SYMBOLIC DYNAMICS FOR SURFACE DIFFEOMORPHISMS

WITH POSITIVE ENTROPY

OMRI M. SARIG

ABSTRACT. Let f be a C" diffeomorphism (r > 1) on a compact orientable
smooth surface. Suppose the topological entropy hiop(f) is positive. Given
0<x< htop(f), we construct a countable Markov partition for the restriction
of f to an invariant set which is “large” in the sense that it has full measure with
respect to every ergodic invariant probability measure with entropy greater
than x. The following results follow: (1) f has at most countably many
ergodic measures of maximal entropy (a conjecture of J. Buzzi), and (2) if f is
C®, then lim sup e~ *tor (4 . f7(z) = 2} > 0 (a conjecture of A. Katok).
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1.1. Results. Let M be a compact orientable C'*° Riemannian manifold of dimen-
sion two, and let f : M — M be a C'*# diffeomorphism, where 0 < 8 < 1. We

assume throughout that the topological entropy of f is positive.

Let P,(f) :==|{z € M : f™(z) = z}|. Anatole Katok showed in [K1] and [K2]
that limsup £ log P,,(f) > hiop(f), and conjectured in [K3] that if f is C* then
n—roo

limsup e~ "hter (NP, (f) > 0.

n—oo
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Theorem 1.1. Suppose f is a C*+P diffeomorphism of a compact orientable smooth
surface, and assume hiop(f) > 0. If f has a measure of mazimal entropy, then
Jp €N s.t. liminf e rerH P, (f) > 0.
n—o0,p|n

This proves Katok’s conjecture, because C* diffeomorphisms on compact manifolds
have measures of maximal entropy (Newhouse [N]). Theorem 1.1 was conjectured
to hold as stated above by Jéréome Buzzi [Bud].

It was also conjectured in [Bu4] that f admits at most countably many different
ergodic measures of maximal entropy. This turns out to be correct:

Theorem 1.2. Suppose f is a C'HP diffeomorphism of a compact orientable smooth
surface. If hiop(f) > 0 then f possesses at most countably many ergodic invariant
probability measures with mazximal entropy.

Buzzi conjectured that if f is C'°°, then the number of different ergodic invariant
measures of maximal entropy is finite. This conjecture remains open.

Katok’s conjecture and Buzzi’s conjectures were previously known to hold in
the following cases: Hyperbolic automorphisms of the torus [AW], Anosov dif-
feomorphisms [Si1, Si2], [M], Axiom A diffeomorphisms [B4], [PP], continuous
piecewise affine homeomorphisms of affine surfaces [Bud]. There are also results
on non—invertible maps, see [Hofl, Hof2] and [Bul, Bu5].

1.2. Symbolic dynamics. The proof of Theorems 1.1 and 1.2 is based on a change
of coordinates which simplifies the iteration of f. The idea, which goes back to the
work of Hadamard and Artin on geodesic flows, is to semi-conjugate f on a large
set to the left shift on a topological Markov shift. We recall the definition.

Let ¢4 be a directed graph with a countable collection of vertices ¥ s.t. every
vertex has at least one edge coming in, and at least one edge coming out. The
topological Markov shift associated to ¢ is the set

Y= Z(g) = {(Ui)ieZ € 7/2 LU, Vi1 for all Z}

We equip ¥ with the natural metric: d(u,v) := exp[—min{|i| : u; # v;}], thus
turning it into a complete separable metric space. ¥ is compact iff ¢ is finite. ¥ is
locally compact iff every vertex of ¢ has finite degree.

The left shift map o : ¥ — ¥ is defined by o[(v;)icz] = (Vit1)icz-

Let X% := {(vi)iez € X : Ju,v € ¥Ing,my, T 00 8.t. V_pm, = U, v, = v}. BF
contains all the periodic points of o, and by the Poincaré Recurrence Theorem,
every o—invariant probability measure gives ©# full measure.

We say that a set Q C M is x—large, if u(2) = 1 for every ergodic invariant
probability measure i whose entropy is greater than x. We prove:

Theorem 1.3. For every 0 < x < hyop(f) there exists a locally compact topological
Markov shift 3, and a Hélder continuous map my, : £y, — M s.t. myo00 = fom,;
Ty [Zf] is x-large; and s.t. every point in m, [Ef] has finitely many pre-images.

Theorem 1.4. Denote the set of states of Xy by 7. There exists a function
oyt Yy x Yy = N st if o = 7 [(vi)iez] and v; = u for infinitely many negative 1,
and v; = v for infinitely many positive i, then |7 (x)| < @y (u,v).

Theorem 1.5. Every ergodic f—-invariant probability measure p on M such that

hu(f) > x equals [i o ng for some ergodic o—invariant probability measure [ on
Yy with the same entropy.
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The other direction is trivial: If i is an ergodic o—invariant probability measure on
Yy, then p:=pio T l'is an ergodic f-invariant probability measure on M, and pu
has the same entropy as /i because 7, is finite-to-one.

We explain how to use these results to prove Theorems 1.1 and 1.2. This reduc-
tion was already known to Katok and Buzzi [K3],[Bu4].

Write ¥, = 3(¥). By Theorem 1.5, every ergodic measure of maximal entropy
u for f lifts to an ergodic measure of maximal entropy 1 for o. By ergodicity, [ is
carried by a set X(¥’) where (1) 4’ is a subgraph of ¢, and (2) ¢’ is irreducible: for
any two vertices vg, v1 there exists a path in ¢’ from vy to v1. Since [ is a measure
of maximal entropy for o : 3(¥) — X(¥), it is also a measure of maximal entropy
for o : 2(9') — X(¥').

The irreducibility of ¢’ means that o : X(¥4') — 3(¥¢’) is topologically transi-
tive. Gurevich proved in [Gul, Gu2] that a topologically transitive topological
Markov shift ¥(%’) admits at most one measure of maximal entropy, and that such
a measure exists iff Ip € N s.t. for every vertex vg in ¢’

Hv € 2(¢') : 0" (v) = v,v9 = v}| <X exp[nhmax(X(¥’))] as n — oo in pN,

where Amax (E(¥')) = sup{h, (o) : p a o-invariant Borel prob. measure on £(¥4")},
and h, (o) denotes the metric entropy of  w.r.t. o. Here and throughout, < means
equality up to bounded multiplicative error.

Since my oo = fom,, the collection {v € 3(¥4’) : 6" (v) = v, vg = v} is mapped by
Ty to a collection of points = € M s.t. f™(x) = z. By Theorem 1.4, the mapping
is bounded-to-one, with the number of pre-images bounded by ¢, (vg,v9). Thus
liminf,, o pjr e~ hmax(BE) P, (£) > 0. By construction, hpmax(2(94")) = ha(o) =
hu(f) = max{h,(f) : v f-inv.}. The last quantity is equal to hop(f) by the
variational principle [G]. Theorem 1.1 follows.

This argument also shows that the cardinality of the collection of measures of
maximal entropy for f is bounded by the cardinality of the collection of subgraphs
G C 9 st. (1) 9 is irreducible, (2) 3(¢’) has a measure of maximal entropy, and
(3) hrmax (X(9")) = hmax(3(9)).

By a theorem of Salama [Sal] (see also Ruette [Rut)), if X(¥¢’) carries a measure
of maximal entropy, then every addition of a vertex or an edge to ¢’ increases

hmax(2(¢")). This implies that the subgraphs ¢’ C ¢ which satisfy (1), (2),
and (3) have disjoint sets of vertices. Since ¥ is countable, there can be at most
countably many such subgraphs, and Theorem 1.2 follows.

1.3. Markov partitions. As in [AW, Sil, B1], the symbolic description of f
relies on the existence of a countable Markov partition. This is a pairwise disjoint
collection Z of Borel sets with the following properties:

(1) Covering property: The union of Z is xy-large.
(2) Product structure: There are W*(z, R), W"(z,R) C R (x € R € %) s.t
(a) W¥(x,R)NW?*(z, R) = {z}.
(b) Vz,y € R, 3z € R s.t. W*(x, R)NW*(y, R) = {z}.
(¢) Va,y € R, W*(z,R) and W*(y, R) are equal, or they are disjoint.
Similarly for W*(z, R), W"(y, R).
(3) Hyperbolicity: If y,z € W#(x, R), then d(f™(y), f"(z)) —— 0. If

Y,z € Wiz, R), then d(f~"(y), f~"(2)) —— 0. HOO

n—oo
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(4) Markov property: Suppose Ry, Ry € Z and z € Ry, f(z) € R, then
FIW*(z, R1)] € W*(f(x), Rg) and f~'{W*"(f(x), Ra)] € W"(z, Ry).
‘We do not ask for the sets R to be the closure of their interiors.

1.4. Comparison to other results in the literature.

Markov partitions for diffeomorphisms. These were previously constructed in
the following cases: Hyperbolic toral automorphisms [Be],|AW], Anosov diffeomor-
phisms [Sil], pseudo—Anosov diffeomorphisms [F'S], and Axiom A diffeomorphisms
[B1, B2]. This paper treats the general case, in dimension two.

Katok horseshoes [K1, K2],[KM]. Katok showed that if a C1*# surface diffeo-
morphism f has positive entropy, then for every £ > 0 there is a compact invariant
subset A¢ s.t. f: A. — A has a finite Markov partition, and

hiop(fla.) > Tuop(f) — &

Typically, A. will have zero measure w.r.t. any ergodic invariant measure with
large entropy. This paper constructs a “horseshoe” m, (X,) with full measure for
all ergodic invariant measures with large entropy. But (a) our horseshoe is not
compact, (b) its Markov partition is infinite, and (c) the semi-conjugacy , is not
one-to-one as in [KM]. (a) and (b) seem to be unavoidable.

Tower extensions [Ta],[Hofl],[Y]: These are representations of certain maps
as infinite-to-one factors of other maps (“towers”) which possess obvious infinite
Markov partitions. Such extensions have been used in the study of one-dimensional
systems with great success, see e.g. [Hof2],[Bul], [Brul,[Ke2], [PSZ],[Z]. For
higher dimension, see [Bu4, Bu2, Bu5|, [BT|, [BY], [Y].

Unlike tower extensions, our coding is finite-to-one. This ensures that any er-
godic invariant measure with high entropy can be lifted to the symbolic space
(Theorem 1.5, see also (13.1)). For tower extensions proving the existence of a lift
is highly non-trivial, and there are very few results in dimension higher than one,
see [Kel], [Bud], [BT], [PSZ] and references therein.

Symbolic extensions [BD],[DN],[BFF]. These are representations of a diffeo-
morphism as a topological factor of o : A — A where A C {1,..., N}% is closed and
shift invariant and o is the left shift (“subshift”). Burguet has shown that every
C? surface diffeomorphism has a symbolic extension [Bur|. In the C*° case there
are symbolic extensions whose factor maps preserve entropy [Bul],[BFF].

Unlike symbolic extensions, our symbolic space is not compact. But it is Mar-
kovian, and this gives us access to many results which are not true for general
subshifts, such as Gurevich’s theory which we needed for Theorems 1.1 and 1.2.

1.5. Overview of the construction of a Markov partition. It is useful first
to recall Bowen’s construction in the case of an Anosov diffeomorphisms [B4].

Bowen’s idea was to use e-pseudo-orbits. These are sequences of points z =
{z;}iez such that d(x;41, f(x;)) < € for all i. A pseudo—orbit z is said to d—shadow
a real orbit {f(z)}icz if d(x;, fi(z)) < & for all i € Z. Anosov showed that for
every ¢ small enough, there exists an € > 0 s.t.

(A1) Every e—pseudo-orbit z d—shadows the real orbit of some unique point 7 (z).

(A2) “Finite alphabet suffices”: There exists a finite set of points A such that
{n(z) : z € A% is an e-pseudo-orbit} is the entire manifold.

(A3) “Inverse problem”: If two pseudo—orbits z, y 6—shadow the same orbit, then

their corresponding coordinates are close, d(x;,y;) < 20 for all i € Z.
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Since pseudo—orbits are defined in terms of nearest neighbor constraints, one can
view the collection of pseudo—orbits in A% as the collection of infinite paths on the
graph with set of vertices A, and edges a — b when d(f(a),b) < e. (Al) and (A2)
say that f is a factor of the topological Markov shift

Y= {z € A% : d(xiy1, f(2:)) < e for all i € Z}.

The factor map is 7. It is an infinite-to—one map.

The sets ola] := {z € ¥ : g = a} form a natural Markov partition for the left
shift on .1 Their projections Z(a) = {r(z) : z € & ,x9 = a} (a € A) would have
been natural candidates for a Markov partition, had they not overlapped. Sinai
came up with a set—theoretic procedure for refining

% ={Z(a):a € A}

into a partition without destroying the product structure. This partition is a
Markov partition [B4].

Our proof follows a similar strategy. But since Anosov’s theory of pseudo—orbits
relies on uniform hyperbolicity and our setting is only non-uniformly hyperbolic,
we have to use a different device to generate orbits from symbolic sequences. This
problem was previously considered by Kriiger & Troubetzkoy [KT], but their con-
struction does not work in our setting.

In part 1, we introduce e-chains as a replacement to e—pseudo—orbits in the
non—uniformly hyperbolic setup. Much like a pseudo—orbit, a chain is a sequence of
symbols which satisfies nearest neighbor conditions. Each symbol contains partial
information on the location of the point and the position and size of its local stable
and unstable manifolds. The nearest neighbor conditions are tailored in such a way
that the following analogues of parts (A1) and (A2) of Anosov’s theorem hold for
a suitable choice of ¢:

(A1) Every e—chain v corresponds to a unique real orbit 7 (w);
(A2’) There is a countable set A of symbols s.t. {m(u): u € AZ is an e-chain} is
x—large. A and ¢ depend on Y.
As a result, we obtain a representation of f (restricted to a large invariant set) as
a factor of a topological Markov shift.

The next step is to construct 2 as before and try to apply Sinai’s method to
obtain a countable refining partition. Here we run into a serious problem: whereas
Sinai dealt with a finite cover, our cover is infinite, and a general countable cover
need not have a countable refining partition. To avoid such pathologies one needs
to ensure that 2 is locally finite: Every Z € % intersects at most finitely many
other Z' € & . This difficulty turns out to be the heart of the matter.

We deal with this issue in part 2. Here we obtain the following analogue of part
(A3) of Anosov’s theorem:

(A3’) If two e—chains v,u are “regular” and m(u) = m(v), then u; and v; are
“close” for every i € Z (see §5 for the precise statement).
Unlike (A3), this is not a trivial statement, because the symbols u;, v; contain much
more information than mere location. The fact that e—chains satisfy (A3’) is the
main point of this work.

IThe product structure is given by W4(z, o[a]) := {ye Xy =2 (1 <0)}, Wo(z,0[a]) :=
{yeZ:yi=2; (1 >0)}.
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The alphabet A from part 1 can be chosen s.t. (a) for every u € A, the number
of v € A “close” to u is finite, and (b) {m(u) : u € A% w is a regular e—chain} has
full measure w.r.t. any ergodic invariant probability measure with entropy more
than y. As a result, the sets Z(v) := {n(v) : v € A% is a regular e-chain} form a
locally finite cover Z of a large set.

Sinai’s refinement procedure can now be safely applied to 2. In part 3, we
check that the elements of 2 have the “product structure” and “symbolic Markov
properties” needed to push through Bowen’s proof that Sinai’s refinement is a
Markov partition. We also explain how to deduce Theorems 1.3, 1.4, and 1.5. The
proofs are modeled on [B4, B3|.

Some of the lemmas we need to develop the theory of e—chains are routine mod-
ification of well-known results in Pesin Theory. Part 4 collects their proofs.

1.6. Notational conventions. In what follows, M is a compact orientable C*°
Riemannian manifold of dimension two, and f : M — M is a C'*# diffeomorphism
where 0 < 8 < 1. We assume that the topological entropy of f is positive, and we
fix once and for all a constant 0 < x < hyop(f)-
Suppose P is a property. The statement “for all € small enough P holds” means
‘eg > 0 which only depends on f, M, and x s.t. for all 0 < e < ey P holds”.
T, M is the tangent space to M at x. The exponential map is denoted by
exp, : TzM — M. The Riemannian norm and inner product on T, M are denoted
by |||l and (-, -),. Sometimes, we drop the subscript . Given two non-zero vectors
u,v € T,,M, the angle from u to v is denoted by «(u,v). This is a signed quantity.
Let V be a vector space. The zero element in V is denoted by 0. We identify
the tangent space to V at v € V with V. Let A: V — W be a linear map between
two linear vector space V,W. We identify (dA), : T,V — Th,W with A: V — W.
Suppose a,b,c € R. Wewrite a =b+cifb—c<a < b+e¢, and a = e=°b if
e % < a<e. Let ap,b, > 0, then a, ~ b, means that ‘g—: — 1, and a,, < b,
means that IN,c s.t. Vn > N (e b, < a,, < €°by,). Finally, a A b := min{a, b}.

Some abbreviations: s.t. is “such that”, w.r.t is “with respect to”, i.0. is
“infinitely often”, resp. is “respectively”, and w.l.0.gis “without loss of generality”.

Part 1. Chains as pseudo—orbits
2. PESIN CHARTS

2.1. Non-uniform hyperbolicity. By the variational principle, f admits ergodic
invariant probability measures of entropy larger than x (see [G]). Quite a lot is
known about the properties of these measures. We will use the following fact, which
follows from Ruelle’s Entropy Inequality [Ru] and the Oseledets Multiplicative
Ergodic Theorem [Os] (see [BP]):

Theorem 2.1 (Oseledets, Ruelle). Any ergodic invariant probability measure p
for f s.t. h,(f) > x gives full probability to the (invariant) set NUH, (f) of points
x € M for which there is a decomposition T, M = E®(x) ® E*(x) so that

(1) B*(2) = spande’ @)}, €@l = 1, Tim_4log |(df),e*(@) o) < —x;
(2) E"(z) =span{e*(x)}, [le"(@)ll. = 1, lim Zlogll(df")ac™(z)]l (@) > X
(3) lim =+log|sina(f™(x))| =0, where a(x) := L(e*(x), e*(x));
(4)

1
n—4oco "

4) dfo[E® ()] = E*(f(x)) and df.[E"(2)] = E*(f(2)).
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The splitting T,M = E*(z) & E“(x) is unique, but the vectors e®(x),e"(x)
are only determined up to a sign. Fix a measurable family of positively oriented
bases (el,e2) of T,M (x € M). Choose the signs of e¥/*(x) in such a way that
L(el,e*(z)) € [0,7) and (e*(z),e"(x)) has positive orientation.

The set NUH(f) := U, o NUH,(f) is called the non-uniformly hyperbolic set
of f, and is f—invariant. This set has full probability w.r.t. any ergodic invariant
probability measure with positive entropy.

The linear spaces E®(x), E*(x) are called, respectively, the stable and unstable
spaces of df. The numbers

log A(r) i=Tim_ 1o (4" ) ()| o)

n—+oo n

| (z € NUH(f))
logu(z) := lim —log||(df*)ee"(@)ll ()

are called the Lyapunov exponents of x. They are f—-invariant, whence constant
a.e. w.r.t. any ergodic invariant measure. The value depends on the measure. On
NUH, (f), log A(z) < —x and log p(z) > x.

2.2. Lyapunov change of coordinates. The splitting 7, M = E*(z)® E*“(x) can
be used to diagonalize the action of df on {T,,M : x € NUH(f)} (“Oseledets—Pesin
Reduction”).

We describe a change of coordinates which achieves this. The construction de-
pends on x. Given x € NUH, (f), let

- 1/2
SX(ZE) = \[2 (Z e2kx||(dfk)xes($)”?’%w)) )
k=0

o 1/2
uy () == V2 (Z €2kX||(dfk)z6“(l’)|lfwk@)> :
k=0
(The factor v/2 is needed for Lemma 2.5 below.)

Definition 2.2. The Lyapunov change of coordinates (with parameter x) is the
linear map Cy(z) : R? = T, M (z € NUH,(f)) s.t. Cy(2)e; = sy(z)"te’(z), and
Cy(z)es = uy(x) e (x), where e; = ((1)) and eq = ((1))

Notice that C,(x) preserves orientation.

Theorem 2.3 (Oseledets—Pesin Reduction Theorem). There exists a constant C
which only depends on f s.t. for every x € NUH,(f),

CX(f(x))fl odfy o Cy(x) = < )\Xéx) Nx(zx) >

where Cf_1 <Ay (2)] < e7X and eX < |p,(z)| < Cy.

