—1) to satisfying the ZERO PROPAGATION TEST is at
least

rd
3 B |1 i A PO, PO 1) = APY e, PO o)

N =

|H|-1
(b N
~Pr PO aj o= S0 PO (o by )2k
=0

kd
|F]

Y

(1—ec—8 —8¢)—

(1—19¢).

N = N

We are now left with analyzing the robustness of the proximity tests (PrROXIMITY TEST and
ALMSS Proxmity TEST). Note that the input for either of these proximity tests comes in two
parts: (a) the restriction of Ay to the line £ and (b) the input W restricted to the line £ (or to
a point on £). Thus, the robustness of these tests refers to both parts (i.e., parts of each of the
two oracles), and it is beneficial to decouple the corresponding robustness properties. We note that
the robustness of the PRoXiMITY TEST is proved by repeated applications of the Sampling Lemma
(Lemma B.3), while the robustness of the ALMSS ProximiTy TEST follows by a simple Markov
argument.

Let B C F™ denote the set of locations in I where the assignment given by 20 disagrees with
W (ie., B = {z € I|Ay(z) disagrees with W at z} ). Recall that |I| = k > n/5.

Claim 8.5 There exists a constant ¢ and a constant € > 0 such that for all m, X, 6,6 satisfying
n > 8000|F|™ /63, A < 1/clogn, A < 63/mcm §' > 6, the following holds. Suppose A(Ag, Ag) <
1/4 and the input oracle W is 8'-far from Ay|; (ie., |B|/|L| > &), then with probability at least
1 — 6/4 (over the choice of the canonical line L) either at least a e-fraction of Ayl or at least a
(6" — 6/4)-fraction of W |z needs to be changed to make the PROXIMITY TEST accept.

This claim is the robust analogue of Lemma 7.5. Observe that the robustness of the verifier
is expressed separately for the proof and input oracles. As expected, the robustness of the input
oracle depends on the proximity parameter ¢’ while that of the proof oracle is independent of ¢'.

Proof: Counsider the following three events.

Event 1: A(Ag|z, Aolz) >1/3 .
By the Sampling Lemma (Lemma B.3) with g = 1/4 and { = 1/12, this event occurs with
probability at most <| 7 —I—)\) : % < & since |F| > (8000|F|™)/(8%n) > (123/2)/6 and
A < 26/123.
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. InL] ) 7]
Event 2: W> (1+§)\F—m .

Again by the Sampling Lemma (Lemma B.3) with p = |I|/|F™| > 5|£\m and ¢ = g" this
event occurs with probability at most

L 8 1 B201F™ _ 6
|F| &2 \|F| &2n T 12’

where the last inequality follows from the fact that n > 24320 - |F|™1/6% and A < 63 /(24

320(cpm?)™).
. 1BNL] Bl _ s |1
Event 3: ] < T T8 TE

Again by the Sampling Lemma (Lemma B.3) with y = |B|/|F™| = 5|6I;‘”m and ¢ = 40[51?‘,”,
this event occurs with probability at most

1 1 1 320|F|™ 0
— A <|l=+N) =< —.
() &= () T <n
Hence, the probability that at least one of the three events occurs is at most /4.
Now, suppose none of the three events occur. We then get that
|BNL| S |B|—§|I|/8 o 5/8
Inc) = (1+6/8)1] 1+6/8 -

—§/4.

Now for the PROXIMITY TEST to accept the pair (Ag|z, W N L), either we must change Ag|z to
a polynomial other than Ag|z or correct the input for all x € BN L. The former requires us to
change at least (1 — %‘ —1/3) > 1/2 fraction of the points of Agy|, while the latter requires us to
change at least ¢’ — §/4-fraction of the input read (i.e., the input oracle W restricted to the line
£). This proves the claim. [N

We now turn to analyze the robustness of the ALMSS PROXIMITY TEST.

Claim 8.6 There exists a constant €9 > 0 such that for all 6 € (0,1), the following holds. Suppose
A(Ag, Ag) < 4z9 and the input oracle W is §-far from Ag|; (ie., |B|/|L| > 6), then with probability
at least Q(6) (over the choice of index i and direction y), either at least a 1/2-fraction of Ayl or
Wi] (i-e., the single symbol of the input oracle read by the verifier) needs to be changed to make
the ALMSS ProxiMITY TEST accept.

This claim is the robust analogue of Lemma 7.7. As before, the robustness of the verifier is
expressed separately for the proof and input oracles.

Proof: Since w is 6-far from any satisfying assignment, the assignment given by 20| 7 must be
6-far from w. Thus with probability greater than ¢ over the choice of i € {1,...,k} (and the
corresponding point x € I), we have Wi| # A\g(x). If this occurs, the only way to make the verifier
accept is to either change Wi] or change Ag|z to a degree md polynomial other than 21\0|5 As in
the proof of Lemma 7.7, for any fixed x, with probability at least 1 — 16g(y (over the choice of the
random direction y), A0|£\{$} and A0|£\{$} have distance at most 1/4, and hence Ag|; would have
to be changed in at least 1 — ((md—1)/|F|)—1/4 > 1/2 points to be a degree md polynomial other
than 20|L- Thus, with probability at least §(1 — 16eg) = Q(6), either W[i] would have to change
or at least half of A0| ¢ would have to change to make the verifier accept.
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8.2 Bundling

In Section 8.1, we showed that each of the tests performed by the PCPP verifier is individually
robust. However, we need to show that the conjunction of all these tests is also robust. This is not
true for the PCPP verifier in its present form for the following reason: Suppose the input oracle
W is é-far from satisfying the circuit. We then know that one of the tests detects this fact with
non-negligible probability. Moreover as seen in Section 8.1, this test is robust. However, since this
test is only one of the O(Im) tests being performed by the verifier, the oracle bits read by this test
comprise a small fraction of the total query complexity of the verifier. For instance, the number of
bits read by a single LOW-DEGREE TEST is about 1/lm times the query complexity. This causes
the robustness of the verifier to drop by a factor of at least {m. Note that the issue here is not the
fact that the verifier performs different types of tests (i.e., LOwW-DEGREE TEST, IDENTITY TEST,
ZERO PROPAGATION TEST, etc) but rather that it performs many instances of each test and that
the soundness analysis only guarantees that one of these test instances rejects (robustly). This is
not sufficient to make the verifier robust.

For this purpose, we “bundle” the various functions in the proof oracle so that the inputs
required for the several test instances can be read together. This maintains the robustness of the
individual tests, albeit over a larger alphabet. To understand this “bundling”, let us assume for
the present that the only type of tests that the verifier performs is the LOw-DEGREE TEST. There
exists a natural bundling in this case. Instead of [(m +2) different oracles {A4;} and {P; ;}, we have
one oracle IT which bundles together the data of all these oracles. The oracle I : F™ — Fl(2m+3)
is supposed to satisfy II(z) = (flo(:n),...,fll,l(w),Poyo(a;), ooy Py () for all z € F™. It can
now be easily checked that over this proof oracle, the conjunction of all the LOw-DEGREE TESTS
is robust (over alphabet F"(2+3)) with the same soundness and robustness parameters as a single
Low-DEGREE TEST(over alphabet F'). However, this natural bundling does not lend itself to
the other tests performed by the PCPP verifier (namely, ZERO PROPAGATION TEST, and EDGE-
CONSISTENCY TEST). Next, we provide an alternate bundling and massage our verifier slightly to
work with this bundling.

