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Abstract

We consider the problem of NON-UNIFORM GRAPH PAR-
TITIONING, where the input is an edge-weighted undirected
graph G = (V, E) and k capacities ny,...,ng, and the
goal is to find a partition {S1,So, ..., Sk} of V satisfying
|S;| < mjforall 1 < j <k, that minimizes the total weight
of edges crossing between different parts. This natural graph
partitioning problem arises in practical scenarios, and gen-
eralizes well-studied balanced partitioning problems such as
MINIMUM BISECTION, MINIMUM BALANCED CUT, and
MINIMUM k-PARTITIONING. Unlike these problems, NON-
UNIFORM GRAPH PARTITIONING seems to be resistant to
many of the known partitioning techniques, such as spread-
ing metrics, recursive partitioning, and Récke’s tree decom-
position, because k can be a function of n and the capacities
could be of different magnitudes.

We present a bicriteria approximation algorithm for
NON-UNIFORM GRAPH PARTITIONING that approximates
the objective within O(logn) factor while deviating from
the required capacities by at most a constant factor. Our
approach is to apply stopping-time based concentration re-
sults to a simple randomized rounding of a configuration
LP. These concentration bounds are needed as the commonly
used techniques of bounded differences and bounded condi-
tioned variances do not suffice.

1 Introduction

Graph partitioning problems have been studied extensively
in the last few decades, exhibiting beautiful connections
to metric geometry, functional analysis, and computa-
tional complexity, including e.g. [CRYY, CI'RYY, BRYY,
ENRSY, EKUA, ROS, ARVOR, KNS, CGRUY, ATNOR,
CNOA, CKNOY] in the case of approximation algorithm for
balanced partitioning. Typically, the goal is to partition an
input graph into several parts, so as to minimize the cost of
the cut, i.e., the total weight of edges connecting different
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parts. Such problems arise in many diverse settings, includ-
ing parallel and cloud computing, data mining and cluster-
ing, pattern recognition, VLSI layout design, and sparse lin-
ear systems.

In balanced partitioning, one seeks to break the graph
into two parts of equal size (as in MINIMUM BISECTION
and its variant BALANCED b-CUT), or into k equal-size
parts (as in MINIMUM k-PARTITIONING). These prob-
lems are uniform in the sense that the requirement on the
parts’ sizes is symmetric and does not depend on the iden-
tity of each part. But recently, there is a growing inter-
est in non-uniform graph partitioning, including SMALL-
SET EXPANSION [ESIO, RSTTO, RSTTA, BEKF11], and
SPARSEST k-PARTITIONING [CRTNMII, COTTA, CRTVIA,
KT 13, CM13).

We consider the NON-UNIFORM GRAPH PARTITION-
ING problem, whose input is an undirected graph G =
(V, E) equipped with edge weights w : F — R, and k
capacities n; > ng > ... > ng > 1, and the goal is to find
a partition {S1, S,..., S} of V satisfying the capacities,
namely, |Sj\ < njforall 1 < j <k, that minimizes the cost
>ic; 0(8i,S;) (the total weight of edges crossing between
different parts in the partition). To ensure feasibility, the sum
of the capacities is Zle n; > n, where n = |V is the num-
ber of vertices in the graph G. We stress that the number of
capacities k can be a function of n and that the capacities
could possibly be of significantly different magnitudes.

The NON-UNIFORM GRAPH PARTITIONING problem
is a natural generalization of well-known cut problems
like MINIMUM BISECTION [EKTA, ROS], BALANCED b-
Cutr [CRYY, BARVOR] and MINIMUM k-PARTITIONING
[ENKSUY, KNSO]. This problem not only arises in many of
the above mentioned settings (e.g. parallel computing, clus-
tering, and VLSI layout design), but it has additional appli-
cations. For example, the design of bandwidth-constrained
datacenters requires one to solve NON-UNIFORM GRAPH
PARTITIONING [BMCT19] (consult the references therein
for more details). Due to the wide range of applications, a se-
quence of works, which studies heuristics for solving NON-
UNIFORM GRAPH PARTITIONING, exists [Bar82, BEVWER,
KanR9, HMV9A, RWY3]. These heuristics utilize different
tools such as spectral theory and quadratic programming.
Unfortunately, to the best of our knowledge, no provable
guarantee is known for the NON-UNIFORM GRAPH PAR-
TITIONING problem.



1.1 Our Results. We present an efficient algorithm that
achieves an approximation factor of O(log n) while violating
the capacity of each part by at most a constant factor.

THEOREM 1.1. There are absolute constants ¢,C > 1 and
a polynomial-time algorithm, which given as input an edge
weighted graph G and k capacities n1,...,ny, outputs a
partition {S1,...,Sk} of V such that |S;| < cn; for all

1<j<kand
> (85, S;) < Clogny (87, S;)
i<j i<j
where {S},...,S}} is an optimal partition for NON-

UNIFORM GRAPH PARTITIONING.

We defer the analysis that optimizes the constant ¢ (the
multiplicative capacity violation) to the full version of this

paper.

1.2 Techniques. Even though NON-UNIFORM GRAPH
PARTITIONING is closely related to many balanced graph
partitioning problems, known approaches for the latter
fail when applied to NON-UNIFORM GRAPH PARTITION-
ING. First, the natural formulation of a spreading metric
[ENKSUY, ENRSOA] for the problem is not strong enough,
since (by convexity) it admits a fractional solution in which
all vertices are spread equally with respect to the average
capacity. When the capacities nq,...,n; vary in magni-
tude significantly, such an average spreading guarantee is too
weak to represent parts whose sizes are close to the required
ones. Second, the application of a recursive partitioning ap-
proach, which gradually decomposes the graph into parts of
the desired sizes, fails because we have no method to cor-
rect mistakes at intermediate steps, and reverting them leads
to inefficient backtracking. Third, reducing the problem to
a tree via Ricke [ROS] followed by dynamic programming
is not effective as the number of capacities k£ might depend
on n, and the capacities n1, ..., nj can have vastly different
magnitudes. Hence, known methods like [ARUA, EFTA] do
not yield polynomial runtime. Even if one approximates the
capacities, say by rounding them to powers of 2, there could
easily be log k distinct capacity values, requiring n®{1°g%)
runtime.

We overcome these obstacles by employing the follow-
ing three techniques.

Instance Simplification. We simplify the capacities se-
quence, which is crucial in order to bound the capacity vi-
olation of our algorithm. First, we round the capacities
ni,...,ng into powers of 2. Second, the rounded capacities
are increased so that the “aggregate” capacity is geometri-
cally increasing; more precisely, a strict decrease in capac-
ity, i.e., n; > m;y1, means that the aggregate of all capacities
bigger or equal to n; is significantly smaller than the aggre-
gate of capacities bigger or equal to n,4;. Of course, we

must be able to revert the process in the sense of mapping a
solution to the simplified instance back to a solution to the
original instance, while violating the capacity constraints by
at most another constant factor.

Configuration LP. We take a combinatorial approach
and write a configuration LP for choosing (fractionally) a
collection of vertex subsets (interpreted as cuts) whose sizes
meet the capacity constraints, and altogether they cover all
vertices of the graph. As this LP contains an exponential
number of variables, an efficient method for solving it is
needed.

