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IMPROVED LOWER BOUNDS FOR EMBEDDINGS INTO L;*

ROBERT KRAUTHGAMER' AND YUVAL RABANTI#

Abstract. We improve upon recent lower bounds on the minimum distortion of embedding
certain finite metric spaces into L. In particular, we show that for every n > 1, there is an n-point
metric space of negative type that requires a distortion of Q(loglog n) for such an embedding, imply-
ing the same lower bound on the integrality gap of a well-known semidefinite programming relaxation
for sparsest cut. This result builds upon and improves the recent lower bound of (loglog n)l/ﬁ_"(l)
due to Khot and Vishnoi [The unique games conjecture, integrality gap for cut problems and the
embeddability of negative type metrics into l1, in Proceedings of the 46th Annual IEEE Symposium
on Foundations of Computer Science, IEEE, Piscataway, NJ, 2005, pp. 53-62]. We also show that
embedding the edit distance metric on {0,1}" into L; requires a distortion of (logn). This result
improves a very recent (log n)1/2_°(1) lower bound by Khot and Naor [ Nonembeddability theorems via
Fourier analysis, in Proceedings of the 46th Annual IEEE Symposium on Foundations of Computer
Science, IEEE, Piscataway, NJ, 2005, pp. 101-112].
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1. Introduction. In recent years, low distortion embeddings of finite metric
spaces into L; have become a powerful tool in an algorithm designer’s arsenal. Such
embeddings are extremely useful in two very different contexts, which we discuss
below.

In combinatorial optimization, cuts in an n-vertex graph correspond to n-point
cut semimetrics (see, e.g., [5, 16, 28]).! These semimetrics span the cone of n-point
semimetrics that are subsets of L;. Polynomial-time computable relaxations of NP-
hard cut problems are often expressed as optimization over larger sets of semimetrics.
Thus, using (“rounding”) a relaxed solution to approximate the optimal solution to
the original problem often boils down to embedding the relaxed solution into L.

In data analysis, proximity and classification problems are often easier to perform
when data sets are subsets of L;. In fact, for many such problems L; behaves as well
as Euclidean space (see, for example, [19, 24]). Therefore, a common approach to
solving such problems in other input families is first to embed the distance function
into a well-behaved normed space such as L1, and then to use known solutions for the
chosen target space.

We consider in this paper the embedding into L; of two types of metrics that
have attracted much attention recently. First, we consider negative type metrics.
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1A semimetric satisfies all the properties of a metric, except that points may be colocated.
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A metric is said to be of negative type if the metric derived by taking the square
roots of the original distances is Euclidean (i.e., embeds isometrically into Ls). We
show that n-point metrics of negative type may require 2(loglogn) distortion to
embed into L;. Second, we consider the edit distance on {0,1}", which is the min-
imum number of character insert/delete/substitute operations required to transform
one string into the other. We show that this metric requires Q(logn) distortion to
embed into L;. Both results are proved using simple tools from Fourier analysis
of boolean functions. The lower bound for negative type metrics improves upon the
(loglogn)'/6=°() bound by Khot and Vishnoi [23]. (They also indicate that the bound
improves to (loglogn)'/4=°(1) using [29].) The lower bound for edit distance improves
upon the (logn)'/?2~°( lower bound by Khot and Naor [22]. Both previous bounds
were proved very recently using Bourgain’s deep result [9] on noise insensitive boolean
functions. In contrast with the use of e-noise in [23, 22], we use hypercube edges in
both of our lower bound constructions. As it turns out, this leads to stronger bounds.

Note added in proof. Several generalizations and/or further improvements were
published after a preliminary version of our paper appeared in SODA 2006. Our bound
for negative type metrics was improved (qualitatively, e.g., to average-distortion) in
[15]. A very different construction of negative type metrics (based on the Heisenberg
group), given in [25, 13], is likely to give a lower bound of (logn)®("). For edit distance,
a different lower bound based on a communication complexity approach was given in
[2] and answers some of the questions posed in section 3.1.