First for some notation. As mentioned earlier, we will be able to prove robustness of the verifier
via bundling, however over a larger alphabet. This large alphabet will be ¥ = FtH2-(m+1) - Uplike
before, the proof oracle for the robust PCPP verifier will consist of only one function IT : F'™ — 3.
The robust PCPP verifier simulates the PCPP verifier as follows: To answer the queries of the
PCPP verifier, the robust verifier bundles several queries together, queries the new proof oracle I1
and then unbundles the answer to obtain the answers of the queries of the original PCPP verifier.
For convenience, we index the [ + 2 - (m 4 1) coordinates of ¥ = F!*2:(m+1) 45 follows: The first [
coordinates are indexed by a single index i ranging from 0 to [ — 1, while the remaining 2/ - (m +1)
are indexed by a triplet of indices (i,7,b) where i ranges over 0,...,l — 1, j ranges over 0,...,m
and b € {0,1}. Let S: F™ — F™ denote the (linear) transformation that performs one cyclic shift
to the right; that is, S(xo,...,Zm-1) = (m-1,%0,.--,Zm—2). The bundling of the proof oracles
A;’s and P; ;’s by the modified proof oracle 1I is as follows:

(z); = A; (Sl (2) i=0,...,01—1

VIEFm, S
() 50 = Pz(j) (SJJFLEJ (a:)> i=0,...,0—1; j=0,...,mand b € {0,1}

()

where h = log |[H| = logn/m. Note that the size of the new proof oracle II is exactly equal to the
sum of the size of the oracles A;’s and P; j’s.

We now state how the robust verifier performs the unbundling and the individual tests. We
consider each step of the PCPP verifier and present their robust counterparts.
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The first steps of the PCPP-VERIFIER (and ALMSS-PCPP—-VERIFIER) are independent of
the proof oracle and are performed as before. That is, the robust verifier, as before, reduces the
CKTSAT instance to an instance (1", 1™, F, H,{Ty,...,Ti_1}) of AS-CKTSAT, sets d = m - |H]|,
and generates a random string R of length log(|Sy|-|F|™ ). The remaining steps are proof-oracle
dependent and we will discuss each of them in detail.

Proximity Test. For the proximity test, the only portion of the proof oracle that we require
is the portion containing Ag. For this, we observe that II(z)q is Ag o sLzl (z) = Ag(z). The two
different proximity tests (RoBUsT PrROXIMITY TEST and ROBUST ALMSS PROXIMITY TEST) can
easily be describes as follows:

RoBusT ProxmviTy TesTV: (R)

— Use random string R to determine a random canonical line £ in F™ using the A-biased
set Sy. Query oracle IT on all points along the line £. Unbundle II(£) to obtain the
values of Ay on all points along the line £ and reject if the restriction Ap to £ is not a
polynomial of degree at most d. Query the input oracle W on all locations corresponding
to those in I N L and reject if W disagrees with Ag on any of the locations in I N L.

RoBuUsT ALMSS Proximiry Test: I

— Choose a random position 7 < {1,...,k} in the input and a direction y <« F™. Let
x € I be the point corresponding to ¢ in H™, and let £ be the line through « in direction
y. Query oracle II on all points along the line £. Unbundle II(£) to obtain the values of
Ay on all points along the line £ and reject if the restriction Ay to £ is not a polynomial
of degree at most d. Query the input oracle W at location i and reject if W1i] # Ag(x).

Low-Degree Test. We note that the distance of the polynomial A Fmo— F' to being degree
k (for any k € Z1) is exactly the same as that of A; o Stwl . Fm — F since Sl is an invertible
linear transformation. Hence, it is sufficient if we check that A; 0 Slu! is low-degree. The case with
the Pi(E-)’s is similar. Thus, the new ROBUST LOW-DEGREE TEST can be described as follows:

RoBUST LOW-DEGREE TEST!(R)

Use random string R to determine a random canonical line £ in F™ using the A-biased
set S)y.

Query the oracle II on all points along the line L.

For:=0,...,1 -1,

Unbundle II(£) to obtain the values of A; 08l on all points along the line £ and

reject if the restriction A; o Sl to £ is not a polynomial of degree at most d.
Fori=0,...,1—1,7=0,...,m and b € {0,1},

Unbundle II(£) to obtain the values of Pz(l;) o $3+L%) on all points along the line £

and reject if the restriction of Pz(l]’) 0 87l to £ is not a polynomial of degree at

most xd.

Thus, effectively we are testing A; (respectively P; ;) using the line space slilo Sy (respectively
sitlil o §y).
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(b)

Identity Test. In the case of the IDENTITY TEST, we observe that P, vanishes on F™ iff

Pz(l;)l o §™*Lil vanishes on F™. Recall that we were allowed to use arbitrary partitions of the space
F. The set of random 1st axis-parallel lines is one such partition and we use this partition.

ROBUST IDENTITY TEST!(R)

Use random string R to determine a random 1st axis-parallel line in F' of the form
L= (X,a1,...,a;m-1). Query the oracle IT on all points along the line L.
Fori=0,...,1—1and b€ {0,1},

Unbundle II(£) to obtain the values of Pi(i?1 o S™+Li) on all points along the line £
and reject if any of these is non-zero.

Edge Consistency Test. For any z € F'™, we say that P; o is well-formed at « if the Equation (3)
is satisfied for this . The EDGE-CONSISTENCY TEST verifies that F; o is well-formed for all € Uy,
and 7 =0,...,] — 1. This was done earlier by reading the values of P, AZ, Az_H o I‘z 0= Az_H and
fliH o fi,l for all x € U,,.

Let £ be a random 1st axis-parallel line. The robust version of this test checks that P; o is well-
formed for all points on SLil(£). Consider any = = (zq, ..., %m_1) € L. To verify that P is well-
formed at SLi(z), the verifier needs the values P; o(SLi! (z)), A;(SLid(2)), Ay 1 (Sl (2)) and A; 10
T;1(SLil(x)). We will show that all these values can be obtained from unbundling the value of T on
£ and S7Y(L). Clearly, the values P, (Sl (z)) and 4;(S11(x)) can be obtained from unbundling
the value of IT at 2. The other two values that we require are A;;(SL#!(2)) and A4, Of‘iyl(SL%J (x)).
We first show that ['; ,(SLil(2)) = Sbil(a") for 2/ = (0 + €(imodh), T1; - - -, Tm—1) € L (recall that
{eo,...,ef_1} are a basis for F' over GF(2) and {eg,...,e,_1} span H C F). For this purpose, we
first recall the definition of I‘Z 1: Fzyl(zo, o Zm—1) = (20y+-+s 21152t + €Cus Zt41s-- -5 2m—1) Where
t = |i/h] modm and u = i mod h. Furthermore, since S™ is the identity map, we have that

Slilmodm _ gli) With these observations, we have the following:

Tin (SL%J (@) = Ty, (Sth m"dm(a;))
= Tis (S\_i/thodm(I(), N ,armq))
= SU/Mmodm (4 4 e inodh)s Ty -+ s T

= skl

Now, S5 s either SLi or SLalH depending on the value of ¢. Suppose ST = slil. we
then have that A, 1(Sli)(2)) = A1 (SLF ) (2)) and Ay o Tig(Sid(2)) = A (Sl (a")) =
Ai“(svﬁ”(:ﬂ)). Both these values can be obtained by unbundling the value of IT on L (since
both z and 2z’ lie on £). In the other case, where sl = sli I+ we have A (SLE J( ) =

A (SUF(S12)) and Ay o Ty (81 (2) = A (SH (@ ) = A (SUF(S71a!)). These
values can be obtained by unbundling the value of II on S~!(£). Thus, to check that P is
well-formed for all points on Sl (L), it suffices if the verifier queries II on all points on £ and

S1(L).

RoBUST EDGE-CONSISTENCY TESTY(R)
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Use the random string R to determine a random 1st axis-parallel line in F* of the form
L= (X,as,...,a,). Query the oracle IT along all points in the lines £ and S~ !(L).
For:=0,...,1 -1,

For all z € Sl (L), reject if P is not well-formed at z. [Note that all the values
required for this verification can be obtained by unbundling II(£) and II(S~1(£)).]