The standard argument used in such cases, solving the
dual of the configuration LP, does not seem to work as the LP
contains both packing and covering constraints and we have
only an approximate dual separation oracle. To overcome
this, we reduce the configuration LP to a decision problem of
whether a given polytope Q is empty. Techniques designed
for packing-covering polytopes, such as Q, when applied
as a black box, ultimately result in a loss of O(logn) in
both the objective’s value and in the capacity violation factor
(O(log n) is the approximation factor of our dual separation
oracle). A careful application of these techniques that uses
a different scaling factor for different constraints, results
in a loss of O(logn) only in the objective value of the
configuration LP, whereas there is no such loss in any of the
LP constraints.

Measure Concentration via Stopping Times. Given a
solution to the configuration LP, we employ a simple proba-
bilistic rounding that repeatedly chooses a vertex subset (cut)
with probability proportional to its (fractional) value in the
LP, until all vertices are assigned. Bounding the cost of such
a randomized partitioning is straightforward — this rounding
increases the cost only by a factor of 2 compared to the LP.
However, bounding the total number of vertices assigned to
a part in the partition is not immediate.

The obvious approach for bounding the probability of
having too many vertices in some part is to use Markov’s
inequality and apply a union bound over the different capac-
ities. This results in a capacity violation of O(k), a com-
pletely useless guarantee as the capacity of the largest piece
is at least n/k. To overcome this, we observe that parts of ap-
proximately equal capacities are interchangeable. One could
therefore clump the capacities (which we call “buckets”) into
“mega-buckets” and consider the total number of vertices as-
signed to this mega-bucket. The above argument, applied
now for the mega-buckets, gives an improved O(log k) de-
viation form the capacity, as one can argue using pruning
arguments that there are at most O (log k) mega-buckets.

Another natural approach is to bound the capacity de-
viation by relying on measure concentration results, and
therefore the next thing to consider is the Doob martin-
gale that corresponds to the total number of vertices as-
signed to a mega-bucket. When usually applying martin-



gale concentration results one of the following two is used,
an absolute upper bound on the martingale’s difference in
two consecutive steps (also known as the Lipschitz con-
dition) or an upper bound on the variance of this differ-
ence conditioned on the worst possible history (also known
as the variance condition). Unfortunately, these two upper
bounds could equal the expected total number of vertices
assigned to the mega-bucket, and thus accumulate rapidly
in each step of the rounding. Since the rounding process
needs to make §2(k logn) steps until all vertices are chosen,
the above two concentration techniques provide an overall
O(vklognloglog k) multiplicative violation of the capaci-
ties, an even worse violation than the previous O(log k).

To bypass this issue, we take a different approach and
prove that with high probability the sum of the conditioned
variances is sufficiently small. We stress that in contrast
to the concentration result based on the variance condition,
where in each step a possibly different worst history is condi-
tion on, we prove that the random variable which equals the
sum of the conditioned variances is sufficiently small with
good probability. Stopping-time based concentration results
are now used along with this fact, to obtain on overall capac-
ity deviation of O(loglog k). So how then do we get only
a constant violation? This is where the instance simplifica-
tion comes in. We show that if the buckets satisfy a certain
volume condition then the probabilities of constant deviation
form a geometric sequence, hence a union bound over the
mega-buckets suffices to achieve a bounded failure probabil-
ity. The instance simplification done initially ensures that the
mega-buckets’ aggregates increase geometrically, and there-
fore the required volume condition is satisfied.

1.3 Related Work. In [CR99] Leighton and Rao gave
an O(logn) approximation for SPARSEST CUT which is
based on a linear spreading metric, resulting in a bi-criteria
O(logn) approximation for BALANCED b-CUT. This was
subsequently improved to an O(+/logn) guarantee via the
use of negative type spreading metrics for both problems,
by Arora, Rao and Vazirani [ARVOR]. Using the negative
type spreading metric machinery of the latter, Chawla et. al
[CGROY] presented an approximation of O(log3/ 4 n) for the
general demands version of SPARSEST CUT. This was im-
proved by Arora et. al. [BCNOS] to O(y/lognloglogn)
who constructed a better embedding of negative type metrics
into Euclidean space. For the MINIMUM BISECTION prob-
lem, Feige and Krauthgamer [[EKTO8] provided a true approx-
imation with an approximation guarantee of O(logg/ 2 n),
which was improved by Ricke [ROH] to O(logn) by con-
structing a distribution over trees that approximates all cuts
in the graph. Makarychev et. al [MMVTA] consider the

TOne can make only O(klogk) steps to cover all vertices except a

fraction of 1/poly(k) which can be assigned to the largest mega-bucket.
This results in a slightly better overall deviation of O(y/k log k log log k).

SPARSEST CUT problem in the semi-random model and pro-
vide improved guarantees for it. If one wishes to partition
a graph into k pieces of equal size, Even et. al. [ENRS9Y]
provided a bi-criteria O(log n) algorithm by using the region
growing technique of Garg et. al. [VY93]. Building upon
the negative-type spreading metric machinery of [ARVUR],
Krauthgamer et. al. [KNSOY] improved the latter bound to
O(Vlogklogn).

A different related work is that of Andrews et. al.
[EHKMTI] for the CAPACITATED METRIC LABELING
problem. This problem, when the metric is uniform, is iden-
tical to NON-UNIFORM GRAPH PARTITIONING with addi-
tional assignment costs specifying how much it costs assign-
ing a vertex to a piece in the partition. [AHKMTT] proved,
assuming NP ¢ ZPTIME(nP°v!9(")), that there is no
algorithm with a finite approximation guarantee for CAPAC-
ITATED METRIC LABELING that violates the capacities by
a factor of o(v/log k). This should be in contrast to the con-
stant capacity violation of our algorithm, which heavily uses
the fact that any vertex can be assigned to any piece, i.e., all
assignment costs are 0.

Paper Organization. The instance simplification re-
duction appears in Section B, whereas the configuration LP
is in Section B. Our randomized rounding algorithm and our
main technical argument of concentration via stopping times
appear in Section B. Section H contains the algorithm for
approximately solving the configuration LP.

2 Instance Simplification

We first show that an instance of NON-UNIFORM GRAPH
PARTITIONING can be reduced to a different one in which
the capacities, also called henceforth buckets, satisfy some
special properties. Given an instance (G = (V, E),C =
{n1,...,ng}) of NON-UNIFORM GRAPH PARTITIONING,
we will simplify C' to have a special structure. We introduce
some definitions first.

DEFINITION 2.1. Let C = {ny,...,ni} and let C' =
{mi,...,mp}. We say that C =< C' if there exists a
mapping | : [k] — [K'] such that

D

i€lk]:f(i)=J

Vj e [K'] ni <mj.

PROPOSITION 2.1. Given a solution S to (G,C) and a

mapping f that corresponds to C < C', one can construct a
solution 8’ to (G, C") such that cost(S") < cost(S).

Proof. Let f be the mapping certifying C < C’ and let
vertex v be assigned to bucket ¢ in S. Then in S’, we assign
v to bucket f(7). It is easy to see that the cost of S’ is at most
that of S. Moreover, the definition of the =< relation implies
that if S was feasible, then so is S’. O



The following lemma argues that rounding bucket sizes
to the next power of two gives us an instance which is
essentially equivalent up to a factor of two in the capacities.
We use aC' to denote the scaling of each capacity in a
multiset C' by a factor o > 0.