Sparsest cut and negative type metrics. The most striking connection between L
embeddings and combinatorial approximation algorithms is exhibited by the sparsest
cut problem. In this problem the input is an undirected graph G = (V, E) with
positive edge capacities ¢ : E — N, a set of pairs of vertices D = {si,ti}le (called
terminals or demand pairs), and a positive demand function h : {1,2,...,k} — N.
The goal is to find a cut (S,5) in G (where  # S CV,SNS =0, and SUS =V)
that minimizes the ratio

ZeEE:\Sﬂe\:l C(e)
D i sngs by =1 P

In the uniform-demand case, D consists of all pairs of vertices and h(i) = 1 for all i.
Our lower bound requires a nonuniform choice of demands.

The groundbreaking work of [26] gave an O(logn)-approximation for uniform
demand sparsest cut. The algorithm is based on a linear programming relaxation
that produces a solution in the form of a (general) metric on the vertex set V', and
this metric is used to generate a cut by a region growing argument. Follow-up work
applied this method to a similar relaxation for the nonuniform case. Eventually,
tight O(log k) bounds (asymptotically matching the integrality gap) were derived in
[5, 28] by relating the sparsest cut problem to embedding into L; and applying a
theorem of Bourgain [8] that shows that every n-point metric space embeds into L;
with distortion O(logn).

An obvious direction for improving the approximation guarantee is to use a more
restricted set of metrics in the relaxation. A natural candidate for this is the set of
n-point negative type metrics, which includes all n-point subsets of L; and can be
optimized over in polynomial time using semidefinite programming (within arbitrarily
small error). Formally, associate to every vertex & € V a vector v, and then the
relaxation can be stated as given in Figure 1.

It has been conjectured that this relaxation can be used to get a constant factor
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Minimize Y c(e)]ve — vy 3
e={zy}ep
s.t. [vs = vall3 < lvw —vyll3 + oy —v:ll3 Va,y,2€V
Z h(Z)HUSl — U % =1
{Si,ti}GD

Fic. 1. A semidefinite programming relaxation for sparsest cut.

approximation (see [4]). A recent breakthrough result [4] obtained an O(y/logn)-
approximation for the uniform demand case. Follow-up work [11, 3] led to a bound
of O(y/1og kloglogk) for the nonuniform case by showing an embedding of negative
type metrics into Lp. (In fact, the embedding is into Lo, which embeds isometrically
into Ly.)

On the other hand, two recent results [12, 23] independently proved that under
Khot’s unique games conjecture [21] the sparsest cut problem is NP-hard to approx-
imate within any constant factor. Quantitatively stronger, yet plausible, versions of
the conjecture imply inapproximability factors of up to Q(y/loglogn). The second pa-
per [23] further showed that the integrality ratio of the above semidefinite relaxation
can be as large as (loglog N )1/ 6—0o(1) "exhibiting in particular an n-point negative type
metric that requires a distortion of (loglog N)l/ﬁ’o(l) to embed into L;. We prove
the following theorem.

THEOREM 1.1. The semidefinite relaxation in Figure 1 has integrality ratio
Q(loglogn).

Using standard arguments (see [23]), this theorem implies the following corollary.

COROLLARY 1.2. For every integer n > 1 there is an n-point negative type metric
space that requires a distortion of Q(loglogn) to embed into L.

Our proof of Theorem 1.1 is based on the argument in [23]. Our input instance
differs in the choice of edges—we use the regular hypercube edges instead of the
e-noise model used in [23]. As a result, we are able to use Friedgut’s theorem for
approximating low average sensitivity boolean functions by juntas [17].

Edit distance. The edit distance (a.k.a. Levenshtein distance [27]) between two
strings is the minimum number of character insertions, deletions, and substitutions
needed to transform one string into the other. Edit distance is a fundamental measure
of similarity between strings and appropriately weighted variants of it play a central
role in several domains of data analysis. In particular, efficient algorithms for dealing
with variations of the edit distance (often referred to as sequence alignment) are
among the most investigated computational problems in molecular biology, dating
back to 1970 [30].

