
Lecture7:ApplicationtoProgramSynthesisA.Pnueli

ApplytoPrograms

Letusapplythecontrollersynthesisparadigmtosynthesisofprograms(or
designs,ingeneral).
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ExampleDesign:Arbiter

Consideraspecificationforanarbiter.

gn

r1g1

Arbiter

rn

Theprotocolforeachclient:

rigi

rigi rigi

rigi

Requiredtosatisfy
∧

i6=j

¬(gi∧gj)∧
∧

i

(gi=ri)
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StartbyControllerSynthesis
Assumeagivenplatform(plant),identifyingcontrollable(system)and
uncontrollable(environment)transitions:

r1r2;g1g2

r1r2;g1g2r1r2;g1g2

r1r2;g1g2r1r2;g1g2r1r2;g1g2

r1r2;g1g2

r1r2;g1g2

r1r2;g1g2

r1r2;g1g2r1r2;g1g2r1r2;g1g2 r1r2;g1g2

r1r2;g1g2r1r2;g1g2r1r2;g1g2

Duetoidling,everynodeisconnectedtoitselfbybothgreenandredtransitions,
whichforsimplicitywedonotexplicitlydraw.Acompletemoveconsistsofared
edgefollowedbyagreenedge,visitingatmosttwodifferentstates.Alsogivenis
anLTLspecification(winningcondition):

ϕ:¬(g1∧g2)∧(g1=r1)∧(g2=r2)
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ForSimplicity

Weaddedtothespecificationtherequirementthat,ateverycompletemove,at
mostoneofthefourvariablesr1,r2,g1,g2maychangeitsvalue.
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ControllerSynthesisViaGamePlaying
AgameisgivenbyG:〈V=~x∪~y,Θ1,Θ2,ρ1,ρ2,ϕ〉,where

•V=~x∪~yarethestatevariables,with~xbeingtheenvironment’s(player1)
variables,and~ybeingthesystem’s(player2)variables.Astateofthegameis
aninterpretationofV.LetΣdenotethesetofallstates.

•Θ1(~x)—theinitialconditionforplayer1(Environment).Anassertion
characterizingtheenvironment’sinitialstates.

•Θ2(~x,~y)—theinitialconditionforplayer2(system).

•ρ1(~x,~y,~x
′
)—Transitionrelationforplayer1(Environment).

•ρ2(~x,~y,~x
′
,~y

′
)—Transitionrelationforplayer2(system).

•ϕ—Thewinningcondition.AnLTLformulacharacterizingtheplayswhichare
winningforplayer2.

Astates2issaidtobeaG-successorofstates1,ifbothρ1(s1[V],s2[~x])and
ρ2(s1[V],s2[V])aretrue.

WedenotebyD~xandD~ythedomainsofvariables~xand~y,respectively.

VerificationandSynthesisofReactivePrograms,Marktoberdorf,Summer,200680



Lecture7:ApplicationtoProgramSynthesisA.Pnueli

PlaysandStrategies

LetG:〈V,Θ1,Θ2,ρ1,ρ2,ϕ〉beagame.AplayofGisaninfinitesequenceof
states

π:s0,s1,s2,...,

satisfyingtherequirement:

•Consecution:Foreachj≥0,thestatesj+1isaG-successorofthestatesj.

Aplayπissaidtobewinningforplayer2ifπ|=ϕ.Otherwise,itissaidtobe
winningforplayer1.

Astrategyforplayer1isafunctionσ1:Σ
+
7→D~x,whichdeterminesthenextset

ofvaluesfor~xfollowinganyhistoryh∈Σ
+

.Aplayπ:s0,s1,...issaidtobe
compatiblewithstrategyσ1if,foreveryj≥0,sj+1[~x]=σ1(s0,...,sj).

Strategyσ1iswinningforplayer1fromstatesifalls-originatedplays(i.e.,plays
π:s=s0,s1,...)compatiblewithσ1arewinningforplayer1.Ifsuchawinning
strategyexists,wecallsawinningstateforplayer1.

Similardefinitionsholdforplayer2withstrategiesoftheformσ2:Σ
+
×D~x7→D~y.
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FromWinningGamestoPrograms

AgameGissaidtobewinningforplayer2if,every~x-interpretationξsatisfying
Θ1(ξ)=1canbematchedbya~y-interpretationηsatisfyingΘ2(ξ,η)=1,such
thatthestate〈~x:ξ,~y:η〉iswinningfor2.