Zero Propagation Test. Foreachi=0,...,/—1and b€ {0,1}, the ZERO PROPAGATION TEST

checks that Pi(g) vanishes on H™ by verifying that Equation (4) is satisfied for all j =1,...,m —1

(we also need to check that Pi(b)

m

= 0, however this is taken care by the IDENTITY TEST). Since

S(H™) = H™, checking if PZ-(%) vanishes on H™ is equivalent to checking if Pi(%) o SLi) vanishes on
H'™. Hence, we can perform the zero propagation on the polynomials Pi(%) oS! ;1=0,...,l—-1,b €

{0,1} instead of the polynomials Pi(,g);i =0,...,1—1,b€{0,1}. In other words, we need to verify

the following equation instead of Equation (4).

|H|-1

(b) L (b) i k
by o Sl Llyo s T, Ty it Ly oo T | = E Pm._loSLhJ Ty i1, iy Tjg1, oo, T |25,
k=0 ~

g g g

V(x1y.. &) € F™

This equation can be further rewritten in terms of the cyclic shift S as follows:

| 1 .
‘Pz(f;) (S\_%J—l_]_l('mla'x?a"')xm)) = Z -Pl(f;)fl (SL%J—l_]_l(hkal‘?a"'rxm)) ':lea V(J)l,---,%’m) S
k=0

This helps us to rewrite the ZERO PROPAGATION TEST with bundling as follows:
ZERO PROPAGATION TrsTH(R)

Use random string R to determine a random 1st axis-parallel line in F'™ of the form
L= (X,as,...,a,). Query the oracle IT along all points in the lines £ and S~ !(L).
Fori=0,...,1—1,7=1,...,m, and b € {0,1}
Unbundle II(£) to obtain the value of Pz-(l;.)_l o SLil+i-1 op all points along the
line £. Similarly, unbundle II(S~'(£)) to obtain the value of P\ o SLil*/ o all
points along the line S™'(£) (Equivalently, this is the value of PZ(? o S&Hj—l on
all points along the line £). Reject either if the restriction of PZ.(I;{1 o Slalti=1 or
Pi(z-) o §L#lH7=1 to £ is not a polynomial of degree at most xd or if any of the points

on the line £ violate Equation (7).

The integrated robust verifiers. Having presented the robust version of each of the tests,
the integrated robust verifiers are as follows: ROBUST-PCPP-VERIFIER is the robust analogue
of the PCPP—VERIFIER, while ALMSS-RoBUST-PCPP—VERIFIER is that of ALMSS-PCPP-
VERIFIER. Following are full descriptions of these verifiers as well as their analyses.
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8.2.1 The RoBUST-PCPP—-VERIFIER
Using the robust tests presented above, we present a robust analogue of the PCPP of Section 7.1.

w; 11
RoBUST-PCPP-VERIFIER,, ) 5(C).

1. Using Proposition 6.11, reduce the instance C' of CKTSAT, using parameter m, to an
instance (1",1™, F, H,{Ty,...,T;_1}) of AS-CKTSAT, and set d =m - |H|.
m 2
We let Sy C F™ be a A-biased set of size at most (%) [AGHP92].
2. Choose a random string R of length log(|Sy| - |F|™~!). [Note: We reuse R in all tests,
but only the LOow-DEGREE TEST utilizes the full length of R.]
Run RoBUST LOW-DEGREE TEST!(R).
Run ROBUST EDGE-CONSISTENCY TEST!(R).
Run ROBUST ZERO PROPAGATION TEST!(R).
Run ROBUST IDENTITY TEST!(R).

NS oW

Run RoBusT ProxiviTy TesTV(R).

Reject if any of the above tests reject.

The randomness of the ROBUST-PCPP—VERIFIER is exactly the same as before whereas the query
complexity and decision complexity increase by a constant factor3!.

Proposition 8.7 The randomness, query and decision complexities of the ROBUST-PCPP—-VERIFIER
are 1 = (1—L)logn + O(mlogm) + O(loglogn) + O (log (1/6)), ¢ = O(m>*n*/™log?n) and
d = O(q) respectively.

It is straightforward to check perfect completeness of this verifier.

Robustness analysis of the integrated verifier. For future use, it is beneficial (alas more
cumbersome) to state the robustness of the integrated verifier in a way that decouples the robustness
with respect to the input oracle from the robustness with respect to the proof oracle. Let W : [k] —
{0,1} be the input oracle and II the proof oracle. For every sequence of coin tosses R (and a given
setting of parameters), let Ai‘/XE’)H(R) (resp., AK’H(R)) denote the fraction of the bits read from W

(resp., IT) that would need to be changed to make the ROBUST-PCPP-VERIFIER accept on coin
tosses R. The following lemma states the (expected) robustness property of our verifier.

Lemma 8.8 There are constants ¢ € Z* and p > 0 such the following holds for every n,m € Z™,
§',6 > 0 satisfying m < log n/loglogn, n*/™ > me™/§'®, X < min{1/clogn, &> /m ™}, 6§ > &. If W
is 8-far from satisfying the circuit, then for any proof oracle Il : F™ — X, either ER[AZ’H(R)] >p

or Eg[AY(R) > 6 — §/2.

inp

That is, the expected robustness with respect to the input is 6 — ¢’/2 (which should be compared
against the proximity parameter §), whereas the expected robustness with respect to the proof
is a universal constant. Note that combining the two bounds to a single expected robustness
parameter depends on the relative number of queries made to the input and proof oracles. To
obtain Theorem 3.1, we will later modify the ROBUST-PCPP—-VERIFIER such that the relative
number of queries is optimized to yield the best result.

3'Though the new proof oracle returns elements of ¥ and not bits, we express the query complexity as the number
of bits read by the verifier rather than the number of symbols (i.e., elements of |X|) to maintain consistency across
calculating the query complexity into the proof and input oracles.
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Proof: Unbundle the proof oracle II to obtain the functions A; and P;; using Equation (5).
Consider the action of the PCPP—VERIFIER (i.e., the non-robust verifier) on the proof oracles
A;, P; ; and input oracle W.

Let € be a sufficiently small constant such that the Claims 8.1-8.5 hold. Suppose W is ¢-far from
satisfying the circuit. We then know that one of the following holds and that the corresponding
test instance of the PCPP—VERIFIER rejects its input robustly (see Claims 8.1 to 8.5).

1. There exists a4 =0,...,l—1 such that A; is 8e-far from every degree md polynomial or there
existsai=0,...,l—1,5=0,...,m and b € {0,1} such that P(b) is 8e-far from every degree

Kmd polynomlal In this case,the expected distance of A; (or resp. P! ])) from satisfying the
Low-DEGREE TEST with degree parameter d (resp., kd) is at least 2¢ (Claim 8.1).

2. There exists ¢ = 0,...,l — 1 and b € {0,1}, such that A(Pl(?m,ﬁz(i)l) < 8¢ and ﬁzm £ 0.
In this case, P; ,, has expected distance at least 1 — 9¢ from satisfying the IDENTITY TEST
(Claim 8.2).

3. Thereexistsai =0,...,/—1 such that A(Pz(g), Pz(g)) < 8¢, A(P, z(é), P(l)) < 8e, A(4;, 4;) < 8¢,
A(Asi1, A1) < 8, and Pig(x) # w<( i(2), Ai(), A1 (Tip(@)), A1 (Tin(2))). Tn this
case, {P;o(+), 4i(-), Aix1(Lio(-)Aiz1(Ti1(-) } has expected distance at least (1 41¢)/5 from
satisfying the EDGE-CONSISTENCY TEST (Clalm 8.3).

4. There exists i = 0,...,0 —1, 5 = 1,...,m and b € {0,1} such that A(Pi,j,ﬁi,j) < 8,
A(PZ] I;ﬁi,j—l) < 86, and ﬁzJ( yLgyens ) 5_'5 Z‘H| 'p 7] 1( ,hk,...)xf. In this case,
( Z(l;),Pz(]) 1) has expected distance at least (1 —19¢)/2 from satisfying the ZERO PROPAGA-
TION TEST (Claim 8.4).

