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Abstract

The /5 flattening lemma of Johnson and Lindenstrauss
[JL84] is a powerful tool for dimension reduction. It
has been conjectured that the target dimension bounds
can be refined and bounded in terms of the intrinsic di-
mensionality of the data set (for example, the doubling
dimension). One such problem was proposed by Lang
and Plaut [LP01] (see also [GKLO03, Mat02, [ABNOS|,
CGT10]), and is still open. We prove another result
in this line of work:

The snowflake metric d*/? of a doubling set
S C {ly can be embedded with arbitrarily low
distortion into (Y, for dimension D that de-
pends solely on the doubling constant of the
metric.

In fact, the target dimension is polylogarithmic in
the doubling constant. Our techniques are robust and
extend to the more difficult spaces ¢; and {,, although
the dimension bounds here are quantitatively inferior
than those for /5.

1 Introduction

Dimension reduction, in which high-dimensional data is
faithfully represented in a low-dimensional space, is a
key tool in several fields. Probably the most prevalent
mathematical formulation of this problem considers the
data to be aset S C {5, and the goal is to map the points
in S into a low-dimensional /5. (Here and throughout,
£ denotes the space R¥ endowed with the £,-norm; ¢,
is the infinite-dimensional counterpart of all sequences
that are p-th power summable.) A celebrated result in
this area is the so-called JL-Lemma [JL84]:

THEOREM 1.1. (JOHNSON AND LINDENSTRAUSS) For
every n-point subset S C fly and every 0 < & < 1,
there is a mapping Vy, : S — (5 that preserves all
interpoint distances in S within factor 1 + ¢, and has
target dimension k = O(s~?logn).
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This positive result is remarkably strong; in fact the
map Wy, is an easy to describe linear transformation.
It has found many applications, and has become a basic
tool. It is natural to seek the optimal (minimum) target
dimension k possible in this theorem. The logarithmic
dependence on n = |S| is necessary, as can be easily
seen by volume arguments, and Alon [Alo03] further
proved that the JL-Lemma is optimal up to a factor of
O(log %) These lower bounds are existential, meaning
that there are sets S for which the result of the JL-
Lemma cannot be improved. However, it may still be
possible to significantly reduce the dimension for sets S
that are “intrinsically” low-dimensional. This raises the
interesting and fundamental question of bounding k in
terms of parameters other than n, which we formalize
next.

We recall some basic terminology involving metric
spaces. The doubling constant of a metric (M, dy),
denoted A(M), is the smallest A > 1 such that every
(metric) ball in M can be covered by at most A balls of
half its radius. We say that M is doubling if its doubling
constant A(M) is bounded independently of |M|. It

is sometimes more convenient to refer to dim(M) def
log, A(M), which is known as the doubling dimension of
M |GKLO3]. An embedding of one metric space (M, dps)
into another (NV,dy) is a map ¥ : M — N. We say
that ¥ attains distortion D’ > 1 if U preserves every
pairwise distance within factor D’, namely, there is a
scaling factor s > 0 such that

dn (¥(z), ¥(y))

1<
s-dy(x,y)

<D, Vz,y € M.

The following problem was posed independently
by [LP01] and [GKLO3| (see also [Mat02, [ABNOS,
CGTI0]):

QUESTION 1. Does every doubling subset S C 5 embed
with distortion D' into (Y for D, D' that depend only
on A(S)?

This question is still open and seems very challeng-
ing. Resolving it in the affirmative seems to require
completely different techniques than the JL-Lemma,
since such an embedding cannot be achieved by a linear



map [INO7, Remark 4.1]. For algorithmic applications,
it would be ideal to resolve positively an even stronger
variant of Question (1, where the target distortion D’ is
an absolute constant independent of A(S), or even 14¢
as in the JL-Lemma. This stronger version has not been
excluded, and is still open as well.

1.1 Results and Techniques We present dimen-
sion reduction results for doubling subsets in Euclidean
spaces. In fact, we devise a robust framework that ex-
tends even to the spaces ¢; and ¢.,. Our results incur
constant or 1+ ¢ distortion, with target dimension that
depends not on |S| but rather on dim(S) (and this de-
pendence is unavoidable due to volume arguments). We
remark that such guarantees — very low distortion and
dimension — are highly sought-after in metric embed-
dings, but rarely achieved. We state our results in the
context of finite metrics (subsets of £,); they extend to
infinite subsets of L, via standard arguments.

Snowflake Embedding. Our primary embedding
achieves distortion 1+¢ for the snowflake metric d* of an
input metric d (i.e. the snowflake metric is obtained by
raising every pairwise distance to power 0 < « < 1). Tt
is instructive to view « as a fixed constant, say o = 1/2.
We prove the following in Section 3.3 Throughout, we
use O(f) to denote f - (log f)°OM).

THEOREM 1.2. Let 0 < ¢ < 1/4, 0 < a < 1, and
& = min{a,1 — a}. Every finite subset S C lo admits
an embedding ® : S — (5 for k = O(e~*a~"(dim 5)?),
such that

[19(=) = ®(v)ll2

<1l+4g¢g,
|z -yl

Vz,y € S.

Notice the difference between our theorem and
Question [1: Our embedding achieves better distortion
1+e¢, but it applies to the (often easier) snowflake metric
d®. Our result is also related to the following theorem
of Assouad [Ass83]: For every doubling metric (M,d)
and every 0 < a < 1, the snowflake metric d* embeds
into (Y with distortion D', where D, D’ depend only
on A(M) and «. Note the theorem’s vast generality —
the only requirements are the doubling property (which
by volume arguments is an obvious necessity) and that
the data be a metric — at the nontrivial price that
the distortion achieved depends on A(M). Compared
to Assouad’s theorem, our embedding achieves a much
stronger distortion 1 + €, but requires the additional
assumption that the input metric is Euclidean.