We restrict our discussion to strings in {0, 1}", focusing on the asymptotic behav-
ior as n goes to infinity. For x,y € {0,1}™, let ed(x,y) denote their edit distance. It is
a simple observation that ({0,1}",ed) forms a metric space. Our concern is with low
distortion embeddings of this metric space into Ly, motivated, as explained above, by
applications in data analysis such as near-neighbor searching (see [31]).

Until recently, no nontrivial bounds were known for embedding edit distance into
L;. In fact, isometric embedding was only recently ruled out by the 3/2 lower bound
of [1]. On the other hand, an L; embedding of edit distance with distortion bounded
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by 20(Vlegnloglogn) wag recently achieved in [31], and this indeed yields the best
approximate nearest neighbor scheme currently known for edit distance. (An upper
bound of O(n?/3) can be derived from the results in [6].) Lastly, the lower bound
was significantly strengthened to (log n)l/ 2—0(1) jp [22], the paper that motivated our
work on edit distance. We show the following theorem.

THEOREM 1.3. The distortion of embedding the metric space ({0,1}™, ed) into
Ly is Q(logn).

Although inspired by the lower bound of [22], our proof of the theorem requires
more basic machinery, namely, a result due to Kahn, Kalai, and Linial [20]. Techni-
cally, the result is obtained by analyzing separately the different types of edit oper-
ations, namely, a random bit flip and a cyclic shift. For edit distance, this analysis
leads to a stronger distortion lower bound because it can be applied also to a random
bit flip (i.e., the hypercube edges) compared with the e-noise used in [22].

2. Integrality gap for the sparsest cut relaxation. Our proof actually ana-
lyzes the (nonuniform demand) balanced cut problem instead of analyzing the sparsest
cut problem. In the B-balanced cut problem, the input is similar to that of the spars-
est cut problem with an additional parameter 0 < B < 1. The goal is to find a
minimum-capacity subset of the edges F' C F whose removal disconnects at least a
B-fraction of the demand. The above-mentioned semidefinite relaxation for sparsest
cut can be adapted to B-balanced cut as given in Figure 2. (As we do not need the full
generality of the problem, we restrict our attention to the case of unit edge capacities
and unit, though nonuniform, demands.)

Minimize Z l|vi — v;l3
(i,5)EE
s.t. lvill3 =1 VieV
vi = vll3 < [lvi —v5ll3 + llv; —wll3  Vi,jkeV
2 lvi—vll3 > B D]
{i,7}€D

F1a. 2. A semidefinite programming relazation for B-balanced cut.

Throughout this section, we will use N (rather than n) to denote the number of
vertices in a graph. A standard argument, which can be found in [23], shows that for
all 0 < B’ < B < 1, if there is an N-vertex instance in which the size of every B’-
balanced cut exceeds by at least a p factor the value of the B-balanced cut relaxation
in Figure 2, then the integrality ratio of the sparsest cut relaxation in Figure 1 on
N-vertex instances is at least Q(p/(B — B’)). Therefore, our goal in the rest of this
section is to show instances satisfying the above premise with B = 1/2, B’ = 1/4,
and a gap of p = Q(loglog N).

We will first define a graph G* that is based on a folding of the 2n-dimensional
hypercube, and define for it a set of demand pairs D to make it an instance of %—
balanced cut. Next, we will demonstrate a solution of the semidefinite relaxation in
Figure 2 for this instance. The solution vectors will be identical to those of [23], so
the solution’s feasibility follows from the proof in that paper, and we will only need
to evaluate the value of this solution. (Notice that the set of feasible solutions is
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independent of the structure of the input graph, which is why we can use the same
solution as in [23], even though we use a different graph on the same set of vertices.)
Finally, we will lower bound the cost of a 1/4-balanced cut, which will conclude the
proof of Theorem 1.1.

Note. We employ the notation used in an early version of [23]. It is substantially
different from the newer version of [23].

2.1. The instance. Fix an integer k > 0 and set n = 2¥. Let F be the family
of all functions f: {—1,+1}* — {—1,+1}; hence |F| = 2". For S C [k], define

xs: {—1,+1}F = {=1,41}, xs(z) = Hzl
€S

The Walsh functions ys are characters of the group F5. They form an orthonormal
basis for the space of functions mapping {—1, +1}* to the reals.