LEMMA 2.1. Let C = {ny,...,ng} and let C' =
{mi,...,my} where each m; = oMoga il g derived by
rounding n; up to the next power of two. Then C < C' <
2C.

Proof. The identity map certifies the domination in both
directions. ]

Let C = {ni,na,...,n;} be an instance in which all
buckets sizes are powers of two and letny > ng > ... > ng.
Let k; denote the number of occurrences of 279n; in C. We
call this set of k; buckets a megabucket, and let its volume,
denoted by vol(j) be defined as the total capacity of buckets
in it; thus vol(j) = k;277n4.

The following sufficient condition for dominance will
be useful.

LEMMA 2.2. Let C = {ny,...,ng} and C' =
{n!,...,n},} be such that all bucket sizes are powers of
wo, ny > ng > ... > ng nyp > ny > ... > ng,

and let vol(j) and vol' (j) denote the respective megabucket
volumes. Suppose that ny = nl and for all p > 0,
di<pvol(j) < X0ic, vol'(4). Then C < C'.

Proof. We define the mapping f greedily: with n;’s and n}’s
sorted in decreasing order, we match each ¢ € [k] to the first
bucket whose capacity has not been filled already; i.e. having
defined f on [i — 1], we define f(7) to be the smallest ¢’ such
that 3. _; ¢(j)=ir ;. < njy. The volume condition ensures
that ng/ > n;, and moreover, since all n;’s are powers of two,
the remaining capacity in n/, must have been at least n;, and
hence the assignment of f (i) does not violate the capacity of
i’. Continuing in this manner, we can define an f certifying
the dominance. The claim follows. |

‘We next introduce the notion of a nice instance, which
informally means that all bucket sizes are powers of two, and
each non-empty megabucket (i.e. the set of buckets of size
27 for some j) has volume at least a factor of b > 1 larger
than the volume of every megabucket for size larger than 27.

DEFINITION 2.2. (NICE INSTANCE) A set of capacities
C ={ni,na...,nE} withny > ng > ... > ny is called
b-nice if there is a sequence of integers 0 = p1,...,p; such
that:

e n1 is a power of two;

o all bucket sizes n; belong to the set {27 Piny : j € [l]};

o let k; be the number of occurrences of 27Piny in C.
Then the k;’s satisfy

kj27p-7n1 >b- kj_127pj—1n1 Vi>1

The following is the central claim of this section, estab-
lishing that any set of capacities C' is well-approximated by
one that is nice.

THEOREM 2.1. For any set of capacities C =
{n1,...,nx}, and for any constant b > 1, one can
construct a set of b-nice capacities C' such that

C=<C' =c-C,

where ¢ < O(b).

Proof. By lemma I, we can assume that all n;’s are powers
of two; this will affect the constant ¢ in the theorem by at
most a factor of two.

Informally, we will go down the list of megabuckets in
decreasing order of bucket sizes, and delete megabuckets
until we have deleted much more volume than the last
non-empty megabucket, at which point we add the deleted
volume to the megabucket at which we stop. We repeat this
until there are no more megabuckets left, and increase the
capacity of all megabuckets to restore dominance. We next
formalize this intuition.

We start with p; = 0 and let nvol(1) denote the volume
of the first megabucket. We add to C’ (b + 1) - k; buckets
of size nq. Given p; and nvol(j) we set p;11 to be the
smallest value (if any) such that f;;j 41 vol(i) is at least
b - nvol(j). We then set nvol(j + 1) £ fi;_i_l vol(i), and
add (b+1)-nvol(j+41)/(27Pi+1n, ) buckets of size 27 Pit+1n,
to C’. We repeat this until we run out of megabuckets.

The definition of C’ ensures that it is b-nice. We next
argue that C < C’ < ¢- C. To certify these relations, we use
Lemma 2.

First, we claim inductively that for all p > 1,
dicpvol(i) <37, vol’ (7). Since vol’ (i) is non-zero only
when ¢ = p; for some j, it suffices to prove the claim for all
p = p;j — 1. For p = py — 1, we have

p2—1

Z vol(i) = vol(0) + Z vol(4)

vol(0) + b-_vol(O)
= (b+ 1) vol(0) = vol’(0)

1<p

IA

where the inequality follows from the definition of ps. As-



suming the claim is true for p = p;, we write

P
Zvol(i) = Z vol(i) + vol(p;) + Z vol(7)
i<p i<p;j—1 1=p;+1

IA
M8
5_

This proves that C' < (.

We next prove the other direction. Since vol’ (i) is non-
zero only when 7 = p; for some j, it suffices to prove the
claim for all p = p;. For p = py, the definition of C’ implies
the claim for ¢ = (b + 1). For j > 0, the added vol’ at
P = pj41 is by definition equal to (b + 1) 32777" 1 vol(i),
which is exactly (b + 1) times the added vol from p; + 1
to pjy1. Thus the induction holds and we conclude that
¢’ =< (b+1)C.

The assumption that all bucket sizes in C' were powers
of two costs us another factor of two, so overall the theorem
holds with ¢ = 2(b + 1). O

3 Configuration LP

Denote the collection of all possible cuts (vertex subsets)
of size n; by F; = {S : S CV,|S| <n;}. Consider the
following configuration LP:

k
1
(P) min 522 T
j=1SeF;
k
(3.1) s.t. Z msjz1 YueV
j=1SeF;:ue
(3.2) ZISJ<1 Vi=1,....k
SeF;
zg5; >0 Vji=1,...,k VS e F

It is easy to check that the above linear program is a
relaxation for NON-UNIFORM GRAPH PARTITIONING. In
Section B we show that this linear program can be approxi-
mately solved in polynomial time. Specifically, we prove in
Section B the following theorem.

THEOREM 3.1. For every constant 0 < ¢ < 1 there is a
polynomial-time algorithm that, given as input an instance
of (P) represented succinctly using the graph G and the sizes

ni,..., Nk, outputs T such that:

IPIE

j=1SEF,

)-zs,; < O(logn) - OPT(P)

>1, VueV
j=1SeF;:ues
> ws; <l+e, Vi=1,...,k
SEF;
zg,; > 0. Vi=1,...,k,VS € F;

Here OPT(P) is the optimum (objective value) of (P).

Note that a solution # obtained from the above theorem is
feasible except for constraint (82), which might be violated
by a multiplicative constant of 1 + €. In order to make x
feasible, we change the instance to a new one in which all
capacities are doubled. This can be done as follows. Choose
e such that 1 + ¢ < 3/2 and for every bucket j partition

= {S : zg; > 0} into two sets A and B such that
Yogearsy <land) ¢ pxs; < 1(startwith A =B =1
and go over the elements of X in a non-increasing order of
rg,; and assigneachcut Sto Aif ) ¢, 5; <D gcp s,
or to B otherwise). Therefore, up to an additional loss of two
in the capacity violation, from this point on we assume the
we are given a feasible fractional solution for (P) whose cost
is at most O(logn) - OPT(P).