Previously, Theorem 1.2 was only known to hold
in the special case where S = R (the real line).
For this case, Kahane [Kah81] and Talagrand [Tal92)
exhibit a 1 4 ¢ distortion embedding of the snowflake

metric |z — y|* into ¢5. Kahane’s [Kah81] shows an
embedding of |z — y|'/? (also known as Wilson’s helix)
into dimension k& = O(1/¢e), while Talagrand [Tal92]
shows how to embed every snowflake metric |z — y|®,
a € (0,1), with dimension k& = O(K(«)/e?) (which
is larger). Thus, our theorem can be viewed as a
generalization of [Kah81), [Tal92] to arbitrary doubling
subset of £ (or other £,), albeit with a somewhat worse
dependence on €.

Embedding for a Single Scale. Most of our
technical work is devoted to designing an embedding
that preserves distances at a single scale r > 0, while
still maintaining a one-sided Lipschitz condition for all
scales. We now state our most basic new result, which
achieves only a constant distortion (for the desired
scale).

THEOREM 1.3. For every scale v > 0 and every 0 <
§ < 1/4, every finite set S C fy admits an embedding
©: S — (5 fork= O(log% - (dim 9)?), satisfying:

(a).

Lipschitz:
x,y €5;

le(@) = eWllz < llz = yll2 for all
(b). Bi-Lipschitz at scale r: ||p(x) — o(y)|l2 = Q| —
yll2) whenever ||z — yll2 € [0r,r]; and

(¢). Boundedness: ||o(z)||2 < r for allz € S.

The constant factor accuracy achieved by this the-
orem is too weak to achieve the 1+ ¢ distortion asserted
in Theorem [1.2. While we cannot improve condition (b)
to a factor of 1+¢, we are able to refine it in a useful way.
Roughly speaking, we introduce a “correction” function
G : R — R, such that whenever ||z — y||2 € [7,7],

() — p(y)ll2

_(1ae) Gple=uley
fo—glls 0O

(1.1)

This function G does not depend on r and equals O(1) in
the appropriate range. Using the correction function, we
obtain very accurate bounds on distances in the target
space, at the price of increasing the dimension by a
factor of O(1/e%). This high-level idea is implemented in
Theorem [3.1, which immediately implies Theorem [1.3|
although the precise bound therein slightly differs from
Equation (1.1)).

Embeddings for a single scale are commonly used in
the embeddings literature, though not in the context of
dimension reduction. It is plausible that in some appli-
cations, a single-scale embedding may suffice, or even
provide better bounds than our snowflake embedding
(or Question [T).

Other £, Spaces. Our dimension reduction
framework extends to ¢, (ie. S C {, and ®: S — E’;)
for both p = 1 and p = oo, as discussed in Section



4l The bounds we obtain therein are worse than in
the /5 case, namely the dimension k is at least expo-
nential in dim(S), which is to be expected because of
strong lower bounds known in terms of n = |S| (see
[BCO5, [LN04| for ¢; and [Mat96] for ¢,,). We remark
that previous work on dimension reduction in ¢, spaces
[JL84, [Sch87, [Tal90, Bal90, Tal95, Mat96] did not es-
tablish any dimension bound in terms of A(S); these
bounds are all expressed in terms of n = |S|, or of the
dimension of S as a linear subspace.

For ultrametrics, our framework provides even
stronger bounds, which resolve Question [1 in the af-
firmative, as follows. Ultrametrics embed isometrically
(i.e. with distortion 1) into ¢2, hence Theorem 1.2 is
immediately applicable. We can then eliminate the
snowflake operator (i.e. achieve a = 1) by the observa-
tion that (M, d) is an ultrametric if and only if (M, d?)
is an ultrametric, and thus Theorem [1.2!is applicable to
the ultrametric d? with a = 1/2. Moreover, the dimen-
sion bound can be improved by replacing some steps
with more specialized machinery. However, in retro-
spect a near-optimal bound may be obtained by minor
refinements of [ABN(09, Lemma 12].

Technical contribution. The main technical
challenge is to keep both distortion and dimension un-
der tight control. We use a relatively large number of
the tools developed recently in the metric embeddings
literature, combining them in a technically non-trivial
manner that yields a rather strong outcome (1 + & dis-
tortion). Several of the tools we use are nonlinear, hence
our approach can potentially be used to circumvent the
limitation on linear embeddings observed by [INO7].

Our results may also be viewed as partial progress
towards Question|1: Observe that Theorem 1.2/ answers
that question positively in the special case where also
the square of the given Euclidean metric is known
to be Euclidean (e.g. for all ultrametrics). Further,
Theorem [1.3] achieves bounds that relax those required
by Question [1. Moreover, if the answer to Question [1
is negative (which is not unlikely), then our results may
be essentially the closest alternative.

1.2 Related work A summary of some related work
on embeddings, meant to put our results in context,
is found in Table 1. Very recently, and subsequent to
the public posting of this paper, the authors of [BRS11]
concluded that an extension of their work, coupled with
the framework presented here, yields a stronger version
of Theorem (1.2, where the target dimension is improved
to O(e 3@ 'dim S). This additional result has been
appended to the most recent version of [BRS11].

1.3 Applications In many settings, data is provided
as points in £, and it is extremely advantageous to rep-
resent the data using a low-dimensional space. For in-
stance, the cost of many data processing tasks (in terms
of runtime, storage or accuracy) grows exponentially in
the embedding dimension. In many such cases, our ma-
chinery can reduce the embedding dimension to close
to the data’s doubling dimension, leading to significant
performance improvement. This approach suitable for
problems (i) that depend on pairwise distances but can
tolerate small distortion; and (ii) whose algorithms de-
pend heavily on the embedding dimension, so that the
improved performance given by the lower dimension
outweighs the overhead cost of computing the dimen-
sionality reduction.

We provide in Section 5/ two examples where our
dimensionality reduction results have immediate algo-
rithmic applications. The first one is an approximate
Distance Labeling Scheme, where the main complexity
measure is the storage required at each network node.
The second example is approximation algorithms for
clustering algorithms, where running time is typically
exponential in the dimension. In both cases, the final
approximation obtained is 1 + €.

