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ABSTRACT

We resolve the following conjecture raised by Levin together
with Linial, London, and Rabinovich [16]. Let Z% be the
infinite graph whose vertex set is Z% and which has an edge
(u,v) whenever ||[u—v||c = 1. Let dim(G) be the smallest d
such that G occurs as a (not necessarily induced) subgraph
of Z%,. The growth rate of G, denoted pg, is the minimum
p such that every ball of radius r > 1 in G contains at most
r? vertices. By simple volume arguments, dim(G) = Q(pg).
Levin conjectured that this lower bound is tight, i.e., that
dim(G) = O(pg) for every graph G.

Previously, it was not known whether dim(G) could be
upper bounded by any function of pg, even in the special
case of trees. We show that a weaker form of Levin’s con-
jecture holds by proving that, for every graph G, dim(G) =
O(pc log pe). We disprove, however, the specific bound of
the conjecture and show that our upper bound is tight by ex-
hibiting graphs for which dim(G) = Q(p¢ log pc). For fam-
ilies of graphs which exclude a fixed minor, we salvage the
strong form, showing that dim(G) = O(pg). This holds also
for graphs without long induced simple cycles. Our results
extend to a variant of the conjecture for finite-dimensional
Euclidean spaces due to Linial [15].

1. INTRODUCTION

The geometry of graphs, a fascinating area of combina-
torics dealing with the geometric representation of graphs,
has found many algorithmic applications in recent years.
Embedding the metric of a weighted graph into some finite-
dimensional real-normed space (see, for instance, the sur-
veys [12, 19]) is a very fruitful and actively studied line
of research. In their breakthrough paper [16], Linial, Lon-
don, and Rabinovich were the first to realize the algorithmic
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importance of low-distortion metric embeddings. However,
their primary motivation was to understand the relationship
between the dimensionality of a graph and its combinatorial
properties.

A notion of dimensionality is usually based on a particular
way of embedding a graph into some space that possesses
an intrinsic dimension (e.g., a finite-dimensional Euclidean
space). One then defines the dimension of a graph to be the
minimum dimension into which the graph can be embed-
ded. Several such notions have been extensively studied,
see [18]. In [16], the authors wished to express the concept
that graphs of large diameter should have low dimensional-
ity. With the help of Leonid Levin, this concept was was
formalized as follows.

Let ZZ be the infinite graph whose vertices are the ele-
ments of Z? and such that two elements u and v are adjacent
whenever ||u — v||c = 1. For a graph G = (V, E), define
dim(G) to be the smallest d such that G occurs as a (not
necessarily induced) subgraph of Z%,. For a vertex v € V,
let B(v,r) be the ball of radius r (in G) centered at v, and
define the growth rate of G to be

pc :=min{p: |B(v,r)| <7 forall v € V and r > 1}.

mac{ 12£ B

Stated differently, pg = Tog T v € Vir > 1}
Notice that pza = O(d), so by a simple counting argument,
we must have caici)m(G) = Q(pg). Levin, together with Linial,
London, and Rabinovich [16], conjectured that O(pg) di-

mensions suffice.

CONJECTURE 1

pa occurs as a (not necessarily induced) subgraph of Z
In other words, dim(G) = O(pa).

([16]). Ewvery graph G with growth rate
OOO(PG)‘

It is shown in [16] that Conjecture 1 holds for the k-
dimensional hypercube and the complete binary tree, but
nothing beyond these two special cases was known. Indeed,
previously it was not known whether dim(G) could be upper
bounded by any function of pg, even in the special case of
trees. Linial [15] asked about a Euclidean analogue to this
notion of dimensionality.

QUESTION 2 ([15]). For a graph G, what is the mini-
mum dimension d = dima(G) such that there exists a map-
ping v : G — €4 with the following properties?

1. ||v(uw) = y(v)|]2 > 1 for all w # v, and

2. [|y(u) =~ (v)ll2 < 2 for (u,v) € E(G).



It is easy to verify that the same lower bound holds for
dim2(G), ie. dim2(G) = Q(pg). As we will see later,
dim(G) and dims(G) are closely related.

Dimensionality is a highly important issue in various con-
texts. For instance, dimensionality reduction is the main
tool in solving many problems efficiently, see [12]. Another
example is the algorithms designed in [13, 11] to achieve su-
perior performance on restricted growth metrics (a related,
but different, notion of dimensionality for metrics spaces).
Low-dimensional representations also have a variety of com-
binatorial consequences, like the existence of good graph
decompositions [16]. Indeed, if dim(G) is small, then one
can efficiently find small vertex separators in G. (A precise
statement and proof of this is deferred to the full version).

1.1 Results and techniques

In Section 2, we provide a self-contained proof of Levin’s
conjecture for trees. We first recursively decompose a tree
into many hierarchically nested partitions called levels. Each
level is responsible for pairs of vertices whose distance (in
G) falls into a certain range. Fixing a single level, we show
that a map drawn from a particular distribution is a good
embedding of the level with high probability. If each level is
embedded independently, the dimension of the host lattice
becomes too large. The key technique, which completes the
proof, is to find a way of handling all the levels simultane-
ously (using the same coordinates). We then extend this re-
sult to graphs whose induced simple cycles are of bounded
length by relying on known low-distortion embeddings of
such graphs into trees, due to [5, 6].

In Section 3, using different techniques, but many ideas
from our proof for trees, we give a general upper bound on
dim(G) in terms of certain graph decompositions. In this
setting, choosing a good embedding for a level with high
probability is more difficult. For this purpose, we modify
a technique of [21] (which was used there to embed planar
graphs into Euclidean space with low distortion). Again,
we must discover a delicate way of handling all the levels
simultaneously.

In Section 4, we employ the decomposition of [14], com-
bined with the results of Section 3, to prove the conjecture
for any family of graphs which excludes a fixed minor (this
includes planar graphs, for instance).

In Section 5, we modify a probabilistic decompositions of
Linial and Saks [17] and of Bartal [3] for use with growth-
restricted graphs. Our modifications are two-fold. First, the
parameters of our decomposition depend on p (and not on
n = |V] as in [3]). This is essential to our application. Sec-
ondly, our decomposition is local in the sense that events
which are far apart (in G) are mutually independent (a sim-
ilar idea was used for a different purpose in [17]). As a
result, we are able to apply the Lovasz Local Lemma, yield-
ing decompositions which, when combined with the results
of Section 3, give dim(G) = O(p%) for any graph G. By del-
icately combining the steps of Section 3 together via some
Chernoff-type tail bounds, and applying the local lemma to
their composition, we are able to show an improved upper
bound: For any graph G, dim(G) = O(pglog pe). In ad-
dition, it is shown that our use of the local lemma can be
made algorithmic.

In Section 6, we give a lower bound of Q(pg log pc) on the
dimension necessary to embed low-degree expander graphs.
This shows that Levin’s conjecture does not hold in general

and that our upper bound is tight. Finally, we show in
Section 7 that all our results for dim(G) hold also for Linial’s
variant, dimz(G).