For g,h € F, let gh denote the function that is the pointwise multiplication of g
and h. For z € {—1,+1}* and S C [k], let 20 S denote the vector obtained from z by
flipping the bits in S. For g € F and S C [k], define

goS :{—1,+1}F = {—-1,41}, (goS)(z)=g(z089).

Notice that for every S C [k], both f +— fxs and g — g oS are one-to-one functions.

For f,g,f', g € F, write (f,g) = (', ¢) if there exists S C [k] such that f" = fxs
and ¢’ = go S. It is easy to see that = is an equivalence relation on F x F, and the
size of every equivalence class is exactly 2 = n. Let [(f, g)] denote the equivalence
class of (f,g).

Let dy(f, f') denote the Hamming distance between f, f' € F, i.e., the number
of z € {—1,+1}* such that f(z) # f'(z). Notice that for all f € F and ) # S C [k],
we have dy(f, fxs) =n/2.

We are now ready to define the graph G* = (V*, E*). (See the remark below for
a more informal description.) The vertex set is

V(G =A{l(f,9)]: f.g € F},

i.e., the collection of equivalence classes in F x F; hence N = |V (G*)| = 22" /n. The
edge set is

E(G*) = {(u,u’) :3(f,9) €u,3(f',g") € v, such that dy(f, f') + dr(g,9") = 1},

i.e., two vertices u,u’ € V(G*) are connected by an edge if we can write them as
u = [(f,g9)] and v = [(f',g")] such that either (i) f = f’ and the functions g,¢’
differ in exactly one coordinate, or (ii) g = ¢’ and the functions f, f’ differ in exactly
one coordinate. It is easy to verify that for all f, f' € F and S C [k], we have
dy(f, ) = dn(fxs, f'xs) and dy(f, f') = dy(f o S, f' 0S). Thus, all vertices in G*
have degree 2n.

Similarly to [23], we define the demands to be uniform among the vertices cor-
responding to each single f € F, i.e., D = {(u,u) : 3f,9,9' € F, such that u =
[(f,9)], v =[(f,¢")]}- We note that we could have also defined them similarly to [12]
to be D = {(u,v’) : 3f,g € F, such that u = [(f,9)],v = [(f,—9)]}

Remark. The graph G* is the 2n-dimensional hypercube with the standard edges
(i.e., connecting vertices at Hamming distance 1), “folded” by merging together every
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vertex (f,g) with (fxs,go0S) for all S C [k]. The demands are then uniform inside
the n-dimensional cubes corresponding to every single f € F. It is instructive to think
of f € F and g € F as vectors in {—1,4+1}". The map f — fxs then corresponds
to flipping n/2 bits in the vector f (as determined by S), and there are n different
flip patterns as generated by the Hadamard code. The map g — go S corresponds to
permuting the n coordinates in the vector g (as determined by ), and the n possible
permutations form a l-transitive group, meaning that for every i,j € [n] there is
S C [k] such that g; = (g0 5);.

2.2. The solution to the semidefinite relaxation. For a function f € F,
define a unit-length vector ¥(f) € R™ by setting (¢(f)). = L\/ZE) for all z € {—1,+1}*

(this is the truth table of f, scaled to be a unit vector). Let 1 denote a function (in
F) that is constant 1. For a vector u and an integer r > 0, let u®" denote the tensor
product of u with itself r times. We associate every f, g € F with the following vector
in R*™":

