
The Tensor Produ
t of Two Good Codes Is Not Ne
essarilyRobustly Testable∗Oded Goldrei
h† Or Meir‡July 2007Abstra
tGiven two 
odes R,C, their tensor produ
t R ⊗C 
onsists of all matri
es whose rows are
odewords of R and whose 
olumns are 
odewords of C. The produ
t R ⊗ C is said to berobust if for every matrix M that is far from R ⊗ C it holds that the rows and 
olumns of
M are far from R and C respe
tively. Ben-Sasson and Sudan (ECCC TR04-046) have askedunder whi
h 
onditions the produ
t R ⊗ C is robust.Paul Valiant (APPROX-RANDOM 2005) gave an example of two linear 
odes with 
on-stant relative distan
e whose tensor produ
t is not robust. However, one of those 
odes hasa sub-
onstant rate. We show that this example 
an be modi�ed so that both 
odes have
onstant rate and relative distan
e.1 Introdu
tionAn error 
orre
ting 
ode is said to be lo
ally testable if there is a test that 
an 
he
k whether agiven string is a 
odeword of the 
ode, or rather far from the 
ode, by reading only a 
onstantnumber of symbols of the string. Lo
ally Testable Codes (LTCs) were �rst expli
itly studied byGoldrei
h and Sudan [4℄ and sin
e then few 
onstru
tions of LTCs were suggested (See [3℄ for asurvey of those 
onstru
tions).Eli Ben-Sassson and Madhu Sudan [1℄ suggested using the tensor produ
t operation for the
onstru
tion of LTCs. Given two 
odes R, C, their tensor produ
t R ⊗ C 
onsists of all matri
es
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whose rows are 
odewords of R and whose 
olumns are 
odewords of C. If R and C are lo
allytestable, we would like R ⊗ C to be lo
ally testable. Ben-Sasson and Sudan suggested using thefollowing test for testing the tensor produ
t R ⊗ C.The Row/Column Test Choose a random row (or 
olumn) and a

ept i� it is a 
odeword of
R (C, respe
tively).In order to study the 
onditions under whi
h R ⊗C is lo
ally testable, Ben-Sasson and Sudanintrodu
ed the notion of �robust� tensor produ
t. The tensor produ
t R ⊗ C is said to be robustif for every matrix M that is far from R ⊗ C it holds that the rows and 
oluns of M are far from
R and C respe
tively. It is not hard to see that if both R and C are lo
ally testable and R⊗C isrobust then R ⊗ C is lo
ally testable.This gives rise to the question in whi
h 
ases the tensor produ
t is robust. Paul Valiant gave anexample of two linear 
odes whose tensor produ
t is not robust [6℄, and his example was extendedin [2℄. However, in the example of Valiant, one of the 
odes is of sub-
onstant rate. In this note,we show that the example of Valiant 
an be 
hanged so that both 
odes have 
onstant rate. UsingTheorem 2 of [2℄, it follows that there exists a linear 
ode of 
onstant rate and relative distan
e,whose tensor produ
t with itself is not robust.We also give a new proof for the 
orre
tness of Valiant's example, that gives a new intuition forwhy this example works. Our proof is based on the reverse dire
tion of the �Re
tangle Method�presented by Meir [5℄.2 PreliminariesLet R, C denote binary linear 
odes with blo
k lengths m, n and relative distan
es δR, δC . TheTensor Produ
t R⊗C ⊆ {0, 1}n·m is the linear 
ode that 
onsists of all the binary n×m matri
eswhose rows are 
odewords of R and whose 
olumns are 
odewords of C.For any binary n × m matrix M we denote by δ(M) the relative distan
e of M to R ⊗ C. Wealso denote by δrow(M) the average relative distan
e of a row of M to R, and de�ne δ
ol similarly.Finally, we denote by ρ(M) the average of δrow(M), δ
ol(M), that is

ρ(M) =
δrow(M) + δ
ol(M)

2We say that R ⊗ C is α-robust if for every M it holds that ρ(M) ≥ α · δ(M).In this note we show an example of 
odes C1, C2 with 
onstant rate and 
onstant relativedistan
e su
h that C2 ⊗ C1 is not α-robust for any 
onstant α.2



3 The 
odesLet C1,Cg be two random linear 
odes with parameters (with high probability) [n, k = 1

5
n, d = 1

100
n
]

2for n that is divisible by 100. Let G1, Gg be their generating matri
es. Let H = GT
1 Gg. We 
laimthat H has rank k: On one hand, the 
olumns of H are linear 
ombinations of rows of G1, soits rank 
an be at most k. On the other hand, both G1 and Gg are matri
es of rank k and have

k rows, so ea
h of them 
ontains a full rank k × k submatrix, denote those submatri
es K1, Kgrespe
tively. Now, note that KT
1 Kg is a submatrix of GT

1 Gg, so the rank of H is at least k. Itfollows that the rank of H is exa
tly k, and the 
olumns of H therefore span C1.Let H10 be the n × 10n matrix that 
onsists of 10 
onse
utive 
opies of H and let I10
n be the

n-rank identity matrix with ea
h 
olumn dupli
ated to appear 10 times 
onse
utively. That is, I10
nis a matrix of the form

n




















10
︷ ︸︸ ︷

1 1 . . . 1
0 0 . . . 0
0 0 . . . 0... ... ... ...
0 0 0 0

10
︷ ︸︸ ︷

0 0 . . . 0
1 1 . . . 1
0 0 . . . 0... ... ... ...
0 0 0 0

. . .