Pesin’s original construction in [P] is slightly different. He defined s, (z) and
uy () with e~ 2 \(z)~2F or e~2*¢(z)?* replacing e?*X. His method gives better
bounds on A (z) and p,(z), and makes sense on all of NUH(f). Our method can
only be guaranteed to work on NUH, (f), but it has the advantage that Cy(z) is
not sensitive to the values of A(x),u(x). This is important, because we want to
capture the dynamics of all orbits with exponents bounded away from x, therefore
we have to work with points with different Lyapunov exponents.
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We need the following definition from linear algebra: suppose L : V — W is an
invertible linear map between two finite dimensional vector spaces equipped with
inner products, then the operator norm of L is ||L|| := max{||Lv||w : ||v||lv = 1},
and the Frobenius norm of L is |L||py := /tr(0*L*LO), where O is some (any)
isometry © : W — V. ||L||p, is well defined,? and ||L|| < ||L|rr < v2||L|.*> One
of the advantages of the Frobenius norm is that it has an explicit formula: If L is
represented by the matrix (a;;) w.r.t. to some (any) orthonormal bases for V, W,

2\24
then |IL|lr, = ($,a%)
Some more information on C (:c) (see the appendix for proofs):

Lemma 2.4. ||C,(z) 7 ||rr = /Sy ()2 + uy (z)2/|sina(z

Lemma 2.5. C,(x) is a contraction: ||C’X(a?)(n)||$ < ”(n)” for all §,n e R.

Lemma 2.6. There is an x-large invariant set NUH] (f) C NUH,(f) s.t. for
every x € NUH(f),

(1) hm klogHC (fF ()~ = 0;
(2) kﬂrf #log Oy (fH(@))eillpr oy = 0, where ¢ = (5) and e; = (3);
(3) lim_flog|det Cy(f*(x))| = 0.

2.3. Pesin Charts. Having diagonalized the action of the differential of f, we turn
to the action of f itself. The basic result (due to Pesin [P]) is that NUH, (f) has
an atlas of charts with respect to which f is close to a linear hyperbolic map.

Some notation. Let exp, : T, M — M denote the exponential map. We denote
the zero vector (in T, M or R?) by 0. Balls and boxes are denoted as follows:

By(x) :={y € M :d(z,y) <n} By0):={veR’:u=(}),/v} +v3 <n}
By(0)={veT:M: |ull. <n} Ry0):={veR’:u=(}}) |ul|v| <n}

Since M is compact, there exist r(M), p(M) > 0 s.t. for every v € M
exp, maps B3,y (0) diffeomorphically onto a neighborhood of B, (z). (2.1)

We take p(M) so small that (z,y) — exp; !(y) is well defined and 2-Lipschitz on
B,w)(2) X By (z) for all z € M, and so small that [|(dexp;t),|| < 2 for all
y € By (x) (see e.g. [Sp, chapter 9]). Since Cy is a contraction,

U, = exp, oC\(z) (2.2)

maps R,y (0) diffeomorphically into M. Since Cy(x) preserves orientation, W,
preserves orlentatmn
Let f, := \I/ ) © foW,, then the linearization of f, at 0 is the linear hyperbolic

map < /\Xéx) u (zx) ) The question is how large is the neighborhood of 0 where
X
fz can be approximated by its linearization. The size of the neighborhood is known.

2Proof: tr(04LILOg) = tr[0©401 (! L LO1)(©401)!] = tr(0 LI LO;).

3Proof: Let s1(L) > so(L) denote the singular values of L (equal by definition to the eigenvalues
of VL*L), then ||L|| = s1(L), and | L||pr = +/51(L)2 + s2(L)2.

4Proof: Let © : W — V be the isometry which maps the base we chose for W to the base we
chose for V, then LO : W — W is represented w.r.t. the base we chose for W by the matrix (a;;).
A calculation shows that tr(©'L'LO) = Za?j.
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For reasons that will become clear later, we prefer to define it as a quantity taking
values in I, := {e~3% : £ € N}, where ¢ will be determined later. Set

Q:(2) :=max{g € L. : ¢ < @X(w)} where
Qu(z) = 2 (| Cyla) Ml rr) "

Theorem 2.7 (Pesin). For all ¢ small enough, and for every x € NUH, (f),

(1) v.(0) = = and Wy : Rigq, (2)(0) = M is a local diffeomorphism such that
1(dWe)u || <2 on Rigq. () (0);

(2) fz:= Uiy © f 0 Wo is well defined and injective on Ryoq, (x) (0) and
(a) fx(g) =0 and (df,) = ( Ag””) B?x) ) where C7' < |A(w)] < e

and eX < |B(z)| < C¢ (cf. Theorem. 2.3);

(b) The C' % _distance between f, and (@fz)o on Rioq. (2)(0) is less than e.

(3) The symmetric statement holds for fy1 =¥ o f~1oWy,.

(2.3)

This is a version of [BP, Theorem 5.6.1]. See the appendix for the proof.

Definition 2.8. Suppose x € NUH, (f) and 0 < n < Q.(x). The Pesin chart ¥
is the map ¥, : R, (0) — M.

Some additional information on Q.(x) (see the appendix for proofs):

Lemma 2.9. The following holds for all € small enough:

(1) Qu(x) < /% on NUH,();

(2) ICx(f'(z )) 1||12<€2/5/QE( ) fori=—1,0,1;

(3) {Qc(x) : Qe(z) > t,x € NUH, (f)} is finite for all t > 0;

(4) tlo gQE(f”( ) m)O on NUH (f) (cf. Lemma 2.6);

(5) F7' < Q.0 f/Q: < F on NUH,(f), where F is independent of ;

(6) there exists a function g : NUH (f) — (0,1) so that ¢-(z) < eQ(x) and

e=/3 < q.of/q. <e/? on NUH;(f)

2.4. NUHZf(f). The set NUH (f) constructed in Lemma 2.6 is x-large. By the
Poincaré Recurrence Theorem, the set

NUHZ (f) := {x € NUHL(f) : ligsogp q=(f"(x)), limsup g (f~"(x)) #0}  (2.4)

n—oo

is x—large. This is the set that we will attempt to cover by a Markov partition.

3. OVERLAPPING CHARTS

We would like to replace ¢ := {¥! : x € NUH(f),0 < n < Q-(x)} by a
countable collection 7 in such a way that every element of € “overlaps” some
element of & “well”. Later, we will use &/ to construct the set of vertices of a
directed graph related the dynamics of f.

3.1. The overlap condition. We need to compare the maps C, (z) : R? — T, M
for different x € M, even though they take values in different spaces. We circumvent
the problem as follows. Every z € M has an open neighborhood D of diameter less
than p(M) and a smooth map ©p : TD — R? s.t.

(1) ©p : T,M — R? is a linear isometry for every z € D;
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(2) let ¥, := (Opl|r,p) "t : R? — T,,M, then (z,u) + (exp, o¥,)(u) is smooth
and Lipschitz on D x B5(0) with respect to the metric d(z,z’) + |Ju — «/||;
(3) = +— ¥, oexp, ! is a Lipschitz map from D into C?(D,R?), the space of
C? maps from D to R2.
Let 2 be an finite cover of M by such neighborhoods. Let £(2) be a Lebesgue
number for 2. If d(z,y) < &(2), then z,y fall in some element D. Instead of
comparing C, (z) to Cy(y), we will compare ©p o Cy(x) to ©p o C,(y) (two linear
maps from R? to R?).

Definition 3.1. Two Pesin charts Wt W}2 e—overlap if e7° < Z—; < €%, and for

some D € 9, x1,22 € D and d(z1,72) + ||©p o Cy (z1) — Op o Cy (z2)|| < nin3.

The overlap condition is symmetric. It is also monotone: if ¥}i e—overlap, then
\Ifi e—overlap for all n; < & < Qc(x;) st. e ¢ < & /& < ef. Notice that the
overlap requirement is stronger at areas of NUH, (f) where s, (z) or u,(z) are
large or where e®(z) and e“(x) are nearly parallel. This is because by construction

sx(2)? + uy(2)?
| sin ()|

i < Qe(ws) < |Cxlai) ™ 7y =
The following proposition explains what the overlap condition means.

Proposition 3.2. The following holds for all € small. If U, : R, (0) = M and
V., : Ry, (0) = M e-overlap, then
(1) Vo, [Re—2ep, (0)] € oy [Ry, (0)] and W, [Re-2c,, (0)] C Wa, [Ryy, (0)];
(2) dist ., g (U oW, 1d) <eniny ({i,5} = {1,2}), where the C*5 —distance
is calculated on Ro—<y(pr)(0) and vy is defined in (2.1).

Proof. Suppose Wi e—overlap, and fix some D € Z which contains x; and x2 such
that d(x1,22) + |©p o Cy(21) — Op o Cy(x2)|| < nins. Write C; := Op o Cy (),
then ¥, = exp,. oty o C;.

By the definition of Pesin charts, 7; < Q.(x;), where Q.(z;) is given by (2.3).
Lemma 2.5 and the general inequality || - || > || - || (see page 9) guarantee that

] (e i (3.1)

In particular, n; < &3/8.
Our first constraint on ¢ is that it be so small that
53/5 < mln{L’l’(M),p(M)}
5(Ly + Lo + Ly + L4)?’
where (M) and p(M) are given by (2.1), and
(1) L; is a common Lipschitz constant for the maps (x,v) — (exp, o¥,)(v) on
D x By (0) (D € 9);
(2) Lo is a common Lipschitz constant for the maps x — 9! o exp, ! from D
into C?(D,R?) (D € 92);
(3) Ls is a common Lipschitz constant for exp; ' : B,y (x) = T, M (z € M);
(4) L4 is a common Lipschitz constant for exp, : Bf(M)(Q) - M (x e M).

(3.2)

We assume w.l.o.g. that these constants are all larger than one.

Part 1. Wy, [Re—2¢,,(0)] C Wy, [Ry, (0)].
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Proof. Suppose v € R,-2,,(0). Lemma 2.5 says that C\(x1) is a contraction,
therefore [[C1o|| = [|Cy(z1)v]l < ||zl and (21, Crv), (2, C1v) € D x Byar)(0).
Since d(x1,22) < nin3,

d (expx2 o, [C1v], exp,, 0¥y, [Cly]) < Linin;.
It follows that U, (v) € Bp, yins(exp,, 0¥z, (Crv)). Call this ball B.

The radius of B is less than p(M) because of our assumptions on . Therefore
exp;; is well defined and Lipschitz on B, and its Lipschitz constant is at most Ls.
Writing B = exp,, [exp,,' (B)], we deduce that

W, (1) € B Coxpy, [BE, o (02y(Cro))] = W, B,
where E := C’X(xz)*l[Bi’;Lwiln51 (94, (Cho))].

We claim that E C R,,(0). First note that E' C B¢, (4)-1||LsL1n
therefore if w € E, then

lwlloo < [1C5 Crllos + 1Cx (w2) " | Ls Linis
< (G5 Cr —1d)ulloc + [[0]loo + 1Cx (22) ™ | Ls Lanis
< [[vlloo + V21C5 MIC1 = Callllulloo + |Cy @) M| Ls L
< e+ [|Cy (z2) M (nfn3 V2 1 + LsLining) (. ||Ch — Call < nin3)
<e %+ ||Cyla2) M Ims - [(e7* V201 + LsL1)ni] - m
< 6728771 + 52771, because of (3.1) and (3.2)

(Cy*Chv),

4,4
172

< e (e + &%)y < 1y, because 1y < ey and 0 < € < £ by (3.2).
It follows that E C R,,(0). Thus ¥, (v) € ¥,,[R,,(0)]. Part 1 follows.
Part 2. The C'+#/2distance between ;! o ¥,, on Re—<r(ar)(0) is less than en.

Proof. One can show exactly as in the proof of part 1 that W, [R.-=,(a)(0)] C
U [Rr(ar)(0)], therefore W Lo Wy, is well defined on Re—:,(a)(0). We calculate
the distance of this map from the identity:
\11;11 oV, =C;'o 19;,11 ° exp;f oexp,, 0¥z, 0 Cy
= Cr o0, oexpy !+, oexp, | —0, ! o expy ] o exp,, 0¥, 0 Cs

=C'Cy+Crt o [19;11 o exp;l1 9} o exp;;} oW,
=1d JrCl_l(C'g —-Cy)+ 01—1 o [19;1 o exp;} —19;21 o eXp;;] oW, .

1

The C'*8/2-norm of the second summand is less than ||C;!||nini. The C1+5/2-
norm of the third summand is less than
— 1+£
ICTH| - Lod(ar,ea) - Ly 2

This is less than ||C; || Lo L3nins.
It follows that distciis/2 (U5 oW,,,1d) < ||C7'||(1+ LoL3)nins. This is (much)
smaller than en?n3, because of (3.1) and (3.2). O
We record the following fact for future reference:
Lemma 3.3. Suppose W', W12 c—overlap, then

1’

(@) W) Q. @0)Que) Qe @ulan)],
sy (w2) " uy(22)
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Proof. We use the notation of the previous proof. ¥; ! o W, maps R.—e,, (0) into
R2. Its derivative at the origin is
A= Cx(x2)_1d(6Xpa_:21)z1Cx(xl) = szld[ﬁ;; EXP;;]mﬁmCl
=Cy'Cy + Cy M d[,) expy e, — 951194, C1
=Cy'Cr+ Cyt (d9,) expy e, — d[9; ) expy e, ) Y0, Ol

z2

Since ||d[19_1exp;21]w1 — d[19,;11 exp;ll],;lH < Lod(z1,72) < Lonins < enini, and

2

[A—1Id| < dister () o W, ,Id) < engns,
1C51Cy — 1d || < 2enin3.

It follows that ||Cy — C1|| < 2¢]|C5 ||n3n3.
Recall that s, (z;)7! = ||Cy (z:)e; || and sy (z;) = ||Cy (z;) ~tes (x:)|], so

sx(21) _ ‘ _ syl(w2) ! = sy (1) 7!
sx(z2) sy (1)t
<NCy ()7 - IO (z1)es | = [|Cx (2)e |l
= ICTH - [ICresll — 1 Caenll|
<G - ICy = Caf| < 2¢|C G Himing < emmns.
Similarly |20 1| < cpimy. Since n; < Q-(x;), the lemma follows. O
Uy (z2) mi

3.2. The form of f in overlapping charts. Theorem 2.7 says that \IIJZ(;) ofoW,
is close to a linear hyperbolic map. This remains the case if we replace W) by
some overlapping chart W,:

Proposition 3.4. The following holds for all € small enough. Suppose x,y €
NUH, (f) and \I!;(z) e—overlaps \IIZ/, then fyy = \Il?;1 o foW, is a well defined
injective map from Ryoq_(z)(0) to R?, and fyy can be put in the form

fay(u,v) = (Au + hi(u,v), Bv + ha(u,v)), (3.3)

where C;l < JA| < e7X, eX < |B] < Cf (c¢f. Theorem 2.3), |h;(0)] < en,
IVRi(0)|| < en’®, and |[Vhi(w) — Vhi(v)|| < ellu — v||?/* on Rioq.(2)(0)-

—1

A similar statement holds for f,’, assuming that \I'?,_l(y) e—overlaps V7.

Proof. We write fgy = (\P;l oWy(y)) o fo where f, = \Iljj(lm o foW,, and treat fuy
as a perturbation of f,.
By Theorem 2.7, if € is small enough, then f, has the following properties:
(1) It is is well-defined, differentiable, and injective on Rygq_(2)(0).
(2) fz(0) =0and (df;)o = ( 61 g )Where Cf—l < |A| <e™X,eX < |B| < Cf.
(3) For all w0 € Riog. (O, (df)u — (dhe)ull < ellu— o]]*/? (because the
C'*% distance between f, and (dfz)o on Rigq,(2)(0) is less than ¢).
(4) For every 0 < n < 10Q.(x) and u € R, (0), ||(dfs)u|l < 3Cy, provided ¢ is
small enough (because ||(df,)ul < ||(dfi)oll +en?/? < 2C; +¢).
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( ) nd (4) imply that f&c[RIOQe(m)(Q)] C B?)OQE(I)Cf (Q) Since QE(LE) < SS/ﬁ,
fo[R10g.(2)(0)] C Bsgg,es/5(0). If € so small that 300438 < e~cr(M), then
f2[R100.(2)(0)] € Re—er(an)(0). Re—cr(ar)(0) is in the domain of W, ' oW, (Propo-
sition 3.2, part 2), therefore f,, is well defined, differentiable, and injective on
Ri0q. (x) (Q).

Equation (3.3) can be used to define the functions h;(u,v). We check that the
resulting functions satisfy the properties proclaimed by the proposition.

We have (h1(0),h2(0)) = fa:u( ) = lI/;l(f(yc)) = (U, ! 0 Uy(,))(0), therefore
1(h1(0), h2(0)) | < disteo (Wt 0 Wy, 1d) < en?(n')? < en.

We differentiate the identity f., = (\I/; oW(y)o fe at an arbitrary u € R, (0).
The result, after some rearrangement is

(df:cy)ﬁ = [d(\ﬂ;l © \ij(m))fm(g) - Id](dfx)g+ [(dfx)g - (dfx)g] + (dfaf)9~ (3~4)

The norm of the first summand is less than 3Cj distcn (¥, ! o Wy (,),1d), which
by Proposition 3.2 is less than 3Cren?(n')? < 3Cren?. The norm of the second

summand is less than e|ju||?/2 < 2en®/2. The third term is < A0 ) Thus

0 B
== (5 3)]

<enP3 .30 + 20?6 < enP/3 . [3Cs + 2]v/E by (3.1).

If € is so small that [3C; + 2]/ < 1, then ||Vh;|| < en®/? on R, (0). In particular,
IVh:(Q)I| < en®/?.
Equation (3.4) also shows that for every u,v € R, (2)(0),
1(dfay)u = (foy)ull < (P50 W) s, ) — d(Ty " 0 ‘I’f(m )o@l - 1(dfe )l
+ ”(dfr)ﬂ_ (dfm)v” (Hd( O \I}f(r )fT U)H + 1)

By Proposition 3.2, distoivs/z (U, o Wy, Id) < en®(n')?, therefore

1Ay — ()l < en® ()2 - [ fo(w) = F@)]|5 - 3Cs +ellu—vl|* (e1()? +2)

B B B
<en’ - sup  |(dfe)wll® - llu—2vll7 -3Cs +3eflu— vl
WER10Q, (x)(0)

< e((3CH) 20 +3)|lu— v 2 < e((3C) 58 4 3)u— uf|

H s < e[3Cs +2n”?

(u,v)

< delju — y||§7 provided ¢ is small enough

< 32(30Qe (2))*llu — l|*? < 62 ||lu — 0|/ (- Q. < %7

1
< gEHE —v||?/3, provided ¢ is small enough.

It follows that || 85}&1&)2) (u) — agz;:ﬁ)z) ()| < %ellu—v||?/? for all u, v € Rigq. (x)(0),

whence ||Vh;(u) — Vh;(v)|| < %EH@—yHﬁ/S (i =1,2) for all u,v € Rypg_()(0). O

3.3. Coarse graining. We replace ¢ := {V] : x € NUH(f),0 <7 < Qc(2)} by
a “sufficient” countable subset /. We remind the reader that NUH} is defined in

Lemma 2.6, and that I, = {e~3% : k e N}.
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Proposition 3.5. The following holds for all € small. There exists a countable
collection o/ of Pesin charts with the following properties:

(1) Sufficiency: For every x € NUH](f) and for every sequence of positive
numbers 0 < 1, < e /3Q.(f"(x)) in I. s.t. €= < np/Npir < €, there
exists a sequence {W" }ncz of elements of o/ s.t. for every n,

(a) Wil e—overlaps \I"?Z(z) and e=*/3 < Qe(f"(2))/Qc(xn) < 65/3;
(b) \I/?"Jr1 e—overlaps U+

(CEn) n+17

(c) \I/?’ZE%) e—overlaps U~} ;

(d) \I/z/ﬁ e o foralln, € I s.t. n, <n, <min{Q:(zy), e Ny}
(2) Discreteness: {U7 € o : n >t} is finite for every t > 0.

Proof. The proposition would have been easy had C (x) been a continuous function
of x. In general it is not, and as a result there is no clear connection between
conditions (a), (b), and (c). We must treat the three conditions separately, and
simultaneously.