On a more conceptual level, our embeddings may
explain a common empirical phenomenon regarding low-
dimensional data: Many heuristics that represent (non-
Euclidean) input data as points in Euclidean space find
that low-dimensional Euclidean space is sufficient to
yield a fair representation, see e.g. [NZ02| for network-
ing and [TdSLO00, [RS00] for machine learning. Our re-
sults can be interpreted as conveying the following prin-
ciple: Intrinsically low-dimensional data that admits a
meaningful representation in ¢5, can actually be repre-
sented in low-dimensional (5.

Implementation. All our embedding results are
algorithmic — they are constructive and can be com-
puted in polynomial time. The details are mostly
straightforward, and we do not address this issue ex-
plicitly. It is possible that the running time may be im-
proved further, and perhaps even be brought close to lin-
ear. (For example, the Gaussian transform is computed
quickly via the Gram matrix.) Two nontrivial steps in
this direction are the implementation of Kirszbraun’s
Theorem, which is usually solved as a semidefinite pro-
gram, and our use of padded partitions, which require
an application of the Lovasz Local Lemma.

2 Preliminaries and tools

Doubling dimension. For a metric (X, d), let A be the
infimum value such that every ball in X can be covered
by A balls of half the radius. The doubling dimension
of X is dim(X) = logy A\. A metric is doubling when



’ Reference Origin Target space \ Distortion Dimension Snowflake « ‘
[TL84] 2 ly 1+e O(s=%logn) none (a = 1)
[Ass83] doubling /5 20(dim 5) 20(dim 5) fixed o < 1
[GKLO3| doubling /5 O(dimS)  O(dim S) fixed a < 1
[HMO6) doubling /o l+e g~ O(dim 5) fixed o < 1
[ABNOSg] doubling £, p > 1 O(log'™n) O(¢~'dimS)  none
Theorem 1.2 | 45 Uy 1+e¢ 0(6‘4 dim? S)  fixed @ < 1

Table 1: A sampling of related work; holds for arbitrary ¢ € (0,1)

its doubling dimension is finite. The following property
can be demonstrated via a repetitive application of the
doubling property.

PROPERTY 2.1. For set S with doubling dimension
log A, if the minimum interpoint distance in S is at

least a, and the diameter of S is at most (3, then
1S < 2\O(og(B/a))

e-nets. For a point set S, an e-net of S is a subset
T C S with the following properties: (i) Packing: For
every pair u,v € T, d(u,v) > e. (ii) Covering: Every
point w € S is strictly within distance e of some point
veT: dly,z) <e.

Lipschitz norm. Let (X, dx) and (Y, dy) be met-
ric spaces. A function f : X — Y is said to be K-
Lipschitz (for K > 0) if for all x,2’ € X we have
dy (f(z), f(2")) < K -dx(z,2"). The Lipschitz constant
(or Lipschitz norm) of f, denoted || f||Lip, is the infimum
over K > 0 satisfying the above. A 1-Lipschitz function
is called in short Lipschitz. We recall the following ba-
sic property of Lipschitz functions: Let f : X — ¢§ and
g : X — R. Then their product fg:z — g(x)- f(x) has
Lipschitz norm

1fglluip < [l Flleip - max |g(x)] + [|gllrip - max [ f (2)]]

Extension Theorem. The Kirszbraun Theorem
[Kir34] states that if S and X are Euclidean spaces,
T C S, and there exists a Lipschitz function f : T" — X;
then there exists a function f : S — X that has the same
Lipschitz constant as f and also extends f, i.e. f lr=f,
meaning that the restriction of f to T is identical to f.

Bounded distances and the Gaussian Transform.
A metric transform maps a distance function to another
distance function on the same set of points (e.g. maps
(X,d) to (X,d"/?)). We say that a metric transform is
bounded (by T > 0) if it always results with a distance
function where all interpoint distances are bounded (by
T > 0). The Gaussian transform is a metric transform
that maps value t to G.(t) = r(1 — e’t2/r2)1/2, where
r > 0 is a parameter. Schoenberg [Sch38, D1.97] showed
that the Gaussian transform maps Euclidean spaces to

Euclidean spaces. That is, for every r > 0 and X C Lo
there is an embedding g : X — Lo such that for all
2,y € X we have [lg(@) — g(y)l2 = Gr(lz — yll2). Tt is
easily verified that

G,(t) <t,

thus ||g]|Lip < 1. In addition, G,(¢) < r for all ¢, hence
the Gaussian transform is bounded. The idea of using
bounded transforms for embeddings is due to [BRS11].

Probabilistic partitions. Probabilistic partitions
are a common tool used in embeddings. Let (X,d)
be a finite metric space. A partition P of X is a
collection of non-empty pairwise disjoint clusters P =
{C1,C4,...,C} such that X = U,;C;. For z € X we
denote by P(z) the cluster containing x.

We will need the following decomposition lemma
due to Gupta, Krauthgamer and Lee [GKLO03], Abra-
ham, Bartal and Neiman [ABNO0S8], and Chan, Gupta
and Talwar [CGT10]. Let B(z,r) = {y| ||l — y|| < r}.

vt >0, (2.2)

THEOREM 2.1. (PADDED DECOMPOSITION) There ex-
ists a constant cg > 1, such that for every metric space
(X,d), every e € (0,1), and every A > 0, there is
a multi-set D = [Py,..., Py) of partitions of X, with
m < cpe ! dim(X)logdim(X), such that

1. Bounded radius: diam(C) < A for all clusters
CelUr, p.

2. Padding: If P is chosen uniformly from D, then for
allz € X,

A
Plf;rD[B(x, co dim(X)

JCPx)]>1-—c.
Remark: |[GKLO3| provided slightly different quantita-
tive bounds than in Theorem 2.1. The two enumer-
ated properties follow, for example, from Lemma 2.7
in [ABNO0S], and the bound on support-size m follows
by an application of the Lovasz Local Lemma sketched
therein.