Otherwise,i.e.,thereexistsaninterpretation~x:ξsatisfyingΘ1(ξ)suchthat,for
allinterpretations~y:ηsatisfyingΘ2(ξ,η),thestate〈~x:ξ,~y:η〉iswinningfor1,
thegameiswinningforplayer1.

Wesolvethegame,attemptingtodecidewhetherthegameiswinningforplayer
1or2.Ifitiswinningforplayer1thespecificationisunrealizable.Ifitiswinning
forplayer2,wecanextractawinningstrategywhichisaworkingimplementation.

Whenapplyingcontrollersynthesis,theplatformprovidesthetransitionrelations
ρ1andρ2,aswellastheinitialcondition.

Thus,theessenceofsynthesisunderthecontrollerframeworkisanalgorithmfor
computingthesetofwinningstatesforagivenplatformandspecificationϕ.
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TheGamefortheSampleSpecification
Forthesamplespecificationinwhichtheclient-serverprotocolis:

rigi

rigi rigi

rigi

andwasrequiredtosatisfy
∧

i6=j

¬(gi∧gj)∧
∧

i

(gi=ri)

Wetakethefollowinggamestructure:

~x∪~y:{ri|i=1,...,n}∪{gi|i=1,...,n}

Θ1:
∧

iriΘ2:
∧

igi

ρ1:
∧

i((ri6=gi)→(r
′
i=ri))

ρ2:
∧

i((ri=gi)→(g
′
i=gi))∧

∧
i6=j¬(g

′
i∧g

′
j)

ϕ:
∧

i(gi=ri)

Notethatthesafetypartsofthespecificationareplacedinthelocalcomponents
(Θ1,Θ2,ρ1,ρ2)whilethelivenesspartsarerelegatedtothewinningcondition.
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TheControlledPredecessor

Asinsymbolicmodelchecking,computingthewinningstatesinvolvesfix-point
computationsoverabasicpredecessoroperator.Formodelcheckingthe
operatorisEpsatisfiedbyallstateswhichhaveap-stateasasuccessor.

Forsynthesis,weusethecontrolledpredecessoroperatorp.Itssemanticscan
bedefinedby

p:∀~x
′
:ρ1(V,~x

′
)→∃~y

′
:ρ2(V,V

′
)∧p(V

′
)

whereρ1andρ2arethetransitionrelationsoftheenvironmentandsystem,
respectively.

Inourgraphicnotation,s|=piffshasatleastonegreenp-successor,andall
redsuccessorsdifferentfromssatisfyp.
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SolvingpGames,Iteration0

Thesetofwinningstatesforaspecificationpcanbecomputedbythefix-point
expression:

νY.p∧Y=p∧p∧p∧···

Weillustratethisonthespecification¬(g1∧g2).
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r1r2;g1g2

r1r2;g1g2r1r2;g1g2
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r1r2;g1g2
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Iteration0,Y0:1
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SolvingpGames,Iteration1
Thesetofwinningstatesforaspecificationpcanbecomputedbythefix-point
expression:

νY.p∧Y=p∧p∧p∧···

Weillustratethisonthespecification¬(g1∧g2).
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r1r2;g1g2

r1r2;g1g2r1r2;g1g2

r1r2;g1g2r1r2;g1g2r1r2;g1g2

r1r2;g1g2

r1r2;g1g2

r1r2;g1g2
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r1r2;g1g2r1r2;g1g2r1r2;g1g2

Iteration1,Y1:¬(g1∧g2)∧1
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SolvingqGames,Iteration1
Thesetofwinningstatesforaspecificationqcanbecomputedbythefix-point
expression:

µY.q∨Y=q∨q∨q∨···

Weillustratethisonthespecification(g1=r1).
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r1r2;g1g2

r1r2;g1g2r1r2;g1g2
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r1r2;g1g2

r1r2;g1g2

r1r2;g1g2

r1r2;g1g2r1r2;g1g2

r1r2;g1g2

Iteration1,Y1:(g1=r1)
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SolvingqGames,Iteration2
Thesetofwinningstatesforaspecificationqcanbecomputedbythefix-point
expression:

µY.q∨Y=q∨q∨q∨···

Weillustratethisonthespecification(g1=r1).
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Iteration2,Y2:Y1∨Y1
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SolvingqGames,Iteration3
Thesetofwinningstatesforaspecificationqcanbecomputedbythefix-point
expression:

µY.q∨Y=q∨q∨q∨···

Weillustratethisonthespecification(g1=r1).
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Iteration3,Y3:Y2∨Y2
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SolvingqGames,Iteration4(Final)
Thesetofwinningstatesforaspecificationqcanbecomputedbythefix-point
expression:

µY.q∨Y=q∨q∨q∨···

Weillustratethisonthespecification(g1=r1).
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Iteration4,Y4:Y3∨Y3
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SolvingqGames

Agameforawinningconditionoftheformqcanbesolvedbythefix-point
expression:

νZµY.q∧Z∨Y

Thisisbasedonthemaximalfix-pointsolutionoftheequation

Z=µY.(q∧Z)∨Y

Thisnestedfix-pointcomputationcanbecomputediterativelybytheprogram:

Z:=1
Fix(Z) 




G:=q∧Z

Y:=0
Fix(Y)

[Y:=G∨Y]
Z:=Y
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Solving(g1=r1)fortheArbiterExample

Applyingtheabovefix-pointiterationstotheArbiterexample,weobtain:
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r1r2;g1g2r1r2;g1g2

r1r2;g1g2r1r2;g1g2

r1r2;g1g2

Notethattheobtainedstrategy,keepsg2=0permanently.Thissuggeststhatwe
willhavedifficultiesfindingasolutionthatwillmaintain

(g1=r1)∧(g2=r2)
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GeneralizedResponse(Büchi)
Solvingthegameforq1∧···∧qn.

ϕ=ν








Z1

Z2

...

...
Zn















µY
(
(q1∧Z2)∨Y

)

µY
(
(q2∧Z3)∨Y

)

...

...

µY
(
(qn∧Z1)∨Y

)








Iteratively:

For(i∈1..n)do[Z[i]:=1]
Fix(Z[1]) 




For(i∈1..n)do 



Y:=0
Fix(Y) [

Y:=(q[i]∧Z[i⊕n1])∨Y
]

Z[i]:=Y










ReturnZ[1]

VerificationandSynthesisofReactivePrograms,Marktoberdorf,Summer,200693



Lecture7:ApplicationtoProgramSynthesisA.Pnueli

SpecificationisUnrealizable

Applyingtheabovealgorithmtothespecification

(g1=r1)∧(g2=r2)

wefindthatitfails.Conclusion:

Theconsideredspecificationisunrealizable

Indeed,withoutanenvironmentobligationofreleasingtheresourceonceithas
beengranted,thearbitercannotsatisfyanyotherclient.
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ARealizableSpecification
Consideraspecificationconsistingoftheprotocol:

rigi

rigi rigi

rigi

andthetemporalspecification

∧

i6=j

¬(gi∧gj)∧

(
∧

i

¬(ri∧gi)→
∧

i

(gi=ri)

)

Wetakethefollowinggamecomponents:

~x∪~y:{ri|i=1,...,n}∪{gi|i=1,...,n}

Θ1:
∧

iriΘ2:
∧

igi

ρ1:
∧

i((ri6=gi)→(r
′
i=ri))

ρ2:
∧

i6=j¬(g
′
i∧g

′
j)∧

∧
i((ri=gi)→(g

′
i=gi))

ϕ:
∧

i¬(ri∧gi)→
∧

i(gi=ri)
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SolvinginPolynomialTimeaDoublyExponentialProblem

In[1989]RoniRosnerprovidedageneralsolutiontotheSynthesisproblem.He
showedthatanyapproachthatstartswiththestandardtranslationfromLTLto
Büchiautomata,hasadoublyexponentiallowerbound.

Oneofthemessagesresultingfromtheworkreportedhereis

DonotbetoohastytotranslateLTLintoautomata.Tryfirsttolocatethe
formulawithinthetemporalhierarchy.

Foreachclassofformulas,synthesiscanbeperformedinpolynomialtime.
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HierarchyoftheTemporalProperties

Safety
p

Obligation
k∧

i=1

(pi∨qi)

Guarantee
p

Response
p

Persistence
p

Reactivity
k∧

i=1

(pi∨qi)

Progress

wherep,pi,q,qiarepastformulas.
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SolvingGamesforGeneralizedReactivity[1](Streett[1])

Following[KPP03],wepresentann
3

algorithmforsolvinggameswhosewinning
conditionisgivenbythe(generalized)Reactivity[1]condition

(p1∧p2∧···∧pm)→q1∧q2∧···∧qn

Thisclassofpropertiesisbiggerthanthepropertiesspecifiablebydeterministic
Büchiautomata.Itcoversagreatmajorityofthepropertieswehaveseensofar.