The following construction will help us to do this. Let

X = U  DoxDixD_yxR?xGL(2,R).
Do,D1,D_1€9

Here 2 is the finite open cover of M which we constructed in §3.1. X is a subset
of M3 x R? x GL(2,R)3. We equip it with the relative product topology.
Let Y C X denote the collection of all (z,Q,C) € X where

e 2= (2, f(2), f(2)), = € NUH(f);

o Q= (Qu(2),Q-(F(@)), Q(f 1 (@))) (cf. (2.3));

e C = (0p,0Cy(z),0p,oC,(f(x)),0p_,0C,(f~(x))), where Dy, D1,D_; €
9 satisty (x, f(z), f~1(x)) € Dy x Dy x D_;.

Let Vi == {(2,Q,C) € Y : @ € NUH}(f),e~**) < Q.(2) < e "V} (k €N).
Y}, is a pre-compact subset of X. To see this, pick some (z,@Q,C) € Y. The vector
z belongs to the compact set M3. @ belongs to a compact subset of R? because by
Lemma 2.9 for each i = —1,0,1,

F—le—(k-i-l) < Qg(fz(x)) < Fe_(k_l).

Q

C belongs to a compact subset of GL(2,R), because (a) ©p, are isometries; (b)
[Cy(f1(@))]| < 1 (Lemma 2.5); and (c) [|Cy (f'(2)) 7 [|< (/2 Fek+) " by (2.3).5
It follows that Y} is a subset of a compact subset of M? x R3 x GL(2,R)3.

Since Y}, is pre-compact, it contains a finite set Yy ., s.t. for every (z,Q,C) € Y}
there exists some (y,Q’,C") € Yy, such that for every |i| <1, a
(1) d(fi(z), f(y)) < 3e(2Z) where £(2) is a Lebesgue number of 2.
(2) d(f*(x), f'(y) + |©p © Oy (f(2)) = Op o Cy (f(y))]| < e~ +2 for every
D € 2 which contains f*(z) and f*(y).
(3) €% < Qe(f'(2))/Q:(f'(y)) < /™.

S5Here we use the obvious observation that {A € GL(2,R) : ||A]|,[|[A~!|| < C} is a compact
subset of GL(2,R) for every C > 0.



16 OMRI M. SARIG

Define 7 to be the collection of all Pesin charts W7 such that for some k,m € N,
x is the first coordinate of some element (z,Q,C) € Yy, and

0<n< Qs(:c),e*(mﬁ) <n<e ™2 andnel = {e*£5/3 :£=0,1,2,...}.

Part 1. Discreteness.

Proof. Suppose W7 € /. Choose k,m € N s.t. z is the first coordinate of some
(2,Q,C) € Yem, 0 <1 < Qc(x), and n € [e=m=2 e~™%2]. Since Vi m C Vi,
Q-(z) < e *1 50 k < |logQ.(z)| + 1. Tt follows that k,m < |logn| + 2, and so

e g>tl< S Mimlxlnel n>tl
k,m<|log t|+2

The last quantity is finite, because Y} ,, are finite.
Part 2. Sufficiency.

Proof. Suppose x € NUHJ (f), and 1, € I satisfy 0 < n, < e~*/3Q.(f™(x)) and
e % < np/Nny1 < e for all n € Z.

Choose m,,, k, € Ns.t. g, € [e"™n 7L e=mnH1] and Q. (f"(x)) € [e Fn 1, e~knt1].
Find some element of Yy, whose first coordinate is f™(z), and approximate it by
some element of Yy, ., with first coordinate z,, so that for i = —1,0,1,

(An) d(F (S @), @) < 2e(@); |

(Bn) d(f*(f"(x)), F' (@) +1OpoCy (f (f™(2))) =OpoCy (fi(zn))|| < e~ 50mnt?
for every D € 2 which contains f*(f"(z)), f*(zn);

(Cn) e™/% < Qa(f1(f™(2)))/Qc(fi(wn)) < /2.

Claim 1. ¥} € o/ and Uin € of for all ), € I. s.t. g, <), < min{en,, Q:(z,)}-

Proof. By construction z, is the first coordinate of an element of Y}, ., , and
N € [e”mn=1 e™n 1] Since n, <), < €0y, 1), € [e7™n 72, €™ T2]. It remains to
check that 7, 7], < Q:(z,). In case of n/, there is nothing to check. In case of 7,
(C,) with i = 0 says that Q.(z,) > e~/3Q.(f"(z)) > 1.

Claim 2. W and \II;ZI;(I) e—overlap.

Proof. (A,) with ¢ = 0 says that d(f"(x), z,) is smaller than the Lebesgue number
of 9, so there exists D € & s.t. f"(x),x, € D. (B,,) with i = 0 says that

A(f™(2), 20) + |Op 0 Cy (f(x)) — ©p o Cy ()| < e 8mnt2),

Since 7, € [~ (™), e=(ma=D]| =B0matD) <yt Since eF < g1 /7 < €,
Wi, \IJ?Z(@ e—overlap.

Claim 3. \IJ’}?(%) e—overlaps W' for i = £1.
Proof. We do the case i = 1 and leave the case ¢ = —1 to the reader.

Setting i = 1 in (A,), we see that d(f(z,), f(f"(z))) < 3e(2). Setting i =0 in
(Ani1), we see that d(f"1(z),z,41) < 26(2). Tt follows that there exists some

2
D€ 9 st. f(zn), T, P (z) € D.
By (B,) with i =1 and (Bp41) with ¢ =0,

d(f(zn), Tnt1) + ||Op © Cx(f(xn)) —-Opo Cx(xn-&-l)” <
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< (d(f(@n), f(f"(@)) + 180 0 Ci (f(zn)) = Op o Cr (f(f"(@))]])+

+ (A(f" (@), 2ng1) + 100 0 Cx(f" (@) = Op © Cy(@nt1)l])
S e*S(mn+2) +€78(m"+1+2)

<e ¥ + 772+1) <2e¥(1+ 688)77i+177i+1 < 77;‘3+177i+1~

It follows that \I/}"(L;) e-overlaps Wirt}. O

4. e-CHAINS AND AN INFINITE-TO-ONE MARKOV EXTENSION OF f

4.1. Double charts and e—chains. Recall that U7 (0 < n < Q.(z)) stands for
the Pesin chart ¥, : R, (0) = M. An e—double Pesin chart (or just “double chart”)
is a pair WP"P" .= (V2" WP") where 0 < p¥, p° < Q.(x).

Definition 4.1. ¥2"?" — \I/gu*qs means

. \I/Zqus and \I";IEQ)QS e—overlap (recall that a A'b := min{a, b});
o WP and \I/?u,/l\p; e—overlap;
e ¢“ =min{e®p", Q:(y)} and p* = min{e®q®, Q-(z)}.
Definition 4.2. {\Iﬂ;%;“’pf Yiez (resp. {\Illngupf }i>o, {\Il];q;pf }i<o) is called an e—chain
(resp. positive e—chain, negative e—chain), if U5t P" — WHHVPHt for all 4. We
abuse terminology and drop the € in “c—chains”.

Let o7 denote the countable set of Pesin charts which we have constructed in
§3.3, and recall that I, = {e~#*/3 : k € N}.

Definition 4.3. ¢ is the directed graph with vertices ¥ and edges & where

o ¥V = {\ij’ps SWRIAPT € o ptpt € I, p%,p° < Qe(2)};

o &:={(Ur"P W) e x Y W 5 WY
This is a countable directed graph. Every vertex has finite degree, because of the
following lemma, and Proposition 3.5(2):

Lemma 4.4. If U2" 7" — \I/gu7qs, then e~ < (¢“ A q°)/(p* AN p®) < €. Therefore
for every ypop “e:// there are only finitely many Wi -7 €Y s.t. WL P — Wi 1
or W4 — WhP,

Proof. The proof is a manipulation of the following relations:
¢" =min{e*p”, Q=(y)}, p" < Q:(2);
p® =min{e’¢®, Q:(2)}, ¢* < Q:(y).

Let p := p* A p® and ¢ := ¢" A ¢°. We show that e ® < p/q < e by considering
each of the following cases separately:

(1) p=p",a=4q",

(2) p=r"9=0¢,

(3) p=p" q=¢",

4) p=p° q=q"
Case 1. If e*p* < Q. (y), then ¢ = min{e®p*, Q- (y)} = e*p*, and % =L =e° If
e“p" > Q=(y), then p < p* < e®¢” < e*Qc(y) = e* min{e"p", Q:(y)} = €*¢" = €°¢,

o £ <ef. Also, ¢ = ¢" =min{Q:(y), ep"} < e“p" =e°p, s0 1 <.

(4.1)
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Case 2. This is the same as case 1.

Case 3. In this case p* < p®, so p = p* < p*® < e®¢® = e°q, whence p/q < e°. Also,
q° < g%, 50 q=q° < q" < efp" = ep, whence q/p < €.

Case 4. In this case p* < p* and ¢* < ¢°. Since p* = min{eq®, Q. (z)}, either
p* = €e°q’, or p° = Qc().

Suppose p° = €°¢®, then ¢* < ¢° = e °p° < e °p" < e°p*. The inequality
q* < efp* and the identity ¢* = min{e“p*, Q-(y)} force ¢* = Q(y). But ¢* <
¢° < Q:(y), so ¢* = ¢° = Q(y). It follows that p = p® = e°¢® = e¢" = €°¢, and
we are done.

Next suppose that p* = Q.(x). Since p® < p* < Q.(x), we must have

p=p°=p"=Q()
At the same time, ¢* = min{e*p”, Q-(y)} < e*p* = ep. If there is an equality,
then we are done. Otherwise ¢* = Q.(y), and since ¢* < ¢° < Q:(y),

1=q"=q"=Q:(y)
Since min{ep*, Q-(y)} = ¢* = Q:(y), ep* > Q:(y). Thus e°Q.(x) > Q(y).
Similarly, min{e®q®, Q:(x)} = p°* = Q.(x) implies that e®¢® > Q.(z), whence
e“Q:(y) > Q:(x). Tt follows that p/q = Q.(x)/Q:(y) € [e¢, €. O
We claim that the collection of infinite admissible paths on ¢ is as rich as the

set of orbits of f in NUHf (f). Recall that NUHﬁ(f) has full measure w.r.t. every
f—ergodic invariant probability measure with entropy greater than yx.

Proposition 4.5. For every x € NUHf(f), there is a chain {miﬁ’pz}kez C 3(9)

s.t. \I/Z%Api e—overlaps @Z;E?;i for all k € Z.

The proof relies on two simple properties of chains, which we now describe.

Some terminology: Let (Qg)rez be a sequence in I, = {e~*/3 : £ € N}. A
sequence of pairs {(py,p;)}rez is called e-subordinated to (Qr)rez if for every
ke Za 0 <p1];,pz < ka p%vpz € Isa and

S

Py = min{e“py, Qr11} and pi_y = min{e“py, Qr—1}-
For example, if {\I'Z;E’pz}kez is a chain, then {(p},p})}rez is e-subordinated to
{Qc(@r) brez-

Lemma 4.6. Let (Qx)rez be a sequence in I, and suppose gy, € I, satisfy 0 < q <
Qr and e ¢ < qi/qr+1 < € for all k € Z. There exists a sequence {(p},p;)}kez
which is e-subordinated to {Qk}rez, and so that p} A p; > qi for all k.

Proof. The following short proof was shown to me by F. Ledrappier. By the as-
sumptions on g, Qe (Tg—n), Qc(Tg1n) > e "qy, for all n > 0, therefore the following
definitions make sense:

ppi=max{t € I, : e”*"t < Qc(xp_p) for all n > 0};
ppc=max{t € I. : e "t < Q. (xp4n) for all n > 0}.
The sequence {(p}, ;) }kez is e-subordinated to {Q.(zx) }rez. O

Lemma 4.7. Suppose {(p%, ps) }nez is e—subordinated to a sequence {Qpn tnez C I..

If lim sup(p Aps) > 0, then p (resp. ps ) is equal to Q, for infinitely many n > 0,
n—=+oo

and for infinitely many n < 0.
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Proof. We prove the statement for p¥, and leave the statement for p;, to the reader.
M := sup @, is finite, because @,, € I. for all n. Let p, := p* A p;, and define
m := £ min{limsupp_,, limsupp,} and N := [e~ ! log(M/m)].

n—oo n—oo
There exists infinitely many positive (resp. negative) n s.t. p, > m. We claim

that for every such n, there must exists some k € [n,n+N]s.t. p} = Q. Otherwise,
by e—subordination,

U _ . e, u __ e, u _ _ Ne
PnyN = min{Qn4 N, e pn+N71} =€ PppN_1= =€ Py >€ pp>e

which is false. O

We can now prove Proposition 4.5: Suppose = € NUH?f(f)7 and recall the
definition of ¢.(-) from Lemma 2.9. Choose ¢, € I.N[e~*/3q.(f"(x)), e/3q.(f"(x))].
The sequence {¢y, }nez satisfies the assumptions of Lemma 4.6, therefore there exists
a sequence {(q¥, ¢3)}nez that is e-subordinated to {e~*/3Q.(f™(x))}nez and that
satisfies ¢ A qj, > qx-

Let n, := ¢¥ A ¢S. By Lemma 4.4, e ¢ < 1,11/, < €°, so we are free to use
Proposition 3.5 to construct an infinite sequence W}" € o/ such that

(a) \IJZZ e-overlaps \Il??:(m) and e</3 < Q:A(f"(2))/Qc(xn) < e€/3§
(b) \Iln"“) e—overlaps Wirt1:

f(@n
(c) Wi, e-overlaps U3~}

(d) \I/Z/:‘L € of for all ), € I, s.t. n, <1, < min{Qc(zy), €Ny }-

Construct a sequence {(p¥, p2 ) }nez which is e-subordinated to {Q: () }nez and
which satisfies pi* A pJ > ny,.
Claim 1. \Ilig’pi € ¥ for all n.
Proof. Tt is sufficient to show that 1 < Z%ﬁzz < e® (n € Z), because property (d)
with 7/, 1= p A pS, says that in this case ¥2""P" € o7, whence UonP" € ¥/,

We start by showing that there are infinitely many n < 0 such that p? < egr.
Since = € NUHf (f), limsup ¢y, limsup g, > 0. Therefore by Lemma 4.7, there are

n—oo n——oo

infinitely many n < 0 for which ¢* = e~*/3Q.(f"(x)). Property (a) guarantees
that for such n, ¢ > e °Q.(x,) > e °pl, whence p¥ < eqy.
If p;; < eqy, then p; 1 < e°qy 4, because

Py = minfept, Qu(ns1)} = € min{pt, Q. (wni1)}
< e“min{e*ql, e PQ(f" T ()} = ey,

It follows that py < e®q} for all n € Z.

Working with positive n, one can show in the same manner that p;, < e®q; for all
n € Z. Combining the two results we see that pi ApS, < (e°gr)A(e°q)) = e (g Ng)
for alln € Z. Since by construction pj: Ap;, > 1, = g Ag;,, we obtain 1 < % < e

n n

as needed.

3 u s pu pb' ’U,/\ s ’U,/\ s
Claim 2. For every n € Z, ¥hr"r — Uyt and Whn"Pr e overlaps \II?Z(;’)".

Proof. This follows from properties (a), (b), and (c) above, the inequality p% Aps, >
M, and the monotonicity property of the overlap condition. [
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4.2. Admissible manifolds and the graph transform. Suppose z € NUH, (f).
A u-manifold in ¥, is a manifold V* C M of the form
V=W {(F(0),1) : |t < g},
where 0 < ¢ < Q.(z), and F“ is a C'TA/3 function s.t. [|F¥||o < Q.().
An s-manifold in ¥, is a manifold V* C M of the form
V=W {(t Fo (1) - [t] < g},

where 0 < ¢ < Q.(z), and F* is a C18/3 function s.t. ||[F*|c < Qc(x).

We will use the superscript “u/s” in statements which apply both to the s case
and to the u case.

The function F = F"/* is called the representing function of V%/* at ¥,. The
parameters of a u/s manifold in ¥, are

o oparameter: o(V*0%) i= [ Flggs = o +sup { L0 1,

e y—parameter: v(V“/S) = |F'(0)];

o @ parameter: (V%) :=|F(0)|;

e g-parameter: q(V*/*) := q.
A (u/s,0,7,¢,q)-manifold in ¥, is a u/s—manifold V*/ in ¥, whose parameters
satisfy o(V*/*) < o, 7(V*/*) <, (V*/*) < o, and ¢*/*(V*) = q.

Definition 4.8. Suppose \If’;uvps is a double chart. A u/s—admissible manifold in
U2"P" s a (u/s, 0,7, @, q)-manifold in U, s.t.

1
2’

U

p*  u—manifolds

p

o <
—= S

1 — U S
< S AP @ <1073 (p" Ap®), and g = )
2 s—manifolds.

This is similar, but stronger, than the admissibility condition in Katok & Men-
doza [KM, Definition S.3.4] or Katok [K1]. We needed to strengthen the condition
to get Proposition 4.11 (4) below.

Let I be the representing function of a u/s-admissible manifold in W2"-»". If
e < 1 (as we always assume), then the conditions o < 1, ¢ < 1073(p" A p®) and
P, p® < Qc(x) force

Lip(F) < ¢, (4.2)
because for every ¢ in the domain of F, |t| < p*/* < Q.(x) < £3/8 and

B
3

" - - B RN u/s
[ ()] < [F'(0)] + HOW(EF)E[s < S(p" Ap*)s + 5(p /5)s < (p/*)s <e. (43)

Another important fact is that if ¢ is small enough then ||F|s < 1072Q.(z),
because ||F||oo < |F(0)] + max [F'|-p%/* < p+ep?/* < (1073 +¢)p™/* < 107 2p¥/s.
Definition 4.9. Let Vi,V5 be two u-manifolds (resp. s—manifolds) in ¥, s.t.

q(V1) = q(Va), then dist(Vy, V2) := max |Fy — Fy| where Fy and F» are the repre-
senting functions of V1 and Vy in U,

Occasionally we will also need the C'-distance defined by
diStcl (Vl, VQ) = max ‘Fl - F2| + max |F1/ — F2/|
Notice that dist and disto: are defined using the Pesin charts, not its “natural”
charts. Distances using natural charts are bounded by a constant times distances

w.r.t. Pesin charts, because Pesin charts take the form ¥, = exp, oC) (z) where
Cy(z) : R? — M is a contraction.
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Definition 4.10. Let V* V" be a u—manifold and an s—manifold in ¥, with repre-
senting functions Fy, F,,. Suppose V* V¥ intersect at a unique point P = ¥, (u,v),
then K(Vrsv Vu) = K((dqjm)(u,v) (Fs/l(u))a (d\Ijz)(u,u) (Ful(v)) )

Remark: Pesin charts preserve orientation, therefore there are only two possible
choices to the pair of directions of V¥ V% at P. Both lead to the same angle, and
this angle is in (0, 7). Thus the angle of intersection is independent of the chart.

Proposition 4.11. The following holds for all € small enough. Let V* be a u—
admissible manifold in \Iﬂ;u@s, and V* be an s—admissible manifold in \I/g“@s, then

(1) V™ intersects V* at a unique point P;
(2) P =V, (v,w) with |v|,|w| <1072(p* A p*);
(3) P is a Lipschitz function of (V*,V*®), with Lipschitz constant less than 3;
(4) Suppose n:= p* A p®, then the angle of intersection at P satisfies
_npB/4 sin £(V*,V?) B/4
< S wmammerE ¢

|cos L(V*,V?®) — cos £(E*(z), E*(x))| < 2n°/*.

Parts (1),(2), and (3) follow from [KH, Corollary S.3.8]. Part (3) is because of
the assumptions on v and o, and is the reason why we require more than Katok &
Mendoza did in [KM]. See the appendix for proofs.

The following result describes the action of f on admissible manifolds. Results of
this type (often called “graph transform” lemmas) are used to prove Pesin’s stable
manifold theorem [BP, chapter 7], [P]. The proof is in the appendix.

Proposition 4.12 (Graph Transform). The following holds for all € small enough.
Suppose \I/g“vps — \Ilgu*qs, and V" is a u—admissible manifold in \I/g“vps, then

(1) f(V*) contains a u-manifold V" in \I/gu*qs with parameters

o(V") < eVee X[a(V") 4 V2]
(V") < eVEe X[y (V) +e7/3(q" A ¢°) 7
~ (4.4)
e(V") < eVee X[p + Ve(q" A q°)]
g(V*) > min{e™VeeXq(V"), Q. (y)}

(2) f(VY) intersects any s—admissible manifold in \I/gu’qs at a unique point.