&t

o(f.9) = %Z]g(loS)w(sz)@ ,

SClk

where s = 8, t = 2240+ 1. (Notice that 10 is the characteristic vector of the set S.) Tt
can be easily verified that for all f,g € F and T' C [k], we have ¢(f, g) = o(fxT,90°T),
because (goT')(1oS) = g((1oS)oT) = g(1o(SAT)) and (fxr)Xxs = fxsar. Therefore,
¢ can be viewed as a function from V(G*) to R™”", and we can take (p(v)yev (G- asa
solution to the semidefinite relaxation in Figure 2. Since these vectors are exactly the
vectors used as the semidefinite solution in [23], and also the demands are the same
as in [23], it follows from that paper that all the relaxation’s constraints are satisfied.
However, our choice of edges is different and thus the value of this semidefinite solution

is different.
LEMMA 2.1. Let f, g, f', g € F and suppose that dp(f, f')+dn(g,9") = 1. Then

S|

> g(1o8)g (Lo ) (W(fxs) - (f'xs))® > 1= O(s/n).
,8'C

5,58"C k]

Proof. It is easily seen that {¢(fxs)}scp is an orthonormal basis of R™. For
every h € F, we also have ¢(h) € R", and thus } g (W(fxs)v(h)? = |v(h))*=1.

Suppose first that ¢ = ¢’ and dy(f, f/) = 1, and fix S C [k]. We then have
dy(fxs, ['xs) =1, and thus (¢¥(fxs) - ¥(f'xs)) =1—2/n. It follows that

ST @(fxs) v xs) < (1 (1 - 2/n)?)?

S'C[k],S'#S
< (4/n+4/n?)%/2,

Thus, the left-hand side (LHS) in the statement of the lemma is lower bounded by
(1—2/n)%/2 — (4/n+4/n?)*/2 > 1 - O(s/n).

Suppose next that f = f’ and dx(g,¢’) = 1. It follows that for all S’, S C [k]
with S” # S we have (¢¥(fxs) - ¥(f'xs)) = 0. Thus, the LHS in the statement of the
lemma is given by %ZSC[I@] g(1oS)g’'(LoS)=1-2/n. O

LEMMA 2.2. The solution () yev (g~ for the semidefinite relazation in Fig-
ure 2 has value O(st/n) - |E(G*)].
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Proof. Let (u,v') € E(G*). Let f,g,f',¢g" € F be such that u = [(f,9)], v’ =
",¢')], and dy(f, f') +dn(g,9') = 1. By Lemma 2.1, [[o(u) — ()| = 2— 2(((;0)
w) —

[(f
o(u)) <2—=2(1-0(s/n))t < O(st/n), and we conclude that >,
( a

u)|> < O(st/n) - |[E(GY)].

2.3. Balanced cuts. We use the following theorem of Friedgut. The total
influence (a.k.a. average sensitivity) of a boolean function b : {0,1}" — {0,1} is
S Procgoayn[f(x) # f(2%)], where 2 € {0,1}™ is derived from x by flipping the
ith bit.

THEOREM 2.3 (Friedgut [17]). Let b:{0,1}" — {0,1} be a boolean function with
average sensitivity k. Let € > 0. Then, there exists a boolean function b’ : {0,1}" —
{0,1} depending only on 2°%/€) wariables, such that ' differs from b on at most €2"
nputs.

The following lemma shows that every 1/4-balanced cut in G* cuts Q(k’%) |E(G*)]
edges.

LEMMA 2.4. Let A: V(G*) — {0,1} be a function such that Pr, . eplA(u) #
A(u)] > 1/4. Then Priy uepen [Alu) £ A(w)] > Q(12E2).

Proof. We first define an “unfolded” version of G*. Formally, let G be the 2n-
dimensional hypercube whose vertex set is V(G) = F x F and edge set is E(G) =
{((f,9), (", q") : du(f, f) + dn(g,g") = 1}. To see that this is indeed a hypercube,
write every function f € F as a vector in {—1,+1}". We will need some specialized
terminology regarding the 2n variables (dimensions) of this hypercube. In particular,
we associate each of the last n variables (i.e., variables in the g-part when writing
a vertex as (f,g) € V(G)) with a distinct set S C [k], as follows: Fix a function

o ¢ {—=1,+1}* — {—1,+1} that takes the value —1 exactly once, and for every
S C [k], let 05 : {—1,+1}* — {—1,+1} be the function og = o9 o S. Notice that
{os}scqy is the family of functions in F that take the value —1 exactly once, and
thus d3((f,9), (f,g05)) = 1.