5. A(;lg,;l\g) < 8 but W and A\0|1 disagree on at least 8’ fraction of the points. In this case,
with probability at least 1 — ¢'/4 (over the choice of the canonical line £) either at least a
e-fraction of Ag|s or at least a (6 — ¢'/4)-fraction of W], needs to be changed to make the
ProxmMITY TEST accept (Claim 8.5).

This implies that either Ay has expected distance (1 — §'/4)e > £/2 or W has expected
distance (1 —¢'/4)(6 — ¢'/4) > (6 — ¢'/2) from satisfying the PROXIMITY TEST.

For instance, lets us assume A is 8e-far from being low degree so the LOW-DEGREE TEST
rejects it robustly; that is, for a random canonical line £, the expected distance of A0|£ from
satisfying the LOw-DEGREE TEST is at least 2e. Recall from Equation (5) that Ag(z) is one of the
co-ordinates in the bundled II(x). Hence, if Ay|. is p-far from satisfying the Low-DEGREE TEST,
so is Il from satisfying the ROBUST Low-DEGREE TEST. Thus, II has expected distance at least
2¢ from satisfying the ROBUST LOW-DEGREE TEST. Now, the oracle positions read by the RoBUST
Low-DEGREE TEST constitute a constant fraction of the oracle positions read by the RoBUST-
PCPP-VERIFIER, so II has expected distance Q(¢) from satisfying the ROBUST-P CPP—VERIFIER.
Thus, the robustness of the individual test instance is transfered to the combined ROBUST Low-
DEGREE TEST by bundling. The case with the other test types is similar. We thus have that
ER[AE;’H(R)] > Q(e) or Eg[AT(R)] > 6§ — §/2. The lemma then follows by setting p = Q(e).

inp
|
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8.2.2 The ALMSS-RoOBUST-PCPP—VERIFIER

We now describe the ALMSS-RoBUST-PCPP—-VERIFIER(which is a robust analogue of the PCPP
of Section 7.2) and analyze its complexity. The ALMSS-RoOBUST-PCPP-VERIFIER verifier is
identical to the ROBUST-PCPP—-VERIFIER except that the ROBUST PROXIMITY TEST is replaced
by the RoBusT ALMSS PROXIMITY TEST.

ALMSS-RoBUST-PCPP-VERIFIER, T (O).

1. Set parameters m = logn/loglogn and A = 1/clogn.

Using Proposition 6.11, reduce the instance C' of CKTSAT, using parameter m, to an
instance (1",1™, F, H,{Ty,...,T;—1}) of AS-CKTSAT, and set d =m - |H|.

m 2
We let Sy C F™ be a A-biased set of size at most (%) [AGHP92].

Choose a random string R of length log(|Sy| - |[F|™1).
Run RoBUST LOW-DEGREE TEST!(R).

Run RoBUST EDGE-CONSISTENCY TEST!(R).

Run ROBUST ZERO PROPAGATION TEST!(R).

Run ROBUST IDENTITY TEST!(R).

Run RoBUST ALMSS Proxmvity TesT":i,

N ot wN

Reject if any of the above tests reject.

The randomness of the ALMSS-ROBUST-PCPP—VERIFIER is exactly the same as before whereas
the query complexity and decision complexity increase by a constant factor. Furthermore, it can
easily be verified that ALMSS-RoOBUST-PCPP—-VERIFIER has perfect completeness.

Proposition 8.9 The randomness, and decision complexities of the ALMSS-RoBUST-PCPP—
VERIFIER are O(logn) and poly logn respectively.

Robustness analysis of the integrated verifier.  As in the case of the RoBUST-PCPP-
VERIFIER, it is beneficial to state the robustness of ALMSS-RoOBUST-PCPP—-VERIFIER by de-
coupling the robustness with respect to the input oracle from the robustness with respect to the
proof oracle. Here, however, we refer to the robustness and soundness parameters (rather than to
expected robustness).

Lemma 8.10 If W is 6-far from satisfying the circuit, then for any proof oracle I : F™ — 3,
with probability at least Q(6), either a constant fraction of the portion of the proof oracle 11 read by
the verifier or the single symbol of the input oracle W read by the verifier (i.e., Wi]) needs to be
changed in order to make the ALMSS-ROBUST-PCPP—-VERIFIER accept.

Proof: This proof proceeds in the same way as Lemma 8.8. For the sake of completeness, we
present the entire proof.

Let ¢ be a sufficiently small constant such that the Claims 8.1-8.4 hold and eps < (/8 where
o is the constant that appears in Claim 8.6. Suppose W is §'-far from satisfying the circuit.
We then know that one of the following holds and that the corresponding test instance of the
ALMSS-PCPP-VERIFIER rejects its input robustly (see Claims 8.1 to 8.6).
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1. There exists a¢ = 0,...,l—1 such that A; is 8s-far from every degree md polynomial or there
existsai=0,...,l—1,5=0,...,m and b € {0,1} such that P(b) is 8e-far from every degree

Kmd polynomlal In this case,the expected distance of A; (or resp. P! ])) from satisfying the
Low-DEGREE TEST with degree parameter d (resp., kd) is at least 2¢ (Claim 8.1).

Translating to the bundled alphabet, we have that the expected distance of IT from satisfying
the ROBUST LOW-DEGREE TEST is at least 2e. Since the number of oracle positions read
by the ROBUST LOW-DEGREE TEST is at least a constant fraction of the number of oracle
positions read by the ALMSS-ROBUST-PCPP—VERIFIER, the expected distance of II from
satisfying the ALMSS-ROBUST-PCPP—-VERIFIER in this case is at least {2(¢). Hence, with
probability at least €2(¢) (= constant), at least Q(¢) (= constant) fraction of the proof oracle
II needs to be modified to make the ALMSS-RoOBUST-PCPP—-VERIFIER accept.

2. There exists ¢ = 0,...,0l — 1 and b € {0,1}, such that A(P z(n)l,P(b)) < 8 and 1/5”,1 Z 0.

In this case, P; ,, has expected distance at least 1 — 9¢ from sat1sfy1ng the IDENTITY TEST
(Claim 8.2).

Arguing as in the earlier case, we have that with probability at least Q(1 — 9¢), at least
Q(1 — 9¢) fraction of the proof oracle II needs to be modified in this case to make the
ALMSS-RoBUST-PCPP—VERIFIER accept.

3. Thereexistsai =0,...,/—1 such that A(Pz(g), Pz(g)) < 8¢, A(P, z(é), P(l)) < 8e, A(4;, 4;) < 8¢,

A(As1, A1) < 8, and Pig(x) # w<( i(2), i), A1 (Tip(@)), A1 (Tii(2))). Tn this
case, {P;0(+), 4i(-), Aix1(Lio(-))Aiz1(Ti1(-)) } has expected distance at least (1 41e)/5 from
satisfying the EDGE-CONSISTENCY TEST (Clalm 8.3).

Again, we have that with probability at least 2(1—41¢), at least Q(1—41¢) fraction of the proof
oracle II needs to be modified in this case to make the ALMSS-RoBUST-PCPP—-VERIFIER

accept.

4. There exists ¢ = 0,...,0l —1, j = 1,...,m and b € {0,1} such that A(P;;, Z]) < 8e,
AP ;- 17131',3‘71) < 8¢, and ]3”( Ly ... ) FE Z‘m 'P Pl ,hk,...)xf. In this case,
(Pz(l])),Pz(]) 1) has expected distance at least (1 — 19¢)/2 from satisfying the ZERO PROPAGA-

TION TEST (Claim 8.4).