(3) V' restricts to a u—admissible manifold in \Ilzu’qs. This is the unique u—
admissible manifold in \Ilgu“f inside f(V"). We call it F,[V"].

(4) Suppose V¥ is represented by the function F. If p := U,(F(0),0), then
flp) € FulV"].

Similar statements hold for the f~'~image of an s—admissible manifold in \Ilgu*qs.

Definition 4.13. Suppose VB P — v 4", The graph transforms are the maps

o F., which maps a u—admissible manifold V* in \I/g“vp“’ to the unique u-—
admissible manifold in \I/gu*qs contained in f(V™);

o F, which maps an s—admissible manifold V* in \I/gu’qs to the unique s—
admissible manifold in U2 P" contained in f~*(V*).

(The operators Fy, F,, depend on the edge ¥2"?" — \Ilgu’qs.)
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Proposition 4.14. Ife is small enough then the following holds. Lett = s,u, then
for any t-admissible manifolds Vi, Vi in WP"P",

dist(F (VY), Fo(Vy)) < e X2 dist(V{, V4); (4.5)
disten (Fo(VY), Fo (V) < e X2 [disten (VY Vi) + (dist(VYf, V;))‘m]. (4.6)
See [BP, chapter 7], [KM], and the appendix.

4.3. A Markov extension. Let ¥ := ¥(%) denote the topological Markov shift
of two sided infinite paths on the graph G(7,&):

Y= {(vi)iez : vi € V,v; = viy for all i}

We equip ¥ with the metric d(v, w) = exp[— min{k : vy # wi}], and the action of
the left shift map o : X — X, 0 : (v;)iez — (Vit1)iez-

Our aim is to construct a map 7 : ¥ — M with a y—large image s.t. moo = fom.
In fact, the map we construct will be well-defined for all chains.

We begin with some comments on general chains of double charts. Suppose
(vi)iez, vi = \I/’;;::’pf is a chain, and let V*, be a u—admissible manifold in v_,,. The
graph transform relative to v_,, = v_p4+1 maps V*, to a u—admissible manifold
in v_pi1, Fu[V_pn]. Another application of the graph transform, this time relative
t0 V_pt1 — V—_pto, maps F,[V_,] to a u—admissible manifold in v_, 1o, which
we denote by F2[V%]. Continuing this way, we eventually reach a u—admissible
manifold in vy which we denote by F[V*,]. Similarly, any s—admissible manifold
in v, is mapped by n applications of F; to an s—admissible manifold in vg. The
manifolds F[V* ] and F2[V,*] depend on (v_,...,v,).

Let V,, denote a sequence of u/s—manifolds in a chart ¥,. We say that V,, con-
verges to a u/s—manifold V| if the representing functions of V,, converge uniformly
to the representing function of V. Compare with definition 4.9.

Proposition 4.15. Suppose (v;)icz is a chain of double charts, and choose arbi-
trary u—admissible manifolds V¥, in v_,, and s—admissible manifolds V.7 in vy,.
(1) The limits V*[(v;)i<o] := Um FI[V™ ], and V5[(v;)i>0] := lm FI[V,?]
- n—oo - n—oo
exist, and are independent of the choice of V*, and V7.
(2) V¥[(vi)i<o] is a u—admissible manifold in vy, and V*[(v;)i>o0] is an s—
admissible manifold in vy.
(3) f(Vo[(vi)izo]) C V*[(vit1)izo] and f=1(V*[(v)i<o]) C V*[(vi-1)i<ol;
(4) Write v; = \I/p’ Pl , then

Vol(vi)iz0] = {p € Vo [Ryg (0)] : Yk 2 0, f*(p) € Vo [Ruo. () (O]}
Ve [(0i)izo] = {p € Way[Ry (O] : ¥E > 0, f(p) € Uy, [Ruogs o O}
(5) The maps (ui)icz — V*[(ui)i<o], V[(u;)i>0] are Hélder continuous: there
exist constants K > 0 and 0 < 0 < 1 s.t. for every n > 0 and any two
chains w, v, if u; = v; for all |i| < n, then
dister (V*[(ui)i<o], V*[(0i)i<o]) < KO
dister (V2 [(us)izo], Vo[(0i)izo]) < K0
Parts (1)—(4) should be compared with Pesin’s Stable Manifold Theorem [P]. Part

(5) should be compared to Brin’s Theorem on the Holder continuity of the Oseledets
distribution on Pesin sets [Bri].
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Proof. We give the proof in the case of u—manifolds. The case of s—manifolds is
symmetric. Before we begin, we mention the following obvious fact: for any double
chart W2"P" and any two u-manifolds Vi, V3 in W2"P"

dist(V7*, V3*) < 2Q.(x) < 1.

Part 1. Existence of the limit.

By Proposition 4.12, F*[V* ] is a u—admissible manifold in vy. By Proposition
4.14, for any other choice u—admissible manifolds W*, in v_,,

dist(F V2 ], Fa W, ]) < exp[—%xn] dist(V*,, W ) < exp[—%xn}.

Thus, if the limit exists then it is independent of V*,.

For every m > n, W¥ = Fr "[V* | is a u—admissible manifold in v_,. It
follows that for every m > n, dist(F2[VY,], F[V*,.]) < exp[—3xn]. It follows that
lim F[V*,] exists.

Part 2. Admissibility of the limit.

Write vg = ¥2"?" | and let F,, denote the functions which represent F*[V* ] in
vg. Since F'[V* ] are u—admissible in vy, for every n,

o [[Fllgss < 5
o [IF,(0)] < 5(p Ap*)P7%
o |F,(0)] <1073(p“ A p®).
Since F[V* ] —— V*[(v;)i<0], Fn —— F uniformly on [—p*, p“], where F
n—o0 - n—oo

represents V*[(v;)i<o]-
By the Arzela—Ascoli Theorem, 3ny 1 oo s.t. F) —> G uniformly, where

|Gllg/3 < 5. Thus F,, (t) = f t)dt — F +f G(t

whence F is differentiable, and F "=G. We also see that {F,’L} can only have one
limit point. Consequently, F), — F’ uniformly.

It follows that || F'||/5 < 1, |F’( )| < L(p* Ap*)P/3, and |F(0)] < 1073 (p" Ap®),
whence the u—admissibility of V”[(Uz)zez]

Part 3. Invariance properties of the limit.
Let V¥ := V¥[(v;)i<0] = Hm FJ[V¥ ], and W* := V¥[(v;_1)i<o] = Um F V¥, _4].
dist (V*, Fu (W) < dist(V", FiH (V) + dist(Fp (V2,), Fat (V2 1))
+ dist(F (V) Fu(WH)

< dist(V*, F (V) + e 30X digt (Ve | Fu (VY 1)) +e” 2Xdlbt(]:n( 1), W

—n

The first and third summands tend to zero, by the definition of V* and W*. The
second summand tends to zero, because dlst(Vl‘n,}"u(V,iLl)) < 2Q:(z) < 1. Tt
follows that V* = F,(W%) C f(W“)

Part 4. Suppose v; = \Ifﬁ”’f, then

V' ={p € Uy [Rpy (0)] : Yk > 0, f~(p) € Vs, [Ri0g. (1) (0)]}-
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u S
The inclusion C is simple: Every u—admissible manifold W in \Ilgg Pi s con-

tained in W, [R,«(0)], because if W is represented by the function F' then any

(3

p=,,(v,w) in W satisfies |w| < p¥, and
o] = |F(w)| < [F(0)] + max | F'| - [w| < ¢ +efw| < (107° +&)p} < p}'.

Applying this to V* := V*[(v;)i<0], we see that Vp € V¥, p € V" C Wy, [R,u(0)],
and by part 3 for every k > 0

F7Ep) € F7R V™) SV (vick)izo] € Wor, [Rpr (0)] € Wa [Riog. (x_s)(0)].
‘We have C.

We prove 2. Suppose z € Wy [Rpu (0)] and f~%(2) € Uy, [Rigg. (»_,)(0)] for all
k > 0. Write z = ¥, (vo, wp). We show that z € V* by proving that vy = F(wy),
where F' is the function which represents V*.

Introduce for this purpose the point z = U, (To, Wp), where Wy = wp and Ty =
F(w). For every k >0, f~%(2), f%(2) € Vo_,[Ri0g.(z_,)(0)], the first point by
assumption, and the second point because f~%(z) € f~*(V%*) C V¥[(vi—r)i<o]. It
is therefore possible to write

f_k(z) = \I/wfk(v—kvw—k) and f_k(z) = \Illfk(ﬁ—k’w—k) (k > 0)7

where |v_g]|, |lw_g|, [T_k|, [W_k| < 10Q.(x_j) for all k > 0.

Proposition 3.4, in its version for f~!, says that for every k > 0, f! =

T—k—1T—k

Wl of toW, , can be put in the form

L () = (A7 + g (0,w), By w + g8 (v, w)),

T_k—1T—k

where |Ay| < e X/2) |By| > eX/2, and MaXR,o6_(, ) HVgl(k)H < € (provided ¢ is
small enough).

Let Av_j = v_p —U_f and Aw_j = w_ — W_g. Since for every k < 0,
(k=1 w_p—1) = fo ' o, (g w_p) and (V_p—1, W_k—1) = fo o, Uk, W_p),
[Av 1| > ALY |Av_g| — max [[Vg{” || - (|Av_g| + |Aw_])

> (X2 — &)|Av_i| — e|Aw_y].
[Aw_ 1] < B [Aw_ k| + max [[Vg" || - (|Av_ ] + |Aw )
< (e7X2 o) Aw_i| + e|Av_yg].
Write for short ay, := |Av_g| and by, := |[Aw_g|. If we assume, as we may, that ¢ is

so small that e X/2 + £ < e=X/3 and eX/2 — ¢ > eX/?’7 then we obtain
apy1 > e ay — eby,
b1 < €_X/3bk + eay.

By definition, by = 0.

Suppose ¢ is so small that e X/ 4+ ¢ < 1 and eX/3 — ¢ > 1. We claim that
ar < agy1 and by < ag for all k. For k = 0, this is because by = 0. Assume by
induction that ar < ag41 and by < ag, then

bry1 < e X3 +eay < (673 4 )ay < ay, < apia

3 3
appo > X Papy — by > (X — 2)agsr > apsr.
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We see that apy1 > (eX/3 — ¢)ay, for all k, whence ap > (eX/3 — €)Faqg. Either

ag = 0 or ax —— 0o But ar = [v_ —7_k| < 20|Q-(x_1)| < 20¢, s0 ag = 0. Since
— 00

ap =0, vg = Ty, and therefore F(wy) = F(wp). Thus z = U, (F(wq),wo) € V.
Part 5. Hélder continuity of u — V¥[(u;)iez].

Suppose two chains v = (v;)iez, w = (w;);ez satisty v; = w; for i = —=N,..., N.
Given n > N, let V*, be a u-admissible manifold in v_,,, and let W, be a
u—admissible manifold in w_,,.

Let F£(V*)) (resp. Ft(W¥,)) denote the result of applying F,, £ times to V%,
using the path u_, — -+ = u_p 4, (vesp. using w_,, = -+ = W_p4y).

Fr=N(ve ) and FP~N(W* ) are u-admissible manifolds in v_ (= w_y). Let
Fn, Gy be their representing functions. Admissibility implies that

[EN = Gnlloo S [ENloo + 1GN[loo <2Q< <1
1PN = G lloo < 1Fxlloc + Gy lloe < 26 < 1.

Represent F~*[V¥ | and F?~*F[W" ] by functions F), and Gj. By(4.6),
1Pkt = Grotlloo < e[| Fy — Gilloo (4.7)

1F—y = Gioilloo < e 2(IF = Gilloo + 2] Fi — Gll&%).- (4.8)

Iterating (4.7) starting at k = N and going down, we get, || Fy — Giloo < e~ 2XN—H),
whence dist(FP[V¥ ], Fr[W*,]) < e~ 2XN . Passing to the limit n — oo, we get
dist(V*((v3)i<o), V" [(wi)i<o]) < e 28X,

Now substitute || Fj, — Gilloo < e 2XN=F) in (4.8), and set ¢y, := ||F] — G4 loo,
01 = e X/2, and 0y = e*éﬁx, then cx_1 < 61(ck + 2097_’“). It is easy to see by
induction that for every 0 < k < N,

co < Oy + 20080 7F 4o toN R 40,0 7).
We now take k = N, paying attention to the inequalities 6; < 6 and cy < 1:
co < ON +2NOY < (2N +1)6Y.

It follows that dister (F [V, ], Fr W™, ]) < 2(N +1)6Y. In part 2, we saw that
Frve ]l and Fr W] converge to V¥[(w;)i<o] in C'. Therefore if we pass to the
limit as n — oo, we get distor (V[(vs)i<o), V¥ [(wi)i<o]) < 2(N + 1)0Y. Now pick
two constants 6 € (f2,1) and K > 0 s.t. 2(N +1)0Y < KN for all N > 0. O
Theorem 4.16. Given a chain of double charts (v;)icz, let m(v) :=unique inter-
section point of V*[(v;)i<o] and V3[(v;)i>o0]-

(1) 7 is a well-defined and moo = fom;

(2) m:X — M is Hélder continuous map;

(3) (%) > 7(T#) D NUHf(f), therefore ©(X) and w(X%) have full probability
w.r.t. any ergodic invariant probability measure with entropy larger than x.

Proof. Proposition 4.11 guarantees that m is well defined for every chain.

Part 1. moo = form.
Suppose v is a chain, and write v; = \1/215’”5 and z = 7(v). We claim that

() € Vo [Ro oy Q)] (k € 2). (4.9)
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For k = 0, this is because z € V*[(v;);>0] and V*[(v;);>0] is s—admissible in \Iﬂ;ﬁ”’g.
For k > 0, we use Proposition 4.15 part (3) to see that

ffz) e fk(VS[(Uz’)z'zo]) C V2 [(vigr)ixo0)-

Since V*[(vi+)i>o0] is an s—admissible manifold in \Ilg’z Pk fh (2) € ¥4 [Rg. (2,)(0)].
The case k < 0 can be handled in the same way, using V*[(v;)i<o]. Thus z = 7 (v)
satisfies (4.9).

Any point which satisfies (4.9) must equal z, because by Proposition 4.15 part
(4), it must lie on V*[(v;)i<o0] N V*[(v;)i>0]. So (4.9) characterizes 7(v).

It is now a simple matter to deduce that w(c(v)) = f(r(v)): f*[f(7(v))] =
[T (v)] belongs to Wy, [Rq. (2y.,)(0)] for all k, and this is the condition which
characterizes w(ov).

Part 2. 7 is Holder continuous.

We saw that u — V*[(u;)i<0] and u — V*[(u;)i>0] are Hélder continuous (Propo-
sition 4.15). Since the the intersection point of an s—admissible manifold and a u
admissible manifold is a Lipschitz function of these manifolds (Proposition 4.11
(3)), m is also Holder continuous.

Part 3. w(X) has full probability with respect to any ergodic invariant probability
measure with entropy larger than y.

We prove that 7(X) D NUHf(f). Suppose x € NUHf (f). By Proposition 4.5,

. P PR DL DR Phiy1:Phy1 Di Dy
there exist U,2""F € ¥ s.t. Uk — W VPR for g1l k. and s.t. UhLE"F e—overlaps
k k k+1 9 k

\I!?;f:g)’“ for all k € Z. By Proposition 3.2(1), this implies that

FH@) = W) (0) € Ua, [Rpunps (0)] C Vo, [Rg. () (0)] for all k € Z.

Thus z satisfies (4.9) with v = (\Ilgfu ,pf)iez. It follows that z = w(uv).

In fact this argument proves something stronger, that will be of use to us later.
Looking closely into the proof of Proposition 4.5, we see that the chain we con-
structed above satisfies the property p¥ A pf > ¢-(f*(z)). By the definition of
NUHf(f), there exist sequences i, jx T oo for which pj! A pf and p“, Ap®,
are bounded away from zero. By the discreteness property of &7 (Proposition 3.5),
\1122.“” ! must repeat some symbol infinitely often in the past, and (possibly a different
symbol) in the future. Thus the above actually proves that

m(3#) D NUHZ (f), (4.10)
where 3# = {veX:Jv,we ¥, Ing,my T oo s.t. vy, =v, and V_p,, = w}. ([l

4.4. The relevant part of the extension. We cannot rule out the possibility that
some of the vertices in ¥ do not appear in the coding of any point in NUH, (f).
Such vertices are called irrelevant. More precisely,

Definition 4.17. A double chart v = WP P" is called relevant if there exists a chain
(vi)iez s-t. vo =v and w(v) € NUH, (f). A double chart which is not relevant, is
called irrelevant.

Definition 4.18. The relevant part of 3 is Xy := {v € ¥ : v; is relevant for all i}.

Yrer is the topological Markov shift corresponding to the restriction of the graph
G(7, &) to the relevant vertices.
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Proposition 4.19. Theorem 4.16 holds with ¥..; replacing 3.

Proof. All the properties of 7 : X,..; — M are obvious, except for the statement
that w(X7,) D NUH#(f), where X7, := 2# N 5,.

rel
Suppose p € NUHf(f), then the proof of Theorem 4.16 shows that Jv € X7 s.t.
m(v) = p. Since NUHf(f) is f-invariant and forw = moo, (o' (v)) = fi(p) €

NUHf(f), so v; is relevant for all ¢ € Z. Tt follows that v € Efel. O

Henceforth we assume w.l.0.g. that all irrelevant vertices have been removed from
Y, and we set ¥ := X,.q.

Part 2. Regular chains which shadow the same orbit are close
5. THE INVERSE PROBLEM FOR REGULAR CHAINS

In the previous section we constructed a map 7 from the space of chains to M,
and showed that every = € NUHf( f) takes the form z = m(v) for some chain
v € 7. In principle, there could be infinitely many chains v s.t. 7(v) = 2. We ask
what one can say about the solutions v to the equation 7(v) = x.

Under the additional assumption that one of the pre-images of x is is regular (see
below), we shall see that the coordinates v; of v are determined “up to bounded
error”. Here is the precise statement:

Definition 5.1. A chain (v;);cz is called regular if every v; is relevant (see §4.4),
and if there are v,u s.t. for some ng,my T 00 V_pm, = U, Uy, = v for all k.

Every element of 7 is regular, because of the convention stated in §4.4 .

Theorem 5.2. The following holds for all ¢ small enough. Suppose (\Diz‘pf)iez,
(\Ilgg’qis)iez are reqular chains s.t. ﬂ[(@i?’pf)iez} = W[(\I/g;:’qf)iez], then for all i,
(1) d(zi,yi) <e;
(2) (U, oW, )(u) = (=1)7u+c;+ Ai(u) for all u € R.(0), where o; € {0,1},
¢; s a constant vector s.t. ||c;|| < 107 (q* A ¢), and A; is a vector field
s.t. A;(0) =0 and ||(dA;)y]| < /e on R-(0);
(3) py/ai', v} /g € lem VE, V).

The proof of Theorem 5.2 is long, so we broke it into several sections (§6,7,8).

Here is an overview. Suppose (\If’;?’pf)iez, (\I/Z;’qf)iez are two chains in X7 s.t.
w5 )iea] = m((VE " )iez] = @ (5.1)
We want to show that ¥, is close to ¥, for all s.

Equation (5.1) implies that f*(z) is the intersection of a u—admissible and an
s—admissible manifold in \1122;7175, therefore (Proposition 4.11), fi(z) = ¥, (v, w;)
where |v;], |w;] < 1072(p¥ A p$). By construction, Pesin charts are 2-Lipschitz,
therefore d(f%(z),z;) < 50~(p* A pg). Similarly d(f%(z),y;) < 507 (g* A q*). Tt
follows that d(z;,v;) < 25! max{p¥ A p$,q* A ¢} < ¢ for all i € Z.

Assume without loss of generality that ¢ is smaller than the Lebesgue number

of the cover Z which we had constructed in §3.1, then x;,y; belong to the same
element D; of . This allows us to write

U, = exp,, 0¥y, 0 Cy,
Uy, = exp,, oy, o Cy,
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where 9,, : R? — T,,M (z; = z;,y;) are the isometries we constructed in §3.1, and
Cy,,Cy, € GL(2,R) are given by Cy(x;) = V5, 0 Cy, and C,(y;) = Yy, 0 Cy,.