1.2 Related work

Notions of dimensionality were perhaps first considered by
Erdos, Harary, and Tutte [8]. The geometric representations
of graphs have been extensively studied in other settings;
see, for instance, the survey of Lovész and Vesztergombi [18].
If one defines the cubical dimension of a graph G to be the
least k for which G occurs as a subgraph of the k-dimensional
hypercube, then characterizing the graphs which have cubi-
cal dimension k is one of the most famous open problems in
graph theory [4]. Also, as mentioned before, low-distortion
metric embeddings have found many applications (see, e.g.,
the surveys [12, 19]).

A seemingly related notion was considered by Assouad [2]
(see also [10]). He conjectured that every metric space (X, d)
with restricted growth (suitably defined) is bi-Lipschitz em-
beddable into R? with the Euclidean norm, where d and the
bi-Lipschitz constant depend only on the growth rate. He
proved that this holds for (X, d°), for any fixed 0 < € < 1,
but the conjecture itself (the case ¢ = 1) was disproved by
Semmes [22].

Conjecture 1 is actually a dual of the bandwidth prob-
lem for graphs. The bandwidth problem asks for the min-
imum stretch of any edge in an embedding of the graph
into Z = Z.,. Conjecture 1 asks for the minimum dimen-
sion needed to achieve a stretch of one (no stretch). In-
terestingly, the density bound D = maxuyr{W} (the
one-dimensional analogue of the growth rate), which is a
straightforward lower bound on the bandwidth, is conjec-
tured to be within an O(logn) factor of the bandwidth. We
know from [9] that the bandwidth and density differ by only
a polylog(n) factor. However, even when D = O(1), there
are graphs for which the bandwidth is Q(logn) [7]. Thus
for d = 1, the minimum achievable stretch into Z%, cannot
be bounded by a function of D. In contrast, our results im-
ply that when d = Q(pg), the stretch can be bounded by a
function which depends only on pg.

1.3 Preliminaries.

DEFINITION 1.1. For a graph G = (V,E), we will say
that a map ¢ : V — Z% is a contraction (or contractive)
if (u,0) € E implies |[p(u) — ¢(0)llow < 1. Furthermore,
if {@i} is a finite set of mappings, we define the direct
sum, ¢ = @;p; to be the mapping p(u) = (¢1(u), p2(u),...)
(where coordinates are concatenated).

Notice that if a map ¢ : V — Z% is both contractive and
injective, then G occurs as a subgraph of Z% , and, in par-
ticular, dim(G) < d. We can think of any such embedding ¢
as consisting of d separate one-dimensional maps @1, ..., @4
such that ¢ = @j_,;¢;. The following trivial lemma will
serve as our guide.

LEMMA 1.1. Let G = (V,E) and ¢ = ®_,p; where
pi 1V — Z, then the following are true.

1. ¢ 15 a contraction <= every ; is a contraction.

2. @ isinjective <= for every pair u,v € V, there exists
some @; such that p;(u) # ¢i(v).

In what follows, || - || =] - ||oo-



2. TREES

In this section we show that every tree T" with growth rate
p = pr occurs as a subgraph of Z% | with d = O(p). Relying
on Lemma 1.1, we will exhibit a map ¢ : T — Z¢ that is
both contractive and injective.

2.1 Embedding trees by random walks

In light of Lemma 1.1, it is natural to define a distribution
over random contractions and then argue that some such
map must be injective.

Let T = (V, E) be a tree whose growth rate is at most p.
Fix an arbitrary root r of T, and suppose that the height
of T is O(h). Let dr be the shortest path metric on T'. For
some constant ¢ to be chosen later, let 71, T5,...,T., be cp
weighted copies of T', where the weight of every edge in T;
is chosen independently and uniformly at random from the
set {—1,+1}. Let d; be the weighted shortest path metric
on T;. For a vertex v, define its image in Z° as ¢(v) =
(v1,v2,...,vcp) where v; = d;(r,v), i.e. the distance from
the root to v in T;.

Clearly ¢ is a contraction. Now consider any two vertices
u,v € V for which dr(u,v) > vh. The probability that the
images of v and v agree in any single coordinate, i.e. that
u; = v;, is the probability that a random walk of length
Vvl ends at its starting point, namely O(h)fl/‘i. Hence the
probability that (u) = ¢(v) is at most O(h)~*/*. Observe
that since T is contained in a ball of radius 2h centered at
r, it contains at most O(h)” vertices. Taking a union bound
over at most O(h)?” pairs u, v, the probability that any such
pair collides is, for any ¢ > 9,

O(h)~*"*0(h)** = o(1).

It follows that for some universal constant ho and all A >
ho, there exists a map ¢ : V. — Z such that dr(u,v) >
vh = p(u) # ¢(v). In what follows, we carefully utilize
this simple but powerful idea to show that dim(7") = O(pr)
for any tree T, thus proving Conjecture 1 for the special case
of trees.

2.2 Relative embeddings

Consider a tree T = (V, E) with p = p7 and fix a root
r7 of 7. Define a rooted subtree of T to be a connected
vertex-induced subgraph 7' with a distinguished root rr.
Let W = {—1,0,+1} be the set of edge weights. For a
rooted subtree T' = (Vr, Er), we define a d-dimensional
relative embedding of T to be a map pr : Er — W2, Finally,
we will denote by p4 : Vo — Z9 the absolute embedding
induced by the relative embedding pr (with respect to the
root r7), which is the map obtained as follows: For a vertex
v € Vo, define its image pi(v) € Z¢ as the sum of the edge
weights along the unique path from r7 to v in T, where an
edge e € Er has weight pr(e). Note, in particular, that
induced embeddings are always contractions. Furthermore,
given any contraction ¢ : Vr — Z¢, there exists a unique
d-dimensional relative embedding u such that ¢ = p* (with
respect to rr). Let us define 0 = (0,0,...,0) to be the
all-zero vector. Notice that the construction of Section 2.1,
when applied to a subtree T, essentially yields a relative
embedding of T' with the following nice property.

LEMMA 2.1 (RELATIVE EMBEDDINGS). For any rooted
subtree T = (Vp,Er) of T with height O(h) (where h is

larger than some constant), there exists a relative embed-
ding pr : E — WO such that wi(u) # ph(v) whenever
dr(u,v) > Vh.

In essence pr “separates” points in T which are far apart
relative to the height of 7. Notice that the above lemma
only works for h sufficiently large. When h = O(1), we can

do even better.

LEMMA 2.2  (SMALL SUBTREES). For any rooted subtree
T = (Vr, Er) of T with height h = O(1), there exists a rel-
ative embedding pr : E — WO such that y is injective.

PrROOF. Let Vi = {v1,v2,...,um} and define p(v;) =
B(i) where B(%) is the binary representation of ¢ represented
as a log m-dimensional vector. Now ¢ is clearly injective
and also a contraction since ||B(i) — B(j)||ec < 1 for all 4, 5.
Finally, notice that since T is of height h = O(1), we have
m < O(1)” and hence logm = O(p). Let pu be the unique
relative embedding such that ¢ = p*. It follows that u :
Er — WO®) is a relative embedding with ©* injective. [

Suppose {T1,Ts,...,Tx} is a collection of vertex-disjoint
rooted subtrees of 7, and let each T; = (V;, E;) have root ;.
Furthermore, suppose that for each T;, we have a relative
embedding u; : E; — W2, Then we can define a relative
embedding p on all of V' by

wi(e) if e € E; for some 1
u(e) = { 1) .
0 otherwise.