We have that with probability at least (1 — 19¢), at least (1 — 19¢) fraction of the proof
oracle II needs to be modified in this case to make the ALMSS-RoBUST-PCPP—VERIFIER
accept.

5. A(AU,A\U) < 8 < gg but W and 20|1 disagree on at least ¢ fraction of the points. In this
case, with probability at least €(6) (over the choice of index ¢ and direction y), either at least
a 1/2-fraction of Ag|z or W(i] (i.e., the entire portion of the input oracle read by the verifier)
needs to be changed to make the ALMSS ProximiTy TEST accept.

This implies that with probability at least 6, either a constant fraction of the proof oracle 11
or WTi] (i.e., the entire portion of the input oracle read by the verifier) needs to be modified
to make the verifier accept.

Since, we do not know which of the five cases occur, we can ounly guarantee the weakest of the
five claims. Hence, with probability at least €2(8), either a constant fraction of the portion of the
proof oracle II read by the verifier or Wi] (i.e., the entire portion of the input oracle W read by
the verifier) needs to be changed in order to make the ALMSS-RoOBUST-PCPP—-VERIFIER accept.
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8.3 Robustness over the binary alphabet

The transformation from a robust verifier over the alphabet ¥ to one over the binary alphabet
is analogous to converting non-Boolean error correcting codes to Boolean ones via “code con-
catenation”. This transformation is exactly the same transformation as the one in the proof of
Lemma 2.13. However, we cannot directly use Lemma 2.13 as we may apply the “code concate-
nation” process only to the proof oracle IT and not to the input oracle W. However, this is not
a problem, because the input oracle is already binary. Recall that applying the aforementioned
transformation maintains the robustness of the proof oracle upto a constant factor, whereas the
robustness of the input oracle remains unchanged (like the input oracle itself). Actually, in order to
avoid decoding (by the modified decision circuit), we maintain the original proof oracle along with
its encoded form. Thus, the complexity of this circuit will depend on the minimum between the
complexity of encoding and decoding (rather than on the complexity of decoding). Details follow.

Let ECC : {0,1}°8*l — {0,1}" for b = O(log |%|) be a binary error-correcting code of constant
relative minimum distance, which can be computed by an explicit circuit of size O(log |X]|)[Spi96].
We augment the original proof oracle II, viewed now as having log |X|-bit long entries (i.e., elements
of ¥) with an additional oracle Y having b-bit long entries, where Y (z) is supposed to be ECC(II(z)).

The actual transformation. We describe the transformation to binary alphabet in the case
of the RoBUST-PCPP-VERIFIER. The ALMSS-ROBUST-PCPP—-VERIFIER can be transformed
similarly. Our new verifier V, on oracle access to the input W and proof Il o T, will simulate
the ROBUST-PCPP—-VERIFIER. The queries to the input oracle are performed just as before how-
ever, for each query x € F™ in the proof oracle II made by ROBUST-PCPP—-VERIFIER, V will
query the corresponding log [X| bits in II(z) and the b bits in Y(z). Thus, the query complex-
ity of V' is at most log|X| + b times the number of queries issued by the earlier verifier. Since
b = O(log |X]|), the query complexity of the new verifier V' is a constant times that of the pre-
vious one®?, and the decision complexity will increase by at most the encoding time (which can
even be linear). The randomness is exactly the same. The action of the new verifier V' is as
follows: Suppose RoOBUST-PCPP—VERIFIER issues queries x1,...,%, to the proof oracle II, and
queries 41,...,ig, to the input oracle, then V' issues queries 1,...,24, to the proof oracle II, a
similar set of queries x1,...,7, to the proof oracle T and iy,...,74, to the input oracle. V ac-
cepts (II(x1),...,H(zq ), Y(x1),..., L(xg ), W(i1),..., W(ig)) iff the ROBUST-PCPP-VERIFIER
accepts (II(z1),...,U(xq, ), W(i1),...,W(ig,)) and Y(z;) = ECC(Il(x;)) for alli =1,...,q;. It is
straightforward to check that V has perfect completeness if ROBUST-PCPP—-VERIFIER has perfect
completeness. For the robust soundness, we define AKI’)HOT(R) and AE;’HOT(R) wrt V' analogously
to before (cf. just before Lemma 8.8), but referring to distance over {0,1} (rather than ¥) for the
proof oracle. The proof of the following claim regarding the robust-soundness of V' mimics the
proof of Lemma 2.13.

Lemma 8.11 There are constants ¢ € Z+ and p' > 0 such the following holds for every n,m € Z*,
8,6' > 0 satisfying m < log n/loglogn, n*/™ > me™/§®, X\ < min{1/clogn, 6" /m™}, § > §'. If
W is 6-far from satisfying the circuit, then for any proof oracles I1 : F™ — {0, 1}1°g|2‘, T:.F™" —
{0,1}°, either Eg[A)" Y (R)] > o' or Eg[A[°T(R)] > 6 — &'/2.

inp

32Recall that the query complexity of the old verifier was measured in terms of “bits of information” rather than
in terms of queries. That is, each query, answered by an element of ¥, contributes log, || to the query complexity.
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A similar transformation for the ALMSS-RoBUST-PCPP—VERIFIER yields a verifier the robustness
of which is stated in the following Lemma 8.12. It is to be noted that the robustness of the
proof oracle (i.e., p’ in Lemma 8.11 and ©(1) in Lemma 8.12) is a constant factor smaller than
the corresponding parameter in the non-binary verifier (i.e., the constant p in Lemma 8.8 and a
different (1) in Lemma 8.10). (Indeed, this constant factor appears also in Lemma 2.13.)

Lemma 8.12 If W s 6-far from satisfying the circuit, then for any proof oracles 11 : F™ —
{0,182l v . Fm — {0,1}°, with probability at least Q(6), either a constant (ie., Q1)) fraction
of the portion of the proof oracle Il o Y read by the verifier or W{i| (i.e., the entire portion of
the input oracle W read by the verifier) needs to be changed in order to make the transformed
ALMSS-RoBUST-PCPP—-VERIFIER accept.

We finally turn to derive Theorem 3.1 (and Theorem 3.2).

Proof (of Theorem 3.1): Theorem 3.1 is proved using the ROBUST-PCPP—VERIFIER defined in
this section setting A = min{1/clogn, §3/m°™}. The randomness, query and decision complexity
of the ROBUST-PCPP—VERIFIER (i.e., before the transformation to the binary alphabet) are as
mentioned in Proposition 8.7. As mentioned in the earlier paragraph, the transformation from
the alphabet 3 to the binary alphabet maintains the randomness complexity while the query (and
decision) complexity increase by at most a constant factor.

The manner in which the robustness of the verifier is expressed in Lemma 8.11 differs from
that in Theorem 3.1 in two aspects. First, Lemma 8.11 expresses the robustness for the proof
and input oracles separately, while Theorem 3.1 expresses them together. Second, Lemma 8.11
expresses robustness in terms of expected robustness while Theorem 3.1 does it in terms of standard
robustness. We obtain robustness as claimed in Theorem 3.1 in two steps — first, combining the
proof and input oracles and then, moving from expected robustness to standard robustness.

First we combine the robustness of the proof and input oracle, which were expressed separately
in Lemma 8.11. This is done by giving adequate weights to the two oracle portions in the decision
circuits (i.e. repeating queries, see Remark 7.3). Let n,m, ¢, and v be as specified in Theorem 3.1.
We give weight (1 —/3) to the input oracle and /3 to the proof oracle. Recall that these weights
mean that each query to the input oracle is repeated several times such that the relative length of
the input-part in the decision circuit is 1 — /3. These repeated queries may increase the query
(and decision) complexity increase by a factor of at most O(1/v). Note that weighting does not
affect the randomness complexity (or any other parameter such as the proximity parameter §).