4 Randomized Rounding

In order to simplify the presentation of the rounding algo-
rithm and its analysis, as mentioned before, we refer to each
capacity n; as a bucket that contains cuts. We assume that the
instance is b-nice for a suitable constant b to be determined
later. As before, we aggregate the buckets into mega-buckets
according to powers of 2 as follows:

nj:2_(i_1)n1} VZ':L...,K.

Denote by k; the number of buckets in the ith mega-bucket,
namely k; = |W;|, Vi = 1,...,£. Given the jth bucket,
1 < j < k, let m(j) be the mega-bucket to which the jth
bucket belongs, namely j € W, ;.

4.1 Algorithm. Informally, the algorithm repeatedly picks
a bucket j uniformly at random, picks an S according to the
distribution given by xg ;, and assigns the yet-unassigned
portion of S to megabucket m(j). Once all vertices have
been assigned, we assemble the pieces assigned to each
megabucket in the appropriate number of pieces. We will
later argue that if the instance is nice, this can be done while
violating the capacity of each bucket by at most a constant
factor. We next describe the algorithm in more detail.



The algorithm’s description uses the following nota-
tions: ¢ is the iteration index, )V is the set of vertices covered
by the algorithm so far, W; is the collection of cuts (vertex
subsets) assigned by the algorithm to the ¢-th mega-bucket
W;, Jy is the random bucket chosen by the algorithm in it-
eration ¢, Y; is the random cut chosen by the algorithm in
iteration ¢ from bucket J;, Z; C Y; is the set of uncovered
vertices in Y, and m(u) is the mega-bucket which vertex u
was assigned to by the algorithm.

I: t+ land V « 0.
22 Wy (foralli =1,... 4L
3: while V #V do
4; pick J; € {1,..., k} uniformly at random.
5 pick a cut Y; at random
(where Pr[Y; = S| = zg 5, VS € F,).
6 Zy < Y\ V.
7: m(u) <= m(Jy) forall u € Z;.
8 Win(1s) & W) U{Zi} and V <=V U Z;.
9

: tt+1.
10: fori=1,...,¢do
11: while W; contains more than k; cuts do
12: merge the smallest two cuts in W;.

13: return the partition U{_, W.
One should note that there might be an iteration ¢ in
which Y; = (). This can happen only when ¢ 7y T8 <
t

1, and in this case with a probability of 1 — ZSGE 8,7,
the algorithm chooses Y; = 0 in step (5).

4.2 Cost Analysis. Let p,, , denote the probability that u
and v are assigned (to cuts) in different iterations of the
algorithm, formally

Pupw =Pr[3t#t :ue Zy,ve Zyl.

Obviously, p., . is an upper bound on the probability that u
and v are separated in the algorithm’s output.

LEMMA 4.1. For every u,v € V we have

k
Puw <Y Y

J=1 SeF;:(u,w)ed(S)

.’L'Sy]'.

Proof. Let us say that a pair (u, v) gets settled in iteration ¢
if neither of v and v has been assigned by iteration ¢ — 1, but
at least one of them gets assigned in iteration ¢t. We say the
pair gets separated in iteration ¢ if it gets settled in iteration
t and exactly one of u, v gets assigned. Thus conditioned on
(u,v) not being already settled, the pair (u,v) gets settled
in iteration ¢ if [Y; N {u,v}| > 1, and gets separated if
|Y: N {u,v}| = 1. Hence conditioned on being settled in
iteration ¢, it gets separated with probability W.
Since the time steps are independent and these probability

values are the same regardless of the iteration {, it is easily
seen that

_ Pr|lYin{u, v} = 1]

- PrlYen{u o} 2 1]

pu’u

Given that Y; is distributed according to {32} e, se, -

. 1 k
the numerator is exactly EZj:l ZSE}-J_:(WU)@(S) TS,
The denominator is at least Prlu € Y] >

k) .
1 i1 Dser; mes TSy + by constraint (BJ)). The
claim follows. O

The following theorem is immediate from Lemma Bl
Let cost(ALG) denote the cost of the partition reported by
the algorithm, and let cost(P) be the cost of the LP solution
Z, i.e., the objective value of P.

THEOREM 4.1. E[cost(ALG)] < 2 - cost(P).

Proof. Lemma Bl implies that

E[COSt(ALG)] = Z ’LU(U, U) * Pu,v

(u,v)EE

< Z w(u,v)zk: Z

xS, j
(u,v)EE J=1 SeF;:(u,v)€d(S)
k
= Z Z 8(S) - xg; =2 - cost(P).
Jj=1SeF;
g

4.3 Capacity Analysis. Let z,, ; denote the total coverage
of vertex u € V by cuts from the ith mega-bucket, formally

ZEDINDY

JEW; SeF;uesS

xrs.j-

It will be convenient to normalize it by the total coverage of
u, formally defining

Loy,

A L,i
- Sy )
j=124SeF;mes £S,j

L,i 1

ZW:l ‘ru’i/

The following two observations bound the probability that a
vertex is assigned to a mega-bucket, and the probability that
a vertex is not assigned in the first ¢ — 1 iterations.

OBSERVATION 1. For every vertex u € V and mega-bucket
1=1,...,¢

Prm(u) =i] = Zy ;.

)

Proof. Fix an iteration ¢ > 1, and condition on u being



assigned in this iteration. Then

Prim(u) =i|u € Z] =
~ Prm(u) =i A ue Z]
Prlu € Z]
Pru ¢ UZ1Y]] - ZjeWi(% ZSG]—'j;uES zs,5)
Prlu ¢ UZiYs] - 205

= xu,z

1
I(E ZSEJ’:j:UES xsaj)
The observation now follows immediately by the law of total
probability. g
OBSERVATION 2. For every vertex uw € V and iteration
t>1, )
Priug UZIY] < (1- %)t_ :
Proof. Fixu € V and s <t — 1, then using constraint (B),

-3 Y ezt

j=1 SeF;wues

ru € Y]

The observation now follows from the independence of the
different iterations. ]

4.3.1 A Martingale. We define a martingale for every
mega-bucket i = 1,...,£. Consider the following random

variables:
" 0 ifm(Jy) #1i;
Ni &> Ry
t>1

The random variable I2; ; counts the number of vertices in
the cut Z; if it was added to W; and O otherwise. N; counts
the total number of vertices in cuts added in all iterations of
the algorithm to WW;. We define the Doob martingale of NV;
conditioned on the random choices the algorithm made so
far:

Mz t =

E[N;|Yi,...,Y:] .

By definition the sequence {M;;},-, is a martingale with
respect to {Y;},2 . Specifically, for every iteration ¢ > 1 the
following holds: E [M; +|Y1,...,Yi—1] = Mi+—1.

Comment: We note that in each iteration ¢ the algo-
rithm makes two random choices, J; and Y;. Formally, in
the definition of the martingale, when conditioning on the
history of the random choices the algorithm made so far, we
should have used (J;,Y;) instead of Y;. However, for nota-
tional simplicity we only write Y; but the reader should keep
in mind that each Y; is accompanied by the corresponding
Jt.

4.3.2 Unconditioned Variance of Martingale Differ-
ences. We start by explicitly writing the change in the value
of the martingale {M; ,},~ , in every time step ¢.