3 Dimension Reduction for 45

In this section we first design a single scale embedding
that achieves distortion 1+¢ after including a correction



function. This result is stated in Theorem (3.1 below,
which is a refined version of Theorem 1.3 We then
use this single scale embedding to prove Theorem [1.2]in
Section 3.3 Throughout this section, the norm notation
I ]| denotes £3-norms. We make no attempt to optimize
constants. Following Section 2, define G : R — R by
G(t) = (1 —e )2 and let

Go(t) =1 G(t/r) =r(1 — e " /)12,

THEOREM 3.1. For every scale v > 0 and every 0 <
0,6 < 1/4, every finite set S C ly admits an embedding
0: 8 — 15 fork=0("3 log% - (dim S)?), satisfying:

(a). Lipschitz: |lo(z) — o)l < [lz —yl| for all z,y € S.

(b). 1+ ¢ distortion to the Gaussian (at scales near r):
For all z,y € S with or < ||z —y| < 55

1 ele) - el _
T+e™ Golla—yl) ~

(¢). Boundedness: ||p(x)|| <r forallz e S.

In the sequel, we shall prove bounds that are slightly
weaker than those stated above but only by a constant
C > 1, eg |ollup < 14 Ce. The actual theorem

follows immediately from these bounds by scaling of ¢
by H% and scaling of € by 1/C.

3.1 Embedding for a single scale Our construc-
tion of the embedding ¢ for Theorem [3.1 proceeds in
seven steps, as described below. Let A = A(S). All the
hidden constants are absolute, i.e. independent of A\, ¢,
6 and r. It is plausible that the dependence of target
dimension on log A can be improved to be near-linear,
by carefully combining some of these steps.

Step 1 (Net Extraction): Let N C S be an (e0r)-
net in S.

Step 2 (Padded Decomposition): Compute for N
a padded decomposition with padding %T. More
specifically, by Theorem 2.1, there is a multiset
[Py, ..., Py] of partitions of N, where every point
is %’"—padded in 1 — ¢ fraction of the partitions, all
clusters have diameter bounded by A = O(5 log A),
and m = O(s7 ! log Aloglog \).

Step 3 (Bounding Distances): In each partition P;
and each cluster C' € P;, bound the interpoint
distances in C' at maximum value r. Specifically,
using a Gaussian transform as per Section 2, obtain
a map g¢ : C — {5 such that

lgc () = gc )3 = G (= —yl)?
— p2(1 — Iy,

Ve,y € C

Step 4 (Dimension Reduction): For each partition
P; and each cluster C € P;, the point set go(C) €
{5 admits a dimension reduction, with distortion
1 + e. Specifically, by the JL-Lemma there is a
map ¥y, : go(C) — £5 such that

It

e < ()=o) < =1,

v, t' € go(0),
(3.3)

and the target dimension is (using Property 2.1))

k' = O(s%log|C|)
— 0(572 log(AO(IOg(A/EM))))
= O(e?log % - log Aloglog A).

Composing the last two steps, define fo = ¥y, 0g¢
mapping C' — 672“/.

Step 5 (Gluing Clusters): For each partition P,
“glue” the cluster embeddings fc by smoothing
them near the boundary. Specifically, for each clus-
ter C € P;, assume by translation that fo at-
tains the origin, i.e. there exists z¢ € C such
that ||fc(z¢)]| = 0. Define hg : C — R by
he(x) = minge ¢ ||z — yl|, as a proxy for 2’s dis-
tance to the boundary of its cluster. Now define
wi: N — 612“' by

@i(x) = fp()(@) - min{l, 2hp,)(2)};

recall that P;(x) is the unique cluster C' € P,
containing x.

Step 6 (Gluing Partitions): Combine the maps ob-
tained in the previous step via direct sum and
scaling. Specifically, define ¢ : N — (7% by

— o —1/2mm
p=m @i:l ©i-

Step 7 (Extension beyond the Net): Use the
Kirszbraun theorem to extend the map ¢ to all of
S, without increasing the Lipschitz constant.

3.2 Proof of Theorem 3.1 Let us show the embed-
ding ¢ constructed above indeed satisfies the conclusion
of Theorem [3.1. By construction, the target dimension
is mk’ = O(e % log X (log Alog log \)?).

We first focus on points in the net N, and later
extend the analysis to all points in .S. Let us start with
a few immediate observations.

LEMMA 3.1. For every z,y € N and every @ €
{1,...,m},
(i) lfpyy (@) < 7.

(i). If Pi(z) = Pi(y) = C then [|fe(z) — fe@)] <
o Gelllz—yl) < = -yl



(iii). If Pi(z) # Pi(y) then hp,(x) < [lz —y].

Proof. [Proof of Lemma/3.1] For assertion|(i), recall that
by the translation, every cluster, and in particular C' =
P;(z), contains a point zc € N such that fo(z¢) = 0.
Thus, using Equation (3.3) we have

lfe(@)=fe(za)ll < llge(x)=go(zo)ll =

To prove the assertion |(ii), use Equations (2.2) and
(3:3), to get

lfe(@) = fo)ll < Vil - ll9c(z) = ge @)
< Gr(llz—wl)
< lz =yl

For assertion (iii), since C' = P;(z) # P;(y) we have that
y € N\C, and so ho(z) = minem\c |lo—z|| < [z —y].
|

Analysis for the net N. We now prove assertions
(a)-(c) of Theorem [3.1! for (only) net points. (We shall
need this later to complete the proof of the theorem.)
To this end, fix x,y € N.

(a) Lipschitz: If |z — y|| > %, we use the boundedness
condition and the fact that ¢ < i to get

le(@) =Wl < lle@) I +le@ll < 2r < § < llz—yll.
Assume now that ||z — y|| < 5. Then by Step 6

W)I? = %Z g (a

To bound the righthand side, fix i € {1,...,m} and
consider separately the following three cases.