Note that p has the desirable property that ||p* (u)—p* (v)|| =
[|pi (w) — pi (v)]| whenever u,v € V;. We will say that p is
obtained by gluing the relative embeddings {u;} together.

In the sequel, we will construct, for a given h, an embed-
ding ¢ : V — ZO® that satisfies p(u) # ©(v) whenever
hY? < d(u,v) < h. To do this, we will partition 7 into
subtrees of height O(h), find for each subtree a relative em-
bedding that satisfies the desired property, and then glue all
these relative embeddings into an embedding for 7. There is
the slight problem that for pairs u, v with h'/? < d(u,v) < h
that end up in different subtrees, we have no guarantee that
their images (under p*) will be distinct. To handle this,
we will actually use two sets of disjoint subtrees which are
“staggered” so that every pair u,v with d(u,v) < h ends
up in the same subtree in at least one of the sets. A more
challenging problem is that this embedding is guaranteed to
handle only one value of h.

2.3 The leveled decomposition

Let A = diam(7) and k = loglog A. We define k levels
Lo,L1,...,Li_1 as follows. Level i consists of two partitions
of 7 into rooted subtrees, Denote these two partitions A;
and B; and let L; = A; U B;. The subtrees in L; will cover
7T (in a sense that will be defined soon) and will each have

height at most 3h(i), where h(i) = AY?". (For convenience,
define h(k) = 1.) To form A;, let O be the set of edges in 7°
whose depth (i.e., distance from the root r7) is a multiple of
3h(i). Removing O;* from 7T results in a collection of disjoint
subtrees; let A; consist of these subtrees, each rooted at its
(unique) closest vertex to rr. B; is formed similarly, except
that OF is defined as the set of edges in 7 whose depth
modulo 3h(%) is equal to h(i) (rather than 0). The edges
in O# and OF are called the open edges of level L;. The



next lemma is easy to verify. In particular, property (3)
follows from the “staggering” of the two sets of subtrees
A; and B;. Property (4) follows from the specifics of the
decomposition; it provides a nesting that will turn out to be
useful in Section 2.5.

LEMMA 2.3
tree T = (V, E), the above construction satisfies the follow-
ing properties.

1. Fach A; and each B; is a partition of V.
2. The height of any subtree T € L; is at most 3h(7).

3. For any pair uw,v € V with d(u,v) < h(i), there is
some T € L; containing both u and v.

4. FEach subtree in A; is entirely contained in some subtree
i Aiy1; thus, Of}H C Of. The same holds for the
subtrees in B;. In this sense, each level is a refinement
of the previous level.

2.4 Afirst attempt

Let us say that a map ¢ separates A; (and similarly B;)
if, for every T € A; and for every pair u,v € V(T') with
h(i+1) < d(u,v) < h(i), we have p(u) # ¢(v). Notice that
if o : V — Z% separates A; and B for alli € {0,1,...,k—1},
then ¢ is injective (by the properties of the decomposition
in Lemma 2.3).

Now consider the partition A; of 7. Applying the embed-
ding technique of Lemma 2.1 to each 7' € A; and gluing the
relative embeddings together yields an induced embedding
cpf‘ which separates A;. Let <plB be a similar embedding ob-
tained from the partition B;, and let ¢; : V — 7.2 he
defined as ¢; = <p§4 D np?. Then ¢; separates A; and B;.
Finally, as noted before, the map ¢ = po @ - - - @ pr_1 sepa-
rates every A; and B;, and is hence injective. Since ¢ is also
a contraction, it yields dim(7) = O(pk) = O(ploglog A).
Unfortunately, this bound is not good enough for our pur-
poses.

2.5 Conserving randomness or “Not using all
your ammo at once”

Why did we use so many dimensions? Because we needed
a distinct set of coordinates for every level. In essence, after
fixing an embedding for level L;, there is no randomness
left for “higher” levels Li—1, Li—2, ..., Lo (since all the edge
weights in the relative embedding for L; are fixed).

Now consider the open edges of level L;, namely, o#
and OF, which run between disjoint subtrees. In Section
2.2, when the relative embeddings for subtrees are glued
together, the open edges are assigned a weight of 0. But
they might as well have been assigned any other weight in
W, Clearly the resulting embedding would still be a con-
traction. Thus even after fixing a relative embedding for
L;, there is still some freedom left to us in deciding how to
choose weights for the edges in O and OF. And as it turns
out, this is enough.

We will now show that, after finding a relative embedding
for the subtrees in Liy2, there is still enough randomness
left to embed the subtrees in L; simply by assigning random
weights to the open edges of L;4+2. Notice that this process
goes up two levels at a time, from L;42 to L;, so we will need
to do it twice, once for “even” levels and once for “odd”
levels. This will increase the number of coordinates used by
only a factor of 2.

(THE LEVELED DECOMPOSITION). For every

THEOREM 2.1. Any tree T with growth rate p occurs as a
(not necessarily induced) subgraph of 7P | thus dim(7) =
O(pT).

ProoOF. We will construct four contractions,

A A B B O(p)
Pevenr Podds Pevens Podd * V-7 .

Let Lo, L1,...,Lrx—1 be the levels of the decomposition for
T, and assume for simplicity that k is odd. Then gofvcn will
separate Ax_1, Ax—3,..., Ao, gofdd will separate Ag_2, Ax_4,
..., A1, and B, and @B, will satisfy similar properties for
the B;. It will follow from Lemma 2.3, Lemma 1.1, and the
discussion in Section 2.4, that ¢ = @2, BV PPE en ®pE14
is a contractive injection and thus gives an embedding of 7°
into Zooo(” ).

We will construct the map 2., inductively. The other
maps are constructed similarly. Let px—1 : E — W be a
relative embedding for which pj_; separates Ay_;. Since
the trees in Ai_; have constant height, we can use the con-
struction of Lemma 2.2.

The inductive step. Now assume that we have a rela-
tive embedding piy2 : E — W€ for which p;,, separates
Ag_1,Ak_3,...,Aira. We will show the existence of a rela-
tive embedding p; : E — W which satisfies

1. For T € Aiy2 and every u,v € V(T),
12 (u) = pia ()| = [lp7 (w) — pi (V)]

2. p; separates A;.

Since the subtrees of A; for j > ¢ + 2 are all completely
nested within the subtrees of A;y2 (recall property (4) of
Lemma 2.3), the first condition guarantees that p; separates
Ap—1,Ak—3s, ..., Ait2, since uj, o does.

To obtain p; from pii2, we will only change the edge
weights in Of+27 i.e. those running between disjoint sub-
trees of A;12. Condition (1) then follows immediately. We
now define the relative embedding p; randomly and show
that it satisfies (2) with positive probability. For e € Oﬁz,
choose p;(e) uniformly at random from {—1,+1}°” and de-
fine p;(e) = pit2(e) otherwise.

Let us now show that with positive probability, u; sepa-
rates A;. Fix some T € A, and consider two points u,v €
V(T) such that d(u,v) > h(i 4+ 1) = h(i)"/%. Let Py, be
the unique path from u to v in T. Since P,, has length
at least h(i)l/2 and each subtree of A; 2 has height at most
3h(i+2) = 3h(i)'/*, Py, must pass through at least %h(i)l/4
such subtrees. In particular, the path includes at least
%h(i)l/4 edges from OF,,.

