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Abstract

We look into the problem of estimating the average of quistitelating to combinatorial
and geometrical objects. In all the cases we study it is plessd get the exact average of these
guantities by using the trivial algorithm that calculatee aiverage by obtaining all the quanti-
ties. Using the underlying structure of these problems veeadle to obtain faster algorithms
that approximate the average. Specifically, we considedamnized algorithms that are given
an approximation parameteyand return g1 + ¢)-approximation of the average quantity. Our
work focuses on the problem of calculating the average @egf@ hypergraph, and the prob-
lem of calculating the average distance between every paipiots in a set of points in the
d-dimensional Euclidean space.
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1 Introduction

He also made the large bronze basin called
“The Sea”. It measured 15 feet from rim to
rim, was circular in shape, and stood
seven-and-a-half feet high. Its

circumference was 45 feet.

1Kings, 7:23

We deal with the problem of estimating the average of quastielating to combinatorial and
geometrical objects. In the cases we study it is possibletohg exact average of these quantities
by using the trivial algorithm that calculates the averag@btaining all the quantities. Although
these algorithms obtain exact values, at times, when censgl very large inputs, they may be
unfeasible and one may look for alternatives. In our workewxploit the underlying structure of it
in order to obtain a faster algorithm that approximates therage. In each case, specific method
and analysis is being used.

In general, estimating the average of function describibifrary quantities om points cannot
be done in non-trivial time. Consider for example, an aldwn trying to evaluate the average of
one of the following functions: The first function is the ctar®t functionf = 1, whereas the
second function would be the valuien its entire domain except for one (random) point on which
it assumes the value - B for some large valués. It takesQ2(n) queries to distinguish between
the functions. Note that their averages arand B correspondingly, making it is impossible to
estimate well the average without distinguishing thesetions. Similar examples exist even when

the range off is bounded (say by).

Organization and Summary In sectior 2 we study the problem of calculating the averaggeak
of a hypergraph in the case where each edge connects akmesices. Sectiohl3 deals with the
problem of calculating the average distance between ewvaryop points in a set of points in the
d-dimensional Euclidean space. During our work on this prohlwe came up with an algorithm
for approximating the diameter of such a set. We later fourad & very similar algorithm was
already known. We survey briefly this algorithm in SectidnEach section is accompanied with
a short introduction to the problem it deals with, where weaduce the problem, survey relevant

previous work and present our results.



Preliminaries As the basic definition of approximation algorithms, we usefbllowing standard
one: Fora > 1, aa-approximation of a quantityqg : {0,1}* — (0, 00) is an algorithm that on
inputz, with probability at leas2/3, outputs a value in the interval(z), a - ¢(z)].

Our algorithms will all be uniform in the sense that we adyuptesent an algorithm that takes
¢ as a parameter and outputa+ <) approximation of a quantity. For simplicity of presentatio
we allow the algorithm to output a value in the interj@ — ¢) - q(z), (1 + ¢) - ¢()]. Indeed, the
output can be “normalized” by division (by— ¢). This is due to the fact that the our algorithms
have polynomial dependence §rand may be given as their input.

Note, that the error probability can be decreasezttoby invoking the basic algorithm fap(p)
times and outputting the median value. In this sense, tloe probability of% is arbitrary, and every

constant smaller thabwill do.



2 Average Degreeof (up to) K-Uniform-Hypergraphs

2.1 Introduction

We look into the problem of approximating the average degfdgypergraphs with constant size
hyperedges.

Recall that enypergraph is an ordered paiff = (V, E), whereV is a set of vertices an#l' is a
set of hyperedges. That is, evdryperedge ¢ € F is a subset of the vertices containing at least
vertices (no loops or double hyperedges are allowed).

A k-uniform hypergraph, is a hypergraph where each hyperedge contawertices (i.eVe €
E itholdsthate| = k). A (simple) graph can be viewed ag-ainiform hypergraph. A vertex degree
d(v) is the number of hyperedges thais member of. Denotingy’| = n, we are interested in
approximatingl £ 1 3~ . d(v). Note that for a&-uniform hypergraph, it holds that-n = & - |E|.

We consider algorithms for estimatidghat are allowed to perform two types of queridsgree
gueriesandneighbor queriesRespectively, for any vertexof its choice, the algorithm can obtain

d(v), and for anyv and; < d(v), the algorithm can obtain thg" hyperedge of.

PreviousWork The task of approximating the average degree of a (simpéggwas studied by
Feige [1], and Goldreich and Rohnl[2]. Whereas both works shd¥+ ¢)-approximation to the
average degree of a graph using only degree queries, thedatablishes @l + ¢)-approximation

using neighbour queries. Specifically, their algorithms,(ée(n/ci)% - poly (%)) neighbour queries.

Our Result  We show how to extend the algorithm suggested by GoldreidrRam to the case of
hypergraph with edges that connect at mosgertices. We call such hypergrapag-to-£-uniform
hypergraphs. Our algorithm achieves @l + ¢)-approximation of the average-degré®f such
hypergraphs usin@((n/J)% - poly (%)) neighbour queries. Indeed, the case:of 2 coincides
with the algorithm presented by Goldreich and Ron.