W)

llo(z) — (3.4)

Case 1: zx is padded. The padding is 377"7 hence
x and y belong to the same cluster C =
Pi(z) = P;(y). Furthermore, hc(z) > 2,
thus @;(x) = fo(x); similarly ho(y) >
ho(z) = |lz—yll > &, and thus i(y) = fo(y).
Using Lemma 3.1(ii)
lei(x) =il = lfe(@) = fe@)] < [z —yll

Case 2: z is not padded and P;(z) # Pi(y). By
Lemma [3.1(iii),

i (@)l < 11fp.@) (@) - $hp, ) ()
< Shp, ) (2)
< bz =yl

Using a similar bound for ¢;(y), we obtain

lei(@) = i)l < lles(2) | + ()l
<20z -y

<z =yl

Gr([lz=zc|) <

(b)

Case 3: z is not padded and z,y belong to the
same cluster P;(z) = P;j(y) = C. Restrict
w; to C and write it as the product of the

two functions z — fo(z) and he : z —

min{1, $hc(2)}. It follows that
lei(x) = pi(y)
o2 <l fellup - max |he
||x_yH || || p EC' ( )|
+ e iy - max | fo (@)

It easy to verlfy that max.ec lhe(2)] <1 and
lhelLip < S |lhc|lLip < ¢. Plugging in these
estimates and bounds on fc obtained from
Lemma 3.1, we have

lei(2) — @i (@)
I =yl

<1-14+2%.r=1+4.
Now combine these three cases by plugging into
Equation (3.4). Since z is padded in at least 1 — ¢
fraction of the partitions P;, and for the remaining
partitions we can use the worst bound among the
three cases, we get

le(@) = e@)II* < (1 —e)llz —ylI* +e(1 + 0|z — y||?

= (1+ed)|lz - yl*.

Distortion to the Gaussian: We assume henceforth

a slightly extended range %57‘ <z —y| < 25—’“.

Observe that —G’"t(t) is monotonically decreasing in

t, hence

Grllle—yl) | Gr(2r/6)  Gn(8r) _ & (3.5)
=yl 2r/6) ~ (@2r/6) = 3

We proceed by considering the exact same three
cases as above.

Case 1’: z is padded. By the analogous case
above, P;(z) = P;(y) = C and
lpi(2) = i)l = lfo(2) = fo W)l
[ fo(x)=fe @)l
By (33) we have 1 — ¢ S m S

1, where, by construction, the denominator
equals G,(||Jx — yl|). Altogether, we get

O ECEFTC
e A e

Case 2': z is not padded and P;(z) # P;(y). Com-
bining the analogous case above and Equation
(3.5), we have

lei(x) = i(y)ll < 26|z —yl| < 6G, ([l —yl)-



Case 3': z is not padded and z,y belong to the
same cluster P;(z) = P;(y) = C. Refining the
analysis in the analogous case above and using
Equation (3.5), we have

lpi(z) — z) — fe(y)he

he(
) — fe(z)he(

) —
< ho(z) = he(y))|
+ |l fe(@) = fe@l - [ho(y)|
<r -2z -yl
+Gr(llz—yl)-1
<AG([lz —yl)).

Again combine these three cases by plugging into
Equation (3.4) and recalling that x is padded in at
least 1 — e fraction of partitions; we thus get

(@) — ()|”
<) PR 21— .36 = .
(1—¢)? Gl =z = (1—€)+¢e-36 =1+35¢
(3.6)
For later use, let us record that
lo() — w(y)ll < Gr([le —yl)(1 +35¢)"/°
< Gr([lz — yl)(1 + 18¢)
< 11Gr(llaf —yl)- (3.7)

(c). Boundedness: By the fact 0 < hp,(,)(7) < 1 and
Lemma [3.1(1),

m
lo(2)]1? < iz |pi(z

§r2.

< %Z Ifp, ) (=

This completes the analysis for net points x,y € N.

Analysis for entire S. To complete the proof of
Theorem 3.1, we need to prove assertions (a)-(c¢) for
all points in S. This follows via standard arguments
using the above proof for net points and appealing to
the Kirszbraun theorem to argue that ¢ is 1-Lipschitz
on the entire S. For technical reasons, it also requires
some careful estimates on G,.(t). This part of the proof
is deferred to the full paper.

3.3 Snowflake Embedding We now use Theorem
3.1l (the single scale embedding) to prove Theorem [1.2
(embedding for d*). For simplicity, we will first prove
the theorem for @ = 1/2, and then extend the proof to
arbitrary 0 < a < 1.

Fix a finite set S C ¢y and 0 < ¢ < 1/4.
Assume without loss of generality that the minimum

fC(y) c@)ll Assouad [Ass83].

mterpomt distance in S is 1. Define p = 3[log,, .(1)] =
O(Llogl), and the set I = {i € Z : 5§(1+5)Z<
5 5dlam( )}. For each i € I, let ¢; : S — (% be the
embedding that achieves the bounds of Theorem [1.3| for
S and e with respect to parameters r = (1 + ¢)¢ and

Dl s = (1+¢)7? = O(e?). Notice that each ¢; has target
y)| dimension k = O(¢~*log® \).

We shall now use the following technique due to
First, each ¢; is scaled by 1//r =
(1 +&)~%/2. They are then grouped in a round robin
fashion into 2p groups, and the embeddings in each
group are summed up. This yields 2p embeddings,
each into ¢§, which are combined using a direct-sum,
. . . 2pk
resulting in one map ® into 5.

Formally, let ¢ =5, j denote that two integers 4, j
are equal modulo 2p. Define ® : § — ngk using the
direct sum ® = €[, ©;, where each ®; : § — 2% s
given by

_ Pi
®; = Z (14¢)i/2"

i€l i=2p]

For M = M(e) > 0 that will be defined later, our
final embedding is ®/vVM : S — (2P which has
target dimension pk < O(e~*log® \), as required (for
a = 1/2). It thus remains to prove the distortion bound.
We will need the following lemma.