Now consider the part of P,, which is composed of edges
whose weights are already fixed (i.e., edges not in Oz‘ig).
The sum of their weights is fixed, and the probability that a
random walk of length %h(i)l/4 (along open edges) is equal
to the negation of any fixed sum is at most O(h(i)) /5.
This also upper bounds the probability that the images
of w and v (under p;) agree in any single coordinate. So
the probability of this occurring in cp independent coordi-
nates is Prlu}(u) = pf(v)] = O(h(i))~*/%. Finally, no-
tice that 7' has height at most 3h(:), and thus contains
at most (3h(i))? pairs of vertices. Choosing ¢ to be a
large enough constant (which is independent of i), the union
bound O(h(i))~*/®*O(h(i))?* = o(1) shows the existence of
the desired map p; on 7. Continuing in this way for each



disjoint subtree T' € A;, we see that with positive probabil-
ity, p; satisfies condition (2).

By induction, ug separates each of Ag_1,..., Ag. Setting
02 n = ug completes the proof. [

For a graph G, let A(G) be the length of the longest in-
duced simple cycle in G. The proof of the following theorem,
which uses Theorem 2.1 and the low-distortion embeddings
of [5, 6] is omitted from this version.

THEOREM 2.2. Conjecture 1 holds for for any class of
graphs in which A\(G) is bounded, For such graphs, dim(G) =
O(pg). This includes trees and chordal graphs.

3. DIMENSIONUPPERBOUNDS VIAGRAPH

DECOMPOSITION

In this section, we use the ideas of the previous section to
prove a result on general graphs in terms of their decompo-
sitions (Theorem 3.1).

In what follows, let G = (V, E) be a simple graph with
growth rate p = pg. For any set S, define P(S) to be the
power set of S. For a subset S C V, define 8S = {u € S :
Jv ¢ S s.t. (u,v) € E} to be the boundary of S. For a collec-
tion C C P(V), define OC = UgecdS as the the boundary of
C. For asubset S C V, let G[S] be the subgraph induced on
the vertices of S. When G[S] is connected, we refer to such
a subset as a cluster, and define the weak diameter of S to
be diam(.S) = maxy,ves da(u,v). Finally, set A = diam(G).

3.1 Relative embeddings and the padded de-

composition

Suppose we are given a cluster S C V. Define a d-
dimensional relative embedding of S to be a contraction
@ : 8§ — Z% such that ©(dS) = 0, i.e. the boundary is
mapped to 0. Suppose further that we would like to find a
relative embedding of S with the following property: For ev-
ery u,v € S with d(u,v) > r and such that B(u,3r'/?) C S,
we have ¢(u) # ¢(v). In other words, since we are impos-
ing the rather stringent condition that ¢(9S) = 0, we only
make requirements on vertices which are far enough away
from the boundary.

We will produce such an embedding using a technique
similar to that of Rao [21]. First we will partition S into
clusters of diameter at most r. It follows that if d(u,v) > r,
then v and v will end up in different clusters. We will define
the image of a vertex in a single coordinate to be simply the
distance from that vertex to the boundary of its cluster, but
to achieve injectiveness with high probability, we will first
randomly contract the boundary inward. We first discuss
our method of choosing clusters. Let us call a collection of
disjoint subsets P C P(S) a semi-partition of S.

DEFINITION 3.1 (THE PADDED DECOMPOSITION). Let
S CV bea cluster in G. A set {P1, Ps,...,Pn} of m semi-
partitions of S is called an r-padded decomposition of S
with m layers if the following properties are satisfied.

1. Every C € U2 P; is a cluster with diam(C) < r®.

2. For every u € S with B(u,3r) C S, there exists some
C € U P; such that B(u,3r) C C.

Any a = O(1) suffices in the above definition. For ease
of notation, define an r-inner decomposition to be an /-
padded decomposition.

Note that in an r-inner decomposition, clusters have diam(C) <

r and vertices have “padding” of the form B(u, 37“1/“). We
now show how to use an r-inner decomposition to produce
a “good” relative embedding.

LEMMA 3.1 (RELATIVE EMBEDDINGS). Let S CV be a
cluster with |S| < r9®) . If S has an r-inner decomposition
with m layers, then there exists a relative embedding ¢ :
S — Z°0mP) such that for every u,v € S with d(u,v) > r
and B(u, 3r'/*) C S, we have ¢(u) # p(v).

PrOOF. Let Pi,..., Py, be the semi-partitions of the in-
ner decomposition. For each P; (i = 1,...,m) we will con-
struct a map ¢; : S — Z; eventually we shall take the
direct sum of all these maps.

Fix some semi-partition P; and form a single coordinate
@ : S — Z as follows: For every cluster C € P;, choose
uniformly at random rc € {0,1,...,rY/*} and let 85 =
{v € C:d(v,0C) < rc} be the boundary of C randomly
contracted inward. Now for every u € C, define ¢?(u) =
d(u,d).

Clearly ¢?(u) is a contraction, since whenever (u,v) € E,
their distances to 95 can differ by at most 1. It is also
clear that v € 9S implies v € 9C for some C and hence
©9(u) = 0. Tt follows that ?(dS) = 0.

Now independently form cp such coordinates (each time
picking fresh values for the r¢) and let ¢; be the direct sum
of the resulting maps. Finally, set ¢ =1 ® - @ pm. From
the properties of ¢;, we conclude that ¢ : § — Z“"? is a
contraction which maps 95 to 0.

Consider a pair u, v with d(u,v) > r and such that
B(u, 3r1/a) C S. It follows from from property (2) of Defi-
nition 3.1 that there exists a semi-partition P; and a cluster
C € P; for which B(u,3r'/*) C C. Since d(u,v) > 7, u
and v must lie in different clusters of P;. It follows that, in
any single coordinate ¢ of the map ¢;, the value of go?(u)
is distributed uniformly over an interval of size r'/® inde-
pendently of the value 9 (v), hence Pr[p?(u) = ©?(v)] <
=1/, Thus the probability that u and v collide under ¢; is
Prlgi(u) = ¢i(v)] < 77/, Since |S| < 79 there are at
most 7°?) such pairs u, v, and hence the probability that
some pair collides is at most r@2P)r=P/* < 1/2 for suffi-
ciently large constant ¢ (remembering that a = O(1)). The
existence of a map ¢ satisfying the lemma follows. [

3.2 A simple approach

Now that we can find relative embeddings for clusters, we
will use the padded decomposition to decompose G into lev-
els of disjoint clusters that cover G (by setting S = V in Def-
inition 3.1). Finding a relative embedding for each cluster,
and then gluing all these embedding together, we will arrive
at a good embedding for G. Note that the padded decom-
position is serving two purposes here. First, it is being used
inside clusters to compute a good relative embedding (this
is like choosing random edge weights to produce a relative
embedding for trees). Second, it is being used to decompose
the graph into the clusters which will be separately embed-
ded (this is similar to the leveled decomposition of Section
2).

Here is a simple approach which will fail in the end, but
will give some intuition as to how the padded decompo-

sition will be used. Let & = loglogA. Set r; = AV
for i € {0,1,...,k — 1}, and 7, = 0 (notice that rx_1 =



O(1)). Suppose we use the padded decomposition with
r = 710,71,...,7k—1. For each value of r, the r-padded de-
composition will be used to break the graph into clusters of
diameter at most r® such that every two vertices within a
distance r are contained in some such piece (and are “far”
from the boundary of the piece—this is needed to ensure
that they are “separated” by the relative embedding for that
cluster).