Let z; = x;,y;, then Cy(z;) is the unique linear operator which maps el =
((1)) to sy (z:)7te®(z;), and €2 = (?) to uy (2;) e (z;). Writing as usual a(z;) =
£(e®(z;),e"(zi)), we see that

_ Sy ()78 uy(z) 7t cosalz;)
Oz = R, ( 0 Uy (2;) "t sina(z;) ) ’ (5.2)

where R, is the unique orientation preserving orthogonal matrix which rotates e

to the direction of ¥ '(e®(2:)) (2i = 24,¥:). Some terminology:

z; are called position parameters,

R,, and «a(z;) are called axes parameters,

Sy (2i), uy (%) are called scaling parameters,

(p¥, p?) are called window parameters.

The proof is done by comparing the parameters of \I/g{’p " to those of \I!Z:;’qf.

The comparison of the position parameters had already been done above. We
record the conclusion for future reference:

Proposition 5.3. Let (\I/’;?’pf)iez, (\Il;f’q"s),-ez be two chains s.t. w[(\pﬁpf)iez} =
m[(Uh 9 )iez], then d(zi,y;) < 25 ' max{p? Api,q* Aqi} (i € Z).

Regularity is not needed here. We shall make use of it when we analyze the scaling
parameters and the window parameters.

6. AXES PARAMETERS

Let (W57 );ez, (U4 %) ez be two chains s.t. (W5 7 ),cz] = m[(UE %) ,en).
We compare R, to Ry, and a(z;) to a(y;). The analysis relies on a special property
of V*[(zr)k<i] and V*[(zk)k>i] (2 = ®k,yx), which we call “staying in windows”.
We begin by discussing this property.

6.1. Staying in windows.

Definition 6.1. Suppose V" is a u—admissible manifold in W2 P". We say that
V¥ stays in windows if there is a negative chain (Whi™*);<o with Who"° = wp"r"
and u-admissible manifolds W in W5 """ s.t. f=1(V:*) C W for alli < 0.

Definition 6.2. Suppose V?* is an s—admissible manifold in \Iﬂ;“vp“’. We say that
V* stays in windows if there is a positive chain (U5 F");5q with W5oFo = wp"-»°
and s—admissible manifolds W# in W5 P s.t. fl(Vf) CW¢ foralli>0.

If v is a chain, then V;* := V¥[(vk)r<i] and V® := V*[(vk)k>:] stay in windows,
because f~F(V;*) C V*, and f*(V*) C Vi, for all k > 0 (Proposition 4.15).

The following proposition says that s/u—admissible manifolds which stay in win-
dows are local stable/unstable manifolds in the sense of Pesin [P]:

Proposition 6.3. The following holds for all € small enough. Let V* be an admis-
sible s—manifold in \Ilgu*pb, and suppose V* stays in windows.
(1) For every y,z € V*, d(f*(y), f*(2)) < e 2" for all k > 0.
(2) Foreveryy € V®, let e*(y) denote the positively oriented unit tangent vector
to V* at y, then ||dffe®(y)]l pr(y) < 6]|Cy ()~ e~ 2% for all k > 0.



SYMBOLIC DYNAMICS FOR SURFACE DIFFEOMORPHISMS 29

(3) Nloglldfye® (W)l pr(y) —log ldffes (2)ll o ()| < Q= (2)/* (y,2 € V*,k > 0).
The symmetric statement holds for u—admissible manifolds which stay in windows:
replace the s—tags by u—tags, and f by f~'.

The proof is modeled on the proof of Pesin’s Stable Manifold Theorem [BP,
chapter 7]: f™:V* — f*(V*) is given in coordinates by
\II;nl ° fn ° \Ijmo = fxn—lrn ©--0 fmoml'
Since V' stays in windows, the orbits of points in V* remain in the “windows” where

fz;zi4, 18 close to a linear hyperbolic map. One can then prove the proposition by
direct calculations. See the appendix for details.

Proposition 6.4. The following holds for all € small enough. Let V* (resp. U®)
be an s—admissible manifold in \Ifg“’f (resp. in \I/Zu’qﬁ). Suppose V*, U® stay in
windows. If x =y then either V*,U® are disjoint, or one contains the other.

The same statement holds for u—admissible manifolds.

See the appendix for a proof.

6.2. Comparison of a(z;) to a(y;).

Proposition 6.5. Let (\Diif’pf)i% (\I/Z?Tj’q:)iez be chains s.t. w[(@ﬁ?’pf)iez] =

W[(\Dgg’qf)iez}, then for all i € Z
— sin a(x;)
(1) e VE< et < eVve
(2) |cosa(x;) — cosaly;)| < Ve
Proof. Write v; = \I'f;z’pf, u; = \If;f’qf, x = ﬂ'[(@i?’pf)iez] = w[(\llg’j’qf)iez}, and
szk = VS[(Ui)iZk] quk = V“[(vi igk} E;{u = Tfk(x)V;k/“
Vo o= Vo[(us)izk] Vi o= V¥ [(us)i<k] B3/ o= Ty Vil ™.
We claim that
(i) liTIlrLsolip Llog lldf fr (ywll <0 on EZ \ {0} and Ej, \ {0},

(ii) limﬁsup +log [[dffi ywll > 0 on By \ {0} and B, \ {0}.

We give the details for E;Z{u The case of EZ,{“ is identical.
Part (i) follows from Proposition 6.3 (2), applied to V. and V2 .
The proof of (ii) is slightly more complicated. Suppose w € E \ {0}, then w is
tangent to V,* at f*(z). For every n, f*7"(z) = 7[(vitrtn)iez] € Vi, SO
) = Fr (@) € Vi)
It follows that dff. . w € Tprin 2y [Vitenl \ {0}
We apply Proposition 6.3 (2) in its version for u—admissible manifolds to the
manifold V;,  ~and the vector df}ﬁe (o)W This gives the estimate
—-n n —in — n
w| = dekarn(x) [dffk(z)wm < 6e” 2| Oy (Th4n) 1|| : defk(m)MH
< 6675 X Qe (Thyn) M |df P ywl| (definition of Q)
—1in u s - n
< 672" X (Pl yn A Phgn) 1||dffk(z)w||

< 66_%”X+"5(p7k‘ A pZ)_1||df?k(I)g|| (Lemma 4.4).
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Thus |[df fiywl = Lezmxtns(pu A ps)||w|. Part (ii) follows.

By (i) and (ii), E

:vka

By ={w € Ty M : hmsup%log”df}‘k(gﬁ)gﬂ < 0}. For
n—oo
reasons of symmetry, Egk, By = {w € Ty M : limsup Llog defk z)iﬂ < 0}. It
n—oo

follows that £, = Ej and By, = Ey .

As a result, K(ng, Vi) = K(V;k, »). By Proposition 4.11 sin£(V;? , V") =
e @i Ap)) sin a(zy,) and SIHK(V;MVU) = e£(@'na)?! sin a(yg). Since p¥ A pf <

3/4 3/4

Q-(r;) < %P and ¢ A ¢ < Q-(y;) < &P, e < sina(zy)/sinaly) < e
Similarly one sees that |cos a(xy,) — cos oy )| < 4e%/4, and the proposition follows
for all & so small that 4¢3/4 < \/e. O

The proof actually gives the following stronger estimates, which we now record
for future reference:

Lemma 6.6. Under the assumptions of the previous proposition,
(1) e~ @i =(angd)?/" o sinalza) o (piAp))?/*+(a na]) /"

sin a(y;)

(2) |cosa(w:) — cosaly:)| < 4[(p} Apf)P* + (g Agf)P/4).
6.3. Comparison of R,, to R,,.

Pr0p051t10n 6.7. The following holds for all € small enough For any two chains
(‘I’fci p1)z€Z and (‘Ifgi ql)zezy ifm [("I’Zi p7)z€Z] = W[(‘I’Zi qt)zez} then

Ry—lle _ (_1)0’1 Id+ ( €11 €12 ) ,
* €21 €22

where ; € {0,1} and |eji| < (DY Ap3)P/5 + (¢ A qf)P/%) < /5.

Proof. In order to keep the notation as light as possible, we only do the case i = 0,
and write \Iﬂ;ﬁ”’o \I/p“ p* \I/{;ﬁ’pg = \Ilgu’qs, p:=p“Ap°, and q := q“ A q°. We
also set as usual v; = \pr’ ’pl and u; = \Ilgg’qf.

Let z = w[v] = mw[u]. The manifold V*[(v;);>0] inherits an orientation from the
chart ¥,. Let e3(z) denote the positively oriented unit tangent vector to V*[(v;)i>0]
at z. The manifold V*[(u;);>0] inherits an orientation from the chart ¥,. Let
¢, (2) denote the positively oriented unit tangent vector to V*[(u;)i>o] at 2. Since
T.V?[(vi)iez] = T:V*[(ui)iez] (see the proof of Proposition 6.5), e} (2) = +e; (2).

We write 2 and e;(2), €;(2) in coordinates in W, and ¥,:

. [(d%2)ca
o 2 = U, (¢) and €5(2) = m, where ( € Ry9-2,(0), a = (lll), and

la| < p/3 (see Proposition 4.11 and (4.3)).

s (d®y)n]b

e 2z = \I/y(ﬂ) and Qy(Z) = ”[(Ty)]bl‘ where n € Rl(] 2 (O) b = (11)), and

|b] < ¢P/3 (see Proposition 4.11 and (4.3)).

Since e; (z) = *e;(2), there is a non-zero (signed) scalar A such that

Cra = N[(dexp, oﬂx)cmg]*l[(d exp,, oUy)c,n]Cyb, (6.1)

where C;, C, are given by (5.2).

Claim 1. Cya x R, (oi B/4) and Cyb x R (O:I: 6/4) Here @ o b means that @ = tb
for some t # 0, and a + ¢ means a quantity in [a —c,a+ .
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Proof. Cpa = R, (sx(f)_l + uy (z) 7! cos a(x)a)

uy (z) " tsina(z)a

1G]l B
x R, , because u, > 1 and s, = ||C, (z) "e*(2)
(Oi 1Cy (z)=2] - |al X x = [ICx(z) " e’ ()]

1+pP/4
- w(O + phr4

il

, because |a| < p/3 < Q, ()P 12pf/4 « T
) : 1Cx ()]

Similarly, C,b o Ry (57.),).

Claim 2. There exists a constant J > 1 (which only depends on M) s.t. for all
D e @7 T,y € D7 and ||M1H7 HMQH < 27

|[(dexp,, 002)w, ] " [(dexp, 09y)w,] —1d|| < J(d(z,y) + [w; — wy)).

Proof. Let J; denote a common Lipschitz constant for the maps
(’Uj,w) = (d eXpw Oﬁw)&

on D x By(0) for all D € &. Let Jy denote the maximum over D € Z of
sup{||(d exp,, 0¥w)x' || : w € D, [Jw|| < 2}. The claim holds with J := JyJo + 1.

Claim 3. R, ((1)) +g, x Ry (é) +&, where ||g, || and ||g,|| are less than 3.J(p®/*+¢%/%).

Proof. Cy(+) is a contraction, so [|C;¢ — Cynll < |[¢][+ ]l < 1072(p+¢). Also, by
Proposition 5.3, d(x,y) < 25~ (p + q). Therefore, by Claim 2,

[(dexp, oz9$)cg(x)£]*1 [(dexp, Oﬁy)Cs(y)ﬂ] =I1d+FE

where E is a matrix s.t. ||E|| < J(p + ¢q). The claim follows from (6.1) by direct
calculation.

We can now prove the proposition. R, and R, are rotation matrices, therefore
Ry IR, is a rotation matrix. The problem is to estimate the angle. Claim 3 allows
us to write

_ 1 1 _ 1
R,'R, (o> =c [(0> + R e, —c 'R e | (6.2)
where ¢ is a scalar s.t. |¢| = ii”?” Since ||| < 3J(P/* + ¢#/*) < 6J3/4,
=2

lc| € [e7107VE e10VE] at least provided e is small enough.

Since R, and R, are orthogonal matrices, the vector on the right-hand side of
(6.2) is a unit vector. Put it in the form (—1)7°(cos®,sin ) where oy € {0,1} and
0 € (—%,%), then

2
ot (8L el el
= Jleal =Tl Mleall) = T= lleal = Te e

3J(1+ el07Ve)
1—6J(1+ el0/ve)ed/4

(" + g,

Since p, ¢ < €%/#, if ¢ is small enough, then this is less than p®/54¢%/5 < 2¢3/5 < | /e.
It follows that (—1)7°R, 'R, is a rotation by angle less than pPo 4¢P < e, O
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7. SCALING PARAMETERS

7.1. The s, and u, parameters of admissible manifolds. In §2.1 we defined
sy (-) on NUH, (f). We now extend this definition to all points lying on s—admissible
manifolds V* which stay in windows.

Suppose y € V*. If y € NUH, (f) define e°(y) as in §2.1, and note that by
proposition 6.3(2), e®(y) is tangent to V* at y. Motivated by this, we define e*(y)
for y ¢ NUH, (f) to be one of the two unit tangent vectors to V* at y (it doesn’t
matter which), and then we let

2

sy(y) = V2 (Z e%xdf;es(y)|?k(y)> € (V2,0q].
k=0

Similarly, for any u—admissible manifold V* which stays in windows, and any
y € V* we define e*(y) as in §2.1 when y € NUH, (f), and we let ¢“(y) be one of
the two unit tangent vectors to V" at y when y € NUH, (f). Then we let

1
0 2
ux(y) = V2 (Z e%wfy’“eu<y>||?k<y)> € (V2,00).
k=0
Although these numbers depend on y, they are not very sensitive to its value: by
Proposition 6.3 part 3, for any pair of points y, z in the same s—admissible manifold,
if s, (y) is finite then s, (z) is finite, and
eTVE <5, (y) /sy (2) < eVE.
A similar statement holds for u,—parameters on u—admissible manifolds.
Definition 7.1. Let V* be an s—admissible manifold in ‘I”;u’ps with representing
function F®. Let V* be a u—admissible manifold in \Ifgu’pé with representing function
F“. If V® and V" stay in windows, then
(1) 5, (V?), the sy—parameter of V°, is s, (p) where p := U,(0, F*(0)),
(2) uy (V") the uy—parameter of V%, is uy(q) where q := ¥ (F*(0),0).
Lemma 7.2. The following holds for all € small enough. Suppose \I/g;“vp“ — \Ilgu’qs,

and let V* be an s—admissible manifold in \Pgu’qs which stays in windows. If
54 (V?®) < 0o then sy (Fs(V*)) < oo, and for every p > exp(1/e),

Vs s Vs _ 4 _ 4
SX( ) c [p SX(]:( )) c [P 1€Q5(a:)ﬁ/ , pe Qg(x)ﬂ/ ) (71)
Sx(y) Sx(x)

A similar statement holds for u—admissible manifolds in \P?;“%PS and Fy.

-1

;P =

Note that the ratio bound in (7.1) improves.
Proof. Suppose V¢ is represented by the function G, and U?® := F,[V?] is repre-
sented by the function F. Let p := ¥, (0, F(0)) and ¢ := ¥, (0, G(0)).

Suppose s, (V?®) < oo, then s,(¢) < co. By Proposition 4.12(4) (in its version
for s-manifolds), f~'(¢q) € U*. Since U® is one-dimensional, df -1y e*(f~'(q)) =

+||df -1 (f @)l - €°(q), and so

s (fHq)? =2 (1 + Ze%xlldfé"_ldff1(q>€s(f_l(q»|?k—l<q>>

k=1
=24 e™X|Jdf -1 (e* (T (@)2 - 5x(q)* < oo
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Since f~1(q) € U®, 5,(U®) < eVZs,(f7(q)) < oc.

Next assume that s, (V*) is finite, and

sx(V?) -1
sx(y) el
where p > exp(y/€). Since s, (U*) = s,(p),
SX(US) _ sx(p) . SX(f_l(Q)) . SX(f_l(y)) . (72)

se(@) s (f7H9) s (P W) sx(@)
The three terms are well-defined and finite, because (proceeding from right to left):

e 5,(z),s,(f1(y)) are well-defined and finite, because z,y € NUH, (f);
e 5, (f7(q)) is finite by the argument at the beginning of the proof;
o 5,(p) < oo, because s, (p) = Sy (Us) < 0o (see above).

The first factor in (7.2) belongs to [e‘Qs(m)BM, le(I)ﬁM] by Proposition 6.3(3).
The third factor in (7.2) takes values in [e’Qi(“")ﬁM,eQi(z)ﬁM] because ¥2"P" —
\I!Zuvqs, see Lemma 3.3. To prove the proposition, it is enough to show that

L. )8/ 5y (f7'(q) <ol—30_(3)8/4
5C pBQ:(2)"7] < s (1) < pexp[—3Q(z)""]. (7.3)

We begin with some identities. We omit the tags of the Riemannian norm, to
avoid heavy notation. Since df -1 (,ye*(f(y)) = £|df -1 (f W)l - € (),

s (f7Hy)* =2 (1 + ie%"lldff_ldff1(y)e“’(f_1(y))||2>
=2+ 62"1;;(111)2IIdff—l(y>§S(f’1(y))H2- (7.4)

Similarly, df -1(e*(f (@) = £l df 1> (f (@)l - €*(q), so

sx(f7H(@)? = 2+ X5y (0)?df -1 (€ (F ()

< 24 26 () e (P @) 2 o 209 = 2T )

< (24 PPl e U W)

X exp (2 |log|df f-1(ye”(f " (9))]| — log IIdff—l(y>€S(f1(y))|||>'

‘We obtain the estimate

si(f71@)* _ [ 2+ P75 ()l df - (e’ (F 7 W)
sy(f71()? = ( 2+ ey (Y)?[ldf -1 (e (fF~Hy)I1? ) g

X exp (2 |log [ldf i-1.(qye” (f (@)l = log lldf s-1¢yye* (F~ ()| |> :

(7.5)

Call the first factor I and the second factor II.
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Analysis of 1.

I= pg . 2(p2 — 1)
2+ e2Xsy (y)2||df p-1pyes (fF~Hw)II2
2(p* — 1)
N it VN
N I R
_9g6/8 . 2 —1
< e 2 g 1)7 because s (W) _ exp[+e%/4] by Lemma 3.3
Sy () sx(x)

2 — 26_266/5(1 — ) since s, (x) = z) et (x z)~t
<p <1 TNGRIE ) x(@) =[O (@) e*(@)]| < [|Cx(z) |

c1/2
< p? <1 — ) for all € small enough, because p > eVe.
1C ()12

By the definition of Q. (z),

1/2

m > Qs(m)ﬁ/ﬁ = Q€($)76/12Q6($)ﬁ/4 > 571/4Qs(m)ﬁ/4'

In particular, for all € small enough, HCXE(;% > 7Q.-(x)?/%, and by the inequality

l—z<e®for0<z<1,1<p? exp[—?QE(x)B/‘l].

Analysis of 1. Since f is a C1*8-diffeomorphism and |e*(-)|| = 1, there exists a
constant K, which only depends on f, so that

IT < exp [Kodmf-l(q), P W) + Kodra (e8<f-1<q>>7es<f-1<y>>)} ,

where dj; and drjps are the Riemannian distance functions on M and its tangent
bundle. Since f is a C'*# diffeomorphism and e*(-) are unit vectors, there is another
constant H; (which only depends on f), such that

II < exp {HldM(q,y)ﬁ + Hydrm (es(q),es(y))ﬂ ~

We estimate d(g,y). By definition ¢ = ¥, (0, G(0)) and y = ¥,,(0,0). Since Pesin
charts have Lipschitz constant smaller than or equal to 2,

d(q,y) <2|G(0)| <2-1073(g" Ag®) <2-1073 - e*(p" A p*)

(see Lemma 4.4). In particular, d(q,y) < Q:(z).
We estimate dpas(e®(g),e°(y)). By the definition of ¥,,, e®(y) is the normaliza-
tion of (d¥,)o(}) = (dexp,)o [Cy(y) (3)] , and €*(g) is the normalization of

(d¥y)(0,c(0) (G,1(0)> = (dexpy) o, (4)(4%) {Ox(y) <G’1(0)>} '

It is not difficult to see using the admissibility of V* and Lemma 4.4 that |G(0)| <
Qe(z) and |G'(0)| < Q.(x)?/3. Since Cy(y) is a contraction, p exp,, is smooth,
and d(q,y) < Q<(x), there exists a constant Gy (which only depends on the smooth-
ness of the exponential function) such that dpas(e*(q),e®(y)) < GoQa(x)?/3.