LEMMA 3.2. Let®: S — £2pk be as above, let z,y € S,

and define B; %. Then for every interval
A C I of size 2p (namely A ={a,a+1,...,a+2p—1}),
[2(2) — @ (y)|
2

ST S

icA iEI\A: i'=2pi
< > (B2 +Bly+ 2Bit Biy) >, By

a<i<a+p VEI\A: i'=pi

2
(> B))
iEI\A: i'=pi
and also
12(2) — @ (y)|
2

EZ(maX{O,Bi - Z Bll})

icA i EI\A: i'=2pi
> Y (BB, - 2B+By) X D)

a<i<atp VEINA: i'=pi



Proof. By construction,

[e@) 2w = 2 o5 - 20|

Jj€l2p]
:ZH 3 @i’(x)_@i’(y)Hz
i/2
1€EA  VEL VV=pi (1+e)

Fix i € A and let us bound the term corresponding to 1.
The first required inequality now follows by separating
(among all i' € I with ¢ =, 7) the term for ¢’ = ¢ from
the rest, and applying the triangle inequality for vectors
v1,...,vs € 05, namely, |3, v < X, |luf]. We then
bound the sum of the terms for indices ¢ and i+ p. The
second inequality follows similarly by separating the
term for ¢/ = 7 from the rest, and applying the following
triangle inequality for vectors u, vy, ..., vs € £5, namely,
lu+ >, vl > max{0, [Jul]| — >, |lul/}. We then bound
the sum of the terms for indices ¢ and i + p. (Note that
(max{0,b — c})? > b? — 2bc). |

The proof of Theorem 1.2 proceeds by demonstrat-
ing that, for an appropriate choice of A (meaning p
and a), the leading terms in the above summations (B2
and Bz-zﬂj for a < i < a + p) dominate the sum of all
other terms of the summations. Fix x,y € S, and let
i* € I be such that (14 ¢)" < |lz —y|| < (1+¢)" L
We wish to apply Lemma 3.2. To this end, let A =
{i* = p,...,i*+p—1} and consider i € A. We have the
following lemmas:

LEMMA 3.3. The following hold for all i* —p < i < i*:

(a). 23 - B; > Zi/eI\A: i =pisi <i By
(b). 2e*(L+¢€) Bivp = Yyepa: ir=,iiv>i Bir
(¢). 2e*(L+€)- (Bi+ Bitp) = Yyepa v, Br

The proof of Lemma (3.3 is deferred to the full
version.

We also have the following lemma, whose proof is
again deferred to the full version of this paper.

LEMMA 3.4. Let 0 < n < 1/3 and suppose 0 < t' <
(1+mn)t. Then %i((tt)) <1+ 3n.

Finally observe that for i* —p < j <i* +p

|z —yll
0 < -
~ (1+e)y —

1
R
hence we can apply Theorem 3.1(b) to obtain

lei @) =il 1

<
S ChpnsQe—yl) =

T+ (3.8)

Now, plugging (3.8) and Lemma [3.3] into Lemma
3.2, we obtain

[®(x) — @ (y)I?
> ) (B? + B}, —28°(B; + BH,,)Q)

P€A: i<i*
>(1-4¢%) Y (Bf + B§+p)

1EA: i<i*
=(1-4%1+¢) ) B}
€A
(1+e)3? (1+¢)i/2

1—4e3(1 +¢)

— (1+¢)2

((1 +e)/?. G((1+ 5)1'*71'))2

)

i* —p<i<i*+4p
>(1—4e%(1+¢)(1+¢e)" 2

> ((1 +e)2.G((1 + »s)*”))2

b: —p<b<p
>(1-4°(1+e)A+e) o —yll

> (a2 cro™)”

b: —p<b<p

and similarly, using also Lemma [3.4

[@(2) — @(y)[|”
<(+s+e) Y (B2+B2,)
i€A: i<i*
=(1+8°(1+¢)> B}
€A
Gateyi(lz —yl)\2
<(1 +853(1 +E))iEZA ( —E_l Jre)i/z )

< (14831 +¢))
> (a+e2a+ e)i**i+1))2
i*—p<i<i*+p
< (14831 +¢))(1+¢e)" (1+3¢)
> (a+e2 G +e)*b))2

b: —p<b<p
<4831 +e)1 +3) |z —y-

> (a2 cro™)”

b: —p<b<p

2
Setting M = 3. _<pe) ((1+€)b/2~G((1+e)‘b)> :
which clearly depends only on ¢ (and is in particular



independent of z,y), we combine the last two estimates
to obtain

_ 2
g o e@ - o) _
M o=yl

We conclude that the final embedding ®/v/M achieves
distortion 1+ O(e) for o = 1/2.

Arbitrary 0 < a < 1. Turning to proving the the-
orem for arbitrary values of 0 < o < 1, we repeat the
previous construction and proof with p = 2[log;,.(1)]
and § = (1 +¢)7P% = O(e?), where @ = min{a, 1 — a}.
As before, ¢; : S — (% is the embedding that achieves
the bounds of Theorem [1.3| for S, and ® : § — ﬂgk is
defined by the direct sum & = ®;, where each

R
®;: 5 — % is given by
Pi

B L Trgn

iel: i=pj

The final embedding is ®/vVM : S — (F (for the

same M as above), which has target dimension pk <
O(e~*a'log? \), as required.

We need to make only small changes to the preced-
ing proof of distortion: In the statement and proof of
Lemma [3.2 and elsewhere, the dividing term (1 + ¢)%/?
is replaced by (1 + ¢)"*~®). Note that the increase in
value of p (and the introduction of the term &), is nec-
essary for Lemma 3.3/ to hold in this setting. No other
changes to the proof are necessary, and this completes
the proof of Theorem [1.2l

(1+¢) (1483 (14¢))(143¢)?

J€(2p]

4 Extension to Other £, Spaces

We explain how our results and techniques can be
extended to other ¢, spaces. For concreteness, we
consider only two important spaces, namely ¢; and ¢.
A number of key tools used in our previous embeddings
are specific to fy, for example the JL-Lemma, the
Gaussian transform, and the Kirszbraun theorem, and
we must therefore find suitable replacements for these
tools. Note however that there is no Lipschitz extension
theorem for ¢;.