An embedding for one level. Assume that j < k — 1.
Let {P1, P, ..., Py} be the semi-partitions produced by the
rj-padded decomposition. We will show how to construct a
contraction ¢; that satisfies: For every pair u,v € V with
riv1 < d(u,v) <15, @5(u) # @;(v).

Fix some single semi-partition P; of V. For every clus-
ter C € P;, compute a relative embedding ¥c by apply-
ing Lemma 3.1 with parameter r;;1 = r;/2 Note that
the lemma, is applicable since diam(C) < 5 implies |C] <
rfi’{ = TJOJr(’f) Now set ¥;(u) = ¥ (u) if u belongs to some
cluster C' and %;(u) = O otherwise. Notice that this map
is well-defined since the clusters C' € P; are disjoint. Also,
notice that it is a contraction, for suppose (u,v) € E. If u
and v are in the same cluster C, then ||1;(u) — s (v)|| =
[|Yc (u) — e (v)]] < 1 since ¢c is a relative embedding, and
hence a contraction. If w and v are in different clusters,
or one or both of them are contained in no cluster, then
¥i(u) = 1i(v) = 0 since both of u and v are either on the
boundary of their cluster (which is mapped to 0), or in no
cluster at all. Finally, set ¢; =11 @ - B Y.

Now consider some u,v € V with 741 < d(u,v) < rj. By
property (2) of Definition 3.1, there exists some partition
P; and a cluster C' € P; such that B(u,3r;) € C. Thus

u v € C, and certainly B(u, 37"31/20‘) C C, so by Lemma 3.1,
Yo (u) 76 Yo (v). Tt follows that 1;(u) # 1¥;(v), and hence
@i (u) # @5 (v).

The base case. For r = r,p_;, we will construct pr_1
in a special way so that for u,v € V with d(u,v) < ri_1,
Yr—1(u) # @r—1(v). We do this as above, but using a much
simpler relative embedding technique: Given a cluster C'
with C = {v1,v2,...,vs} and s = T,?f(’ix define the relative
embedding ¢c(v;) = B(3) if v; ¢ OC and ¢ (vi) = 0 other-
wise, where B(i) is the binary representation of i as a log s-
dimensional vector. Note that this map is a contraction and
satisfies o (u) # Yc(v) whenever u,v ¢ 9C. Using this
technique in the above argument (instead of Lemma 3.1)
yields the desired map @r—_1. Also notice that pr_1 uses
only mlog s = O(mp) coordinates (since r—1 = O(1)).

Putting it all together. If welet ¢ = oD P1 D - - Dpr_1,
we see that ¢ is in fact a contractive, injective embedding
because for any pair u, v, the distance d(u, v) falls into some
range 711 < d(u,v) < r; and thus ¢;(u) # ;(v).

If we assume that, for every sufficiently large value of r,
we can construct r-padded decompositions with m layers,
then each t; (From Lemma 3.1) uses O(mp) coordinates
and thus each ¢; uses O(m?p) coordinates. Tt follows that
@ uses O(m?ploglog A) coordinates in all. Tt turns out that
this bound is of the right form, except for the appearance
of A. And indeed, this dependence on A will be removed in
the next subsection.

In the case of trees, we removed the dependence of the
dimension on A by exploiting some “untapped randomness.”
We saw that even after fixing a relative embedding for a

single level, we were still free to assign arbitrary weights to
the open edges of that level. In the next section, we exploit
a similar observation, namely that the boundary of a cluster
need not be mapped to O.

3.3 Forced nesting, contractions, and untapped
randomness

We can now prove the main result of this section.

THEOREM 3.1. Let G be a graph with p = pg. If for every
cluster S C'V and every value r < diam(G) that is larger
than a suitable constant, there exists an r-padded decompo-
sition of S with m layers, then dim(G) = O(m?p).

First, consider a single layer P; of an r-padded decompo-
sition, consisting of many disjoint clusters. For each C € P;,
let Yc be the relative embedding for C. Previously, we set
Yi(u) = Yo (u) for uw € C and ¥;(u) = 0 otherwise. This
yielded a contraction defined on all of V' with the property
that for u,v € C, [[(u) — 6(0)l| = [lbe(u) — o).
The following lemma gives a simple way of maintaining this
property, while allowing some freedom in choosing ;.

LEMMA 3.2. Let P be a partition of V into disjoint clus-
ters. Suppose that, for each cluster C € P, we have a con-
traction Y¢ : C — Z%. Let Gp = (Vp, Ep) be the graph ob-
tained from G by contracting (in the graph-theoretic sense)
each cluster C to a single vertez, and let ¥p : Vp — Z%
be a contraction of Gp. We may identify Vp with P and
think of ¥p as a map defined on P. Let C, be the cluster
containing v and define the map ¥ : V. — Z2% as follows:
Y(u) = Yp(Cu) + Yo (u). Then 9 is a contraction and for
uyv € C, () — d()l| = e () — de)].

PROOF. It is clear that for u,v € C, || (u) — Y ()| =
[|Yc(u) — e (v)]]. It follows that ¢ contracts vertices which
are in the same cluster. For w,v in different clusters with
(u,0) € B, [b(w) — w(@)]| = [[r(Cu) — 6p(Co)l| < 1 be-
cause ¢p is a contraction and (u,v) € E implies (Cy,Cy) €
Ep. O

The above lemma tells us that even after fixing a rela-
tive embedding for each cluster C' € P;, we still have some
freedom in choosing the map ); (every contraction ¥p in
Lemma 3.2 gives rise to a valid ;). The following proof has
a structure which is similar to that of Theorem 2.1 for trees,
but is technically more difficult. Basically, we want to find
an embedding ¢; which is “good” for level j and then mod-
ify it so that it remains good for j, and at the same time it
is also good for level j — t for some t = O(1) (in Theorem
2.1 we had ¢t = 2, giving rise to the even and odd levels).
Continuing inductively, we will handle a constant fraction
of the levels with only one set of O(m?p) coordinates. Do-
ing this t times and taking the direct sum of the results, we
obtain an embedding which uses only O(tm?p) = O(m?p)
coordinates.

PROOF OF THEOREM 3.1 (SKETCH). Let A = diam(G),
and suppose that for some constant R, every r with Ry <
r < A, and every cluster S C V, there exists an r-padded
decomposition of S with m layers. Define k = loglog A
and set r; = AY? for i € {0,1,...,k—1}, 7, = 0. Let
P; = {P{,...,P.} be the r-padded decompositions corre-
sponding to S =V and r =r; for i € {0,1,...,k —1}.



In Section 3.2, we used one O(m?p)-dimensional embed-
ding for every level P;. This resulted in the undesirable
loglog A factor in the dimension. To overcome this, we
shall use the same O(m?p)-dimensional embedding for say
the first layer of every level P;, and so forth. Consider then
the sequence of layers Pi, P2, ..., Plkfl. Let us say that a
map ¢ separates a partition P{ if, for any u,v € V with
rit1 < d(u,v) < 7, such that there exists a cluster C' € P§
with B(u,3r;) C C, we have p(u) # ¢(v).