Forexample,itcoverstherealizableversionofthespecificationfortheArbiter
design.
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TheSolution

ThewinningstatesinaReact[1]gamecanbecomputedby

ϕ=ν








Z1

Z2

...

...

Zn



















µY




m∨

j=1

νX(q1∧Z2∨Y∨¬pj∧X)




µY




m∨

j=1

νX(q2∧Z3∨Y∨¬pj∧X)




...

...

µY




m∨

j=1

νX(qn∧Z1∨Y∨¬pj∧X)















where

ϕ:∀~x
′
:ρ1(V,~x

′
)→∃~y

′
:ρ2(V,V

′
)∧ϕ(V

′
)
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ResultsofSynthesis

Thedesignrealizingthespecificationcanbeextractedasthewinningstrategyfor
Player2.ApplyingthistotheArbiterspecification,weobtainthefollowingdesign:

r1r2;g1g2r1r2;g1g2r1r2;g1g2

r1r2;g1g2r1r2;g1g2r1r2;g1g2r1r2;g1g2r1r2;g1g2

r1r2;g1g2

r1r2;g1g2

r1r2;g1g2r1r2;g1g2

r1r2;g1g2

Thereexistsasymbolicalgorithmforextractingtheimplementingdesign/winning
strategy.
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ExecutionTimesandProgramsSizeforArbiter(N)

ExecutionTime

0102030405060708090

25

50
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150
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100
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200
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T
im

e
(seconds)

Program
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Conclusions

•ItispossibletoperformdesignsynthesisforrestrictedfragmentsofLTLin
acceptabletime.

•Thetractablefragment(React(1))coversmostofthepropertiesthatappearin
standardspecifications.

•Itisworthwhiletoinvestaneffortinlocatingtheformulawithinthetemporal
hierarchy.SolvingagameinReact(k)hascomplexityN

(2k+1)
.
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LecturesOutline

•OverviewofSystemSynthesis.

•FairDiscreteSystemsandtheirComputations.

•ModelCheckingInvarianceandfeasibility.

•TemporalTestersandgeneralLTLModelChecking.

•ControllerSynthesisviaGames.

•ExtractionofaDesignforVariousWinningConditions.

•SynthesisfromPureLTLSpecifications.
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Controller(Design)Extraction

Itremainstoshowhowtoextractawinningstrategyforthecasethatagameis
winningforplayer2.

LetG:〈V=~x∪~y,Θ1,Θ2,ρ1,ρ2,ϕ〉beagivengame.AcontrollerforGisanFDS

Gc:〈Vc,Θc,ρc,∅,∅〉,suchthat:

•Vc⊇V.Thatis,VcextendsthesetofvariablesofG.

•Θc→Θ1∧Θ2.Thatis,everyGc-initialstatesatisfiesbothΘ1andΘ2.

•ρc→ρ,whereρ=ρ1∧ρ2.Thatis,ifs2isaρc-successorofs1,thens2isalso
a(ρ1∧ρ2)-successorofs1.

•Player-1Completeness—Θc⇓~x=Θ1andρc⇓V,~x′=ρ1.Thatis,when
projectingtheinitialstatesofGconthevariables~x,weobtainpreciselyΘ1.
Also,astates1∈Σchasaρ1-successors2iffs1hasaρc-successorwhich
agreeswiths2onthevaluationof~x.

•EveryinfiniterunofGcsatisfiesthewinningconditionϕ.
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Example:ExtractedControllerforArbiter

FollowingisthecontrollerextractedfortheArbiterexample:

r1r2;g1g2r1r2;g1g2r1r2;g1g2

r1r2;g1g2r1r2;g1g2r1r2;g1g2r1r2;g1g2r1r2;g1g2

r1r2;g1g2

r1r2;g1g2

r1r2;g1g2r1r2;g1g2

r1r2;g1g2

VerificationandSynthesisofReactivePrograms,Marktoberdorf,Summer,2006105



Lecture8:DesignExtractionA.Pnueli

InterpretingaControllerasaProgram

Aprogram(equivalently,acircuit)implementingtheextractedcontrollerfollows
thestatesthatarecontainedinGc.Ithasaprogramcounterwhichrangesover
thestatesofGc.

AssumethatcontroliscurrentlyatstateSofGc.Letthenextvaluesoftheinput
variablesbe~x=ξ.ChooseastateS

′
whichisaρc-successorofS,andsuch

thatS
′
[~x]=ξ.BytherequirementofPlayer-1Completeness,therealwaysexists

suchasuccessor.