10
︷ ︸︸ ︷

0 0 . . . 0
0 0 . . . 0... ... ... ...
0 0 . . . 0
1 1 . . . 1












We de�ne the 
ode C2 to be the spa
e spanned by the rows of G2 = H10 + I10

n . We show that C2has a 
onstant rate and 
onstant relative distan
e and that C2 ⊗ C1 is not robust.4 Required propertiesThe dual 
ode of C1 is a random linear 
ode with rate 4

5
, and sin
e 4

5
< 1−H

(
1

100

) it follows thatwith high probability this dual has distan
e d = 1

100
n.Let S be the set of n-bit ve
tors that 
onsist of n

10
�homogenous� blo
ks of 10 bits. By �ho-mogenous� we mean that in ea
h blo
k all the bits are equal. Formally:

S =
{

x ∈ {0, 1}n : ∀0 ≤ i <
n

10
, 1 ≤ j < 10, x10i+j = x10i+j+1

}Note that the zero ve
tor is in S.We show that with high probability any nonzero 
odeword of Cg is 1

100
-far from S. For any

v ∈ {0, 1}k, observe that vGg is a uniformly distributed ve
tor in {0, 1}n over random 
hoi
es of3



Gg. We denote by Bn(s, d) the Hamming Ball with 
enter s and radius d in {0, 1}n and note that
Pr
Gg

[∆ (vGg, S) < d] ≤
∑

s∈S

Pr [∆ (vGg, s) < d]

=
∑

s∈S

|Bn(s, d)|

2n

≈
∑

s∈S

2[H( 1

100
)−1]n

<
∑

s∈S

2−0.9n

= 2
1

10
n · 2−0.9n

= 2−0.8nBy the union bound we obtain that
Pr
Gg

[∆ (Cg\{0}, S) < d] < |Cg| · 2
−0.8n = 2k−0.8n = 2−0.6nAnd thus with high probability Cg\{0} is 1

100
-far from S.5 The rate of C2We shall show that the rank of G2 is at least k, and therefore the rate of C2 is at least 1

50
(sin
e

C2 has blo
k length 10n). Re
all that H has rank k (see Se
tion 3), and therefore so does H10. Itfollows that there are k independent rows of H10. Let I denote the indi
es of those rows.Take any m ≤ k rows w1, . . . , wm of G2 whose indi
es are in I. For ea
h i we write wi = ui + viwhere ui and vi are rows of H10 and I10
n respe
tively. Re
all that u1, . . . , um are independent, sin
ethey were 
hosen in I. We have that

m∑

i=1

wi =

(
m∑

i=1

ui

)

+

(
m∑

i=1

vi

)We make the following observations:1. Ea
h row of H is a 
odeword of Cg.2. Ea
h row ui of H10 
onsists of 10 
onse
utive 
opies of a row of H , denote it u′

i. Thus, theleft summand (
∑m

i=1
ui) 
onsists of 10 
onse
utive 
opies of u′ = (

∑m

i=1
u′

i). Note that u′ isa 
odeword of Cg, and that it is non-zero be
ause the rows u1, . . . , um are independent.4



3. Every row of I10
n 
onsists of 10 blo
ks of length n, ea
h of whi
h is an element of S. Clearly,

S is 
losed under addition, and therefore every linear 
ombination of rows of I10
n is a 
on-
atenation of 10 elements of S. In parti
ular, the right summand (

∑m

i=1
vi) is 
on
atenationof 10 elements of S.4. It follows that the sum (

∑m

i=1
wi) 
onsists of 10 blo
ks of length n, ea
h of whi
h is the sumof u′ and an element of S. Sin
e u′ is a non-zero 
odeword of Cg, the sum of u′ with anelement of S 
an not be zero (see Se
tion 4) and therefore (

∑m

i=1
wi) is non-zero.This implies that the rows of G2 whose indi
es are in I are independent, so G has rank at least k.6 The distan
e of C2We shall show that the distan
e of C2 is at least 10d, so its relative distan
e is 1