LEMMA 4.2. For every mega-bucketi =1, ..., { and itera-
tiont > 1,
M — M1 = R;y — Z Zuyi -
ueZt
Proof. We can write M; ; as
zt QZst'i_E ZRZS Y17'~'7
s>t
I S R
ugUt_ Y,
= ZRz ot Z
ugUt _

Equality (i) holds since the random variables Y7,...,Y;
(along with the corresponding Ji,...,J;) determine the
value of all random variables R; 1,..., R;;. Equality (ii)
follows from (the proof of) Observation M. The lemma
follows by using the above formula for ¢ and for t — 1, and
the fact that U_, Y, \ U'Zl Y, = Z,. O

Our goal is to bound the unconditioned variance of
the difference of a single step of the martingale, namely
Var[M;; — M;;—1]. Since {Mii}?io is a martingale,
E[M;; — M;;—1] = 0, and thus it suffices to bound
the second moment of the martingale difference. Observe
that #,; € [0,1] by its definition, and hence |Z;| >
Zy,; > 0 (with probability 1). Using Lemma E2,
= E[(Mzt - Mi,tfl)Q] is

ueZy
it follows that Var[M; ; — M, ;1]
upper bounded by

(4.3)

[|Zt| ‘m ) —z}+

Pr[m(J; (qu> ‘ (J) #i

(YA

The above is correct since one can examine the two
different cases. If m(J;) = ¢ then by definition R; ; = |Z,|
and we get that M, , — M, , 1 = |Z;| — ZuEZt Ty >
0, and therefore (M, ; —Mm_l)2 |Z;|?. Otherwise
m(J¢) # ¢ and in this case R; ; = O and (M, ; — Mi7t_1)2 =
(Zue Z, iuz) ?. The next lemma crucially provides an upper
bound on d; ;.



LEMMA 4.3. Forevery 1 <i < {andeveryt > 1,

2%; Nt
k/ (1 — k) 27(171)7’1% .

Proof. We start by bounding the first term of d; ;.

Prm(J;) =i]-E

di <

(122 m() = i]

= % Z Pr {um € Zym(Jy) = z}
u,veV

= % Z Pr [um ¢UZIY, A u,v € Yim(Jy) = z}
u,veV

> Prluwv ¢ UZIY.] - Pr [u,v e Yt‘m(Jt) _ Z}

u,weV
Dk, < ! Z { }
— 1—> . Pr u,UEY‘m(J)zi
k k u,veV ‘ '

_ ’% (1 - ;)H B[l |m() =]

(4.4)
1 t—1 )
(1 — k) 972002

(m) k;
~k

Equality (i) is derived from the fact that all iterations of
the algorithm are independent. Inequality (ii) follows from
Observation O and the fact that Pr[u,v ¢ UZ1Y;] <
Pr[u ¢ U._1Y,]. Finally, inequality (iii) holds since Y;
is chosen from mega-bucket ¢ and must be of size at most
2_(1_1)711.

We now upper bound the second term of d; ;.

2
(Z xuz) ’ t 7é
uEZy
—ZPr

2
Jt — 71 (Z xu 2> ’ Jt
r#i u€Zy
= Z % Z i‘u,ijv,i -Pr [U,U € 7y

r#i u, eV

LD
k

r#i u, eV

Pr[m(J;

m(Jy) = r}
[fu,i%,i -Pr [u,v ¢ Uz;lle} .
Pr [u,v eY;

Sy

r#i u, eV

m(Jy) = r}

S
=Tk

Pr[uEYt

Ly, iLw,i*

m(Jy) = r] Pr {v ey,

u € Yy, m(Jy) = 7‘} ]

Ty

[xu,ixv,ixu7r'
r#i u,veV

Pr [v € Yt‘u e Yy, m(J) :7“”

- N .
i(-7) Trrm T,
r#i ueV
(viii) g, 1\ —(i-1),2 —(r-1)
@5 < (1-p) 2@ ni)y e '
r#i

As before, equality (iv) follows from the independence of
the algorithm’s iterations, and inequality (v) follows from
Observation @ and the fact that Pr[u,v ¢ Uz;lle} <
Pr [u ¢ U.Z1Y]. Note that equality (vi) holds since Pr[u €
Yi|m(Jy) =r] = izjewr ZSE]—'J:uGSxSJ =
Inequality (vii) is derived from Z,; € [0,1] and an upper
bound on the size of a set Y; chosen from mega-bucket W,.,
namely

Y & Pr [v €Y;

veV

1
Efu’r.

u € Ye,m(Jy) = r] <

E [|Yt\ =1,

Inequality (viii) is derived by considerable rearranging and
similar facts like Z,, . € [0,1] and constraint (B2), namely,

E L, iLu,r = E L, i Lu,r

ucV ueV

S Z L,i

ueV

PP IPILLY

JEW; SEF; ues

= > (8l asy)

JEW; SEF;
<k; - 2_(i_1)n1 .

ue Y, m(Jy) = 7'} <2

Combining the upper bounds (E4) and (E3J) on d;; we
conclude that

ki N
di,t < E (1 — k) .9 2(d 1)7’L?+
k. 1\ 1 .
M _ L9—(i=1),2 —(r-1)
3 (1 k) 270 ng E 2
r#i
k. 1\
_ " - —(i—1),,2 —(i—1) —(r—1)
=7 (1 k) 2 ni |2 + E 2
r#i
2k; NNt
7 - —(i—1),,2
< A (1 k:) 2 nj
O



4.3.3 Sums of Conditioned Variances of Martingale Dif-
ferences. We proceed to bound the sum, over all iterations
of the algorithm, of the conditioned variances of the martin-
gale differences for a fixed mega-bucket W,.

LEMMA 4.4, Foreveryi = 1,... 0 and o; > 1, let A be

the event that Zt21 Var[M;, — M;_y_1|Y1,...,Yi4] >
a; - ki - 27(1"2)71% Then,
1
PriA] < —.
Qg

Proof. Similarly to (B3), we can bound

Val"[Mi,t - Mi,t—l Yi,..., Yt—l]

from above by
Di,t é(PI’ [m(Jt) = Z] .
E {|Zt|2’m(<]t) =1, {Yr}1§r§t—1} >+

(Pr [m(Ji) # ] -

E (Z i‘uz) ’m(Jt) # i7{YT}1§r§t71 ) :

uEZy

Notice that D;,, in contrast to d; ¢, is a random variable
depending on Y73,...,Y;_;. By the law of total probability,
E[D; ] = d; . and thus, using linearity of expectation and
Lemma B3,

E[> Die] = Y dis

t>1 t>1

2k; 0NNt
Z#(“Q 2 Vnd

t>1

IN

= k222

Applying Markov’s inequality, we obtain a bound on the
upper tail of ZtZI D; ¢+, and the lemma follows. (|

4.3.4 Martingale Concentration via Stopping Times.
For every mega-bucket W;, 1 < i < /, we are given a
martingale {M; +};° ) with respect to {Y;},~ ;. Additionally,
we know that except with a small probability (with the ap-
propriate choice of «;), Lemma B4 implies that the sum of
conditioned variances of the martingale differences is small.
How can one use this along with the martingale to obtain
a good concentration? Obviously one can condition on the
event that the sum of variances is small for all mega-buckets

(i.e., the algorithm repeats until this event happens). How-
ever, once conditioned on this event the sequence { Mz‘,t}tio
is not guaranteed to be a martingale anymore. To overcome
this, we use a martingale concentration bound that depends
on stopping times, as stated below.