TheactionsoftheprogramistooutputthevaluesηsuchthatS
′
[~y]=η,andto

movetostateS
′
.

Inthefollowingsequenceofslides,wepresentforvariouswinningconditionsthe
algorithmforcomputingthesetofwinningstatesandanalgorithmforextracting
acontrollerinthecasethegameiswinningforplayer2.
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ComputingaControllerfortheWinningConditionp

Thewinningstatesinagamewithawinningconditionparegivenby:

win=νZ.p∧Z

Thefullcontrollerextractionalgorithmcanbegivenbythefollowingprogram:

Z:=1
Fix(Z) [

Z:=p∧Z
]

if(Θ1∧¬(∃~y:Θ2∧Z))6=0then
Print”Specificationisunrealizable”

else[
Θc:=Θ1∧Θ2∧Z

ρc:=Z∧ρ∧Z
′

]

Claim10.Ifsisawinningstateofa(p)-game,thens|=p,andplayer2can
forcethegametomovefromstoasuccessorwhichisalsoawinningstate.
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ComputingAControllerfortheWinningConditionq

Thewinningstatesinagamewithawinningconditionqaregivenby:

win=µY.q∨Y

Thefullcontrollerextractionalgorithmcanbegivenbythefollowingprogram:

Y:=q;r:=0;U[0]:=q

Fix(Y) [
Y:=q∨Y;r:=r+1;U[r]:=Y

]

if(Θ1∧¬(∃~y:Θ2∧Y))6=0then
Print”Specificationisunrealizable”

else



Θc:=Θ1∧Θ2∧Y

ρc:=0;prev:=U[0]
fori∈1...rdo [

ρc:=ρc∨(U[i]∧¬prev)∧ρ∧prev
′
;prev:=prev∨U[i]

]





Claim11.Everywinningstatesina(q)-gameisassociatedwithanatural
rankr(s)≥0,suchthatifr(s)=0thens|=q,andifr(s)>0,thenplayer2can
forcethegametomovefromstoawinningsuccessorwithalowerrank.
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ComputingAControllerfortheWinningConditionq
Thewinningstatesinagamewithawinningconditionqaregivenby:

win=νZµY.(q∧Z)∨Y

Thefullcontrollerextractionalgorithmcanbegivenbythefollowingprogram:

Z:=1
Fix(Z) 



Y:=q∧Z;r:=0;U[0]:=Y

Fix(Y) [
Y:=(q∧Z)∨Y;r:=r+1;U[r]:=Y

]

Z:=Y





if(Θ1∧¬(∃~y:Θ2∧Z))6=0thenPrint”Specificationisunrealizable”
else



Θc:=Θ1∧Θ2∧Z

ρc:=U[0]∧ρ∧Z
′
;prev:=U[0]

fori∈1...rdo [
ρc:=ρc∨(U[i]∧¬prev)∧ρ∧prev

′
;prev:=prev∨U[i]

]





Claim12.Everywinningstatesina(q)-gameisassociatedwithanatural
rankr(s),suchthatplayer2canforcethegametomovefromstoawinning
successors

′
whereeitherr(s)=0ands|=q,orr(s)>r(s

′
).
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WinningStatesfortheConditionq1∧···∧qn

Thewinningstatesinagamewithawinningconditionq1∧···∧qn

(generalizedBüchi)aregivenby:

win=ν








Z1

Z2

...

...
Zn















µY
(
(q1∧Z2)∨Y

)

µY
(
(q2∧Z3)∨Y

)

...

...

µY
(
(qn∧Z1)∨Y

)








[1]

Thisisacasewheretheextractedstrategyneedstorelyonanauxiliarymemory.
Thememorywillberepresentedbyanadditionalvariableix:1...n.
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ControllerExtractionfortheConditionq1∧···∧qn

Thecontrollerextractionalgorithmcanbegivenbythefollowingprogram:

For(j∈1...n)do[Z[j]:=1]
Fix(Z[1]) 





For(j∈1...n)do 



Y:=q[j]∧Z[j⊕n1];r:=0;U[j,0]:=Y

Fix(Y) [
Y:=(q[j]∧Z[j⊕n1])∨Y;r:=r+1;U[j,r]:=Y

]