We extend the function A : V(G*) — {0, 1} in a straightforward way to a function
B:V(G) — {0,1} by defining B(u) = A([u]). By definition,

(1) B(f,g9) = B(fxs,g0S) VfeF, geF, SCIk.

Assume towards contradiction that Pr(, .)ep(a)[A(u) # A(u')] < Clo%, where
¢ > 0 is a constant that will be determined shortly. It follows immediately that the
total influence of B is

2n - Pr B(u) # B(v')] = 2n - Pr Au) # A(u)] < 2clogn.
(u,u/)eE(G)[ ( )# ( )] (u,u/)GE(G*)[ ( )# ( )] - g

Using Theorem 2.3 we get that B can be e-approximated by a junta function B that
depends only on variables in J for |j| < 20(clogn)/e - Fixing ¢ = 2—10, we see that
if ¢ > 0 is a sufficiently small constant, then |J| < n/3. We further restrict our
attention to J, which contains the variables in J that are among the last n variables
(i.e., are in the g-part in G). For T' C [k], define J o T to be the set of variables in the
g-part that contains the variable indexed by S if and only if J contains the variable
indexed by SAT; formally, JoT = {S C [k] : SAT € J}.

We first claim that there exists S* C [k] such that J N (Jo0S*) = 0. To prove the
claim, observe that for every S with J N (J o S) # 0 there is in J a distinct pair of
variables, namely variables indexed by 17,75 such that S = T3 AT,. Hence, at most
n?/3 choices of S C [k] may yield a nonempty intersection between J and .J o S. The
claim follows since the number of choices for S is 28 = n > n?/3.
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We now wish to upper bound Pr(, ,)ep[A(u) # A(u')] = Prygner[B(f,9) #
B(f,gh)]. To this end, notice that every h € F can be written as h = hyhj, where
hy € F is negative only on coordinates corresponding to variables in J, and hy € F

is negative only on coordinates corresponding to variables (in the g-part) not in J.
Thus,

[B(f, )#B(f,gh)]< Pr [B(f,9) # B(f,9h;)]

fghéf f.9:hz

+, P [B(f.ghy) # B(fgh)

<2+ Pr [B(f,9) # B(f,gh)]

f.g:hg

=2+ Pr [B(fxs9°8") # B(fxse, (ghs) o 5]

< 4g;

the first inequality follows by a union bound; the second one holds because hj is
negative only in variables that B does not depend on; the subsequent equality holds
because of (1); the last inequality follows by observing that (gh;)oS* = (goS*)hjos~
differs from g o S* only on coordinates where hjog~ is negative, and that B does not
depend on variables in J o S*.

We arrive at the conclusion that the fraction of demands separated by this cut
is Pr(y,uep[A(u) # A(u')] < 4e = 1/5, contradicting our assumption that the cut is
1/4- balanced O

Combining Lemmas 2.2 and 2.4 we see that every 1/4-balanced cut exceeds by at
least a Q(logn) = Q(loglog N) factor the value of the 1/2-balanced cut semidefinite
relaxation in Figure 2. We conclude that the integrality ratio of the semidefinite
relaxation in Figure 1 is Q(loglog N), completing the proof of Theorem 1.1.

It can be easily seen using standard arguments (see [23]), that the semidefinite
programming solution presented in section 2.2 forms an N-point negative type metric
that requires distortion (loglog N) to embed into Ly, which proves Corollary 1.2.