Since n'/™ > m™ /8%, we have n'/™ > 8000(cpm?)™ /6% or equivalently n > 8000|F|™~1 /8.
Hence, Lemma 8.11 can be applied. Setting ¢’ = 26/3 in Lemma 8.11, we have that either
ER[AE;’HOT(R)] > por ER[AKI’)HOT(R)] > 6—08'/2 = 6(1—~/3). Note that the first expression refers
to the “expected robustness” of the proof-part whereas the second expression refers to the input-
part. The overall expected robustness is obtained by a weighted average of these two expressions,
where the weights are with respect to the aforementioned weighting (which assigns weight v/3 to
the input-part). Hence, the expected robustness with respect to the said weighting is

gl o gl o . 7\?
T ErlAT(®)] + (1-2)  Brlal T ()] > mln{g-p', (1-3) -6}.

This quantity is lower-bounded by p 2 (1 — ~/3)%6 since § < /c for a suitably large ¢ (and p’ > 0
is a constant). We have thus obtained a robust PCPP for CKTVAL with randomness and decision
complexities as claimed in Proposition 8.7, perfect completeness and p = (1 — 7/3)2¢ expected
robustness for proximity parameter §.
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We now move from expected robustuness to standard robustness, by using Lemma 2.11. Applying
Lemma 2.11 with a slackness parameter of 7/ = vp/3 and s = /3, yields robust-soundness error
of 7/3 < v with robustness parameter of p — ' = (1 —~/3)3-6§ > (1 —7)é for proximity parameter
6. Using v < 1/2, note that the randomness increases by an additive term of O(log(1/v")) +
O(log(1/v)) = O(log(1/6)), and the decision complexity increases by a multiplicative factor of
O (1/(v- (vp)?)) = poly(1/6). Hence, the randomness, query and decision complexities of the

verifier are as claimed in Theorem 3.1 |

Proof (of Theorem 3.2): For this purpose we use the ALMSS-RoBUST-PCPP—VERIFIER
described in this section. This verifier is then transformed to one over the binary alphabet as
indicated earlier in this section. We combine the robustness of the proof and input oracles by giving
equal wights to both the oracles. This weighting may increase the query (and decision) complexity
increase by at most a factor of 2, and has no affect on any other parameter. Proposition 8.9 and
Lemma 8.12 then imply Theorem 3.2.

8.4 Linearity of encoding

In this section we point out that, for linear circuits (to be defined below), the mapping from an
assignment to the corresponding PCP of proximity is linear. Throughout this section, “linear”
means G F(2)-linear (yet, we will sometimes refer to F-linearity, for an extension field F' of GF(2)).
The main motivation to the current study is to derive linear codes satisfying local-testability and
relaxed local-decodability (i.e., Theorems 1.4 and 1.5, respectively). Specifically, the constructions
presented in Section 4 yield linear codes provided that the corresponding PCP of proximity is linear
in the aforementioned sense.

We call a circuit is lznear if it is a conjunction of linear constraints. However, instead of
representing this conjunction via AND gates, it is more convenient for us to work with circuits that
have multiple output gates, one for each linear constraint. That is:

Definition 8.13 A multi-output circuit is linear if all its internal gates are parity gates and an
wput 15 accepted by it of and only if all output gates evaluate to zero.

Proposition 8.14 If C is a linear circuit, then there is a linear transformation T mapping satis-
fying assignments w of C to proof oracles T'(w) such that the PCPP wverifier of Theorem 3.1 will,
on input C, accept oracle (w,T(w)) with probability 1. Moreover, all the decision circuits produced
by the verifier, on input C, can be made linear (while maintaining the claimed decision complexity).
A stmilar result is true for the PCPP verifier of Theorem 3.2

In the rest of this section, we provide a proof of Proposition 8.14, starting with an assignment
w that satisfies the linear circuit. We prove that the mapping from w to a proof-oracle is linear
by reviewing our construction of this mapping and ensuring that all steps in this construction are
linear transformations.

Phase I - STRUCTURED-CKTSAT: In this phase (described in Section 6.1) we write down the
values to all gates of the circuit and route them along the wrapped de Bruijn graph. Actually, we
make a few minor and straightforward modifications to Definition 6.3: we allow multiple output
gates (rather than a single output gate) and require that each such gate evaluates to zero (rather
than to 1).33 Also, here we deal with gate types that are linear (e.g., XOR), rather than arbitrary
(e.g., AND and OR).

33Recall that an input is accepted by the linear circuit if and only if all output gates evaluate to zero.
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Since all the circuit gates are linear functions of the input, the values on the wires leaving the
zero-th layer of the well-structured circuit (i.e., the last two bits of the mapping 4g : {0,1}" —
{0,1}* in Section 6.1) are linear in the input (i.e., in w). As to A;, i > 0, (and the first two bits
of Ap) notice that it is obtained by permuting the values of the previous layer A;_; and setting
some wires to zero (if they are not needed in the routing (e.g. gates 3 and 4 in Figure 3)). These
operations are linear, and so all assignment functions are linear in the input.

Phase II - Arithmetization: In this phase (described in Section 6.2) we extend the values
given by A; to an evaluation of a low-degree multivariate polynomial over some finite field F' that
is an extension field of GF(2) of degree f. Each value of A; is four bits long (say by, b1, ba, b3) and
identified with the element bpeg + bie1 + byes + bzes, where e, ... ,e;_q is a basis for F' viewed as
a vector space over GF(2). We view A; as a function A; : H™ — F and construct a low-degree
extension A; : F™ — F of A; by interpolation. on all inputs in H™ and use these values to
interpolate and evaluate A; on all points in F™. Notice that interpolation is F-linear and hence
also GF(2)-linear. We conclude that the values of A; on all points in F™ is a linear transformation
of the values of 4;. Since A; is linear in the input assignment, so is A;.

Clarification: Many parts of our encoding (starting with A;) consist of evaluations of multivariate
polynomials P(z) over F™. The linearity we claim is not linearity in z (the free variables of the
polynomial). Rather, we claim the table of values {P(a) : a € F™} is linear in the initial assignment
w, which may be viewed as the information encoded in this table. In contrast, throughout this
section, = is merely an index to this table. For example, in Phase II we showed the table {fL-(a) :
a € F™} is obtained by a linear transformation applied to the table {4;(a’) : ' € H™} (but we
certainly do not claim A;(a) is linear in a). That is, each A;(a) is a linear combination of the
Ai(a’)’s.

Phase III - The Constraint Polynomials: We now discuss the polynomials Pég) and Pi(’l)
defined in Equation (3), and show their values are a linear transformation of the values of A;.
The first polynomial (i.e., PZ.S?])) is obtained by applying the univariate polynomial 1y defined in
Equation 2 to each value of A; (i.e., Pigg)(a;) = g(4A;(x))). By definition, 1 evaluates to zero
iff its input, when represented as a vector in GF(2)7, belongs to the linear space spanned by
{ep,e1,e2,e3}. This polynomial defines a linear transformation, as claimed by the following lemma.

Lemma 8.15 Let L be a GF(2)-linear subspace of F = GF(2) and ¢1(t) = [[,e,(t — ). Then
the mapping ¥ : F — F s linear.

Proof: We use the fact that for any integer ¢, the transformation ¢ — t?" is linear; that is,
(t+ )2 =2 +¢'*. Our main claim is that the polynomial ¢ (t) can be written as > cit? and
hence is linear (being a sum of linear transformations). We prove this claim by induction on the
dimension of L C GF(2)/. Indeed, for dim(L) = 0 (i.e., L = {0/}), it holds that v (t) = t and our
claim follows. In the induction step, write L as L = L' U{«a + L'} where L’ is some linear space of
dimension k — 1 and o € L\ L'. Clearly, ¥1,(t) = 1 (t)-¢p (t + «). Using the inductive hypothesis
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for L' (and the linearity of ¢ — ¢'), we get

V() = <Zci.t2i> . ch . (t—i-a)?]