We will show how to construct a map p1 : V — 7.0 (mp)
which separates the first layer of every level simultaneously,
ie., @1 separates P{, P}, .. .,Plkfl. Constructing similar
maps ; for each sequence P2, P}, ..., Pffl, and taking the
sum ¢ = @Gi~1p;, we arrive at an embedding of G into the
O(m?p)-dimensional lattice, and hence dim(G) = O(m?p),
proving the theorem.

Let t = log 4o (where o« = O(1) appears in Definition 3.1)
and set b = |(k — 1)/t|. We will construct, for each ¢ =
0,1,...,t — 1, a map ! which separates Pf}Pf“}Pin7
A Plbt“. Letting ¢1 = @Z;écp’i will yield the desired map
©1. In what follows, we will construct only ¢ = ¢f : V —
7°(m) which will separate P, P{, ..., P?*. The other maps
are constructed similarly. We now sketch the remaining de-
tails. A more technical proof is deferred to the full version.

Forced nesting. First, with some negligible loss, we can
force the sequence of semi-partitions 1_3107Pf7 ..., P} to be
nested so that Pj* is a refinement of P1(2+1)t for all0 <7 <b.

In other words, for every cluster S € Pl(iﬂ)t, there is a clus-
ter S’ € P{* which contains S. This can be achieved induc-
tively as follows: Suppose that Pl(iﬂ)t, Pl(Hz)t, ..., P are
nested. If there is any cluster S € Pl(iH)t that is not con-
tained completely in a cluster S’ € P;* (for instance, if it is
split between two or more clusters of Pft), then simply make
every vertex of S its own cluster in P{*. That is, clusters of
Pjt are contracted inwards to avoid breaking any clusters of
Pl(iﬂ)t. The nesting property is now clearly satisfied. Also,
note that if B(u, 3r:) is contained in some cluster S’ of Py,
then B(u,3rit —r(41),) € S’ holds after the modification,

since the diameter of any removed cluster S € Pl(iﬂ)t is at
most 7(;41); by Definition 3.1. Note that r ), < rilt/4, SO

this loss is asymptotically negligible.

We will now proceed as follows. For ¢ = b,b —1,...,0,
we will exhibit a map v; : V — Z°™?) which separates
PP, Pl(iﬂ)t7 Pj*. Setting ¢ = o will complete the proof.
v; will be constructed by modifying ~;+1 using Lemma 3.2.

Suppose we have a map ~i41 separating PPt ... ,Pl(“rl)t.
We would like to modify ;411 to a map ; so that it also
separates Pj'. This is accomplished by mapping the bound-
aries of the clusters in Pl(iﬂ)t to values other than 0 using
Lemma 3.2.

To this end, consider a cluster C' € Pj*. Let us see how to
modify the proof of Lemma 3.1 to construct a relative em-
bedding of C' which only changes the images of the bound-
aries of the clusters in Pl(iﬂ)t. We construct an r;:-inner
decomposition of C' as before, but force it to be nested with
the clusters U = {C’ € P{""™V" . ¢’ ¢ C} using the tech-
nique discussed above. Then, each C’ € U is contracted to
a single vertex. To the resulting contracted graph, we apply
the embedding technique of Lemma 3.1. The only concern is
that a padded vertex, i.e. one for which B(u,3r;:) C C has

significantly less padding in the contracted graph. But it is
not too difficult to see that, during contraction, the padding
decreases by only a polynomial factor (in 7;:). Thus by in-
creasing the constant of Lemma 3.1, the union bound can
still be applied.

After a relative embedding for the contracted version of
C' is found, we apply Lemma 3.2 to arrive at a relative em-
bedding of C which is still good for the clusters C’' € U.
Finally, we construct -; as in Section 3.2, using the relative
embeddings exhibited for the clusters C € Pit. O

4. GRAPHSEXCLUDING AFIXED MINOR

Let G be a graph which excludes a K s minor for some
fixed s. Then we can use a decomposition technique of Klein,
Plotkin, and Rao [14], to construct, for any value of r, an
r-padded decomposition of G with only O(2°) layers. Ap-
plying Theorem 3.1, we arrive at the main result of this
section. Due to space considerations, the proof is deferred
to the full version of this paper.

THEOREM 4.1. Conjecture 1 is true for any family of graphs
that excludes a fized minor, i.e., dim(G) = O(pa) for any
such graph G.

5. AGENERALDIMENSION UPPERBOUND

In this section we give a tight upper bound on the di-
mension of general graphs: dim(G) = O(pg log pg) for any
graph G. (We show that this upper bound is met by ex-
panders in Section 6). First, we devise a decomposition for
growth-restricted metrics (Section 5.1) and use Theorem 3.1
to obtain a weaker upper bound of O(p%) (Section 5.2).
Then, by combining the previous arguments more carefully
and utilizing some Chernoff-type tail bounds, we obtain the
aforementioned tight upper bound (Section 5.3).

5.1 Decomposition of growth-restricted graphs

Linial and Saks [17] and Bartal [3] show that for any graph
G = (V,E) and 1 < r < diam(G), there exists a probabilis-
tic partition of G into disjoint clusters of diameter at most
O(rlnn), such that for any pair of vertices u,v € V, the
probability that v and v end up in different clusters is at
most O(d(u,v)/r). Let p = pg. In this section, we give a
similar decomposition, but we replace the diameter bound
of O(rInn) with a bound which is independent of n, namely
O(prlnr), for r > p. Our partitioning method is similar to
those of [17] and [3], but different in a subtle and crucial
way: It is local. Events which are sufficiently far apart are
mutually independent.

First, take the continuous exponential distribution with
mean r, truncate it at M and rescale the remaining den-

sity function. The resulting distribution, which we denote

T o=/ for

Texp(r, M), has density function p(z) = e ¢

z € (0,M).
The algorithm. Let V = {vi,v2,...,v,}. For each vy,

choose a radius r; according to the distribution Texp(r, 8prInr).

For a vertex v, define B, = min{t : v € B(v¢,r¢)}. Fi-
nally, define S; = {v : B, = t} as the set of vertices v for
which B(v,r¢) is the first ball containing v. Notice that
G[S:] may be disconnected, so define the set of clusters to
be C = U¢{connected components of G[S]}.

It is easy to bound the (weak) diameter of every cluster
C € C by diam(C) < 16prInr. Further analysis will require



the following simple facts, which show that the truncated
exponential distribution is “almost” memoryless.

Fact 5.1. Consider a random variable R ~ Texp(r, M)
for M > 2r. Then,

1. Pr[R > a] < 2e7%/".
2. Pr[R < o] <2(1—e /") < 2a/r.
3. if Ro < M/2 then Pr[R < Ro + «a|R > Ro] < 2a/r.

For a vertex u € V| let £ be the event that B(u,z) is
split between multiple clusters, i.e., the event that no cluster
C € C fully contains B(u, z).

THEOREM 5.1. Let uw € V and r > p. Then Pr[&]] <
10z /7.

PROOF. Assume 1 < z < r (the theorem says nothing for
larger ) and let B = B(u,z), By = B(v,r¢). Let us say
that the ball B is cut by the ball B, if S; N B is non-empty
but B ¢ S;. Then & is precisely the event that some ball
B: cuts B.