The primary result of this section is a variant of
our snowflake embedding, Theorem [1.2. We note that
the snowflake operator is necessary in this theorem, as
for « = 1 (and either p = 1 or p = c0) Lee, Mendel
and Naor [LMNO05, Theorem 1.3] have shown that the
target dimension cannot be bounded as a function of
A(S), independently of |S].

THEOREM 4.1. Let 0 < ¢ < 1/4, 0 < a < 1 and
p = {1,00}. Every finite subset S C £, with A = A(S)
admits an embedding ® : S — E’;’ satisfying

[ () — (y)

1< Hp§1+s, Vz,y € S;
|z —yllg

with k = (1 —a) texp{\OUos(l/e)+loglog )1 for p — 1
and k = (1—a) =t \OUeg(l/e)+loglog ) f5r 1y — o0,

Recall that our (refined) single scale embedding
for ¢5 (Theorem 13.1), coupled with an application of
Assouad’s technique, were sufficient to prove Theorem
1.2, Similarly, single scale embeddings for ¢; and
l+, coupled with a standard application of Assouad’s
technique, are sufficient to prove Theorem 4.1. We
present single scale embeddings for ¢; and /., below,
and Theorem 4.1/ then follows easily.

4.1 Single Scale Embedding for ¢; We can extend
Theorem 3.1] to ¢; spaces as follows. For r > 0 define
L, : R — R, called the Laplace distance transform, by
L. (t) = r(1—e~%/"). Observe that L, (t) = r-G(y/t/r)>.

THEOREM 4.2. For every scale v > 0 and every 0 <
d,e < 1/4, every finite set S C {1 admits an embedding
08 — 15 for k = exp{\OUos(1/=0)+loglog M - satisfy-
mg:

(a). Lipschitz:
z,y €S.

le(@) =@l < llz =yl for all

(b). 1+ ¢ distortion to the Laplace transform (at scales
near r): For all x,y € S with or < ||z —y|1 < 5,

L o) — el
e~ Lz —ylh)

<1

(¢). Boundedness: ||p(x)||1 < forallxz € S.

Proof. [Proof Sketch] We would like to utilize the frame-
work designed for /5 in Section 3.1. However, a few
problems arise. Let us point them out explain how to
solve them.

e Step 7: This step is not possible for ¢; norm, since
there is no ¢;-analogue of the Kirszbraun theorem.
Instead, we modify the entire construction (specif-
ically, steps 2-6) so that they work with the entire
data set S, not only with the net N. The effect of
this will be seen shortly. (In ¢, the same approach
of discarding step 7 can be achieved by applying
the Kirszbraun Theorem separately in every clus-
ter in step 4, but this approach does not seem to
have any advantages.)

Step 2: We apply a padded decomposition to the
entire set S (and not only to the net N) with
essentially same parameters and bounds. Thus,
from now on each cluster C' € P; is a subset of
S (but not necessarily of N).

Step 3: Instead of the Gaussian transform, we
apply the Laplace transform L., ie. gc now



satisfies ||gc(z) — 9c (W)l = Lr(]Jx — y||) for all
z,y € C. Such an embedding go : C — [y is
known to exist, see [DL97, Corollary 9.1.3]. The
effect is clearly quite similar to that of the Gaussian
transform. The fact that C is not a subset of N is
not an issue.

e Step 4: We need to find a weak analogue to the JL
lemma, but there is an additional complication of
having to deal with points not in the net N. Speci-
ficially, we need amap ¥ : go(C) — 6’1“/ which satis-
fies: (i) U is 1-Lipschitz on the entire cluster g (C);
and (ii) Psi achieves 1 4 ¢ distortion on the clus-
ter net points go(C' N N). Observe that the former
requirement is non-standard and does not follow
from ‘standard” dimension reduction theorems for
a finite subsets of ¢;. However, we describe below
one simple dimension reduction for ¢; which does
extend to our setting. (This construction was ob-
served jointly with Gideon Schechtman.) We sus-
pect that the dimension can be further reduced,
since the current construction is an isometry on
gc(CNN), and does not exploit the 1+4¢ distortion
allowed by requirement (ii). However, an improved
map ¥ cannot be linear, since in the worst case
such a linear map requires dimension k = 22(¢NN1)
[FIS91, Corollary 12.A].

Construct ¥ as follows. Since the metric go(C) €
l1, it can be written as a conic combination of cut
metrics, i.e. there are y4 > 0 for A C C such that

lgo(@)=go @) =Y valla(@)=1ay),  Va,yeC,
A

where 14(z) = 1 if z € A and 0 otherwise. In
other words, go(z) — > 4, @ala(z) is an isometric
embedding of go(C) into ¢;. Let ¥ have one coor-
dinate for every subset B C C'N N; this coordinate
is given by gc(x) — >_4. ancnn)=p 74la(z). In
words, we add together coordinates whenever they
correspond to different A but have the same A N
(CNN). Observe that ¥ is 1-Lipschitz for all g (z),
x € C, simply because adding two coordinates to-
gether can only decrease distances, and that it is
isometric for go(z), * € C N N, because now if
coordinates corresponding to A and A’ are added
together then necessarily 14(z) = 14/(2) and sim-
ilarly 14(y) = 1a/(y). Observe that k' = 2/¢"NI
where |C'N N| < \OA/e0m),

e Step 5: There is only a minor change; since we do
not restrict attention to net points, we now define
he(z) = mingegs\co [z =yl

e Step 6: There is only a minor change to the scaling
factor, namely ¢ = m~' @, ¢;.

The rest of the proof is quite similar to the one
presented for /5, and the final dimension obtained is
mk’ = O(e~ ! log Aloglog \) - exp(A\O(es(s™"6 " log X)) —
exp{)\O(log(l/sziH»loglog)\)}. ]

4.2 Single Scale Embedding for /., We can also
extend Theorem 3.1 to £+, spaces as follows. For r > 0
define T, : R — R, called the threshold transform, by
T-(s) = min{s, r}.