THEOREM 4.2. (FREEDMAN’S INEQUALITY [ERE/T])
Let {X,},~, be a martingale difference with respect
to {Y,},_,, namely, E[X,|Y1,....Y,_1] = 0 for
every n > 1. Assume in addition that |X,| < 1
(with probability 1). Let S, = > X; and
T, 230" Var[X;|V1,...,Y;_1]. Then

2
Pr[S, > v and T, < ¢ for some n] < eI
for every v,6 > 0.

The following theorem shows that the algorithm outputs
a partition that deviates from the desired capacities by at
most a constant factor. Its proof uses Freedman’s inequality.

THEOREM 4.3. If the instance is b-nice for a large enough
constant b, then with a constant probability, the partition
US_, Wi reported by the algorithm deviates from the capacity
bounds by at most a constant factor.

Proof. We will use Freedman’s inequality for each of the
non-empty megabuckets. Recall that since the instance is
b-nice, there is a sequence of integers 1 = py,...,p; such
that k,,2=®i=Yny > bk, 27P-17Yp, foralli > 2,
and these are the only non-empty mega-buckets. It follows
that

k, 9= (Pi=1) > pi=1

[

Vi > 1.

We will show that with a constant probability, the multiplica-
tive deviations of all the martingales corresponding to non-
empty mega-buckets are upper bounded by a constant.

Given a fixed mega-bucket W,,, we choose the following
parameters for Freedman’s inequality, where C,« > 1 are
absolute constants to be determined later:
X, 2 Myt — Mp, 11

ni

%2 C Ky, 9—(pi—1)

G EC-al -k 27D
Let us verify that all the conditions of Freedman’s in-
equality (Theorem EZ) are satisfied.  First, note that
E[X;¢|Y1,...,Y;_1] = Osince {M,, +},° is a martingale
with respect to {Y; };- ;. Second, by Lemma E2 and the fact
that 0 < &, <1,

| Z4|

Zuez,, Typ,

if m(J;) = pis

My, + — My, 1] <
| M, pit 1|—{ it m(Jy) # pi.



In the first case, |Z;] < 27P~Yn; < ny. In the second
case, Y . cz Tup, < |Zi| < ma, since T, < 1 by
definition and n; is an upper bound on the size of all buckets.
Therefore, it is always the case that |X, .| = |M;; —
M;—1|/n1 < 1. Hence, all the conditions of Freedman’s
inequality are satisfied.

By Lemma B4, we can bound the sum of conditioned
variances of {X;;},. as follows:

2
Pr {Zvar[Xi,t | Y1,..., Y 4] > 51} < Coi
t>1
Let B; be the event in the above expression. Applying

Freedman’s inequality to the martingale difference sequence
{Xi+}>1 gives,

2
P[ Xi>,»/\Bi]< (_7)
r| ) Xie 2y AT

t>1

exp(cm)
)

and together we have

Pr [ZX“ > %} <Pr[B;] + Pr [ZX“ >y A Ei]

t>1 t>1
Cb'
20#) '
Letus set & = 2, b = 8 and C' = 4. Plugging these in
and summing up over all i, we get:

2
,—l—exp(—
«

Pr(31<i<ed Xz <

>1
!
SZPY {ZXi,t > %‘]
i=1 >1

! l .
1 9.8i—1)
< : — ‘

<0.9.

It follows that with a probability of at least a constant,
all mega-buckets have their capacity violated by at most a
constant factor of C'. Since each cut Z; added to mega-
bucket p; has size at most 2=i=Dn,, it is easy to check
that the repeated merging of small pieces in steps 10-12 of
the algorithm produces k,, pieces of size at most (C + 1) -
2=(Pi=Dp, . Thus all capacities are violated by at most a
factorof C + 1 =5. O

Proof. [of Theorem ] Follows from Theorem I, Theo-
rem B (and its subsequent discussion in Section B), Theo-
rem B, and from Theorem E3.

5 Solving the Configuration LP

In this section we prove Theorem Bl In principle, all we
need is an approximate separation oracle for the dual of
(P). However, since (P) is a mixed packing and covering
program, the dual’s objective function contains negative
terms, and it is a little more tricky to approximate its overall
value (rather than approximating the positive and negative
terms separately). We follow the method of Chakrabarty
and Swamy [CSTI, Lemma 3.3 in the arxiv version], where
the dual LP is “massaged”, scaling some variables and
constraints by small fudge factors a,b > 1. Section B2
proves Theorem Bl by describing such an algorithm and its
analysis.? Section B3 gives an alternative proof of the same
theorem by using (with some needed modifications) Young’s
iterative method [[YonT] for quickly solving fast packing
and covering problems. We note that a black-box application
of Young’s technique does not provide the guarantee we
need, and a different rescaling of the objective packing
constraint (once the problem is reduced to a feasibility
question) is needed.

5.1 Weighted Unbalanced Cut. We require an algorithm
for the following problem:

DEFINITION 5.1. An instance of the WEIGHTED UNBAL-
ANCED CUT problem is given by (G,r,y,Y), where G =
(V, E) is an undirected graph with non-negative weights on
the edges, a capacity parameter r, a non-negative weight
function on the vertices y : V — R, and a weight parame-
terY. The goal is to find a cut S C 'V subject to |S| < r and
y(S) > Y that minimizes §(S).

The following lemma is implicit in the work of Riicke [ROS].

LEMMA 5.1. There is an efficient algorithm that given an
instance (G,r,y,Y) of WEIGHTED UNBALANCED CUT
and any absolute constant o > 1, finds a cut S such that
S| < r, y(S) > Y/a and 6(S) < L - 6(S*) for some
optimal solution S*, where L = O(logn).

5.2 Solving the LP via a Separation Oracle for the Dual.
The dual of (P), our configuration LP, is given by the
following LP:

k
(D) max Z Yo — sz

veV
s.t. Zyv —2z; <60(8) Vj=

veS

Yu Z Oa Zj Z 0

1,...,k, VS e F;
VoeV,Vi=1,...,k

ZThe proof here was suggested to us by an anonymous reviewer. Our
original proof follows the same outline, and is similar except that the fudge

factors manipulation is slightly more specialized to our context.



Given values (y, : v € V) (or similarly y : V' — Ry),
define for S C V its aggregate value y(S) £ > ¥
Now, for d € R and a,b > 1, define the following polytope
(feasibility LP):

D'(d,a,b) =

k
{v)—ad % =4
Jj=1
ng,w:L...,k}.

(5.6)

yvzov ijoa

Observe that OPT(D), the optimum (objective value) of
(D), equals the maximum d such that D’'(d,1,1) is non-
empty. Througout, we set a = (1 + )2 and b £ aL (where
€ is from Theorem Bl and L is from Lemma B).

LEMMA 5.2. There is a polynomial-time procedure that
given d and vectors 7y, Z, either reports a constraint of
D'(d, a,b) violated by (Y, Z), or determines that (j,aZ) €
D'(d,1,1).