Let us separate the cuts into two classes, depending on
the distance from v; to u. Define &, to be the event that
By cuts B and d(v¢,u) > 4prlnr. Define Encar to be the
event that B cuts B and d(v¢,u) < 4prinr.

Fix ve with d(u,v:) > 4prInr and notice that by Fact 5.1,

Pr[B: cuts B] < Prlry > 4prinr — z] < 2r *e™/™ < 697,

But the number of such v; for which B; can possibly cut B
is at most the number of points in a ball of radius (8prInr+
x) < r® which is at most r*". Taking a union bound over all
such possible v¢, we see that Pr[€e.] < 6r—4rr3r < 6/r” <
6/r. Thus we are left only to bound the probability of Enear-
Let the random variable 7' be the minimum ¢ such that
Br N B # ( (note that possibly vr € B). The ball By can
either cut B (in which case £ occurs) or contain B (and
then B C S; is not cut by any ball B;). By the principle of
deferred decision it suffices to upper bound the conditional
probability Pr[€necar|/T = t]. To this end, we may assume
that d(vt, u) < 4prlnr (as otherwise this conditional proba-
bility is 0) and then Enear happens if and only if B; cuts B,
which in turn happens only if r+ < d(v¢, u) + . Hence,

'

Pr[€near |T =1t] < Pr [rt < d(ve,u)+z | re > d(ve, u)—x] <

where we have used Fact 5.1 in conjunction with d(v¢, u) <

dprinr. Thus, Pri€uear] = >, Pr[T = t] - Pr[€ncar|T = t] <
4z /r and Pr[€]] < Pr[€near] + Pr€ar] < 10z/r. O

5.2 General layered decompositions

Now we describe how to obtain an r-padded decomposi-
tion with O(p¢) layers for general graphs G. Plugging these
values into Theorem 3.1 yields an embedding into O(p¥;)
dimensions. We will only be able to show the existence of
such decompositions under the assumption that r > p. In
the case where r < p, clusters of diameter M have at most
0P points, so we will be able to embed these by brute force
using only O(plog p) dimensions (similar to the base case of
Section 3.2). The final result appears in Theorem 5.3.

THEOREM 5.2. Letrg be a sufficiently large constant. Then
for any graph G = (V, E) with p = pc and any r > max{ro, p},

there exists an r-padded decomposition with O(p) layers.

r

PROOF. Assume r > max{ro,p}. To produce a single
layer of the decomposition (a partition of V' into clusters), we
will use the algorithm of Section 5.1, with the parameter r
(in the algorithm and in Theorem 5.1) set to r>. Notice that
the clusters produced have diameter at most 32pr Inr < 74
(for ro sufficiently large). For a vertex v € V, let &, be
the event that the ball of radius 3r about v is cut (i.e., split
amongst two or more clusters). From Theorem 5.1, we know
that Pr[&,] < O(1/r).

Now produce ¢ layers independently (with fresh random
coins each time) and let £ be the event that the ball of
radius 3r about v is cut in every layer. Clearly Pr[£f] <

O(1/r)*. We would like to say that Pr [/\vevé'_f} > 0. If we

could show this with £ = O(p), the theorem would follow.
And indeed, this is our goal. We will employ the following
symmetric form of the Lovédsz Local Lemma, see e.g. [1].

LEMMA 5.2 (LovAsz LoCcAL LEMMA). Let Aq,..., A,
be events in an arbitrary probability space. Suppose that for
each A; there is a set that contains all the other events A;
but at most d, such that A; is mutually independent of this
set of events, and suppose that Pr[A;] <p for alll <i<mn.
If ep(d+1) <1 then Pr[A7_, 4;] > 0.

Let 11 = 32r3Inr + 6r. An event Sﬁ is mutually inde-
pendent of all events £ for which d(u,v) > 71 because ev-
ery ball of the decomposition of Section 5.1 has radius at
most 16r® Inr and thus cannot intersect both B(u, 3r) and
B(v,3r). It follows that £ is mutually independent of the
set of all events £ except those for which v € B(u,r1), and
there are at most d = ¢ such events. Thus if Pr[f] <
e/(d+ 1), we can apply the local lemma and the theorem is
proved. But this is easily accomplished by choosing ¢ = 4p
(for ro a sufficiently large constant). By applying Lemma 5.2
we conclude that there exists an r-padded decomposition for
V (with o = 4). To get an r-padded decomposition for any
cluster S C V, just apply the theorem to G[S]. [

THEOREM 5.3. For every graph G with growth rate pg,
dim(G) = O(p3)-

PROOF (SKETCH). Instead of starting the proof of Theo-
rem 3.1 at r = O(1), we start with the level corresponding
to 7 = max{p,ro}. In this case, the clusters have diameter
roM = po(l)7 so we can easily give a relative embedding for
each cluster using only O(plog p) coordinates, similar to the
base case of 3.2. The proof then proceeds unchanged. [

5.3 Atight upper bound

As mentioned previously, Theorem 5.2, combined with
Theorem 3.1, shows that dim(G) = O(p%;) for every graph
G. Thus the dimension of a graph is indeed bounded above
by a function which depends only on its growth rate. We can
do better, though; by carefully combining the previous argu-
ments and utilizing some Chernoff-type tail bounds, we are
able to find a tight upper bound, dim(G) = O(p¢ log pc).

THEOREM b5.4. For every graph G = (V, E) with growth
rate pa, dim(G) = O(pc log pa).

PROOF (SKETCH). Consider again the O(p)-layer r-padded
decomposition who existence is guaranteed by Theorem 5.2.
Suppose we have ¢ = cop layers Pi, P, ..., P;. Let us say
that a vertex u is padded in a layer i if there exists a cluster



C € P; such that B(u,3r) C C (otherwise, we will say that
it is unpadded in layer 7).

First let us show that with positive probability, every ver-
tex u € V is padded in a constant fraction of the ¢ layers.
The probability that u is unpadded in layer P; is at most
c1/r (by the analysis of Theorem 5.1) for some constant ci,
so the expected number of layers in which u is bad is at most
c1¢/r. We now need the following Chernoff-type tail bound
(see, e.g., [20]).

LEMMA 5.3 (A TAIL BOUND). Let X1, Xa,..., Xy bein-
dependent Poisson trials such that, for 1 <1i < n, Pr[X; =
1] = pi, where 0 < p; < 1. Then for X =% . X;, p = E[X],
and any § > 0,

PriX > (1+0)p] < ((T:%%T¥E)# < (Iipg)(l+®u.

Let Y, be the expected number of layers in which u is
unpadded, and let £, be the event that u is unpadded in
more than ¢/2 layers. Then, applying the above lemma,

rooall 1L
2c1 v | Q(r)¥/?

We will now show that each layer of an r-padded decompo-
sition Pi, Ps, ..., P; can be embedded using only O(plog p)
coordinates, i.e., we can find, for each C' € P;, a relative
embedding p¢ : C — Z°U°2°) guch that, letting @;(u) =
wc(u) for u € C and @;(u) = 0 otherwise, and setting ¢ =
®f_19i, we have p(u) # p(v) whenever /7 < d(u,v) < 7.
Using the nesting techniques of Theorem 3.1, the existence
of an embedding into only O(plog p) dimensions will follow.