2.2 An Overview of the Algorithm

Recall thatd = %Zvev d(v). Since every hyperedge contributeso the sum of all degrees, we
may consider each hyperedgefasdirected hyperedge connecting each of its vertices to all the
others. Denoting such a directed hyperedg@aq vy, . .., v }), we are interested in estimating the

size of the set of all directed edges, that is:



D = {(v,e) |vEe, e={vy,...,v}is an hyperegde (1)

Sinced = |D|/n, we show how to approximaté|. For clarity reasons, we shall assume for now
that there are no disconnected vertices {fec V., d(v) > 1).

The basic idea of the algorithm is to sample vertices and téh@um into “buckets” according to
their degrees such that in buck@t we have vertices with degree betwegn+ 3)i~! and(1 + 3)
(wheres = ¢/c for some constant > 1). If S is the sample, then we denote Bythe subset of
sampled vertices that belong ). We will focus on the sets; that aresufficiently large because
we want|S;|/|S| to be a good approximation ¢B;|/n. Let us denote the set of the suthby L.

Indeed, the sunin/|S|) >".., |S:/(1 4+ 8)"~! approximates well the number of directed hyper-
edges outgoing from a vertex that resides in such a largedtutiiking a sample si2é| of an ade-
quate size ensures that with high probability this sum axiprates well}", _, |B;|(1+3)"' < |D|.

In this case, the approximating sum overestimétdsy a factor of at mostl + ¢).

Although using this basic approximation yields an overeating factor of at mostl + ¢),
it may underestimateD| by a factor ofk. As we shall show next, this obtains a baéic+ ¢)-
approximation that corresponds to the bdgie- =)-approximation presented by Goldreich and Ron
(seel2)).

Let us focus now on the directed hyperedges that are igngrélebbasic algorithm. They are
all outgoing hyperedges from a vertex that resides in a simalket. As such, approximations of

their size are unreliable. We denote the set of verticesrdsidle in any such small bucket by

= UigZLBi (2)

Note, that any underestimation belowla+ <) factor that the basic algorithm makes, is due to
those directed hyperedges outgoing fromThere are two basic types of such directed hyperedges:
the first is due to hyperedges that consist solely of verticds (i.e. those hyperedges for which
e C U), and the second is those directed hyperedges that haweesdobth inJ and inU,¢;, B;. We
refer to these as “mixed” hyperedges.

As for directed hyperedges of the first “unmixed” type, theimber is upper bounded b/ |*.

This calls for setting the largeness threshold of the bmkeﬁpproximatel;(m)%. Accordingly,
the number of directed hyperedges of this type is at ragst) (recall that| D| > n), and therefore
they may be neglected. This requires a sample Of@i@ﬁ)ly(é) . nk_TZ) in order to approximate

well the number of vertices residing in the large buckets.

4



It follows that the source of the inaccuracy is only due todhrected hyperedges of the second
(“mixed”) type. These are directed hyperedges outgoingffd that incident both at/' and at
V' \ U = Ui B;. Note also, that their corresponding directed hyperedgggoing fromV \ U
were already counted in their appropriate buckets. Thig tyjphyperedges may have vertices
in U and the othek — m vertices inV \ U, form € {1,...,k — 1}. In the general case, only
those directed hyperedgeslin\ U were counted: — m times, whereas the: directed hyperedges
outgoing from vertices i/ were ignored. In the (worst) case where= k£ — 1, only one directed
hyperedge was counted, ignoring the other 1 directed hyperedges. This asserts that the basic
algorithm underestimate3 by a factor of at most, and establishes th& -+ ¢)-approximation.

Note that the basic algorithm uses only degree queries. \We siow that using only such
queries, & + ¢ is the best approximation possible. As an example for sudenastimation, the
reader may think of a (small) set bt 1 vertices, where the hyperedges are all the subsets ok size
that include thosé — 1 vertices. The degree of almost every vertex,ishereagD| is roughlykn.
Compare this case with a hypergraph where the hyperedgespamtition of the graph, each of size
k. In the latter case, all the degrees &rdt follows, that any algorithm that makes onlyn) degree
gueries will see onlys, and cannot distinguish the two hypergraphs. Therefaantapproximate
| D| by a factor of at most.

We shall now explain how to use neighbour queries in ordervieraome thek barrier and
achieve g1 + ¢)-approximation tgD|. It is left to show how to approximate the “mixed” directed
hyperedges outgoing fror, which have vertices both ity andV \ U. Recall that these were
ignored by the basic algorithm, and were not counted. Weaagstimate these based on quantities
sampled directly front/, since these are unreliable. Instead, we show the conndmtisveen them
and the corresponding hyperedges outgoing fiomU, and sample the latter accordingly.