= <ZCi't2i> . ch- (tzj -I—onj)
= Z czc]t2 t2] + Z czc]t2
_ Z 2t21+1 + Z ’t2

where ¢ =} . cicjazj and 3, cicjtTtQJ =2 i cicjtzthj = 0 (because F has characteristic 2).
This completes the proof of the inductive claim.

We now turn to the second polynomial, Pz((l)) Recall that PZ%)(x) = ¥1(s,a,ap,ay), where
s = Ti(z), a = A;(z) and a; = A; (I ;(x)). It can be verified that Tj(z) (which represents the
gate type) is independent of the input w to the circuit, and by our previous discussion a,ag, a3
are linear in the input w (to the circuit). Thus, it will suffice to show that ¢’ is linear in its
last three inputs. When discussing Equation (3) we did not go into the specific construction of
the polynomial 1)’ because only its functionality mattered, and we showed that there exists some
constant-degree polynomial that does the job. But for our current purposes (of showing linearity)
we need to present some specific polynomial ¢’ that is linear (as an operator over GF(2)/) and has
the desired properties needed by the verification process. To do this, recall C is the set of allowable
gates in the well-structured circuit, and so we define ,,(z) to be the (minimal degree) uni-variate
polynomial of degree |C| that is 1 if z = sp and is 0 if z € C \ {sp}, and write ¢’ as

d},(saaa aOaal Z 680 djso a, a07a1) (8)

soeC

Claim 8.16 For any so € C that can occur as a gate in a well-structured circuit constructed from a
linear circuit C, the polynomial Y (a, ap,a1) of Equation 8 can be written as a linear transformation

(of (a,ag,a1)).

Proof: Recall that the value of 1/1;0 (a,ag,a1) is supposed to represent whether or not the four
least significant bits of the three inputs (denoted o', aj, and a}) satisfy some condition. By in-
specting Definition 6.3, it can be verified that (in our case) this condition is a linear one. That is,
Vg, (a,a0,a1) = 0 if and only if the triplet (a', ag, a}), viewed as a 12-bit vector over GF'(2), belongs
to some specific linear space Ly, C GF(2)"2.

Recall that we may assume that a = 0/ ~*a/ (and similarly for ap and a;), because this condition
is imposed by the constraint polynomial P( ) Thus, we seek a polynomial (over F3) such that if
each of its three inputs belongs to Spcm(eo,... ,e3) then it will output 0 iff the inputs reside
in the linear space that is analogous to Ls,; that is, the input (a, ap,a;) should evaluate to 0 iff
a’oajoa) € Ly,. To obtain this, we assume the existence of & € F such that multiplying an element
by « corresponds to a left cyclic shift by four positions (e.g., «-0¢---0y_1 =04---05_100---03).
Such an element exists for the standard representation of F. Using this element we can write

Lo F?— F as
Ui (a,a0,a1) = Yr, (0*a + aag + ay)
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where 4, ~is the univariate polynomial that is zero iff its input is in Lg,. Note that, for inputs
in Span(e, ... ,e3), indeed ¥ (a,ao,a1) = 0 iff a’ 0 ay 0o a} € Ly,. By Lemma 8.15, ¢, is linear.
It follows that ¢} is linear, because multiplication by a fixed element of F' (i.e., ) is a linear
operation.

Recall d4,(s) depends only on the circuit and not on its input (i.e., w). Thus, each summand of
(8) is linear in w and hence the sum is itself linear in w. We conclude that the table of evaluations
of the polynomials given by Equation (3) is obtained by linear transformations applied to the input
to the circuit.

Phase IV - The Sum-check Polynomials: In this phase (described by Equation (4)) we apply

a sequence of interpolations to previously constructed polynomials Pzz . Each such interpolation is
an F-linear transformation and hence also a GF(2)-linear one. Thus, the sequence of polynomials

Pz-(l])-) is obtained by a linear transformation applied to the input.

Phase V - Bundling and Encoding: In this phase (described in Sections 8.2 and 8.3) we
apply some cyclic shifts to the (values of the) sequence of [ + 2I(m + 1) polynomials obtained
in the previous phases. Then we bundle the polynomials together, obtaining an alphabet of size
|F|l+2[(m+1). This bundling does not change the encoding (only the partitioning of the proof into
symbols) and hence is also a linear transformation. Finally, we apply an error correcting code to
each symbol in order to reduce the alphabet size (from |F|/*2(m+1)) to binary, and this is also a
linear transformation as long as the error correcting code is itself linear.

The result of this shifting, bundling and encoding is the actual proof given to the (outer)
verifier of Theorem 3.1 (the verifier of Theorem 3.2 is dealt with in a similar fashion). Notice this
transformation from [ 4 2[(m + 1) polynomials (each evaluated in F') to one proof (over the binary
alphabet) is linear, because all three parts of it are linear.

Now we argue that all tests performed by the verifier are linear and the decision complexity
claimed in Theorem 3.1 and Theorem 3.2 can be achieved by using small linear circuits. This
can be seen by inspecting the various tests described in Section 6.3, noticing that they all check
either linear or F-linear conditions, and applying the general result of Strassen [Str73] showing that
any algebraic circuit that computes a linear function (as a formal polynomial) can be converted
into a linear circuit with only a constant-factor increase in size. This completes the proof of
Proposition 8.14.
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Part 111
Appendices

A Hadamard-code-based PCP of proximity

In this section we note that the Hadamard-code-based inner verifier from Arora et al. [ALM™T98|
can be converted in to a PCP of proximity. Recall that the inner verifier of [ALM™98] accesses
O(1) input oracles, where the i-th oracle is supposed to provide the Hadamard encoding of some
string w;, and verifies that their concatenation satisfies some given circuit C.

Here we simplify this verifier to work with a single string w and the verifier accesses a single
input oracle that represents this string itself (not some encoding of it), and verifies that w is close
to an assignment acceptable by the circuit C' given as explicit input.

Theorem A.1 There exists a constant dy > 0 such that there exists a PCP of prozimity for
CIRCUIT VALUE (for circuits of size n) with randomness complezity O(n?), query complexity O(1),
perfect completeness, soundness error 1 — 0, and proximity parameter 50 for any 6 < 6y. That is,
inputs that are 6-far from satisfying the circuit are rejected with probability at least min(6,6¢)/5.

Notice that we do not claim robustness of this PCP of proximity. This is because we don’t intend to
use this verifier (or any verifier derived from it) as the outer verifier during composition. However,
this verifier is robust (in a trivial sense). Indeed, any PCP of proximity with O(1) query complexity
is trivially p-robust for some constant p > 0 (since the relative distance between two query patterns
is lower-bounded by the inverse of number of bits queried).

Proof: Let V denote the claimed verifier. We first list the oracles used by V', then we describe the
tests that V' performs, and finally we will verify that V’s complexities are as claimed and analyze
its performance (most notably its soundness and proximity).

Oracles. Let C be a circuit with n gates on m input bits. The verifier accesses an input
oracle W : [m] — {0,1} (representing a string w € {0,1}™), and a proof oracle II = (A4, B), with
A:{0,1}" — {0,1} and B :{0,1}"*" — {0,1}.

To motivate the verifier’s tests, we describe what is expected from the oracles in the “com-
pleteness” case, i.e., when C(w) = 1. The input oracle, by definition, gives the string w, i.e.,
Wi] = w;. Now let z € {0,1}" be the string of values of all the gates of the circuit C' (including
the input, the internal gates, and the output gate(s)). W.lLo.g., assume z = w o y, where y rep-
resents the values assumed for internal gates. The oracle A is expected to give the values of all
linear functions at z (over GF(2)); and the oracle B is supposed to give the value of all quadratic
functions at 2. More precisely A = A[z] ¢ 1} is expected to be Afz] =370 22 = 2Tz (where
z and z are being thought of as column vectors). Similarly, B = B[M] )¢ 13nxn is expected to be
B[M] = Zz] M;jziz; = 2T Mz (where M is an n x n matrix). In order to verify that w satisfies C,
the verifier will verify that A and B have indeed been constructed according to some string z as
above, that z represents an accepting computation of the circuit, and finally that A is the encoding
of some string w’ o y where w’ is close to the string w given by the input oracle W.