Z[j]:=Y;maxr[j]:=r











if(Θ1∧¬(∃~y:Θ2∧Z[1]))6=0thenPrint”Specificationisunrealizable”
else






Θc:=Θ1∧Θ2∧Z[1]∧ix=1;ρc:=0
For(j∈1...n)do 




ρc:=ρc∨(ix=j)∧U[j,0]∧ρ∧Z
′
[j⊕n1]∧(ix

′
=j⊕n1)

prev:=U[j,0]
forr∈1...maxr[j]do [

ρc:=ρc∨(ix=j)∧(U[j,r]∧¬prev)∧ρ∧prev
′
∧(ix

′
=j)

prev:=prev∨U[j,r]

]
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AControllerfortheWinningCondition(p→q)
Thewinningstatesinsuchagamearegivenby:

win=νZµYνX.(q∧Z)∨Y∨(¬p∧X)

Thefullcontrollerextractionalgorithmcanbegivenbythefollowingprogram:
Z:=1
Fix(Z) 






Y:=0;r:=0
Fix(Y) 



X:=1
Fix(X) [

X:=(q∧Z)∨Y∨(¬p∧X)
]

Y:=X;U[r]:=Y;r:=r+1





Z:=Y;maxr:=r−1








if(Θ1∧¬(∃~y:Θ2∧Z))6=0thenPrint”Specificationisunrealizable”

else






Θc:=Θ1∧Θ2∧Z

ρc:=(q∧U[0]∧ρ∧Z
′
)∨(¬p∧U[0]∧ρ∧U

′
[0]);prev:=U[0]

forr∈1...maxrdo [
W:=U[r]∧¬prev;nprev:=prev∨U[r]
ρc:=ρc∨W∧ρ∧prev

′
∨¬p∧W∧ρ∧W

′
;prev:=nprev

]
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LecturesOutline

•OverviewofSystemSynthesis.

•FairDiscreteSystemsandtheirComputations.

•ModelCheckingInvarianceandfeasibility.

•TemporalTestersandgeneralLTLModelChecking.

•ControllerSynthesisviaGames.

•ExtractionofaDesignforVariousWinningConditions.

•SynthesisfromPureLTLSpecifications
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SynthesisfromLTLSpecification

Wewillnowconsidersynthesisofprograms/designsdirectlyfromanLTL
specificationwithouttheintermediaryofaplatformaspartofthespecification.
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Property-BasedSystemDesign

Whiletherestoftheworldseemstobemovinginthedirectionofmodel-based
design(seeSystem-C,UML),someofuspersistwiththevisionofproperty-based
approach.

Specificationisstateddeclarativelyasasetofproperties,fromwhichadesign
canbeextracted.

ThisiscurrentlystudiedintheprojectPROSYD.

Designsynthesisisneededintwoplacesinthedevelopmentflow:

•Automaticsynthesisofsmallblockswhosetimeandspaceefficiencyarenot
critical.

•Aspartofthespecificationanalysisphase,ascertainingthatthespecification
isrealizable.

VerificationandSynthesisofReactivePrograms,Marktoberdorf,Summer,2006115



Lecture9:LTLSynthesisA.Pnueli

ARealizableSpecification

rigi

rigi rigi

rigi

Assumptions(ConstraintsontheEnvironment)

A:
∧

i

(
ri∧(ri6=gi)⇒(ri=ri)∧ri∧gi⇒ri

)

Guarantees(ExpectationsfromSystem)

G:
∧

i6=j

¬(gi∧gj)∧
∧

i


gi∧






ri=gi⇒gi=gi∧
ri∧gi⇒gi∧
ri∧gi⇒gi









TotalSpecification

ϕ:A→G
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ProgramSynthesisfromLTLSpecification

AssumeaspecificationgivenasanLTLformulaϕplusanidentificationofthe
inputvariables~xandoutputvariables~y.Weconstructthe(structurallytrivial)
game

Gϕ:〈V=~x∪~y,Θ1:1,Θ2:1,ρ1:1,ρ2:1,ϕ〉

SolvingthegameGϕbythecontrollersynthesismethods,andextractingthe
implementingcontroller,weobtainaprogram(orcircuit)whichrealizesthe
specificationϕ.

Thereareseveraltechnicalconsiderationswhichfacilitatestheapplicationof
thisapproach.