Proof. Given d and vectors 7/, 7, first check the first and last
sets of constraints used to define D’(d, a, b). If any of these
constraints is violated, we can report it; so assume henceforth
they are satisfied. Next, to check constraints (B8), do the
following for each 7 = 1,...,k. Start by exhaustively
checking the constraint for all singletons, i.e, S C V with
|S| = 1. Again, if any of these constraints is violated, we
can report it; so assume henceforth they are satisfied. It
follows that y(V') < nz; + 2w(E). Whenever y(S) < zj,
the corresponding constraint is surely satisfied; thus, we
only need to check subsets S where y(S) € [z;,nz; +
2w(FE)]. Apply Lemma BT with « = 1 + ¢ and every
Y € [z #,nz + 2w(E)] that is a power of 1 + . If,
for any of those Y values, the obtained set T' C V satisfies
y(T)—5= 6(T) > z;, then we have a constraint of D’(p, a, b)
violated by (¥, Z), and we can report it. Otherwise, we know
that for every subset S with y(S) € [V, (1 +¢)Y],

y(S) =5 0(8) < a(l +e)y(T) — 57 6(T)
= [y(T) — 3 o(T)]

<azj.

If we have not found a violated constraint for any of
the Y values, then we know that all S € F; satisty
y(S) — 35 6(5) < az;, and since we have checked all
other constraints explicitly, we can determine that (¥, aZ) €
D'(p,1,1).

Finally, this entire procedure runs in polynomial time
because the number of Y values that are examined for each
j=1,...,kisat most O(2 log(n + w(E)/z;)). O

We now continue the proof of Theorem Bl Using
the Ellipsoid algorithm and Lemma BEX as an approximate
separation oracle, we can solve the following in polynomial
time: Given p € R, either find some (¢,a2) € D'(d,1,1)
or determine that D’(d,a,b) = . Now perform a binary
search on d until reaching additive precision v > 0 (set
to be exponentially small in the input size), and let d* be
the largest d for which the former outcome is obtained. In
particular, we have found some (7*,az*) € D/(d*,1,1),
implying that D has a feasible solution (%, aZ*) and optimal
value OPT(D) > 37, yy —a)_;z) > d*.

For value d = d* + ~, the Ellipsoid algorithm produced
a polynomial-size collection of constraints that certifies the
emptiness of D’(d, a,b). It follows that that the “compact-
dual”, which seeks to maximize y(V)) — a}_, 2; subject
to that polynomial-size subset of () and nonnegativity
constraints, has value smaller than d = d* + . Since 7 is
exponentially small in the input size (recall (P) is succinctly
represent using G and nq,...,nyg), it is also exponentially
small relative to the size of our compact-dual, the said
maximum (of the compact-dual) must be at most d*. The
LP dual of the compact-dual is similar to our original primal
(P), except that (i) it has only polynomially many variables
x g3 (ii) the objective function coefficients are 2% 0(S); and
(iii) the righthand side of (B3) is a. This LP has polynomial
size and by duality its optimal value is at most d*. Now solve
this LP and interpret the solution found as a solution to (P)
by setting the remaining g ; variables to zero (implicitly).
Overall, our algorithm runs in polynomial time and computes
an approximate solution for () in the sense that its value
is at most bd* < aL OPT(D) < O(logn) OPT(P) and
constraints (B2) are violated by at most factor a = (1 + ).
This completes the proof of Theorem Bl

5.3 Solving the LP by Young’s Iterative Method. For

simplicity, let us reduce (P) to a feasibility problem. Con-
sider the following polytope Q parameterized by M:

k
o ={Y > ezl

YueV,
j=1SeF;:ues
(5.8) Y ag; <1 Vi=1,...,k,
SE]‘-J'
1
(5.9) I DD 6(8)ws, <1
j=1SeF;
15520 Vji=1,...kvVSeF }

M 1is our guess for the value of an optimal solution to the
NON-UNIFORM GRAPH PARTITIONING instance we have
(which can be guessed in polynomial time up to a constant
be rescaling of the edge weights and then applying binary
search). Denote by C' the matrix of the covering constraints



of Q, namely (BE10), and by P the matrix of the packing
constraints of Q, namely (E3) and (E). It is important
to note that we scaled the objective constraint (E9) by an
additional factor of L as to compensate for the loss in the
solution of WEIGHTED UNBALANCED CUT.

Following the footsteps of Young [[Yaulll], we define
the following smooth approximations of the max and min
functions for any vector ¥ = (zg;) indexed by
kand S € Fj:

1<j<k,SEF;
j=1,...,

Imax(P - T

Imin(C - 7) & —1In (Z y(7, u)) ,

where,

N is a scaling parameter to be chosen later and L is the ap-
proximation factor from Lemma BTl. Note that R(Z) corre-
sponds to the packing constraint (B), z(&, j) corresponds
to the packing constraint (B3), and y(&, u) corresponds to
the covering constraint (E27).

The reader should keep in mind while reading the algo-
rithm and its proof that:

(5.10)
k
Imaz(P-Z) > N -m { Z Z TS
j=1S€eF;
SeFi1 SEFk
(5.11)
k
Imin(C - Z) < Nil?él‘l/l{z Z ms,]} .
j=1SeF;ues

The above follows immediately from the definition of lmax
and Imin. Intuitively, as the free coefficient of all constraints
in Q(M)is 1, lmax(P-Z) is at most N times the value of the
worst packing constraint (the one closest to being violated).
On the other hand, Imin(C - Z) is at least N times the value

of the worst covering constraint (the one furthest from being
satisfied).

Let us describe now the algorithm of finding a point in
Q(M), where 8 > 1 is an arbitrary absolute constant and
v > 0 is a small step size to be determined later. The
algorithm starts with £ = 0 and increases it as long as &
violates at least one of the covering constraints.

1. £+ 0.
2 while Ju € Vst Y5 Yoer es s, < 1do
3: r <+ 0.
4 Y > cvy(@ u).
5 V1 < j < k use Lemma Bl to approximately solve
(G,nj,{y(Z,u)},cy ,Y) and obtain S .
6: while

o Suevu@uw)
’“mlﬁ]ﬁ’“{ R@+5F,_ | =@

A R@)S(S; ) +2(7,5) }>(x,6’

Sues,,, 1@w
do
7: Y Y/ﬂ
8: r1r+ 1
9: Let j be the index for which
Suev ¥(@w) G B@EE(S;,,)+2(F.5)

R(5)+Ej/:1 (@5 Tues;, v@W <ap .

10: T T+vy-1s;, 5

11: Return 7.

LEMMA 5.3. If M is at least the value of an optimal so-
lution to NON-UNIFORM GRAPH PARTITIONING, then for
every iteration of the big while loop (step (2)) with T, there
exists a j and an r such that S; , satisfies:

ZuEV y(fa u)
R(&) + )y 2(#, ")

BLR@3(S,) + 2(@.5)
ZuG S y(‘f’ ’U,)

<af.

Proof. Consider the following problem:

2uev Y(T;u)

(@) + Ty 2(5,7)
37 R(#)3(S) + 2(F, )

2 ues Y(&,u) ’

(*)  min min {
1<j<k SEF;

and let j* and S* be an optimal solution to it. It it important
to note that this optimization problem is different from what
appears in the theorem, as the coefficient of §(S) is 77 R(Z)
and not 57 R(Z). Our proof has two steps. In the first, we
prove that (x) has value at most 1, namely that plugging j*
and S* into (x) results in value which is at most 1. In the
second step we show that the algorithm, in the worst case,
finds an approximate solution to (), thus proving the lemma.