Let us introduce a piece of notation. For two disjoint setyearticesV; and V5, and positive
integer numbers andm such that + m < k, we denote the set of directed hyperedges outgoing

from V; that have exactlyn vertices inV; and!l vertices inV; by

Dy (Vi Va) £ {(v,e)|(v,e) € D,v e Vi, lenVi| =m,lenV,| =1} 3)

Whenever the setg andV; form a partition ofl” (i.e. V1 |J V4, = V), the set may be non-empty
onlyifl =k —m.
Under these notations, the “mixed” directed hyperedgegmng fromU with m vertices inU

(and in turnk — m vertices inV \ U = U, B;), are exactly the directed hyperedges in the set
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D je—m) (U, User, B;) 4)
Since each such (undirected) hyperedge (witliertices inU andk — m vertices inU;c;, B;) IS

counted asn directed hyperedges iii andk — m directed hyperedges in;.;, B;, it holds that:

| D i—m) (U, Uier. Bs)| _ | Dk —m,m)(Uicr Bi, U))|
m k—m

(5)

Consider now a directed hyperedge of the faume) in the setD ;) (Uicr. Bs, U). It must
be thatv € B; for some: € L. Sincee has exactlyn vertices inU, it has at mosk — m vertices in
that B;. Therefore, it resides iW; .., (B;, U) for somel < k —m. Accordingly, consider a directed
hyperedge in a set of the form, ,,,, (B;, U) for somei € L andl < k —m. Since it hasn vertices

in U, it must also reside in the Sék;,_,, ., (Uic. B;, U). It follows that:

k—m

D(k—mm( ZGLBzaU U U D(lm BzaU) (6)

el =1
Using Eq. [b) and Eq.[16), we have that the number of direcigubiedges outgoing frorff

and having at least one vertexiin\ U is:

k—1 k—1 k—m
m
Z\D(m,k—m)(aneLBi” = Zk ‘Dlm B’HU} (7)
m=1 m=1 m i€l =1
k—1 k—m m
- | D (B, )] ®)
m

Therefore, it remains to approximate the sbtg,..(5B;, U) for ¢ € L. Note that such a set is a

subset of the set of directed hyperedges outgoing fiymenoted by.

D; 2 {(v,e)|lv € By, (v,e) € D} 9
We define the density of such a sy, (B;, U) of directed hyperedges among the directed

hyperedges iD; to be

| Dy (B, U)]
| Dl

Oél7m(i) é

(10)



It follows that D(; ) (B;, U) = aum (i) - | D;|. We already have a good approxiamtion bf| by
”l‘é:q“ (148)""t. Therefore, d1-+¢)-approximation oty ,,, (i) will establish a1+¢)-approximation
of D(l,m) (BZ', U).

Since all the degrees of the vertices in such a bucket arestlthe same, the distribution we

get by sampling a random hyperedge for a verter S; is close to the uniform distribution on
D;. For each of the sampled verticesS$f we pick a random hyperedge and check wheather it’s
in Dy (B, U). We use the proportion of the sampled directed hyperedgesirasstimation for
aym(1).

These quantites complete the approximatiogf,,)(B;, U), and establish the +-<)-approximation

of |D|. We now present and analyze the algorithm.

2.3 TheAlgorithm and its Analysis

The algorithm we give approximatéB|. It is given the approximation parameteK % and an a
priori lower bound,, ond. We later explain how to get rid af The reader may think of = 1, as
in the foregoing motivating discussion.

We sets £ ¢/8 andt £ [log,, 5 n*] 4 1. Let us define a partition df into the followingt

buckets:
<&:{v:ﬂME<O+ﬁﬁﬁﬂ+ﬁﬂ},mmZOJVHJ—l. (11)
The algorithm works as follows:
The Approximation Algorithm

1. Uniformly and independently select= O(k? - e=G+%) . ¢(=1/0) . ") vertices fromV/, and

let S denote the (multi-)set of selected vertices.

2. SetS; £ SN B;

3. DefineL £ {i ""S‘i' >4 (5

IS
4. Foreveryi € L andv € S;:

(a) pick a random hyperedge of

(b) Query the degrees of the members of the hyperedge.



(c) Letxqm)(v) = 1if the hyperedge that was chosen has exalcHgrtices inB;, andm

vertices inU, andx ) (v) = 0 otherwise.

5. Fori € L, setd (i) = w

k—1 k—m m ~ .
L+ 2m i Gmy (0))

n|S;
6. Outputd £ 37, =&

We show now the correctness of the algorithm:

Lemma 1. The output valued of the algorithm satisfiesl — ¢)|D| < A < (1 + ¢)|D|, with
probability at least2/3.

Proof. By the definition of the buckets (See EQ.](11)) it holds that:

DI < -SR]+ 0 < (14+9)- D) (12

The sample size is chosen such that it will provide a good approximation te Ibig buckets
according to a largeness threshold/of % (gL n)% vertices. Note that this is a slightly smaller
threshold than the one that the algorithm uses, in orderdoraghe actual bound on the size of the
setU (recall thatU = U,¢; ;). It follows by using the multiplicative Chernoff Bound thavith
high probability, it holds that:

. £ |S;| - n 5
LB > ——).|B) < < =) B,
Vi st |Bi > ¢ (1 4k) |Bi| 5 <1+4k) |Bi| (13)
and
, Sl 1 e %
vist|Bl<v: Hg <t-<6-£ n) (14)

By (I4), if | B;| < ¢ then: ¢ L. Yet, it may be the case that a bucket that is well approxithate
(i.e.|B;| > ¢)is placed intal. However, we show that in this case, its size is at HosE - (- n)x.