We see that 1T < exp[(H; + H1Go)Q.(x)?/3]. Tt follows that for all ¢ sufficiently
small, IT < exp[Q.(x)?/4].
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Summary. Combining the estimates of I and II, we find that

sy (f'(q))
sy (f~1(y))

The other half of (7.3) is proved in a similar way. First, one proves that

s (f @) _ (24P 2 W) lldf p-r e (F T W)
sy (f71()? - ( 2+ ey (y)?lldf p-r e (F~H )12 > g

xexp( 2 [tog [df -1 (gy” (" ()| — log 1df ;- y>e5<f1<y>>|||),

and then one analyzes the two terms as before. O

< pexp[—3Q.(z)?/4].

7.2. Comparison of s, (x;), u, (z;) to sy (yi), uy (yi)-

Proposition 7.3. The following holds for all € small enough. For any two regular
chains (Wz: "™ )iez, (V5" iez, if 7[(V2) " )iez] = 7[(Py: " )iez], then

e Ve < M < eMVE and e 1VE < M < etVE for alli e Z.
sx (i) Uy (i)
Proof. Write v := (\Ilgi P )iez, u = (\Il?/; ’qZ)ZG% and p :=
Let Vi := Vo{(0i)izi], Vit o= V¥ {(vi)i<kl, U= Vo[(u
We claim that it is enough to prove that

SX(Vk,S)7 UX<V]:), SX(Uli)7 uy (U3) c [e—\/57€\/§]' (7.6)
Sxy(@r) " ux(zr) " s (yr)  ux(yr)
Here is the reason. The manifolds V;? stay in windows and contain f*(p), therefore
by Proposition 6.3(3) s, (V;?)/sx(f*(p)) € [e”VE, eVE]. The same argument applies

s u u sx (Vi uy (V3! sy (U uy (Ug —\e €
to UE, Vit Ut 50 53555 it sipons ey € [eY% ¢¥¥). Decompos-

o sx(@R) o osx(mr) s (VE) s (FF(p) | sx(UR) : :
ing 28 = SX(V;Z) TGy SX(U;) © Wiy we see that (7.6) implies that

sy (wr)/5y (y) € [e4VE, e2VE]. Similarly, u, (1) /uy (yx) € [e~2VE, e2VE].

We show that s, (V) /sy (o) € [e”VE, eVE]. The other parts of (7.6) are proved
in the same way, and are left to the reader.

(v) = W(y).
>kl Ug o= V¥{(ui)i<k]-

i)i

We are assuming that v is regular, therefore there exists a relevant double chart
v and a sequence ng T 00 s.t. vy,, = v for all k. Write v = \Iﬂ;"vps.
Claim 1. There exists some p > exp(y/¢) which only depends on v such that
sy (Vi) /sx(@n,) € [p~, p] for all k.
Proof. By convention v is relevant (see §4.4). Choose a chain w s.t. wg = v
and w := m(w) € NUH,(f). Let W* := V*[(w;)i>o]. This manifold has a finite
s,—parameter, because s, (W?) < eVes, (w) and w € NUH, (f) so s, (w) < co. Let

sy (W?) sy (@)
Po = ma’X{ ) s aexp(\/g) .
sx () " sx(W?)
W?# is an admissible manifold in v,, = v. By Proposition 4.15, if we take W?*

at vp,,, and apply to it the graph transform Fs njys — ng times using the path
(Ungs -+ Vny ), then the resulting manifold

Wi = Fres=m (W)
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is an s—admissible manifold in vy, , which converges to V,;, . By Lemma 7.2,

sxy(W7)

SX((E) € [palapo]' (77)

The convergence of W; to V7 means that if W/ is represented in vy, = grp”
by the function Fy, and V7 is represented in U2"P" by F, then ||Fy — F|oo - 0.
—00

In fact, since sup ||Fy||3/3 < oo, we have the stronger statement that

|Fe = Flloo + | Ff = Floc —>0,

see part 2 of the proof of Proposition 4.15. Therefore, if £ := ¥, (0, F(0)) and
o= U;(0, £,(0)), then & o §and (&) —— e(&)-

Fix some N large and ¢ > 0 small. Since df is continuous, there exists ¢ so large
that

2 2

N N
V2D e dflet (F NG | <€ V2| DY ePXldfL e’ (£ ()1 e,)
j=0 §=0

The expression on the right is smaller than €%s, (W}), and therefore by (7.7), smaller
than e®pgsy (). Since this is true for all N and 6, s, (V,5 ) < po - 85 (2).

Recalling that z,, = x and that s,(V;5 ) > v/2, we see that sy (V5 )/sy(@n,) €
[V2/55(2), po]. The claim follows with p = pg - s, ().

Claim 2. sy (V§)/sx(z0) € [exp(—+/€), exp(y/€)].
Proof. Fix k large. By claim 1,

SX(V’rfk) —1
——<€lp .0l
SX(xnk)
By Proposition 4.15 (3), Fs(V;;.) = V7, _;, and by Lemma 7.2, the bounds for
sy (V2 sy (V2
siEx"*‘; improve. We ignore these improvements and write % € [p~,pl.
n ny—

Sx(vsk—2)

Another application of Fy gives P C— € [p7!

,p]. Continuing this way, we
eventually reach the index nx_1 + 1 and the bound
Sx(VnSk,IH)

SX(xnk—l"rl)

—1

€lp 0l

Since x,, = x, the next application of Fs; improves the ratio bound by at least

exp[ Qe () /4]:

S
SX(Vnk’I) 6 [p_ler(w)ﬁﬂl’pe_QE(I)ﬂ/4].

Sx (xnk—l )
We repeat the procedure by applying Fs ng—1 — ng—s + 1 times, whilst ignoring
the potential improvements of the error bounds, and then applying Fs once more
and arriving at

ﬂ c [p7162Q5(:L’)W4’pef2Qa(z)W4].
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We are free to choose k as large as we want. If we make it so large that
explkQ-(x)?/4] > pexp(—+/E) , then eventually we will reach a time ny, when
the ratio bound is smaller than or equal to exp(/2):

SX(VS )
— 2= € [exp(—Ve), exp(Ve)].

nko
Sx (xnko )
This is the threshold the applicability of Lemma 7.2. Henceforth we cannot claim

that the ratio bound improves. On the other hand it is guaranteed that the ratio
bound does not deteriorate. Therefore, after additional ny, iterations, we obtain

X0) ¢ [oxp(—+/E), exp(y/E)] as desired. -

sx (o)

8. WINDOW PARAMETERS
8.1. e—maximality. Let v = (\Ilil:’pf)iez,g = (\Ilg;:’qf)iez be two regular chains
such that w[v] = 7wlu]. We compare p¥ to ¢, and p; to ¢f. The idea is to use
regularity to see that the g—parameters of V*[(v;)i<o] and V*[(v;);>0] are “almost
maximal” in a certain sense that we describe below.

But first, some notation and terminology: (a) a positive or negative chain is
called regular, if it can be completed to a regular chain (equiv. every coordinate is
relevant, and some double chart appears infinitely many times); (b) if v is a double
chart, then p*(v) and p*(v) means the p* and p* in v = W2 ",

Definition 8.1. A negative chain (v;)i<o is called e-maximal if it is regular, and
p"(v0) > e~ Vp" (u)

for every reqular chain (u;);cz for which there is a positive reqular chain (v;);>o

s.t. W[(Ui)iEZ] = '/T[(ui)iEZ]-

Definition 8.2. A positive chain (v;);>0 is called e-maximal if it is reqular, and
P (vo) > e~ VEp* (ug)

for every regular chain (u;);ez for which there is a negative regular chain (v;)i<o

S.1. 7'('[(’()1')1'62] = W[(ui)iez].

Proposition 8.3. The following holds for all € small enough: for every regular
chain (vi)iez, (vi)i<o and (v;);>0 are e-mazimal.

Proof. The proof is made of several steps.

Step 1. The following holds for all € small enough: Let u and v be two regular chains
s.t. wlu] = 7v]. I ug = U2P" and vy = \I/Zu’qs7 then Q. (x)/Q-(y) € [e~ V%, eVe).

Proof. Propositions 6.5 and 7.3 say that S29E) ¢ [c=VE Ve x() ¢ [o—4vE c4VE),

sin a(y) * sy (y)
Uy (T _ z)~ ! .
and ﬁgy; € [e*V%, e*VE]. By Lemma 2.4 Hg’;gy%”; € [exp(=5vE), exp(5y/2)],

whence Qc(2)/Q<(y) € [exp(=% Ve — §¢),exp(FVE + 5¢)]. If £ is small enough,
then Q:(2)/Q<(y) € lexp(—/2), exp(V/e)].

Step 2. The following holds for all € small enough: Every regular negative chain
(v3)i<o 8:t. vg = W P" where p* = Q. () is e-maximal, and every regular positive
chain (v;)i>0 s.t. vg = U2"P" where p° = Q. (x) is e maximal.

Proof. Suppose (v;)i<o is regular, and vy = TP"P" where p* = Q.(x). We show
that (v;)i<o is e-maximal.
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Suppose (v;);ez is a regular extension of (v;);<o and let (u;);ez be some regular
chain s.t. 7[(w;)iez] = 7[(vi)iez]. Write ug = w47, We have to show that
p* > e~ VEg". Indeed, by step 1, p* = Q-(z) > e~ V2Q.(y) > e~ Vequ.

The proof of the second half of step 2 is similar, and we therefore omit it.

Step 3. Let (v;);<o be a regular negative chain and suppose vg — v1. If (v;)i<0 is
e-maximal, then (v;);<1 is e-maximal. Let (v;);>0 be a regular positive chain, and
suppose v_1 — vg. If (v;);>0 is e-maximal, then (v;);>_1 is e-maximal.

Proof. Let (v;)i<o be an e-maximal regular positive chain, and suppose vy — v;.
We prove that (v;)i<1 is e-maximal.
Suppose (u;)iez, (vi)i>1 are regular and there is an extension of (v;);>1 to a

reglﬂal‘ fh?m (Ui)iGZ s.t. W[(UiJrl)iez] = 7r[(ui+1)iez]. We write v; = \Ilgi Pi s
u; = WE% and show that pi > e~ Vegu.
Since 7[(vit1)iez] = T[(wit1)iez] and T oo = fom, w[(vi)icz] = 7[(wi)icz]-

€
Therefore, since (v;)i<o is e maximal, p§ > e~ VEq¥. Also, by step 1, Q.(z1) >
e~ VEQ.(y1). Tt follows that

pt = min{epy, Q- (1)} (v — v1)
> min{e® - e~ %qg, e %Qe(yl)}
= ¢ Ve min{e®qy, Q-(y1)} = e Vg (. up — w).

This proves the part of step 3 dealing with negative chains. The case of positive
chains is similar, and we leave it to the reader.

Step 4. Proof of the proposition.

Suppose (v;)iez is a regular chain, and write v; = Wﬁg’p:. Since (v;);ez is a chain,
{(p¥, pi)}iez is e-subordinated to {Q.(7;) }iez. Since (v;)iez is regular, lim sup(pj' A

i—+oo
p;) > 0, therefore by Lemma 4.7, pi! = Q.(z,) for some n < 0 and p; = Q- (x,) for
some £ > 0.

By step 2, (v;)i<n is an e-maximal negative chain, and (v;);>, is an e-maximal
positive chain.

By step 3, (v;)i<o is an e-maximal negative chain, and (v;);>0 is an e-maximal
positive chain. [
8.2. Comparison of p?/ * to qf /%, We can now easily compare the window pa-
rameters of all regular chains with the same 7w image.

Proposition 8.4. Let (\I/%’p:)iez and (\Ilgib’qf)iez be two regular chains such that

Al(W5 P Yiez] = w[(WE " )iez], then pt/ql,pi/a; € [exp(—/E), exp(YE)] for all
1€ 7.

Proof. By Proposition 8.3 (\Ilij:’pf)igo is e-maximal, so p§ > e_3 %q}i. (\I'g;:’qf)igo
is also e-maximal, so g > e~ Vepy. Tt follows that py/q} € [e™ Ve eVZ]. Similarly,
p/a € e V5, e V). . .

Working with thg shif;ced sequences (U5 P40,y and (Wpth %+8) 00 we obtain
PR/ gk i af € lem VE e VA O
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9. PROOF OF THEOREM 5.2

Parts (1) and (3) of the theorem are handled by Propositions 5.3 and 8.4, so we
focus on part (2).

Suppose 7[(U5: 7 );cz] = n[(V5: % )iez] where (U5 P),c7) and (U] %),z are
regular chains. We compare ¥, and ¥,,. Write, as in §5, ¥, = exp,, oy, 0 Cy,
and ¥, = exp,, oty o Cy,. We also let p; := p}’ Apj and ¢; :=q}' N¢;.

Claim 1. C,'Cp, = (=1)?" Id+E where 0; € {0,1} and E is a matrix all of whose
entries have absolute value less than 7,/e.

Proof. By (5.2) and Proposition 6.7,

) __sx(Wi) _
C;ICmi = ( Sxéyz) tan a(y;) )RyilRmi ( SX(.%‘i) 1 uX(aji) 11COSCY(3;‘) >

% 0 Uy (z;) ! sina(x;)
(i) _
o sx(wi) _t:lfa(yi) o n o sx(@i)™h uy(z) 7t cosalzy)
B ( 0 e e 0 uy(w)'sina(z) )
, ' B/5 13/5
where 0; € {0,1} and E' = (g;5)2x2 and |e;;| < p} < y/E.

We call the contribution of (—1)7¢ Id the “main term , and the contribution of
E’, the “error term”.

Main term: This equals (—1)7

sy (@) ux(%)sma(yq
0 ux (yi) sina(wi)
Uy (x4) sin a(y;)

Proposition 7.3 says that jig?; and - E ‘g belong to [exp(—4+1/2), exp(4y/€)], and
Proposition 6.5 says that 3= 32;; € [exp( VE),exp/z]. Tt follows that the (1,1)
and (2,2) terms of the main term are, up to a sign (—1)%¢, in [exp(—5+/2), exp(5+/€)].

We bound the (1,2) term: Since u, (y;) > v/2 > 1 and % < 1Cy (i)~ | v
(Lemma (2.4)),

sx (i) sx(yi) sin[a(yi)—a(=i)] )

55 1) sinla(ye) — o)) e
denlaty) oLl] < o) - fsnfa(u) - ateo)

<NCx ()~ pr - (Isina(ys) — sina(x)] + | cos ays) — cos aay)]).

By Lemma 6.6, if € is small enough,

+q).

s (yi) sinfa(ys) — “(xi)]’ < IC () e - 65

uy () sin a(y;)
By Proposition 8.4, p; < e\%qi, therefore
!t < @V 1)) < 2g)7 < 2Q0(9) P < 20w T IR

(s

Since HCX(')ilnFr Uy (5 )mna(y )

that the main term equals (—1)7 Id +(m;;)2x2 where |m;;| < 64/€.

2 (va) sinfaly;) ~o(z,)] ‘ < /g, for all £ small enough. We see

FError term: This is

(0 E ) (e ) (9w

sin a(y;)
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Every entry of the product matrix is the sum of four products, each consisting
of three terms, one for each matrix.

The term from the left matrix is bounded by ||C (y;)~!||F» (Lemma 2.4). The
term from the middle matrix is bounded by

P+ al < gl (14 e V) < 2Qu ()0,

The term from the right matrix is bounded by one. The product of these terms is
bounded by 4/|Cy (y;) | rr - 2Q-(y;)?/% - 1. By the definition of Q. (y;), this is less
than 8¢%/° < (/&

Combining the two estimates we see that every entry of C, 'C,, — (=1)71d is
less than 7,/¢ in absolute value.

Claim 2. .1 oW, is well defined on R.(0).

Proof. We use the constants L1, ..., Ly introduced in the proof of Proposition 3.2,
and the ball notation of §2.3. We assume that e satisfies (3.2).

Suppose v € R.(0). By Proposition 5.3, d(z;,y;) < 25~ (p; + i), and by Propo-
sition 8.4, p; < eV%q;, so d(x;,y;) < g;- By the definition of Ly (page 11),

d((expg, 00z, )(Cr,v), (expy, 00Uy, )(Cr,v)) < Lid(wi,y;) < Ligi-

Therefore, V., (v) € B := Br, 4, (exp,, 00y, (Cy,v)).
As in the proof of Proposition 3.2, exp;i1 is well defined on B, and has Lipschitz
constant at most Lz there, so

exp,' (B) C BY 1,4, (04, (C,0).

It follows that W, (v) € exp,, [exp, ' (B)] C exp,, [BY ., (94,(Cy,0))] = ¥y,
where E := C\(y:) ' [BY 1,,, (94 (C,v))] C BLlLs”CJiIHQi(O?;:lCziy)'
We now use the inequalities ¢; < Q. (y;) < €3/8||Cy (y:) 71| ~! and (claim 1)

[E]a

ICy, Coy = (=1)7 1A || < |y Cay = (=1)7 1d || < 14v/E.

These give £ C B, pye0/0414y5)u) ((-1)7'0) € Brpges/at1ayzfof+ o) (Q)- Since
v € R.(0), for all € small enough

L1 Lse®P 4 14/2||v|| + ||u|| < (L1Lae® + 14v/E 4+ 1)V2e < 2 < (M),

where r(M) is given in (2.1). It follows that £ C B, (0).

We just showed that for every v € R.(0), ¥y, (v) € ¥y, [Brar)(0)]. In other
words, ¥, [R-(0)] C Wy, [By(ar(0)]. By the definition of r(M), ¥, : B.(ar)(0) — M
is a diffcomorphism onto its image. It follows that ¥, ! o W, is well defined and
smooth on R.(0).

Claim 8. .1 oW, (v) = (=1)7'v + ¢; + Ai(v) where o; € {0,1}, ¢; is a constant
vector s.t. ||¢;|| < 1071g;, and A;(+) is a vector field s.t. A;(0) = 0 and ||(dA;).]| <

e on R:(0).

Proof. Choose o; as in claim 1. One can always put @;1 o WU, in the form

U, oWy, (v) = (—1)7u+¢ + Ai(v)
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where ¢; := (¥, 1o W,,)(0) and A;(v) := (¥, 0¥y, )(v) — (¥,
Ai(v) =[G, 19, expy ! exp,, 02,0, ](v) — ¢ — (-1)7'w
_—lpg—1 1 —1 o

=C,, (U, exp,. exp, Uz, —1d)Cp,o+ (C, Cp, — (=1)7" 1d)v — ¢;

—1/9-1 1 g-1 -1 —1 o
= ny1 (ﬂy XDy, _ﬁzm €XPg, )(\Ilivz (Q)) + (CyL CZL - (_1) Id)y - G-

It is clear that A;(0) = 0, and that for all v € R.(0)
IdA)u]l < 1CH - 11} expy v, ) — A5 expr D, @ I ([d%s, )]
+ G, Cr = (=) 1A |
< 2G4, expy v, ) — A5 expr D, | +14VE
< 2[|C | - Lad(wi, yi) + 14VE,
where Ls is a common Lipschitz constant for the maps = — 9, exp;! from D to
C?*(D,R?) (D € 2). As we saw above, d(z;,y;) < gi < 53/'8\\07;1H_1, whence
1(dA)o|| < 2L2e%7 + 141/2.
This is smaller than /¢ for all £ small enoughu. . o
Finally we estimate ¢;. Let z := fi(n[(Vhi " )iez]) = fA(n[(VE ¥ )icz]). This

is the intersection of a u—admissible manifold and an s-admissible manifold in
Wi " therefore by Proposition 4.11, fi(z) = W5 "' (¢), for some ¢ € Ryg-2,,(0).

Similarly, z = W% % (), for some 1 € Ryg-2,,(0). It follows that

n= (0, o We)(Q) = (~1)7¢ + ¢ + Ai(Q),
and consequently [¢;[| < [[nll + [IC]] + [|A:(O)]]-
Now [|¢] < 1072y2p; < 1072v/2eV%¢;, n < 10724/2¢;, and by the bound on

ldAl, 1A (O] < ell¢]]. Tt follows that ||c,|| < 107 1g;. U

Low,,)(0)— (~1)% .