Tests. Given the circuit C, the verifier first constructs polynomials Pj(z),... , P,(z) as follows.
Viewing the variables {z;} as representing the values at the individual gates of the circuit C' (with
Z1,... ,%m being the input gates), the polynomial P;(z) is the quadratic polynomial (over GF(2))
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expressing the constraint imposed by the ¢’th gate of the circuit on an accepting computation. For
example:

(2 — zjzk if the ¢-th gate is an AND gate with inputs from gates 7 and k.
2 — 2§ — 2 + 2jz  if the i-th gate is an OR gate with inputs from gates j and k.
Pz) = zi — (1 —zj) if the i-th gate is a NOT gate with input from gate j.
! zi — (25 + 21) if the i-th gate is a PARITY gate with inputs from gates j and k.
1 -2 if the i-th gate is an output gate with input from gate j.
[ 0 if the i-th gate is an input gate (i.e. i < m).

Note that z = w o y reflects the computation of C' on an acceptable input w iff P;j(z) = 0 for every
i € [n]. The verifier conducts the following tests:

Codeword tests: These tests refer to (A, B) being a valid encoding of some string z € {0,1}". That
is, these tests check that both A and B are linear functions, and that B is consistent with
A. In the latter check, the verifier employs a self-correction procedure (cf. [BLR93]) to the
oracle B. (There is no need to employ self-correction to A, because it is queried at random
locations.)

Linearity of A: Pick z1, x2 uniformly at random from {0,1}" and verify that A[zx; + z2] =
Alx] + Alzy].
Linearity of B: Pick Mj, My uniformly at random from {0,1}"*™ and verify that B[M; +

Consistency of A and B: Pick x1, z9 uniformly at random from {0,1}" and M uniformly from
{0,1}"%" and verify that B[M + z123] — B[M] = A[z]Alz).

Circuit test: This test checks that the string z encoded in (A, B) represents an accepting compu-
tation of C; that is, that Pj(z) = 0 for every ¢ € [n]. The test checks that a random linear
combination of the P;’s evaluates to 0, while employing self-correction to A and B.

Pick ai,... ,a, € {0,1} uniformly and independently and let >} | apPi(2) = co+ Y, lizi +
> Qijzizj. Pick € {0,1}" and M € {0,1}"*" uniformly at random. Verify that ¢ +
(Alz + (] — A[z]) + (B[M + Q] — B[M]) = 0.

Proximity test: This test checks that the m-bit long prefix of the string z, encoded in A, matches
(or is close to) the input oracle W, while employing self-correction to A.

Pick j € [m] and « € {0,1}" uniformly. Let e; € {0,1}" denote the vector that is 1 in the
j-th coordinate and 0 everywhere else. Verify that W[j| = A[z + ¢;] — Alz].

The verifier accepts if all the tests above accept, else it rejects.

Resources. The verifier uses O(n?) random bits and makes O(1) binary queries.

Completeness. It is straightforward to see that if w, the string given by W satisfies C, then
letting 2 be the set of values of the gates of C and letting A[zx] = 272 and B[M] = 2T Mz will
satisfy all tests above. Thus the verifier has perfect completeness.

Soundness (with proximity). It follows directly from the analysis of [ALM 98] that there
exists a 0p > 0 such that for every § < §p, if the Codeword tests and the Circuit test above accept
with probability at least 1 —¢ then the oracle A is 26-close to the Hadamard encoding of some string
z = w' oy such that C(w') accepts. Now we augment this soundness with a proximity condition.
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Suppose the verifier also accepts the Proximity test with probability at least 1—¢§. Then we have that
w; # Alz+e;]— Alz] with probability at most 6. Furthermore the events A[z+e;] # (z+e;)T 2, and
Alz] # 'z happen with probability at most 26 each. Thus, with probability at least 1 — 56 (over
the possible choices of j and z), both w; = Az +¢j] — A[z] and Az +ej] — Alz] = (x+¢;)Tz —aT2
hold. Since (z+¢;)lz—2t2 = e]Tz = zj = w}, it follows that, with probability at least 1 —56 (over
the choices of j), w; = w;-. In other words, the string w represented by the oracle W is at distance

at most 56 away from some string w’ that is accepted by the circuit C. |

B Randomness-efficient low-degree tests and the sampling lemma

Following [BSVWO03], our construction makes heavy use of small-bias spaces [NN90| to save on
randomness when choosing random lines. For a field F and parameters m € Z* and X\ > 0, we
require a set S C F™ that is A-biased (with respect to the additive group of F™). Rather than
define small-bias spaces here, we simply state the properties we need. (See, e.g., [BSVWO03] for
definitions and background on small-bias spaces.)

Lemma B.1 For every F of characteristic 2, m € Z%, and X > 0, there is an explicit construction
of a A-biased set S C F™ of size at most (log |F™|)/\? [AGHP92].

We now discuss the properties of such sets that we will use.

Expanding Cayley Graphs. A-biased sets are very useful pseudorandom sets in algebraic
applications, and this is due in part to the expansion properties of the Cayley graphs they generate:

Lemma B.2 If S C F™ s A-biased and we let Gg be the graph with vertex set F™™ and edge set

{(x,z+5s):x € F™ s € S}, then all the nontrivial eigenvalues of Gg have absolute value at most
AlS|.

Randomness-Efficient Line Samplers. In [BSVWO03], Lemma B.2 was used to prove the
following sampling lemma. This lemma says that if one wants to estimate the density of a set
B C F™ using lines in F as the sample sets, one does not need to pick a random line in F™
which costs 2log |F™| random bits. A pseudorandom line whose slope comes from an A-biased set
will do nearly as well, and the randomness is only (1 + o(1)) - log |F"™|. In what follows [, , is the
line passing through point « in direction y, formally: I, , = {x +ty : t € F'}

Lemma B.3 ([BSVWO03], Sampling Lemma 4.3) Suppose S C F™ is A-biased. Then, for any
B C F™ of density p = |B|/|F™|, and any ¢ > 0,

|loy N B| 1 K
Prycpm, SH’i—M >SS | +HA) =
ee llay| £ ¢?

Randomness-Efficient Low Degree Tests Ben-Sasson et al. [BSVWO03] use the randomness-
efficient Sampling Lemma B.3 to obtain randomness efficient low degree tests, by performing a
“line vs. point” test only for pseudorandom lines with a direction y coming from a small A-biased
set. That is for a set S C F™, we consider lines of the form [, ,(t) = z + ty, for £ € F™ and y € S,
and let L be the set of all such lines, where each line is parametrized in a canonical way.

Then for functions f: F™ — F, and g : L — P;, where Py is the set of univariate polynomials
of degree at most d over F', we let LDT% be the test that uniformly selects &L 4 {lay 2 €
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Fm ye S}andt e F, and accepts iff g(1)(¢) = f(I(¢)). That is, the value of the degree d univariate
t

polynomial g(I) at point ¢ equals the value of f at [(t). We quote their main theorem and will use
it in our constructions.

Theorem B.4 ([BSVWO03], Theorem 4.1) There exists a universal constant o > 0 such that
the following holds. Letd < |F|/3,m < «|F|/log|F|,S C F™ be a A\-biased set for A < a/(mlog|F|),

and 6 < a. Then, for every f : F™ — F and g : L. — Py such that [ is at least 40-far from, any
polynomial of degree at most md, we have the following:

Pr[LDTLY = rej] > 6.
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