3. Lower bound for embedding edit distance into L;. To prove Theo-
rem 1.3, fix an integer n and let V' = {0,1}". We will need a few weight functions
over V x V; for simplicity, we define them as probability distributions. First, let

Ey = {(x,y) rx,y €V, ”x_yHl = 1}7

and let 77 be a probability distribution over V' x V' that has a uniform support over
Ey and assigns probability 0 for pairs not in Ey. (Notice that if (z,y) € Eg, then
ed(z,y) = 1.) Next, define S : {0,1}"™ — {0,1}" to be the cyclic left-shift operation,
ie, S(x1,...,2n) = (x2,...,&n,x1), let

Es = {(z,5(x)) : z €V},

and let 75 be a probability distribution over V' x V' that has a uniform support over
Es and assigns probability 0 for pairs not in Eg. (Notice that if (z,y) € Eg, then
ed(z,y) < 2.) Let the distribution 7 be the average of 7y and 7g, ie., 7(z,y) =
(e (2, ) +7s(x,v))/2. Let o be the uniform distribution over V. For A C V, let A =
V' \ A. For A, B CV, we denote by 7(A, B) the symmetric sum >, p[7(2,y) +
7(y,x)], and similarly define 754 (A, B) and 75(A, B). It is well known that for two
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strings z,y € V drawn independently at random, with probability Q(1) they satisfy
ed(z,y) > Q(n). (Indeed, for every = € {0,1}", the number of strings y € {0,1}"
within edit distance (say) n/10 from x is (3n)"/1 = o(2"); see [7, Lemma 8] and [22,
Lemma 4.4].) We thus get

]E(Ly)er[ed(ma y)]
EwEU,yEU[ed(xvy)] h Q(?’L)

Using the cut cone representation of L; metrics (see, e.g., [5, 16, 28]), if (V, ed) embeds
into L1 with distortion D > 1, then there must exist A C V such that

(4, A)
—" < O(D/n).
(Ayo(a) = OP/M)
The following key lemma would then complete the proof of Theorem 1.3.
LEMMA 3.1. For every ACV,

< O(1/n).

logn

n

(A, A) > Q ( ) a(A)o(A).

Proof. Fix A C V, and assume without loss of generality that |A| < |A], i.e.,
o(A) < 1/2. Define accordingly a boolean function f : {0,1}" — {0,1} by f(z) =
lizecay. Let I; be the influence of the jth variable in f, ie., I; = Procv[f(z) #
f(x @ e;)], where e; is the jth unit vector and @ represents coordinatewise addition
modulo 2. We shall soon require the following bound that is implicit in [20]; see also
[18, Lemma 3.4] or [12, Lemma 2.3] for details.

LEMMA 3.2 (Kahn, Kalai, and Linial [20]). Let f: {0,1}" — {0,1} be a boolean
function with balance p = Pryero1yn[f(x) = 1] < 1/2, and let Ij = Prycqo1yn[f(2) #
f(x @ ej)] be the influence of the jth variable. Then for all § > 0,

max[; <6 = Z I; > Q(p)log(1/0).
jeln] jem]

Let ¢ > 0 be a constant to be determined later, and assume towards contradiction
that 7(A, A) < Ck’% -o(A). Observe that the total influence of f is

Z I =n-1a(A,A) <2n-7(A,A) < 2clogn - o(A),
J€E[n]

and its balance is o(A). We thus get from Lemma 3.2 that there exists ¢ € [n] such
that I, > 2/ n'/8, if only ¢ > 0 is chosen to be a sufficiently small (depending only on
the hidden constant in Lemma 3.2) and assuming n is sufficiently large.

We now claim that for every k € {1,...,n'/*}, we have Ipy;, > 1/n'/%; here and
in what follows we let I for ¢ > n be short hand for I;_,. (The constant 1/4 is
somewhat arbitrary.) Indeed, by our assumption above,

Pr(f(a) # f(S@)] = 7(4, A)

< 27(A, A)
2clogn

o(A)

n

1
< clogn

n
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Observe that if = is chosen uniformly at random from V', then S(x) is also uniformly
distributed over V. For every k € {1,...,n'/4}, it thus follows by a union bound that

k—

Pr [f(x)# f(S*(x Z ) # (S (@) <

:0

cklogn

€ n

Observe that S*(x) @ ey = S*(x @ eg1 1), and that if z is uniformly distributed over
V, then so do S*(x) and x @ ey1 . Using the last inequality above, we thus get

I = Pr[f($"(x) # F(S"(x) & e)
< Prif(8%(z) # f(@)] + Prif(z) # f(@ @ ecin)]

zeV
+ Prif(e®en) # F(8*(z @ eeqr))]

2cklogn
< Ipyp+ — 280

The claim now follows from the bound I, > 2/n'/® (assuming n is sufficiently large).