Part 3. Markov partitions and symbolic dynamics
10. A LOCALLY FINITE COUNTABLE MARKOV COVER

10.1. The cover. In §4 we constructed a countable Markov shift ¥ with countable
alphabet 7', and a Holder continuous map 7 : ¥ — M which commutes with the
left shift o : ¥ — X, so that 7(X) has full measure w.r.t. any ergodic invariant
probability measure with entropy larger than y. Moreover, if®

»# = {u € ¥ : uis a regular chain}

={veX:Iv,we¥ Ing,mi T 00 s.b. vy, =0V, V-, =w},

then m(X#) > NUHZ (f), therefore 7(X#) has full probability w.r.t. any ergodic
invariant probability measure with entropy larger than y.

In this section we study the following countable cover of NUHf( h):
Definition 10.1. 2 :={Z(v) : v € ¥}, where Z(v) := {n(v) : v € ¥#, vy = v}.

This is a cover of NUHf (f). The following property of % is the hinge on which
our entire approach turns (see §1.5):

6this uses the convention from §4.4 that every element of ¥ is relevant.
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Theorem 10.2. For every Z € %, |{Z' € & : Z' N Z # @}| < 0.
Proof. Fix some Z = Z(WE"P"). If Z' = Z(V4"7") intersects Z, then there must

exist two chains v,w € X% st. vy = \I/Q’,u’ps, wy = \Ilgu’qs, and 7(v) = w(w).
Proposition 8.4 says that in this case

q“ > e” \S/Ep“ and ¢° > e~ %ps.
It follows that Z’ belongs to {Z(\Ilgu’qs) : \Ilgu’qs eV, ¢ Ng® > e VE(ph Apt)}).
By the definition of 7', this set has cardinality less than or equal to
{0 e o > e VE@U Ap*)} x [{(g"%q®) € I x L. : ¢ Ag® > e VE(p Ap®)}].

This is a finite number, because of the discreteness of o7 (Proposition 3.5). g

10.2. Product structure. Suppose x € Z(v) € Z, then Jv € X% st. vy = v
and 7(v) = . Associated to v are two admissible manifolds in v: V*[(v;)i<o] and
V*[(vi)i>o0] (Proposition 4.15). These manifolds do not depend on the choice of v:
if w € ¥# is another chain s.t. wg = v and 7(w) = z, then

V*{(wi)i<o] = V*{(vi)i<o] and V*[(wi)io] = V*[(vi)ixo0],
because of Proposition 6.4. We are therefore free to make the following definition:

Definition 10.3. Suppose Z = Z(v) € &. For any x € Z:
(1) V¥(x, Z) := V*[(vs)ix0] for some (every) v € B# s.t. vg =v and 7(v) = .
W (x,Z):=V3(x,Z)N Z.
(2) V¥, Z) := V¥[(v;)i<o] for some (every) v € % s.t. vg = v and 7(v) = .
W(z,2) =V, Z)NZ.

It is important to understand the difference between V*/%(z, Z) and W*/*(z, Z).
Whereas V%/#(x, Z) are smooth manifolds, W*/#(x, Z) could in principle be totally
disconnected. Whereas V%/5(z, Z) extend all the way across U, [R,u/s(0)] (assum-
ing v = WP"P"), W/(z, Z) are subsets of the much smaller set W, [R1g-2(pu ppe) (0)],
because every point in W%/ %(x, Z) is the intersection of an s—admissible manifold
in v and a u—admissible manifold in v (Proposition 4.11).

Proposition 10.4. Suppose Z € % . For every x,y € Z, V¥(x,Z) and V*(y, Z)
are either equal or they are disjoint. Similarly for V(x,Z) and V*(y,Z), for
W(x,Z) and W¥(y, Z), and for W*(x,Z) and W*(y, Z).

Proof. The statement holds for V*/* because of Proposition 6.4. The statement for
W/s is an immediate corollary. O

Proposition 10.5. Suppose Z € % and x,y € Z, then V*(x,Z) and V*(y, Z)
intersect at a unique point z, and z € Z. Thus W"(x, Z) " W*(y, Z) = {z}.

Proof. Write Z = Z(v) where v € ¥'. V¥(z, Z) is a u—admissible manifold in v, and
V#(x,Z) is an s—admissible manifold in v. Consequently, V*(z,Z) and V*(z, Z)
intersect at a unique point z (Proposition 4.11).

We claim that z € Z. There are chains v,w € X% s.t. v9 = wy = v and so that
V¥(z,Z) = V"[(vs)i<o] and V3(x, Z) = V*[(w;)i>0]. Define u = (u;);ez by

(3 ’LSO
U; = . .
w; ©2>0
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It is easy to see that u € X% and ug = v, therefore m(u) € Z. By definition,
{m(w)} = V*[(wi)i<o]NV?[(ui)izo] = V*{(vi)i<olNV*[(wi)izo] = V*(x, Z)NV*(y, Z).
It follows that z = 7(u) € Z. O

Definition 10.6. The Smale bracket of two points x,y € Z € Z is the unique
point [z,ylz € W*(x, Z) N W*(z, Z).

Compare with [Sm] or [B4, chapter 3].

Lemma 10.7. Suppose z,y € Z(vo) and f(x), f(y) € Z(v1). If vo — v1, then
f([xay]Z(vo)) = [f(x),f(y)]Z(m)

Proof. Write Y = Z(vg), Z = Z(v1), and w := [z,y]y. By definition
{fw)} =W (@, Y)Wy, Y)] C [V, V)N fIV*(y,Y)]. (10.1)

Claim: f[V*(4,Y)] C V*(f(y), Z) and f[V*(2,Y)] > V*(f(2), Z).

Proof. Since f(y) € Z(v1) = Z, V® :=V*(f(y),Z) is an s—admissible manifold in
v1, and this manifold stays in windows. Applying the graph transform (Proposition
4.12) we see that f=1[V*(f(y), Z)] contains an s—admissible manifold F,[V*] in vy.
Since V'* stays in windows, F[V?] stays in windows.

Since Fs[V*®] is s—admissible in vp, it intersects every u—admissible manifold in
vp. The larger set f~1(V*) intersects V*(y,Y) at a unique point (Proposition 4.12
(2)). This point must be y, so Fs[VF ] NV*(y,Y) = {y}, whence Fs[V*] > .

This means that F5[V*] intersects V*(y,Y). These manifolds are s—admissible
in vy, and they stay in windows. Since they intersect, they are equal. It follows
that f=1(V?) D F[V®] = V¥(y,Y), whence f[V*(y,Y)] C V?, which is the first
half of the claim. The other half of the claim is proved in the same way.

Returning to (10.1) we see that f(w) € f[V*(x,Y)]NV*(f(y), Z). By the second
half of the claim,

V@ YNV (f(y), 2) 2V (f(2), 2) 0V (f(y), Z) 3 {[f(2), f(y)] 2},

]
thus f[V%(z, )N V3(f(y),Z) > f(w),[f(z), f(y)]z. But Proposition 4.12 part
(2) says that f[V*(z,Y)] intersects V*(f(y),Z) at a single point. It follows that
(

f(w) = [f(2), f(y)]z- O

Occasionally we will need to form the Smale bracket of points belonging to
different elements of Z:

Lemma 10.8. The following holds for all € small enough: Suppose Z,7' € Z. If
ZNZ' + @, then for any x € Z andy € Z', V¥(x, Z) and V*(y, Z') intersect at a
unique point.

We do not claim that this point is in Z or Z’.
Proof. Suppose Z = Z(\p’;ﬁ’pg),z' = Z(\I'gg’qg) and z € Z N Z', then there are

v,w € X# st vy = \I’ﬁﬁ’pg, wo = \I/Zé:’qg, and z = w(v) = w(w). Write p := p§ A p}
and g := ¢§ A ¢§. By Theorem 5.2, p§ /a8, pé/a5,p/q € e \[,e%] and

\1171 o \I]mo = (*1)0 Id+§+ A on Rs(g),

Yo
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where o € {0,1}, c is a constant vector s.t. |lc|| < 1071¢q, and A : R.(0) — R?
satisfies A(0) = 0, and |[(dA),|| < /€ for all w € R.(0). By the Mean Value
Theorem, ||A(u)|| < el||u|| for all u € R.(0).

Now suppose z € Z. V¥ := V¥%(x, Z) is a u—admissible in W59, therefore it can
be put in the form V¥%(x,Z) = ¥, {(F(t),t) : |t| < py}, where F : [-p§,py] — R
satisfies |F'(0)] < 1073p, || F|loo < 1072p¢ and Lip(F) < ¢

We write V*(z, Z) in ¥, —coordinates. Let ¢ = (c1,¢2), A = (A1, As), then
Vi, Z) = [Wy, 0 (W3, o Wa )J{(F (1), ) « |t] < pg}

= Uy {(=1)7F(t) + c1 + Ay (F(2),1), (=1)7E + 2 + Ao (F(1), 1)) [t] < pg}
= Uy, {(F(0) +c1 + Aa(F(0),0),0 + ¢ + Do (F(6),0) - 10] < w5},

=:7(0)

where we have used the transformations 6 := (—1)7¢, F(s) := (—1)°F((=1)?s), and
Ai(u,v) == Ay((—1)7u, (—1)°v). Notice that |F(0)| = - [F(0)] < 1077p, ||F||o<> =
[Flloo < 1072p% and Lip(F) = Lip(F) < e. Also A(0) = 0 and [|(dA),] =
[(dA)u]l < ¥/ on R=(0).
Let 7(0) := 0 + ¢y + Ay(F(6),6). Assuming ¢ is small enough, we have

o 7' € [6_2%,62\%];

o [T(0)] < leaf + |A2(F(0),0)] < 107 1q + /2 - 107%p < &p (-p<eVeq).
It follows that 7 is one-to-one, and 7[—p§,py] = [a, B] where a = T(—pg) and
B = 7(py). It is easy to see that |« +p0| < py and [B — po\ < &p§: both
quantities are less than [c2| + supp i \A2| which is less than 1p§ provided ¢ is

small enough. It follows that 7[— po,po] [a, 8] D [—2q, 24].
Since 7 : [—p§,py] — [, 5] is one-to-one and onto, it has a well defined inverse

function 0 [0, 8] — [~p, pi]. Let G(s) = F(0(s)) + 1 + Ar(F(6(s)), 0(s)), then
Vi x,Z) =¥y {(G(s),s) : s € [, ]}
Using the properties of 7, it is not difficult to check that ' € [e=2V% 2V
and 0(0)] = |0(0) — 0(7(0))| < e2V|7(0)| < %62‘3/51). It follows that |F(6(0))] <
|F(0)| +£]0(0)] < (1073 + %eg%g)p < 10~2p, whence

GO)] £107%p+10"'g + V2p < min{Lp, 3q} (- q/p € [~ ¥5,e¥9))

G| < |1 F'||ool0| + $/2\/1 + |F72 10| < 29/

It follows that (for all £ small enough) G[—2p, 2p] C [-2p, 2p).
We can now show that |V (x, Z) N V*(y,Z')| > 1 (compare with [KM, S.3.7]).

Represent
V(y, Z') = Uy {(t, H(®)) : [t] < g5}

By admissibility, |H(0)| < 1073¢ and Lip(H) < e, so H[-2p, 2p] C [-2p, 2p].
It follows that H o G is a contraction of [— §p7 %p] into itself. Such a map has a
(unique) fixed point (H o G)(sg) = so. It is easy to see that ¥, (G(so), so) belongs
to V¥(x, Z)NV*(y,Z").

Next we claim that V¥(z,Z) N V*(y,Z’) contains at most one point. Extend
G and H to e-Lipschitz functions G, H on [—a,a] where a := max{|a/, 181,45}

By construction, |G(0)] < %a, so G[—a,a] C [—a,a]. Also |H(0)| < 1073a, so
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H[—a,a] C [~a,a]. It follows that H o G is a contraction of [—a, a] into itself, and
therefore it has a unique fixed point. Every point in V¥%(x, Z) NV*(y, Z’) takes the
form ¥, (G(s),s) where s € [a, ] and s = (H o G)(s) = (H o G)(s). Since the
equation s = (H o G)(s) has at most one solution in [—a,a], it has at most one
solution in [a, 8]. Tt follows that |[V¥%(x, Z) NV *(y, Z")| < 1. O

10.3. The symbolic Markov property.

Proposition 10.9. If + = 7[(v;)icz] where v € $#, then fIW*(z,Z(vo))] C
We(f(x), Z(v1)) and f=H W (f(x), Z(v1)] € W (@, Z(v0)).

Proof. We prove the inclusion for the s—manifolds. The case of u—manifolds follows
by symmetry.

Step 1. fIW*(z, Z(vo))] C V*(f(x), Z(v1))-

By definition, W*(x, Z(vg)) C V*(z,Z(vy)) = V*[(vs)i>0]. By Proposition 4.15,
F(Vo(vi)izo0]) € V*[(vit1)iz0]. Since f(z) = [(UH—l)zEZ] the last manifold is
equal to V*(f(z), Z(v1)). Thus fIW?(x, Z(vg))] C VE(f(x), Z(v1)).

Step 2. fIW*(x, Z(vp))] C Z(v1).

Suppose y € W#(z, Z(vg)).

e Since y € Z(vo), y € Va,[Ri0-2(punpg)(0)] (it is the intersection of a u and
an s—admissible manifolds in wvg)

e Since y € VS[(UI)1>0] f*(y) € Vo [(vitr)izo] C ¥a, [Ro. (2, (0)] for all k >
0, where v, = \Ilp’“p’“.

e Since y € Z(vg), 3w € ¥ st. wy = vg and y = 7(w) € V¥[(w;)i<o]-
It follows that f~"(y) € V*[(wi—k)i<o] C ¥y _,[Rq.(y_»)(0)] for all k > 0,

s
where w; = Wi 9.

i< s

Writing u; = Wi %*0 and u; = UL e ‘. we see that u € X%, ug = vy, y €
v, 1>0

Wy [Rppnps (0)], and f*(y) € U, [Rg.(2,)(0)] for all k € Z. By Proposition 4.15

part (4), y = w(u). It follows that f(y) = w[o(v)] € Z(u1) = Z(v1). O

Lemma 10.10. Suppose Z, 7' € & and ZNZ' #+ @.

(1) If Z = Z(U35 ™) and Z' = Z(W3 ™), then Z C Wy, [Ryppgs (0)]-
(2) Foranyxe ZNZ', W*(x,Z) C V¥(x,Z") and W*(x,Z) C V*(x,Z").

Pmof Fix some z € Z N Z'. Write r = 7(v), 2 = 7(w) where v,w € ¥# satisfy
\I/po P and wy = \Ifq0 % . Write p := piAp§ and q := g§Ag§. Since 7(v) = 7(w),

we have by Theorem 5.2 that p/q € [e~ V¢, e V%] and
U toW, = (—1)7Id+c+ A on R.(0),

Yo

where 0 € {0,1}, ¢ is a constant vector s.t. [[c]| < 107 !¢, and A : R.(0) — R?
satisfies A(0) = 0, and |[(dA),|| < ¢/€ for all w € R.(0). By the Mean Value
Theorem, ||A(u)|| < ¥el||u|| for all u € R.(0).
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Every point in Z is the intersection of a u—admissible and an s—admissible man-
ifold in W50 therefore Z is contained in ¥, [R10-2,(0)] (Proposition 4.11). Thus

Z Wy, [(qu_gl © WID)[RN*%(Q)H C Uy, [(‘1]7;01 © ‘I]wo)[B\@.wfzp(Q)H
C Wy, [B(H- ?/E)x/i~10*2p(9)] C Uy, [B(1+ ¥e)V2-10-2¢ %q+10—1q(9>]
C Wy, [R(1+ \3/5)\/5.10—26%,14_10—111(9)} C Uy [Re(0)] (0<e<1).
This proves the first statement of the lemma.
Next we show that W*(z, Z) C VS(z, Z'). Write v; = U2 7% and w; = U1 %
Since z = 7(v) and Z = Z(vg), we have by the symbolic Markov property that
P (e, 2)] c We(f*(x), Z(vk)) (k> 0).
The sets Z(vy) and Z(wy,) intersect, because they both contain f*(z). By the first
part of the lemma, Z(vy) C Wy, [Rgung: (0)]. It follows that
fk[WS (x’ Z)] C \ijk- [quAqZ (Q)] C \ijk- [RQs(yk) (Q)]
for all £ > 0. By Proposition 4.15 part 4, W*(z, Z) C V*[(w;)i>0] = V*(z,2Z2"). O

11. A COUNTABLE MARKOV PARTITION

In the previous section we described a locally finite countable cover % of NUHf f)
by sets equipped with a Smale bracket and satisfying the symbolic Markov property
(Proposition 10.9). Here we produce a pairwise disjoint cover of NUHf (f) with
similar properties.

Sinai and Bowen showed how to do this in the case of finite covers [Sil], [B4].
Thanks to the finiteness property of 2, their ideas apply to our case almost without
change. The only difference is that in our case, the sets Z € 2 are not the closure
of their interior, and therefore we cannot use “relative boundaries” and “relative
interiors” of Z € % as done in [Sil] and [B4].

11.1. The Bowen—Sinai refinement. Write 2 = {7, Z, Z3,...}. Following
[B4], we define for every Z;,Z; € & s.t. Z;NZ; # &,
Tg;s = {J) € Z;: Wz, Z;) N Z; #9, We(x, Z;) N Z; # @},
1}1;15 = {Z’ €Z;: Wu(l',Zl) n Zj # [N WS(ZL'7Z1) N Zj = @},
T ={eeZ - W, Zi)NZ; =@ , W(x,Z:) N Z; #+ &},
ng = {$ €Z;: Wu(l‘ Zi) NZ;=a, Ws(l‘,Zi) NT; = @}.
Let J := {T;;B 1, €N ZiNZj #3, ae{u,o},B e {s,o}}.
Notice that T4 = Z;, therefore .7 covers the same set as 2, namely m(37%).

Another useful identity is T = Z; N Z;. The inclusion 2 is trivial. To see C

suppose z € T}%*. Choose somey € W"(x, Z;)NZ;, theny € Z;NZ;, so W*(x, Z;) =
W(y, Z;) C V*(y,Z;) (Lemma 10.10). Similarly, for every z € W*(z, Z;) N Z;,
W*(z,Z;) C V*(z,Z;). Tt follows that

{a} =Wz, Z)) "W (2, Z;) SV (y, Z;) N V(2,Z;) C Zj,
whence x € Z; N Z;.

Definition 11.1. For every x € n(X#), let R(z) = ({T € 7 : T > x}, and set
% = {R(z): x € m(X¥)}.



SYMBOLIC DYNAMICS FOR SURFACE DIFFEOMORPHISMS 47

Proposition 11.2. Z is a countable pairwise disjoint cover of NUHf(f).

Proof. We claim that each R(x) is a finite intersection. By the finiteness property
of Z (Theorem 10.2), there are at most finitely many Z; € £ which contain «.
Again by Theorem 10.2, for every Z; € 2 which contains z, there are at most
finitely many Z; € 2 which intersect Z;. As a result, there are at most finitely
many T € .7 which contain . Thus R(z) is a finite intersection.

Since there are countably many finite subsets of .7, there are countably many
elements in Z.

Since every x € T € 7 belongs to R(z) € Z, UZ = |JZ. We saw above
that for every Z; € 2, T¥ = Z;. Consequently, |7 = |JZ = #(X#). Since
m(X#) D NUHf(f) (see the proof of Theorem 4.16), #Z covers NUH;‘Eé (f).

It remains to prove that Z is pairwise disjoint. We do this by proving that R(x)
is the equivalence class of z for the following equivalence relation on | J Z:

xrE€EZ & yez
r~yifftvz, 2 e Z, | WUz, 2)NZ2' +0 o WYy, 2)NZ +o (11.1)
W, Z)NZ' 42 & Wy,Z)NZ #o

So for every x,y € |JZ, either R(z) = R(y), or R(z) N R(y) = @.
Part 1. If z ~ y, then = € R(y).

If  ~ y, then x and y belong to exactly the same elements of 7. So R(z) = R(y).
Part 2. If x € R(y), then z ~ y.

Fix some Z; € 2. We claim that x € Z; & y € Z;. Recall that Z; = T}4*.

If y € Z;, then T}%° is one of the sets in the intersection which defines R(y).
Consequently, z € R(y) CTY* = Z;, and = € Z;.

Next suppose = € Z;. Pick some Zj € % which contains both x and y (any k
s.t. T,?f > y will do, because for such k£ Z, D R(y) 3 x,y). Since y € Zj and
ZyNZ; #+ D,y € T,?f for some «, 3. By the definition of R(y), R(y) C T,?f,
whence z € T,S‘iﬁ. But z € Z, N Z; = T, so necessarily (o, 8) = (u,s). Thus
y € T = Z, N Z; C Z;. This completes the proof that x € Z; & y € Z;.