FortwogamesG1,G2wesaythatG1isequi-realizabletoG2,writtenG1∼G2,if
therealizabilitystatusofG1isequaltothatofG2.Thatis,ifbotharerealizable,
orbothareunrealizable.
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React(1)overPastFormulas
Therearemanycasesinwhichthespecificationisgivenas,orisequivalentto,
anLTLformulaoftheform

ϕ:(p1∧···∧pm)→(q1∧···∧qn),

wherep1,...,pm,q1,...,qnarepastformulas,ratherthanassertions.We
constructthetestersT[p1],...,T[pm],T[q1],...,T[qn].Letbp1,...,bpm,bq1,...,bqn;
Θp1,...,Θpm,Θq1,...,Θqn;ρp1,...,ρpm,ρq1,...,ρqnbetheoutputvariables,initial
conditions,andtransitionrelations,respectively,oftestersT[p1],...,T[pm],
T[q1],...,T[qn].

Thesynthesisofspecificationssuchasϕusesthereductionimpliedby:

Claim13.ThegameG:〈V=~x∪~y,Θ1,Θ2,ρ1,ρ2,ϕ〉isequi-realizabletothe
gameG̃:〈Ṽ,Θ̃1,Θ̃2,ρ̃1,ρ̃2,(

∧m

i=1bpi)→(
∧n

j=1bqj)〉

where,Ṽ:(~x∪{bp1,...,bpm})∪(~y∪{bq1,...,bqn})

Θ̃1:Θ1∧Θp1∧···∧Θpm

Θ̃2:Θ2∧Θq1∧···∧Θqn

ρ̃1:ρ1∧ρp1∧···∧ρpm

ρ̃2:ρ2∧ρq1∧···∧ρqn
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ASpecialCase:TreatmentoftheSafetyComponents
Manyspecificationshavethefollowingform(e.g.,theArbiterexample):

ϕ:(I1(~x)∧R1(~x,~y,~x)∧L1)→(I2(~x,~y)∧R2(~x,~y,~x,~y)∧L2)

Obviously,I1∧R1andI2∧R2arethesafetypartsoftheenvironmentand
system,respectively.

Thefollowingreductionreplacesthesafetypartsbycorrespondingp

conjuncts.

Claim14.ThegameG:〈V=~x∪~y,Θ1,Θ2,ρ1,ρ2,ϕ〉isequi-realizabletothe
gameG̃:〈Ṽ,Θ̃1,Θ̃2,ρ̃1,ρ̃2,(b1∧L1)→(b2∧L2)〉.

where,Ṽ:(~x∪{b1)∪(~y∪{b2)

Θ̃1:Θ1∧b1=I1

Θ̃2:Θ2∧b2=I2

ρ̃1:ρ1∧(b
′
1=b1∧R1(~x,~y,~x

′
))

ρ̃2:ρ2∧(b
′
2=b2∧R2(~x,~y,~x

′
,~y

′
))

Thistransformationcanbeformallyjustifiedbytheequivalence

(Ii∧Ri(V,V))∼(first∧Ii∨¬first∧Ri(V,V))

where,first=¬1characterizesthefirstpositioninasequence.
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TheVMCAI’06Transformation

Inthepaper[PPS’06],weconsideredspecificationsoftheform

ϕ:(I1∧R1∧L1)→(I2∧R2∧L2)

andproposedtoapplythetransformationsupportedbythefollowingclaim,to
whichwereferastheVMCAI’06transformation.

Claim15.ConsiderthegameG:〈V=~x∪~y,Θ1,Θ2,ρ1,ρ2,ϕ〉andits
transformedversionG̃:〈V,Θ1∧I1,Θ2∧I2,ρ1∧R1,ρ2∧R2,L1→L2〉.If
G̃isrealizable,thensoisG.

ThistransformationwasusedinordertosynthesizethedesignsfortheArbiter
specificationforupto100clients.
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TheVMCAI’06TransformationisSoundbutNotComplete
Weshowacounter-examplespecificationϕ:(R1∧L1)→(R2∧L2)(dueto
MarcoRoveri),suchthatthegameG:〈V:{x,y},1,1,1,1,ϕ〉isrealizablebutthe
transformedgameG̃:〈V,1,1,R1,R2,L1→L2〉isnot.

Thespecificationis:

ϕ:((x
′
=0)∧(x=y))→((y

′
=x

′
)∧(y=1))

AnimplementingFDSforthisspecificationistheFDSDy=1inwhichthetransition
relationisy

′
=1.Namely,anFDSinwhichycontinuouslyequals1.Considerany

behaviorσwhichiscompatiblewiththeconstrainty=1.Ifxiscontinuously0
thenσviolatestherequirement(x=y).Otherwise,σviolatestheconjunct

(x
′
=0).Inanycase,σviolates(x

′
=0)∧(x=y)and,therefore,

satisfiesϕ.Thus,systemDy=1maintainsϕagainstallbehaviorsofx.