By the left side of Eq.[(I3), it follows that:

-3 Gt o1 o) s

(1-3) >3 (16)

which holds fork > 2 ande < 5.



Thus, we have thagt/| < (5 -/ - n)*. It follows that the total number of directed hyperedges

that incident only between the vertices of the8as bounded by:

\U\kﬁi-n-£<Z|D| 17)

Following the analysis in the previous section, this vesifieat:

k—1 k—m
(1-%)\1}\ <> |Dy- <1+ZZ kTm -oz(lm)(i)) < |D| (18)

i€L m=1 [=1

We now analyze the estimation of the proportions,, (i) by & (i) fori € L. We next show

that for every: € L and everyy( (i) > g7, it holds that:

<1 - Z) Com) (1) < A (i) < (1 + Z) - g,m) (4) (19)

and for everyo ) (i) < g it holds that:

. S
Q(1,m) (’L) < m (20)

Assuming that the estimations of the size of the buckgtso far are good, we hav&é(’;—ﬁ)
hyperedges sampled from each buckgtfor i € L. Thus, the multiplicative Chernoff Bound
establishes that both Eq.{19) and Hql (20) hold with higivabdlity.

Note that our algorithm samples the hyperedge®pfn an almost uniform manner. In fact,
when restricting the selections of vertices of the algonitio the setS;, the algorithm first samples
a vertex of B; and then samples at random one of its hyperedges. By thiprtip@rtion sampled
(say&(l,m) (1)) differs by at most &1 + /3) factor from the real proportion of the directed hyperedges
of the setD(;,,y(B;, U) in D;. Thus, approximating, (i) with a multiplicative error of 1+¢/8)
factor establishes Ed._{119).

In this case, the following holds:



TL|SZ‘ k—1 k—m m ) ‘
A = 1 21
I <+ S i) @

m=1 [=1
c k—1 k—m m
> (1-5% 10 (1 Yy @U,m)@)) 22
i€l m=1 [=1 m
R c k—1 k—m m
> <1——>Z\Di|<1+<1—1> e am (i)
icL m=1 =1
k—1 k—m m £
_ Lo 23
m:ll:lk_m 43) 2
c c c k—1 k—m m
> 1-53Ips ((1 SS9 'aam)(i)) (24)
4 icL 4 4 m=1 =1 k—m
- k—1 k—m m
= (1-7) > 1Dy <1 + - 'Oé(z,m>(i)> (25)
i€L m=1 [=1
> (1=2)" D= (1=2)-|D| (26)

In Eq. (Z2) and Eq[{23), we use the estimations on the sizeedftickets and the proportions of
the directed hyperedges outgoing from them. The last ingguases the bound ofD| presented
in Eq. (I8). Similarily, we have thal < (1 +¢) - |D].

The correctness of the lemma follows. O
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3 On approximating the sum of distances between all pairs of

points

3.1 Introduction

We consider a given se&t = {P,,..., P,} of n points in R, where P, = (pi1,...,piq). FOr
every pair of point§ P, P;) , we denote by,; their Euclidean distance, thatds = || P — Pj||s =
(0, (pik — pix)?)/2. The sum of distances between all the pairs of points in #tiss$(S) =
Zi# d,;. The trivial algorithm for calculating this sum (or equieatly the average distance), which
simply sums all the pairs of points, runs in tiroédn?).

We note that for the case in which all the points are arrangethe line (i.e.d = 1), there is
a known algorithm which runs in tim@(n logn). We begin by surveying the cade= 1, since it
shall be used as a black-box for the higher dimension estimsat

We then present a deterministiGi-approximation that always yields a correct approximation
The algorithm is based on the observation that, by using ttienensional case on each of tlie
axes, we can compute the sum of titem-1distances between all pairs of points. Using the rela-
tion between norms, this gives a deterministid-approximation of the sum in timé(dn log n).
Moreover, we never underestimate the sum.

The idea for the our main algorithm is that instead of usirggtandard basis as its coordinate
system as done in thgd-approximation, we use a random coordinate system. Itdalloy linearity
of expectation (applied to the sum of all distances), thatetkpected value of the sum of projected
points equals (d) times the correct sum, wheygd) ~ ﬁ has a closed form. (Note th#{d) is

the expected length of the projection of a ufidlimensional vector in a random direction.)