THEOREM 4.3. For every scale r > 0 and every 0 <
d,e < 1/4, every finite set S C Ly admits an embedding
S — U5 for k = \OUos(1/0)+loglog N) = gtisfying:
(a). Lipschitz: |[p(z) — ¢@)lloc < [z — ylloo for all

x,y €S.

(b).

1+4¢ distortion to the threshold transform (at scales
nearr): For allz,y € S with or < ||z —ylleo < %,
T-(lz — yll)

7o S lle@) = el < Tr(lz = ylloe)

(c¢). Boundedness: ||o(x)|loco <7 for allx € S.

Proof. [Proof Sketch] The proof is quite similar to that
of Theorem 4.2, except for a few changes in some of the
arguments.

e Step 3: The thresholding of distances is easily
achieved by a simple variant of the well-known
Frechet embedding. Formally, go has |C| coordi-
nates, one for every point z € C, and that coordi-
nate is given by « — min{||z — z||«,7}. It is easily
verified that [|gc () — 9o (1) lleo = Tr ([l — ylloc) for
all z,y € C.

e Step 4: The required bound is again obtained
by a simple variant of the well-known Frechet
embedding. Formally, ¥ : go(C) — €% has one
coordinate for every point z € go(C N N), and
that coordinate is given by ¢t — ||t — z||s. Thus,
k' =|C N N|. It is easily verified that this map ¥
is 1-Lipschitz on the entire cluster go(C') and also
isometric on go(C' N N).

e Step 6: The scaling factor is different and now
p = Tl\/s @, ¢i. The resulting embedding is
1-Lipschitz: We consider the worst partition P;
(without averaging the partitions). Case 3 in the
Lipschitz analysis for £y yields a Lipschitz constant

1496
of 1+ 6, and 425 < 1.

We remark that it suffices to use a padded de-
composition with padding probability 1/2 (instead of
1 — €), but asymptotically this change does not im-
prove the dimension. The final dimension obtained



is mk' = O(e~'log Aloglog \) - (AO(les(s™"6 ™" log X))y —
/\O(log(1/56)+log log )

The lower bound on ||p(z) — ¢(y)|le for pair z,y
follows when z is padded (case 1’ in the distortion to
the Gaussian analysis for ¢3), where we have |p(x) —
(W) ]loo = Tr-(|l — ylloo); we further stipulate without
loss of generality that § < %, so that the scaling factor
is142vV6<1+e.

For the upper bound we have (from cases 2’ and 3')
(@) =@ (y)lloo < max{26[z—ylleo, ]|z —yllco+ T (|2~
Ylloo)} < 26|z — ylloe + Tp(||# — ylloo). We consider two
possibilities:

L or <|flz—ylleo < 7. Then To([l2—ylloo) = [~ Y|l
and 26[|z — ylloc + Tr(|lz — ylloc) = (1 +26) T ([l —
Ylloo)-

2. r < ||.’IJ - y||oo < % Then T’r(Hx - y”oo) =r

and 28]z — ylloo + T (2 — ylloo) < (1 +2V0)r =
1+ 2V T (| = yllo)-

The final result follows from the scaling factor in Step
6. |

5 Algorithmic applications

Here we illustrate the effectiveness and potential of our
results for various algorithmic tasks by describing two
immediate (theoretical) applications.

Distance Labeling Scheme (DLS). Consider
this problem for the family of n-point £ metrics with a
given bound on the doubling dimension. As usual, we
assume the interpoint distances are in the range [1, R].
Our snowflake embedding into ¢5 (Theorem [1.2 for
a= %) immediately provides a DLS with approximation
(1 +¢)% < 1+ 3¢, simply by rounding each coordinate

to a multiple of £/2k. We have:

LEMMA 5.1. Every finite subset ly with X = A(S)
possesses a (1+¢)-approzimate distance labeling scheme
with label size

k-log fir = O(e™*(dim 5)?) log R.

Notice that, apart from the log R term, this bound
is independent of m. The published bounds of this
form (see [HMO6] and references therein) apply to the
the more general family of all doubling metrics (not
necessarily Euclidean) but require exponentially larger
label size, roughly (1/¢)0(dimS),

Approximation algorithms for clustering.
Clustering problems are often defined as an optimiza-
tion problem whose objective function is expressed in
terms of distances between data points. For example,
in the k-center problem one is given a metric (S, d) and

is asked to identify a subset of centers C' C S that mini-
mizes the objective max,cg d(z, C'). When the data set
S is Euclidean (and the centers are discrete, i.e. from S),
one can apply our snowflake embedding (Theorem [1.2))
and solve the problem in the target space, which has
low dimension k. Indeed, it is easy to see how to map
solutions from the original space to the target space and
vice versa, with a loss of at most a (1 +¢)? < 1+ 3¢
factor in the objective.

For other clustering problems, like k-median or min-
sum clustering, the objective function is the sum of
certain distances. The argument above applies, except
that now in the target space we need an algorithm that
solves the problem with /5-squared costs. For instance,
to solve the k-median problem in the original space, we
can use an algorithm for k-means in the target space.
Schulman [Sch00] has designed algorithms for min-sum
clustering under both /5 and #5-squared costs, and their
run time depend exponentially on the dimension. The
following lemma follows from our snowflake embedding
and [Sch00), Propositions 14,28]. For simplicity, we will
assume that &k = O(1).

LEMMA 5.2. Given a set of n points S € R%, a (1 +¢)-
approximation to the o min-sum k-clustering for S, for
k= 0O(1), can be computed
1. in deterministic time n®@)22°"?
2. in randomized time nO() 4 p/0(@)92%¢ )>, where
n' = O(e=2log(61n)), with probability 1 — 4.

where d’ = min{d, O(¢~*dim? S)}.
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