1/4
Finally, notice that by the above claim, the total influence is at least | Tryr >
> clogn, which contradicts our assumption above and completes the proof of
Lemma 3.1. a

nl/8 s

3.1. Discussion. One obvious challenge left open from section 3 is to determine
c1({0,1}™, ed), as there is still a large gap between the upper bound of [31] and the
lower bound of Theorem 1.3. We note, however, that Lemma 3.1 is tight: There exists
A CV such that 1/4 < o(A) < 3/4 and 7(4, A) < O(1%8%). Indeed, let k = O(logn)
and consider the collection of strings containing, possibly with a wrap-around, 0F as
a substring; namely,

A={x€{0,1}" : Ji such that x;41 = -+ = 244 = 0},

where z; for t > n is short hand for x;_,,. Clearly, k& can be chosen such that the cut
(A, A) is 1/4-balanced, i.e., 1/4 < o(A) < 3/4. For every z € A the probability that
flipping a random bit in x yields a string not in A is at most k/n, hence 75 (A, A) =
O(k/n), and similarly, for every z € A clearly S(z) € A, and hence 7s(A4, A) = 0. It
follows that 7(4, A) < O(1%&™).

It is also interesting to note that there exists a subset V' containing a 1 — o(1)
fraction of the strings in {0,1}", such that Q(logn) < ¢;(V’,ed) < O(log®n). (The
conference version erroneously stated an O(logn) upper bound.) Specifically, set ¢t =
4logn, and let V' contain every string = € {0, 1}" that is t-nonrepetitive in the sense
that the length ¢ substrings of z are all distinct. It is easily seen that o(V’) > 1—1/n?.
The upper bound on ¢;(V’,ed) follows from [10, Theorem 3.1}, where the ¢-non-
repetitiveness is used to show an embedding with distortion O(tlogn) = O(log®n).
The lower bound on ¢1(V’,ed) is a consequence of section 3, as follows. Observe
that for all x € V, we have 7({z},V \ {z}) = 27" = 20({z}), and therefore
T(VLVAV) < 3 ieviv T{zh, VA {z}) = 20(V\ V) < 2/n%. Now suppose that
(V',ed) embeds into L; with distortion D > 1. Then, similar to the argument in
Theorem 1.3, there exists A C V' such that

T(AV'\A)

oMoV 4) = OP/m):
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By applying this argument repeatedly, it can be further guaranteed that 1/4 < o(A) <
3/4 (see, e.g., [22]). It follows that 7(A, A) < 7(A,V'\ A)+7(V',V\V') < O(D/n)-
o(A)o(V '\ A), and then Lemma 3.1 implies that D > Q(logn).

It was pointed out by A. Naor that Lemma 3.1 can be cast as the following
Poincaré inequality: For every f:{0,1}" — Ly,

E If (@)= fle@ej)lli+n E [[f(2)=f(S@))i = Qlogn)- _E _ |f(z)=fy)l-

1 TEOo rEo,yceo

J

n

Furthermore, it can be generalized to some other operations on the coordinates (other
than the cyclic shift).

Another intriguing question is: What is the least distortion required for embed-
ding ({0,1}", ed) into Ly-squared (equivalently, embedding ({0,1}", ved) into L3)?
While a Lo-squared embedding is technically weaker than an Li-embedding (i.e.,
it follows from but generally does not imply an Li-embedding), it is as useful for
many applications like nearest neighbor search. We remark that an exact analogue
to Lemma 3.1 (based on the same 7 and o) is not true, because by letting h(z) be
the Hamming weight of  we obtain E(, e, [h(z) — h(y)|* < O(1/n) Eveoyeo [h(x) —

h(y)[>.

Finally, we note that our results do not give a lower bound for several related
problems, such as embedding into L; of the Ulam metric (cf. [10]), or of the metric
induced by edit distance with moves; cf. [14]. See also the note added in proof.
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