The main result In this section we show a randomizétl + <)-approximation ofS(S) having

running time ofO (21%&™),

3.2 Thecaseofaline(d =1)

In the case where all points are located on the line, we dehetset of pointsS = (p1, ..., pn).
The known algorithm exploits the fact that points on a line @mparable (i.e. for eveny, y either
x> yorz <y), andforz < y < zitholds that|z — z|| = ||z — y|| + ||y — z||. For a given point

p;, we denotes; = Z;;l lp; — p;| and we may present the sum of all the distances as follows:

11



= lpi—pil = Z Si (27)

i#]
EachS; may be computed i®(n) time. However, when the points ¢f are sorted (say in a

non-decreasing order, i.ey, < py < --- < p,), foreveryi € {1,...,n — 1} it holds that

Si1 =8+ (2 = n) - (piy1 — i) - (28)

This is proven by the straightforward manipulation:

n
Sip1 = Z pi+1 — Dy

= Z Pit1 —Pj) + Z — Dit1)

1< J>i+2
= Z (Pi+1 — pi +pi — ;) + (Piv1 — pi) + Z (pis1 — pi))
Jj<i—1 j>i+2

= D lpi—pl+ (=1 = (r—i= 1) (pisr — )
= Si+(2i—n) (pis1— pi)

This suggests an algorithm that works in sub-quadratic,tesdollows: Given the multisef,
we first sort the points. We shall now assume that the points afe sorted in a non-decreasing
order, i.e.,p; < ... < p,. We computeS; by summing the distancég; — p;) for j = 2,...,n
We initialize K = S}, and fori = 1,...,n — 1, we computeS; ., = S; + (2i — n)(piy1 — p;) and
updateK — K + S; ;1. The Algorithm returngs” as its output.

Equality [28) shows that the algorithm computes at eactedtagcorrect;, ; based ors;, and
equality [ZT) asserts that the returned value is in fact time of all distances between the points of
S. As for the running time, sorting the points is done in timé: log n), calculatingS; is done in
time O(n), each of thex — 1 sums of the forn®; is calculated in constant time, which yields a total

running time ofO(n logn).

3.3 Deterministic v/d-approximation for S(S) in R?

We now present a deterministic algorithm that achievesiaapproximation fo§(S) and works in

time O(dnlogn). Moreover, the algorithm never underestima®¢s). Our algorithm utilizes the

12



deterministic algorithm for the line and a well-known normequality.
Thenorm-1for a pointX = (xy,...,z,) is defined agizl |zi|. Accordingly, for a pair of points,
P, and P; their the normt distance i¢_, | P.x — Pj4l.

Therefore, the sum of norm-distances between all pairs of points is given by:

d d
DB =Plli=> > |Ps— Pl =) <Z|Pi,k—Pj,k\> (29)

i#j i#j k=1 k=1 \i#j
The key obeservation is that the sum in parentheses on thiesiie of [29) is just the sums of
distances of the projection of the points on the correspandkes. Thus, we may computerl(29) by
invoking the line algorithmi times.

For anyX in R¢, the following norms inequality holds:

Xl < 1 X1y < ValIX |l (30)

Applying Eq. [30) on the sum of all distances, we get:

S NP =PBilla < NP = Pill < VA ||P = Pyl (31)

i#j i#j i#j
To conclude, the algorithm sums the outputsiaf-dimensional problems, where the input to
the'th problem is{P,,,..., P,;}. Inequality [(31) establishes the desired approximatiome @

iterations of thel-dimensional algorithm run in tim@(dn logn).

3.4 Projection on arandom direction

We begin by observing that the/d-approximation derived in Sectidn_B.3 can be based on any
(orthogonal) coordinate system. The choice of the stantasis in the description was in fact
arbitrary. Motivated by this method, we examine the exptetdue of the sum of all distances in
norm-1with respect to aandom coordinate systenWe will show that this expectation equais
times the expected value the sums of all distances betwkgropdcted points in a single direction.
This suggests to estima$§.S) by projecting the points on a single random direction. Imtwre

will show that the expectation of a projection on a singled@n direction equalg(d) times the

sum of the norn2 distances, wher¢ is a function ofd.
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Leteq,..., e be such a random orthonormal coordinate system. The sunrhdif&nces w.r.t.

norm-linduced by the system is:

SN @ p-ry =" (G.P-F) (32)

i#j k=1 k=1 i#j

Using linearity of Expectation and the fact that axes areloanly chosen, we have that the ex-
pectation of this random sum dstimes the expectation of the sum of the distances of the gtioje

of all points on a single random direction. This is shown kg fibllowing manipulation:

:d.E?

> (7, P—P)

i

d
— ZE@

k=1

Z<€_1;7Pi - P]>

i

d
Ee} ..... €y [ZZ<€_I;7-PZ_‘P]>

k=1 i#j
wherer’ is a random direction vector. Thus, we shall further on foonsa projection on a single
random direction.

In fact, it is a property of the uniform distribution on theitisphere that for any unit vector
v ||v]]2 = 1, the expected value of the random varialgié i*)| does not depend on the direction of

v. As shown in Sectioh 3.6, this value depends only on the d#er. We denote it by:

f(d) = E+|(F,7)] (33)

For every pair of points in thé-dimensional space,, P;, we denote their distance vector as:

D;; =P - Py = dij - wij (34)

whered;; = || D;;||2 is its magnitude, and;; = is its direction vector.