Ontheotherhand,thederivedgame

G̃:〈{x,y},1,1,x
′
=0,y

′
=x

′
,(x=y)→(y=1)〉

isunrealizable.Thisisbecauseinanyplayofthisgamethevaluesofxandy

areforcedbythetransitionrelationstobeboth0.Suchabehaviornecessarily
violatestheimplication(x=y)→(y=1),underallpossiblechoices
ofthesecondplayer(whichdoesnotreallyhaveanychoices).
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Conclusions

TheobviousconclusionisthattheVMCAI’06transformationcannotbeappliedin
acompletemannertospecificationsoftheform(R1∧L1)→(R2∧L2).One
mayconcludethatthetransformationisatfault.

Analternativeconclusionisthatspecificationsoftheform(R1∧L1)→(R2∧
L2)areill-posedsincetheyallowthesafetypropertyR2todependonthe
livenesspropertyL1.Abetter-posedversionofsuchaspecificationwouldbe:

(R1→R2)∧(R1∧L1→L2)

inwhichthesafetypropertyofthesystemdependsonlyonthesafetypropertyof
theenvironment,whilethelivenesspropertyofthesystemdependsonboththe
safetyandlivenesspropertiesoftheenvironment.

Indeed,ifwerewriteRoveri’sspecificationas

((x
′
=0)→(y

′
=x

′
))∧((x

′
=0)∧(x=y)→(y=1))

weobtainaspecificationwhichisunrealizable,asisthederivedgameobtained
bytheVMCAI’06transformation.
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AnyImprovement?
Therefore,wenowconsideraspecificationoftheform

ϕ:(R1→R2)∧(R1∧L1→L2)

andproposetransformingthegameG:〈V:{x,y},1,1,1,1,ϕ〉intothederived
gameG̃:〈V,1,1,R1,R2,L1→L2〉.

Againwecanshowthatthistransformationissoundbutincomplete.Thecounter-
example(duetoOdedMaler)inthiscaseisgivenbythefollowingspecification:

(x
′
>x ︸︷︷︸
R1

)→(y
′
>y ︸︷︷︸
R2

)

wherexandyrangeoverthedomains[0..10]and[0..5],respectively,andwe
mayassumex=0andy=0asinitialconditions.Notethathere,bothliveness
propertiesL1andL2aretakenastrivially1.Wecanshowthatthisspecification
isrealizablebytheFDSDy=0whichkeepsypermanentlyat0.Thisisbecauseno
behaviorofxcansatisfy(x

′
>x)formorethan10steps.Ontheotherhand,

thederivedgame:

G̃:〈{x,y},x=0,y=0,x
′
>x,y

′
>y,1〉

isunrealizablebecause,inanyplay,thesystemgetsblocked(deadlocks)within5
steps,whiletheenvironmentcansurvivefor10steps.
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TheUltimateRecommendedForm

Followingthesequenceofsuccessiverefinements,wefinallyreachthefollowing
recommendedformforspecifications:

ϕ:(I1→I2)∧(I1→(R1→R2))∧(I1∧R1∧L1→L2)

Thesecondconjunctrequiresthat,forallpositionsj≥0inthesequence,ifI1

wastrueatposition0,andR1heldcontinuouslyfromposition0uptoj,thenR2

holdsatj.ForsuchspecificationstheVMCAI’06transformationisbothsoundand
complete,asstatedbythefollowing:

Claim16.ThegameG:〈V,Θ1,Θ2,ρ1,ρ2,ϕ〉anditsderivedversion
G̃:〈V,Θ1∧I1,Θ2∧I2,ρ1∧R1,ρ2∧R2,L1→L2〉areequi-realizable.

Asbefore,weassumethatthattheuseridentifiesfortheenvironmentthe
componentsI1,R1,andL1,whichstand,respectively,fortheinitialcondition,
safetypart,andlivenesspartoftheenvironment’sobligations.Inasimilarway,
thecomponentsI2,R2,andL2areidentifiedastheguaranteesofthesystem.
Theonlydifferencefromthepreviousformulationwhichconsistedofthesingle
implication(I1∧R1∧L1)→(I2∧R2∧L2)isthatnowweproposetostructure
thetotalspecificationintheformpresentedaboveasϕ.
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Observation

Theclassof(generalized)React(1)specificationsisinterestingbecauseit
capturessystemsinwhichboththeenvironmentandthesynthesizeddesign
canbeimplementedbyFDS’swhichmaycontainsjusticebutnocompassion
requirements.
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