Let us start with the first step. Define the following two
vectors 7 and ¢/ indexed by 1 < j < kand S € F;:

lI>

o 3 R@)I(S) +2(7, j)
2573
J

R(E) + Y-, 2(%, ')
A Zues y(fv u)

ZUGV y(f> u)
Again, it is important to note that in the definition of zg ;
to coefficient of §(S) is only - R(&). Since M is at least
the value of an optimal solutlon to NON-UNIFORM GRAPH

PARTITIONING, denoting by #* such an integral optimal
solution implies that:

%5

Ys.,j

Consider 7 - 7*:

I z’“: 5 ﬁR(f)éES) -xg];j —|—z(f:j,?') LT

j=1SeF; R(@) + X252, 2(2,5)
_ R@)+ ¥ 2(7)
T R(@) + Y, 2(E )

The inequality is derived from the above assumption on
M and the fact that z* is feasible, and in particular
ZSeFj rg,; < lforeveryl <j < k. Consider now ¥ - £*:

8]

=1.

Ig,j ' ZuES y(f7 U)

ZuGV y(‘f’ u)

2wy Y(@u) - Zf=1 Zsefj:ues Ty
Zuev y(7, u)

> Zugv y(Z, U)

T D uev Y(@u)

The second equality is just a change in the summation order,
and the inequality is derived from the fact that =* is feasible,
and in particular Zj:l ZSeFj;ues rg; > 1 for every
ueV.

We proved that 2’- ©* < 1 < ¢/- Z*. Since all the vectors
Z*, Z and ¥ are in the non-negative orthant, there must be
some coordinate that corresponds to some j and S € Fj in
which zg; < ys ;. This implies that (x) < 1, concluding
the first step of the proof.

Fix an iteration of the big while loop (step (2)) and
consider the first time that Y’ < 3~ q., ), Which implies
thatY > 37 .,z /B by the definition of the algorithm.

When this happens, denote by S the cut the algorithm obtains
when it uses Lemma Bl to approximately solve the instance

=1.

(G, nj=, {y(Z,u)},cy ,Y) of WEIGHTED UNBALANCED
CUT. Lemma BT implies that

S| < nje and Y y(Fu) >Y/a> > y(@u)/(ap),

ueS uesS*

and that §(S) < L-6(S*). Therefore, using all these one can
bound:

Suevy(Eu)  prR@NE) + 2(E )
RO 37 Sasv@uw
cup ey ARENS) +2(E )
T R@ A Sho @) Tues u(@u)

<af.

The last inequality is derived from the last step of the proof.
This concludes the proof. g

LEMMA 5.4. For every 0 < ¢ < 1 and v > 0 such that
v<eandy <eM/§(S)foralll <j<kandS € Fj:
(5.12) lmax (P-(£+~-1s;)) —lmax (P %) <
azR(@)i(S) +2(7,j)
R(T) + X5y 2(7, )
Imin (C - (Z+~v-1s;)) —

v (1-¢/2)-N

v-(l+¢e)-N-

(5.13)

Lemma B4 can be derived immediately from Lemma 1 in
[frontm].

LEMMA 5.5. For every 0 < ¢ < 1, v > 0 satisfying the

conditions as in Lemma 04, and scaling parameter N =
1. In (k + 1), the output T of the algorithm satisfies:

k
G144 > D as,

i >1 YueV
j=1SEF;ues
(5.15) Y 25; < (1+0())-ap Vi=1,... .k
SeF;
1 k
(5.16) —— > 5(8)-25; < (1+0(e)) - afB
. L :
j=1S8€F;

Proof. By the stopping condition of the big while loop of
the algorithm, it is clear that the covering constraint holds as
in (BIA). Let us now consider both the packing constraints
(B3) and (BM). Initially, since £ = 0, the starting value
of lmax(P - ) is In (k+ 1). Lemma B4 implies that in
every iteration, if S € F; for some j was chosen to be added



fractionally to Z, then:

Almax(P - T)
Almin(C - %)

1+¢ ) Zuevy(f ) .
Tl-e/2 R@)+ X, 2(35)

S RE@SS) + 2(,4)

ZuGS y( )
The algorithm’s choice of the cut S added to & gives that:
Al P.Z 1
max(P - T) <af- +e

Almin(C - Z) — 1—¢/2°

Therefore, since as long as the algorithm does not terminate
Imin(C - &) < N (by inequality (BI0)), and inequality
(BM) provides that:

k
N~max{zwle Z 0(S) - zs;,
j=18€eF;
Z TS1 5 -+ Z l‘S,k} S
SeFi1 SeFy

<lImax(P - %)
14¢

1—¢/2

maox {1, ma o (5(5)/01) b
1+¢

1-¢/2

<ln(k+1)+ap- - N+

<ln(k+1)+af- "N +e

The last inequality is derived by the conditions on 7. Since
N=¢"1-In(k+1)and, > 1, we can conclude that:

Zm,

SeF1

This concludes the proof as (513) and (E18) hold. O

TS5,

23731@} 1+ 0(e)) - ap.

SeF

LEMMA 5.6. There is a choice of v that satisfies the con-
ditions in Lemma such that the algorithm that outputs T
runs in polynomial time.

Proof. First, Lemma B3 implies that the algorithm never
gets stuck. Second, let us bound the total number of big
while iterations the algorithm makes. Consider the following
potential function: Zle >_ser,; ¥s,j- Its initial value is 0,
and its final value is at most (1 + O(¢)) - af - k by Lemma
B3. In each iteration its value increases by <y, hence, after
(14 0(¢))- a8 - k/~ big while iterations the algorithm stops.

Next, we prove that the running time of each iteration
is polynomially bounded. We achieve this by bounding r,

the number of internal while iterations (in step (6) of the
algorithm), for every single big while iteration. From the
proof of Lemma B3, we need to wait until the first time YV
drops below » - ¢. y(Z,u). Recall that at any moment, for
any vertex u € V, y(Z,u) = e N7« where r, is the
number of big while iterations in which a cut S that contains
u was chosen. Thus,
y(f, u) :67N"‘/'Tu
e In (k+1)'7/5'ru

> (wam)

L\ (HO@)apk/y
> -
- (ln (k+ 1))

We used that N = ¢! - In(k+1), v < ¢ and that 7,
can be bounded by the total number of big while iterations.
Therefore,

In(n)+(1+0())-af-k/y-Inln(k+1)

r < ,

- In ()
as initially Y < n. All that is left to prove is that one
can choose v > 1/poly(n). The only restriction is that
v < e-min{l,M/4(S)} for every S € F; and for every
1 < j < k. If the graph is unweighted it is obviously true
that one can choose v > 1/poly(n), and standard rescaling
techniques of the edge weights work. For example, one
can throw away all edges of weight M/n? and rescale the
remaining edge weights to be between 1 and n>. (]

Proof. [of Theorem Bl] Follows immediately from Lemmas
B3 and B4. ]
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