Under a projection on a specific vectrt holds that the distance between the projected points
is d;; - |(T,wi;)|, since a projection is a linear transformation.

Taking ' to be a random direction chosen from the uniform distributm the unit sphere, we

define:

Yij = (7, i) (35)

as the random length af;; projected along

14



In addition, we define the random varialdféo be the random sum of all distances between the

pairs of the projected points along the random directiomhat is:

7z £ Z 5z‘jYz'j (36)
i#j
By linearity of expectation, we get:
E[Z] = 6;E[Y;] (37)
i#j

Combining the definition of th&;; variables with Eq.[(33), we get:

E[Z] =) E[(Fu)] =) f(d)-8; = f(d) - S(S) (38)

i#j i#j
We conclude this section with a simple bound on the variaficé. ol he variance ofZ equals

E[Z?) — (E[Z])?, and therefore is always upper-boundedmj??]. Using the fact that all th&};

are positive and are at mostwe have:

E[Z%] = El()_0,Yi)’] <E[)_(8)%] = (S(5))"

i#] i#]

A more careful bound of the variance 8f by O(% - S(9)?), is described in Sectidn3.7.

3.5 A (1+ ¢)-approximation for S(S) in R?

The analysis of a single projection on a random directiorgssts the following algorithm:

Pick a sample of{ independent random directions. For each direction prafecset of points
on it, and calculate the sum of distances between all thes pdithe projected points using the
1-dimensional case. Output the average over the sampleq)hmjtbyﬁ.

A standard pairwise independent sampling scheme yieldsdirectness of the algorithm for
K = ©(z). Denote byZ; the sum of the distances calculated in iHeprojection, where the
Z;s are distributed ag and are pairwise independent. Recall tﬁ@;%] = S(S). Using the
Chebyschev Inequality we get that the probability of thengéwbat the output%) is not a
(1 + ¢)-approximation ofS(S) is:
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>5-f(d)-S(S)] < YulZ)

Recalling thatV’ar(Z) = O(; - (S(5))*) and f(d) = ©(), it suffices to makes = ©(2)

such samples in order to reduce the error probability beyow
The time complexity of the suggested algorithn®ig?2t2%81 ) — O(421%") hecause a single

2

projection is done in timén, and thel-dimensional case algorithm works in timéog n, for each

of the K repetitions.

3.6 TheNotorious f(d)

We now return to the issue of calculating the expected leafjghprojection of a randomly chosen
unit sphere vector on a fixed unit sphere vector. We shall ghaivthis value (denotefl(d)) is in
facto ().

We first note that this value does not depend on the directicam specific vector, but only
on d, its dimension. This follows directly from the fact that andmm projection of the uniform
distribution on the sphere is invariant under rotation® (8ppendix A). We therefore assume that
we project to thel*" unit vector of the standard basig,= (0, ...,0,1)". Thus, for a random vector
7" on the sphere, we seek the valuetipf| (7, e3)|].

In general, for everyi-dimensional distributiok” with density functionf,, and everyy : R? —

R continuous function, the expectationgfX) is given by [, ¢(X) f.(Z)0z.

The uniform distribution on the sphere i is generated by taking the direction vector of a

d-dimensional normally distributed vector (see Appendix Ale may use its density function to

calculate the required expected value. That'is; —=—, where is distributed according to the

l1Z]l2

d-dimensional normal distribution. Recall that we denofe éxpectation byf (d), that is:

—(3.7)

e~ 0F (39)

()
— . €
17"
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We present our calculation of the integral In}(39), using angfe of variables. Representing
the integral in spherical coordinates allow us to calculttevalue by comparison to the normal

distribution.

The transformatiofl” : [0, 00) x [0,7) x - -+ x [0, 7) x [0,27) — R?, defined by

T p psin (01)sin (0y) .. .sin (0g_2) sin (64_1)
To 01 psin (01)sin (63) .. .sin (04_o) cos (64-1)
_T I DN .
Ty o : psin (61) sin (0) cos (63)
Td1 040 psin (01) cos (62)
Tq 01 pcos (61)

wherep € (0, co) denotes the length afandd,, ..., 0, » € [0, 7) andf,_, € [0,27) are angles
that determine its direction.

The Jacobian of this transformation, is known to satisfy:

|Jr| = ptsin?2 (6;) sin®? (6y) . .. sin? (B4_3) sin (04_) (40)

Under spherical coordinates, the te(lﬁ%,e_&) equals@ = cost,. Thus, applying the

change of variables induced by the transformafion, we get:

fd) = // // 1)d/2 o8 0] €% | Jr|00ur ... 00,9 (a1)

R+ [0,7) [0,7) [0,27)
. d-2 1 =2 4 . d—1—j
— | cos 61 sin®"=(60;)06, - )d/ze 2 p H sin 0,004_1 ...0020p
0,7) R+ [0,7)  [0,7) [0,27) J=2