We first handle the base case, where r = p (notice that this
is where our decomposition breaks down). We will show how
to produce a contraction ¢ : V — ZO®1°%r) which satisfies
»(u) # ¢(v) whenever d(u,v) < p. The idea is simple: First,
produce an ¢-layer r-padded decomposition P, ..., P;. Now
for every cluster C' € P;, form a relative embedding of C as
follows: If u ¢ OC, then let pc(u) be a log p-dimensional
vector chosen uniformly at random from {0, 1}'°¢” and let
wc(u) = 0 otherwise. This is clearly a contraction. Now
set ;i (u) = pc(u) where C' € P; is the cluster containing u,
and then set ¢ = ®;_1¢;.

Consider two points u, v with d(u,v) < r and let P; be a
layer in which u is padded. In this layer, u and v occur in
the same cluster C' and u ¢ 9C, so Pr[pc(u) = ¢c(v)] <
(3)'8? = % Let Eu,» be the event that ¢(u) = ¢(v), then it

follows that Pr[&,..] < Pr[€.]+(1/p)"? < O(1/p)*/2. There
are 2(n) events £,,, and we would like to argue that with
positive probability, none of them occur. Again, the local
lemma comes to our rescue. It is not difficult to see that &,
is independent of all events &,/ for which d(u,u’), > 3p?.
This is because the r-padded decomposition is a local prob-
abilistic procedure and every ball appearing in its formation
has radius at most p! (assuming without loss that p is not
smaller than a suitable constant as otherwise we could in-
crease it by a constant factor). Since the relative embed-
ding technique is also local, we get independence between
distant events. It follows that &, . is mutually independent
of all but at most d = O(p®) other events (close enough
pairs u’,v"). Choosing ¢y to be a large enough constant, we
see that Pr[€,.,] < O(1/p)*/? < e/(d +1). Thus, applying
Lemma 5.2 yields an embedding for which none of the events
Eu,v Occur.

Pr[€.] = Pr {Yu >

Now let us consider the layers Pi,..., P, corresponding
to an r-padded decomposition for some value r > p, and
assume that we already found a relative embedding for the
layers corresponding to say r1/64 In Theorem 3.1, for each
cluster C' € P;, we applied an m-layer r'/2_inner decompo-
sition to C' to produce the relative embedding. But now we
know that with high probability, a vertex u is padded in at
least half of the ¢ the layers, so we will only decompose C' into
one (randomly chosen) layer. Furthermore, the relative em-
bedding we design will not use O(p) coordinates but rather
only one coordinate. Let us see that this works, i.e., with
positive probability p(u # ¢(v) whenever /7 < d(u,v) < 7.

First, assume that u is padded in at least ¢/2 layers. (Re-
call that his happens with probability 1 — O(1/r)/2.) Con-
sider a layer P; in which u is padded and let C' € P; be such
that u € C'. To produce the one layer to which we apply the
relative embedding technique of Lemma 3.1, use the ran-
domized decomposition from the proof of Theorem 5.2 with
parameter r/® = (/r)'/%. The probability that u is not
padded in this layer, i.e. that B(u,3r'/®) is not contained in
any cluster, is at most O(rl/ %) by the same proof as in The-
orem 5.1. But there are at least £/2 of these events since u is
padded in at least £/2 layers, so, applying a Chernoff bound,
we see that u is 7'/%-padded in at least £/4 one-layer cluster
decompositions with probability 1 — O(1/r*/*). So assume
that this event happens, and then the probability that v and
v collide in every one of them is O(1/r'/%)%*. By a union
bound on the three bad events mentioned above we see that
Prlp(u) = p(v)] < O(1/r*??). Finally, we would like to
apply Lemma 5.2 on the events £y, = {p(u) = ¢(v)} where
Vr < d(u,v) < r. It can be seen that every event &, , is
mutually independent of all the other events &,/ ,» but the
7O events for which d(u,u') > 3r*. Hence, for ¢ > 0 a
sufficiently large constant we can apply Lemma 5.2, which
completes the proof of the theorem. [

Algorithmic aspects. It is possible to make the applica-
tions of the local lemma in this section algorithmic. A proof
is deferred to the full version.

6. EXPANDERS

THEOREM 6.1. Let G be a logn-degree expander, then
dim(G) = Q(palogpa). In particular, Conjecture 1 is not
true (for general graphs).

PRrROOF. Let G = (V, E) be an expander graph on n ver-
tices with all vertices having roughly the same degree ©(k),
for 1 < k <logn. Specifically, the expansion properties that
we need are:

(i) The diameter of G is O(log, n).

(ii) Every two sets of n/logn vertices in G are connected
by a path of length O(log, logn).

Observe that these two properties follow from standard ver-
tex expansion. It follows from Property (i) that pg = O(

We shall show that if G occurs as a subgraph of ZZ then
d = Q(loglifg%). Note that for & = logn, this implies
that dim(G) = Q(logn) = Q(plog p) and this lower bound
is tight, up to constant factors, since the trivial upper bound
d = O(logn) holds for any n-vertex graph (by a bijection
into {0, 1}1°8™).

log n
log logy, n

).



Assume for contradiction that G occurs as a subgraph of

72, with d = o(logl?g%). Let ¢ be the corresponding

embedding of G into Z%, and let ¢; be the projection of ¢
on the coordinate i = 1,...,d. Let the set S; consist of the
n/logn vertices v € V with smallest ¢;(v),and let the set
L; consist of the n/logn vertices v € V with largest ¢;(v).

We claim that ¢;(V \ (S: U L;)) is an interval of size
O(log, logn). Indeed, by property (ii) above G contains
a path of length O(log,logn) that connects some vertex
s € S; with some vertex | € L;. Since ¢ is contractive,
vi(l) — pi(s) < O(log, logn). By the definition of S; and
L;, for every v € V'\ (S;UL;) we have ¢;(s) < ¢;i(v) < ¢i(l),
which proves the claim.

Finally, the set of vertices V' = V\ (U%_, (S;UL;)) contains
at least n — dn/logn > n/2 vertices. By the above claim,
©(V') is contained in a subset of the lattice Z* which is the
cartesian product of d intervals of size O(log, logn). How-
ever, this subset of Z¢ contains at most (O(log, logn))* <
n/2 points, which contradicts the assumption that ¢ is in-
jective. [

7. RELATED NOTIONS OF DIMENSION-
ALITY

THEOREM 7.1. All the upper bounds for dim(G) hold also
for dima(G).

ProOOF. Consider a contractive, injective embedding of
G = (V,E) into Z%, such that for every two distinct ver-
tices u, v, their images ¢(u) and ¢(v) differ in at least 4
coordinates. Our constructions can be easily modified to
yield such an embedding by applying appropriate Chernoff
bounds when the coordinates are formed (see the application
of Lemma 5.3 in Section 5.3, for instance).

This embedding satisfies

1. ||lp(u) — p(v)]|2 > 2V/d for u # v € V and

2. llp(u) — p(v)]]2 < Va for (u,v) € E.

Now scaling the value of every coordinate by \/ig yields the
desired mapping. [

THEOREM 7.2. For a O(k)-degree ezpander G with 1 <
k < logn, dim2(G) = Q(bgli‘g%). For a logn-degree
expander, dima(G) = Q(pg log pa).

PROOF. Similar to that of Theorem 6.1. [
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