100
. Let c = vG2be any nonzero 
odeword of C2. If vH = 0, then sin
e the 
olumns of H span C1, it must be that

v is a 
odeword of the dual of C1. Thus the weight of v must be at least d (see Se
tion 4) and so
vG2 = vI10

n must have weight of at least 10d.Suppose that vH 6= 0, and let us denote x = vH . We pro
eed as in the analysis of the rate of
C2: Observe that1. x is a 
odeword of Gg.2. vH10 is a 
on
atenation of 10 
opies of x3. vI10

n is the 
on
atenation of 10 elements of S.It follows that c = vH10 + vI10
n 
onsists of 10 blo
ks, ea
h of them is the sum of x with an elementof S. The string x is a non-zero 
odeword of Cg, so by Se
tion 4 it di�ers on at least d 
oordinatesfrom every element of S. It follows that the weight of c is at least 10d.7 The non-robustness of C2 ⊗ C1In this se
tion we review the proof of Paul Valiant to the non-robustness of C2 ⊗ C1. We now
onsider G2 as a n× 10n matrix, whi
h is not a 
odeword of C2 ⊗C1, and show that that it is farfrom C2 ⊗C1 while its rows and 
olumns are 
lose to C2 and C1. That is, G2 is a 
ounter-exampleto the robustness of C2 ⊗ C1.Every row of G2 is a 
odeword of C2, so δrow(G2) = 0. Furthermore, every 
olumn of H10 =

G2 − I10
n is a 
odeword of C1, so δ
ol(G2) = 1

n
. We thus have that ρ(G2) ≤

1

2n
.5



Claim 7.1
δ(G2) ≥

(n − k) d

10n2Proof Consider an arbitrary M ∈ C2 ⊗ C1. Every row of G2 − M is a 
odeword of C2. Fur-thermore, ea
h 
olumn of G2 − I10
n − M is a 
odeword of C1, so the rank of G2 − I10

n − M is atmost k. This implies that the rank of G2 − M must be at least n − k: Otherwise, the rank of
−I10

n = (G2 − I10
n − M) + (M − G2) would have been less than n (sin
e rank is sub-additive andthe ranks of G2 − M and M − G2 are equal).Thus, there are at least n−k non-zero rows in G2−M , ea
h of whi
h is a 
odeword of C2. Ea
hof those non-zero rows of G2 −M has weight of at least d. It follows that ∆(G2, M) ≥ (n−k)d, so

δ(G2) = min
M∈C2⊗C1

{δ (G2, M)} ≥
(n − k) d

10n2As required. �This implies that C2 ⊗ C1 is at most α(n)-robust for
α(n) =

10n

2(n − k)d
=

5n
4

5
n · 1

100
n
≤

2500

nwhi
h is sub-
onstant.8 Alternative proof for the non-robustness of C2 ⊗ C1We give an alternative proof that C2⊗C1 is not robust, (See Se
tion 5 of [5℄). For any n×10n matrix
M , let MR denote the matrix obtained from de
oding every row of M to nearest 
odeword of C2,and let MC be de�ned similarly for the 
olumns and C1. Suppose that C2 ⊗C1 is α-rboust. Thenfor α0 = 1

6
δC1

δC2
α and for every matrix M that satis�es ρ(M) < α0 we have that MR and MC agreeon the 
oordinates in a re
tangle U × V , where U ⊆ [n], V ⊆ [10n], |U | >

(
1 − 1

100

)
· n = 0.99n,

|V | >
(
1 − 1

100

)
· n = 9.9n. We 
all su
h re
tangle large.Claim 8.1. There is no large re
tangle U × V on whi
h (G2)R and (G2)C agree.Proof Let U and V the sets su
h that U × V is a large re
tangle. Observe that (G2)R = G2 and

(G2)C = H10 = G2 − I10
n , so (G2)R − (G2)C = I10

n . We show that I10
n has an entry with value 1 in

U × V .We know that every 
olumn of I10
n 
ontains exa
tly one entry with value 1, so the total numberof entries with value 1 
ontained in the 
olumns of V is |V |. We also know that every row of I10

n6




ontains exa
tly ten entries with value 1, so there are at least 1

10
|V | rows that 
ontain 1's in theirinterse
tion with V . Now, note that 1

10
|V | > n − |U |, and thus the rows 
ontaining entries withvalue 1 in their interse
tion with V 
an not all be in [n] \U . It follows that I10

n has 1 on at leastone of the 
oordinates in U × V , as required. �Using Claim 8.1, it is straightforward to show that C2 ⊗ C1 is not robust. However, thequantative bound we get for the robustness of C2 ⊗ C1 is little weaker from the one we get inSe
tion 7. We write the details below, so the bounds 
an be 
ompared.Claim 8.2. C2 ⊗ C1 is at most α(n)-robust for α(n) = 30000

n
.Proof Suppose that C2 ⊗ C1 is α-robust for α > 30000

n
. It follows that for

α0 =
1

6
δC1

δC2
α >

1

6
·

1

100
·

1

100
·
30000

n
=

1

2nwe have that for any matrix M that satis�es ρ(M) < α0 we have that MR and MC agree on alarge re
tangle. Re
all that ρ(G2) = 1

2n
< α0, so it follows that (G2)R and (G2)C agree on a largere
tangle, 
ontradi
ting Claim 8.1. �We 
omment that the bound derived in Claim 8.2 is not optimal. A stronger bound 
an bederived by analyzing more 
arefully the relative distan
e of C1 and C2.Referen
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