We now exploit the fact that the normal distribution is a @bliity mass. As such, the integral

of its density function oveR? equalsl. Applying the same change of coordinates, we have:
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1 @9
1 = /.../(%)dﬂe 2 0 (42)
R R
d—2
1
= sin?2(6,)00; - // / / (27T)d/2€ pt 1l_Ismd 1= 39 00g_1...00,0p
0.7) +0,m)  [0,7) [0.27) j=2

Denoting4,, £ f sin® #06, and dividing [411) by[[42), we get:

[ cos 6 sin?"? 6,00,

[0,3]

fld) = = 43)

The numerator evaluatesgg#1 by a simple change of variables, whereas integration by jodrt

Ay, yields the recursive formula:

kE—
k

1
Ay = Ay (44)

Along with the starting conditions that, = 7 andA; = 1, we have:

HQz—i—l
ﬁ_ . d is odd
1 1 -
f(d) - d_]..Ad_Q_ o
27
2 ,diseven
H2¢+1
\ =1
1
e @—
(\/3)

The Wallis’ inequality (se€ [5]) asserts the bound. Spedlificwe getf(2) = % andf(3) = =

18



3.7 Analyzing the Variance of therandom sum Z

Now we provide a tighter bound for the variance of the pragdctumZ. Recall that a bound on

E[Z?] boundsVar(Z) as well. Using the definition of and linearity of expectation, it holds that:

E[Z*] = E[)_0,Yy)’] (45)
i#]

= > 60uB[Y; Yl (46)
i#5,k#l

We show now a bound fdE[Y;; Y}, for everyi # j andk # (. Consider any such palf;;, Y.
Recall thaty;; = [(7,w;;)| andYy, = [(7, wiz)|.

In the general case, there is an angleetweeny;; andwy,;. Note, that in the cases wheiej) =
(k, 1), or, if simply the direction vectors of two such differenaectors (between two different pairs
of points) coincidey equals). Again, since the uniform distribution on tllkedimensional sphere
is invariant under orthogonal transformations, we may cotafi[Y;;Yy] assumings;; = ez, the
dth vector in the standard basis. As fof;, we may assume it is of the forme; + [Fey” 1, where
a = siny, andg = cos .

As in the calculation off (d), we have:

1 T T
E)/ZY - ,_» TS ¥ _L
¥ig¥id / / @n)? <Hfllz > '<Hx||2 @Ca+ fed >
R R

Under spherical coordinates the tet%,@j)u(ﬁ,w}m simplifies to| cos 6, ||a cos 01 +

)

—(
(&

B

¥

ox (47)

B sin 0y cosy, | . Thus, evaluating the integral using spherical coordmate get:

(48)

1 2
ElY;;Yiul] = / / / W\cosﬁl\\acosel—i—ﬂsinﬁl cosBs| €72 | Jp|00g_1 ... 06,0p

Since—1 < «, # < 1 and by using the triangle inequality, we have:
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[

1 2

) / 2m) 72 |cos 07 sin 6, cos Oy| e 2" | Jp|004-1 ... 0010p (49)
T

~—~

Substitutingcos? 6; = 1 — sin? #;, we now divide Eq.[[49) by Eq[{%2) as done in setclion 3.6

[ (1 —sin®6,) sin® 26,00, [ cosfysin® 10,00, - [ cos by sin?? 6,00,

EY, Y] [0.3] L 03] [0.3]
v Aas Aa-z - Adsg
-1 A,
- ! ;;) = f(d) - f(d -1 (50)
d—2
1
= 0() (51)

We use again the definition of;, and the recursion in EqL_{#4) for the first term, and as for the
second term, we use an intermediate step in the calculatigii® as in Eq. [4B), as well as the
boundf(d) = 6().

Returning to Eq.[{45), we conclude the bound

1

Var(Z) = O (E -S(S)) (52)
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4 On Approximating the Diameter of a Set of Points

Given a set of: points inR¢, we consider the problem of approximating the diameter efgét,
which is defined to be the largest distance between any twaswoi the set. For the general case,
the trivial algorithm works in time)(dn?). Of course, in the casé= 1, the problem can be solved
in time O(n) (by finding the leftmost and rightmost points).

After we came up with our randomized approximation algentto the problem, we found out
that a derandomized version of it already exists (see Sedtio [€]). Whereas the derandomized
version of the algorithm involves an additional factor obab(wd)?? queries, it guarantees the
approximation factor. We survey our probabilistic alglnit that achieves @l + ¢)-approximation

of the diameter with high probability and runs in tirogds—(4-1/2),

4.1 An Overview of thealgorithm

we project the points onto a random direction and calculeeltameter of the projectdddimensional
set of points. The pair of points that achieves the diamdtdreoprojected points correspond to a
pair of points in the original set, and the distance betwaerotiginal points is at least the distance
of the projected points. We repeat this process a sufficienther of times, to assure that at least
one of the projections will be onto an axis that is close todinection of the diameter vector.

For a specific pair of points that are a diameter, denbtas their difference vector. For any
e, there exists a small angke = 6(¢) such that when projecting the points along any direction
vectorw such that the angle betweemndw is less thard, it holds that the length of the projection
of the vectorv is at least(1 — ¢)||v||. Calculating the diameter of the projected points along tha
line (using thel-dimensional algorithm) will yield a projected diameterside at least1 — ¢)||¥]|.
Since the length of a projected vector never exceeds théHeighe vector itself, we get a desired
approximation in this case.

The event that the angle between a random vector and a diaveet®r is at mos? is not a
typical event, and it occurs with probabili@(d%s% ). Hence, this experiment is repeate(:—%/?)

times.

21



References

[1] U. Feige. On sums of independent random variables wittounded variance, and estimating

the average degree in a graph.Rroc. of the 36th STO(Mages 594-603, 2004.
[2] O. Goldreich and D. Ron. Approximating Average Paramsetéd Graphs. 2005.

[3] G.E.P. Box, Mervin E. Muller. A Note on the Generation oadftlom Normal Deviates. In
Annals of Mathemafical Statisticgol. 29, No. 2, pages 610-611, 1958.

[4] D.E. Knuth. The Art of Computer Programming, Volume 2 Seminumericabmtlyms.
Addison-Wesley, 1981.

[5] C. Chen, F. Qi. The Best Bounds in Wallis’ Inequality. RProc. of the American Mathematical
Society Vol. 133, Number 2, Pages 397-401, 2004.

[6] P.K.Agarwal, J. Matousek, S. Suri. Farthest Neighbbtaximum Spanning Trees and Related
Problems in Higher Dimension. Iaroc. of WADS '91Pages 105-116, 1991.

22



Appendix A - The uniform distribution on the unit spherein R¢

Our algorithm is described using independent continuondom variables chosen uniformly from
Si—1 £ {7 c R ||Z|| = 1} (thed-dimensional unit sphere).

We now explain how to produce this distribution in a compotadl model in which we are
given access to random variables chosen independentlytiieraontinuous uniform distribution
on the unit interval.

We use a known method[4] in order to generatedimensional unit vector usingindependent
identically distributed (denoteld.D. ) normal random variables with expectatiomnd variance
(denotedN (0, 1)). We then exploit the Box-Muller methodi[3] which transfama pair of random
variabled.l.D. uniformly on the unit interval (denoted|0, 1]) into a pairl.l.D. N(0,1).

In order to choose a random unit vector from the unit spher®drwe may use a normally

distributed vector irR? , and use its direction. Specifically:

Lemma2. Let Ny, ..., Ny be I.1.Dd random variables distributed/ (0, 1). The direction vector
of the vector( Vy, ..., Ny),

(X1,...,Xq)

is distributed uniformly ors4-! .

Proof. It suffices to show that for every subsetssf-!, the probabilty of the event that a vector was
chosen from that set remains fixed under rotations (and inuiager any orthonormal transforma-

tion). We use the density function of thledimensional normal distribution,

]_ —<n,n>
I Nd(nb e a"d) = (27r)d/2 €

whereii £ (nq,...,ny)7. Let A C S9! be such a subset, arid the orthonormal matrix corre-

sponding to such an orthonormal transformation. For d setR¢, let us denote:

R(I) 2 {av:7e€l,a e R} ;. UU)E£{UT:vel}

We get:
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PriX e U(A)=  Pr[NeR(U(A)

U(R(4))
<A, > A, %
_ f (275(“2 e 2 0On=
U(R(4))

We now change coordinates by the linear transformation:

T

(m17 B 7md) = U_l(nh R Jnd)

T

SinceU is orthonormal, itholds |Jy| = |2 | = 1 and< Ui, Ui > = < m, m >. It follows:

—<UR,Um> 5
’ = Ea i P

O

Using the lemma, it is clear how to achieve such a distrilbutisingd independent samples of
the normal distribution. We now survey the question of setinly the normal distribution based on
the uniform one.

In general, for any random variablg, it is possible to transform a uniform random variable
U[0, 1]into X, by applying X*(p) (X's quantile function) onU[0, 1], that is, X*(U[0, 1]) is dis-
tributed asX.

In the case of the normal distribution, the quantile functi® not an elementary function, so
that a different method should be considered. We achievadhmal distribution using the Box-
Muller method, which transforms a pair of random variable®. U[0, 1]into a pairl.1.D. N(0,1).
The method is based on a characteristic property oRtdenensional normal distribution, that in
the polar representation of2adimensional normally distributed vector, it holds that @ngleo is
distributed uniformly on0, 27) and that the square of its radidsis distributed according to the
exponential distribution with expectatio}n The quantile function of the exponential distribution

with expectation\ is X*(p) = —5 log(p). This concludes to:
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Lemma 3. LetU;, U, be two random variables I.1.0/[0, 1]. Then

N1 2 Rcos® = +/—2logU cos(27wUs)
Ny, £ Rsin® = +/—2logU, sin(27U,)

are two random variables I..DN (0, 1).

The composiotion of the two lemmas enables the generatitimeadiniform distribution on the
unit sphere in a continous computational model given acadsssource of uniformly distributed

random variables on the unit interval.
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