Next we show that if x € R(y), then W"(z, Z;)NZ; # @ & W"(y, Z;)NZ; # @.
If W*(x,Z;) N Z; # &, then = € 1}5*, where x stands for s or @. In particular
x € Z;. By the previous paragraph, y € Z;, and as a result y € Tff for some

a, 8. Therefore x € R(y) C Tgﬁ, and since T%* N Tg* = g, a = u. It follows
that y € T}5*, whence W*(y, Z;) N Z; # & as required. The other implication is
trivial: If W*(y, Z;) N Z; # @, then y € T}5*, whence x € R(y) C T;5*, and so
Wz, Z;) N Z; # .

The proof that if € R(y), then W*(x,Z;) N Z; # @ & W*(y, Z;) N Z; # @ is
exactly the same. |

Lemma 11.3. Z is a locally finite refinement of % :

(1) foreveryReE Z and Z € &, if RNZ # & then R C Z;
(2) for every Z e Z, {R€ #:Z > R| < .

Proof. Suppose RNZ # @ andletx € RNZ. If Z = Z;, then Z = T}}*. Sincex € Z,
T* appears in the intersection which defines R(z), therefore R(x) C T#®. Since

(23
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x € R, R intersects R(z), and therefore by the previous proposition R = R(x). It
follows that R = R(z) C T%® = Z, which proves the first part of the proposition.

We turn to the second part. If R C Z, then R is the intersection of a subset of
T(2) =410 € 7T’ NZ # 2} YT’ NZ + @, then ZiNZ +# @, Z;NZ; # 2,
and {«, 8} C {u,s,@}. By Theorem 10.2, there are finitely many possibilities for
Z;, and therefore also finite many possibilities for Z;. Thus .7 (Z) is finite.

Since 7 (Z) is finite, and any R C Z is the intersection of a subset of .7 (Z),
HRe % :Rc 7} <217@) < 0. O

11.2. Product structure and hyperbolicity.

Definition 11.4. For any R € # and x € R, let
W?(z, R) r]{VVS x, Z;) ﬂT“ﬁ TO‘B € J contains R},
W"(z, R) := ﬂ{W“(a:, Z)nN Taﬁ Taﬁ € 7 contains R}.

Proposition 11.5. Suppose R € # and x,y € R.
(1) W*(z,R),W*(z,R) C R and W*(z, R) N W*(z, R) = {z}.
(2) FEither W¥(x, R), W"(y, R) are equal, or they are disjoint. Similarly for
W (z, R) and W*(y, R).
(3) W¥(x, R) and W*(y, R) intersect at a unique point z, and z € R.
(4) If &,m e W (x, R), then d(f™(€), f™(n)) — 0. If &,n € W¥(x, R), then

d(f~(€), f7 () —— 0
Proof. Suppose R € #Z and z,y € R.

Part (1). By definition, W*/*(z,R) ¢ ({T1}" € 7 : T3" > R} = R. 1t follows
that W*/*(z, R) C R.

If x € R, then for every TZ‘B € .7 which contains R, x € W¥/*(z,Z;)N R C
Wl (z, Z;) N Ti‘;’B. Passing to the intersection, we see that « € W*/*(z, R). Thus
x € W¥(x,R) N W?*(x,R). On the other hand for every Z; O R, W*(x,R) N
W (z,R) C W (x, Z;) "\ W5(x, Z;) = {z}, so W*(z, R) N W?(x, R) = {x}.

Part (2). Suppose W¥(xz, R) N W*(y, R) # @, then W¥(z, Z,) " W¥(y, Z;) # @
for every ¢ s.t. there is some Tg’@ € .7 which contains R. By Proposition 10.4,
W(z, Z;) = WUy, Zi), whence W(z, Z;) N T = W*(y, Z;) N T;". Passing to
the intersection, we see that W"(z, R) = W"(y, R). Similarly, one shows that if
Wé(z, R) N W*(y, R) # @, then W?*(x, R) = W*(y, R).

Part (3). For every Tgﬁ € .7 which covers R and for every z € R, let

W™z, T3P) = W"(2, Z;) N T3° and W (2, T7) .= W (2, Z;) N T1".
Fix z,y € R. For every T“ﬁ € .7 which contains R, W¥(x, Z;)N\W?*(y, Z;) = {z:}
where z; 1= [z,9y]z,. By Pr0p051t10n 104, W¥(z;, Z;) = W*(z, Z;) and W*(z, Z;) =

W (y, Z;). Tt follows that z; € T” , whence

W (2, T37) N W (y, T57) = {2}

7 1)
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Since z; = [x,y]z,, z; is independent of j, «, and 8. In fact z; is also independent
of i: If T,Zf € 7 also covers R, then z,y € Z; N Z;, and so

{zi} =Wz, Z;) " W3 (y, Z;) C V™2, Z;) N V:(y, Z;)
{zi} =Wz, Zp) "W?(y, Zx) C V¥ (x,Z;) N V?3(y,Z;) (Lemma 10.10).

Since V¥%(x, Z;) N V*(y, Z;) is a singleton, z; = zj.
Denote the common value of z; by z, then W“(x,TZ(;B) NWe(y,T;; ofy = {2},
for all Tf;ﬂ € Z which covers R. Passing to the intersection, we obtain that

W¥(z, R) N W*(y, R) = {z}. By part (1) of the lemma, z € R.
Part (4). Fix some Z € % such that R C Z, then z = w(v) where v is a reg-

ular chain such that Z := Z(vg). By construction, W*(x, R) C V*[(v;)i>0] and
W (z, R) C V*[(vi)i<o]. Part (4) follows from Proposition 6.3(1). O

Given z,y € R, we let [x,y] denote the unique element of W*(x, R)NW?(x, R).
As the proof of the previous proposition shows, [z, 3] is equal to the Smale bracket
of z and y in any of the Z € & which contain R.

11.3. The Markov property. Z satisfies Sinai’s Markov property [Sil]:
Proposition 11.6. Let Ry, Ry € Z. If x € Ry and f(x) € Ry, then
fIW* (@, Ro)] € W*(f(x), R1) and f~H{W*"(f(x), R1)] C W*(z, Ro).

Proof. The proof is the same as Bowen’s [B4, pages 54,55], except that our “rect-
angles” R € Z are different. We give all the details to convince the reader that
everything works out as it should.

It is enough to show that f[W?*(z, Rg)] C W?*(f(x), Ry1): the statement for W™
follows by symmetry.

Suppose y € W*(z, Ry). We prove that f(y) € W*(f(z), R1) by checking that
for every T;;B € .7 which covers Ry, f(y) € W*(f(z), Z;) N T;;B.

That f(y) € W*(f(z), Z;) can be shown as follows. Since TOf covers Ry, T”B
contains f(x). Thus f(x) € T“ﬁ C Z;. Write Z; = Z(v) and f( ) = 7(ov) where
v € X7 satisfies v; = v. Smce fom=moo, x =m() € Z(vy). It follows that
Z(vo) 2 R(x) = Ry, whence y € WS(:U,RO) C W#(x,Z(vp)). By the symbolic
Markov property (Proposition 10.9),

FW?(z, Z(vo))] € W?[f(x), Z(v1)],

so f(y) € fFIW*(z, Ro)] C fIW*(x, Z(v0))] C W*(f(x),Z(v1)) = W*(f(2), Zs).

It remains to prove that if y € W?*(x, Ry), then f(x) € ﬁ < fly) € Tf;ﬁ
Since y € W*(x, Ry) & W*(x, Ry) = W*(y, Ry), this is equ1valent to showing that
it W#(z, Ro) = W*(y, Ryo), then for every Z;,Z; € & st. Z;NZ; # O,

o f(x) e Z; & fy) € Zs;

b Ws(f(x)7 Zz) n Zj 7é I = Wé(f(y)’Zl) N Zj 7é ;

o Wi(f(x), Zi) N Z; # @ W' (f(y), Z:;) N Z; # 2.
We only prove =. The other implication follows by symmetry.
Step 1. f(x) € Z; = f(y) € Z

If f(x) € Z;, then f(x) € T4 = Z;. Thus T4* D R(f(x)) = R;. We saw above
that if Tgﬁ covers Ry, then f(y) € W*(f(x), Z;). Applying this to T%*, we see that
fly) e Wa(f(x), Zi) C Z;.
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Step 2. W*(f(2). Z) N Z; # @ = W*(f(y). Z:) N Z; # @.

Write Z; = Z(v). Since f(z) € Z;, f(x) = w[ov] where v € ©# and v; = v.
Since fom = woo, © = w(v). By the symbolic Markov property, f[W*(z, Z(vg))] C
We(f(xz), Z(v1)) = Wo(f(x), Z;). Since x = w(v), x € Z(vg), whence Ry = R(z) C
Z(vg). Consequently,

f(y) € fIW*(y, Ro)| = fIW?*(x, Ro)]  (by assumption)
C fIW?(x, Z(wo))] € W2(f(2), Z(v1)) = W*(f (), Zs).
Since f(y ) e Ws(f(x),Z;), Wo(f(y),Z;) = W(f(x),Z;). Tt is now clear that
We(f(x),Zi) N Z; # @ = W(f(y), Zi) N Z; # @.
Step 3. W (f(z),Z,)NZ; # @ =W"(f(y),Z:) N Z; # 2.

In order to reduce the number of indices, we write Z; = Z, Z; = Z*, and prove
that W*(f(z),Z) N Z* # @ = W*(f(y),Z) N Z* # @. We do this by picking
some f(z) € W*(f(x),Z) N Z*, and showing that W*(f(y),Z) N Z* > f(w) where
w := [y, z]y for some suitable Y € & that we proceed to construct.

Since f(z) € Z; = Z, there exists v € X7 such that 7(ov) = f(z) and Z = Z(v;).
Let Y := Z(vp), then = w(v) € Y. By assumption, R(z) = Ry = R(y), therefore,
x ~ y in the sense of (11.1). Since x € Y and y ~x, y € Y.

Since f(z) € W*(f(x), Z)NZ*, f(z) € Z*. This means that there exists v* € ¥#
such that w(ov*) = f(2) and Z* = Z(v}). Let Y* := Z(v}), then z = w(v*) € Y*.
By the symbolic Markov property,

2 e WS (@).2)] = £V ). Z(0)] € W Z(wo) = Wz, V).
Thus z € W¥(z,Y)NY*. In particular, z € Y N Y™.

Since y,z € Y, the Smale bracket w := [y, z]y is well defined. We show that
f(w) € WH(f(y), Z) 1 2.

By construction, w = [y, z]y. Since f(y) € Z (by Step 1), f(z) € Z (by choice),
and Y = Z(vy), Z = Z(v1) and vg — v; (by construction), we have by Lemma 10.7

that f(w) = f([y, 2ly) = [f(v), f(2)]lz € W"(f(y), 2).
Next recall that W*(z,Y) N Y* is non—empty (it contains z). Since = ~ y,

W¥(y,Y)NY™ is non-empty. Pick some ¢y’ € W*(y,Y)NY™*. Since ¢,z € Y NY™,
we have by Lemma 10.10 that
{w}=W",Y)NW?*(z,Y)C V", Y*)N Vs( Y*) ={[y, 2]y}
Thus w = [/, 2]y~ € W3(2,Y*). Now Y* = Z(v3), Z* = Z(v])
therefore by the symbolic Markov property,
fw) e [V (2, Y] c W*(f(2),2%) C Z".

It follows that f(w) € Z*. This completes the proof of Step 3. The theorem follows
from the discussion before Step 1. ([

and z = 7(v*),

12. SYMBOLIC DYNAMICS

12.1. A directed graph. In the previous section we constructed a Markov parti-
tion Z for f. Here we use this partition to relate f to a topologlcal Markov shift.
The shift is E(g ) where 4 is the directed graph with vertices ¥ = % and edges

&:={(R1,Rs) € #*: Ri,Ry € ¥ st. RiN f ' (Ry) # @}
If (R1,R2) € e?’A, then we write Ry — Ra.
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For every finite path R,, - Rp41 — -+ — R, in 5!: let ¢[Rm,...,Ry] =

l+n—m
N f*(Riim—¢). In particular,
k=¢

mBos - Rl = () F7H(Re).
k=m

Lemma 12.1. Suppose m < n and R,, = Rp11 — -+ — R, is a finite path on
G, then m[Rm, ..., Ry] # 2.

Proof. We use induction on n.
If n = m, then the statement is obvious.

Suppose by induction the statement is true for n — 1, and let R,, — --- = R,,—1
be a path on 4. By the induction hypothesis, ,,[Rpm, ..., Rn—1] # &, therefore
there exists a point y € ﬂz;ln f~®(Ry). Since R,,_1 — R, there exists a point
z€ R, 1N f~Y(R,). Let  be the point such that

{7 H@)} = W (" (), Rumr) N WP(2, Rnoa).

We claim that « € ,,[Rm,...,Ry]. This follows from the Markov property
(Theorem 11.6):

o f"(x) € Ry, because f"(x) € fW?*(z, Rp—1)] C W*(f(2), Rn) C Ry;

e f"~1(x) € R,_1 by construction;

o f"%(x) € Ry, because f"~'(x) € W*(f" " H(y), Rn—1) C Rp—1 s0
P2 (@) € WS (), Rue1)] © W2 (y), Rn—2) C Rn—a.

o [73(x) € Ru_s, because f72(z) € W(f"(y), Ru_2) 50

3 @) € FHWH( 2 (), Ru—a)] € WE(F" 72 (y), Ru—3) C Ry—s.
Continuing this way, we see that f"*(z) € R,,_j for all 0 < k < n —m. O

We compare the paths on 9 to the paths on ¢ (the graph we introduced in
§4). Recall the map 7 : X — M from Theorem 4.16, and define for any finite path
U =+ —> Uy ON Y,

Zon (Vs « 2y 0) i= {7 (w) cw e X7 w; = v; for alli=m,...,n}.

Lemma 12.2. For every infinite path --- — R; — Rjy1 — -+ in & there ex-
ists a chain (v;)iez € X such that for every i, R; C Z(v;), and for every n,
Ry s Ry CZ_ (Vg ooy 0p).
Proof. Fix, using Lemma 12.1, points y, € _n[R—p, ..., Ryl

Pick some vy € ¥ st. Ry C Z(vg). Since y, € Ry, there is a chain v =
(vl(n))iez € ¥# guch that vgo) = v and y,, = 7[u™)].

For every |k| < n, ff(y,) = w[c*(™)] € Z(’U](Cn)), therefore Z(vl(cn)) covers
R(f*(y,)). Since, by construction, f*(y,) € Ry, R(f*(yn)) = Rg. It follows that

Ry C Z(v,(c")) for every k = —n, ..., n.

Every vertex in the graph ¢ has finite degree (Lemma 4.4). Therefore, there
are only finitely many paths of length & on ¢ which start at vg. As a result, every
set of the form {v,(;l) : n € N} is finite. Using the diagonal argument, choose a
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subsequence n; T co s.t. for every k the sequence {v,(cm)}izl is eventually constant.
Call the constant vy.

The sequence v := (vg)gez is a chain, and Ry C Z(vg) for all k € Z. We claim
that ,[R_pn,...,Rn] C Z_p(V—n,...,v,) for all n.

Suppose y € _p[R—pn,...,Ry]. Since f*(y) € Ry, and R,, C Z(vy,), there exists a
chain w € % s.t. f"(y) = 7[o™(w)] and w,, = v,,. Since f"(y) € R_,, and R_,, C
Z(v_p), there exists a chain u € X% s.t. f~"(y) = w[oc""(u)] and u_,, = v_,. Let

u 1< -n
a=(a;)icz where a; =< v; —-n<i<n
w; 1> N.

For every k, f*(y) € Z(a), because

o forall £ < —n, fk(y) S V“[(ui)igk] C Z(ul) = Z(ai),

o forall —n <k <mn, ff(y) € Ry C Z(vy,) = Z(ax),

e for all k > n fE(y) € Vo[(w;)isk] C Z(wi) = Z(a;).
Writing a; = \I/’;it”’?, we see that y € V., [Ro_(4,)(0)] for all i € Z. By Proposition
4.15 part 4, y € V*[(ai)i<o) N V*[(as)i>0], so y =7m(a) € Z_p(v_p,...,Un). O

Proposition 12.3. Fvery vertex ofg? has finite degree.

Proof. Fix Ry € Z. We bound the number of paths R_1 — Ry — R;.

Consider all the possible paths v_1 — vg — v; on ¥ s.t. _1[R_1,Ro, R1] C
Z_1(v_1,v0,v1). There are finitely many possibilities for vy, because any two pos-
sible choices wvo,v( satisfy Z(vg) N Z(v) D Ro # @, and Z has the finiteness
property (Theorem 10.2). Since every vertex of ¢ has finite degree, there are also
only finitely many possibilities for v_; and v;. By Lemma 11.3(1), R; C Z(v;)
(li] <1). By Lemma 11.3(2) the number of possible R_;, Ry or Ry is finite. |

12.2. The Markov extension. Let
S = %(9) = {(Ri)icz € #* : R; — Ryyy for all i € 7).
AbuAsing notation, we denote the left shift map on 5 by o, and the natural metric
on ¥ by d(-,): d(z,y) = exp[—min{|k| : . # yx}]. Since every vertex of ¥ has
finite degree, S is loc;Llly compact. Define as before
># = {(R;)iez : IR, S € Z,Ing;,my, + 00 s.t. R,, = Rand R_,,, = S}.

Clearly $# contains every periodic point for 0. By Poincaré’s Recurrence Theorem,
every o—invariant probability measure on S s supported on S#.

Our aim is to construct a finite-to-one Holder continuous map 7 : S — M which
intertwines o and f, and such that 7(3) (and even 7(3#)) has full probability w.r.t
any ergodic invariant probability measure with entropy larger than y.

We start with the following simple observation:

Lemma 12.4. There exist constants C and 0 < 0 < 1 s.t. for every (R;)icz € i,
diam(_,[Ry, ..., Ry]) < CO™.

Proof. Recall that m : ¥ — M is Holder continuous, therefore there are C' and
0 <6 <1s.t. forevery v,u € X, if v; = w; for all |i| < n then d(7(u), 7(v)) < CH™.
By Lemma 12.2 there exists a chain (v;);ez € X s.t.

—nlReny e s Rp) C Z_p(v_p, .oy 0p).
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The diameter of Z_,(v_y,...,v,) is less than or equal to C#™. Therefore the
diameter of _,[R_,,..., R,] is less than or equal to C6™. O
Suppose (R;)icz € i, and let Fy, := _,[R_p,..., Ry] (closure in M). Lemmas

12.1 and 12.4 say that {F,},>1 is a decreasing sequence of non-empty compact
subsets of M, whose diameters tend to zero. It follows that [, - F, consists of a
single point. We call this point 7[(R;)iez]:

oo

{Fl(Ri)iez]} = () —alRn, - Rl
n=0
Theorem 12.5. 7 : % — M has the following properties:
(1) oo = fof;
(2) 7 is Holder continuous;

(3) %(i) D %(i#) D NUHf(f), therefore the image of ™ has full measure w.r.t
every ergodic invariant probability measure with entropy larger than x;

Proof. The commutation relation is because for every R = (R;);cz in i,

{rlo®))} = () -alBnit, s Rua] O () —n2lRon 1, Ruga]

n=0 n=0

= ﬂ ﬂ f7F(Rey1) = f(-~[R-N,..., BN])
n=0k=—n—2 N=0

= ﬂ f <,N [R_n,..-, R ) because f is a homeomorphism
N=0

=f ( ﬂ N[R-N,.., R ) because f is a bijection

N=0

= f{m(B)}) ={flr

The Holder continuity of 7 is because if R, S € S and R; = S, for all |i| < N,
then 7(R),7(S) € _N[R-N, ..., Rn], whence by Lemma 12.4

d(7(R),7(S)) < diam(-n[R-w,..., Ry]) < COV.

Finally we claim that 7(3) and 7#(5#) contain NUH? (f). Suppose z € NUHf(f).
By Theorem 4.16, 7(X#) D NUHf(f), therefore there exists a chain v € ¥# s.t.
7(v) = . ¥# is o-invariant and form = mo o, so fi(x) € ©(X#) for all i € Z.
The collection Z covers 7(X%), therefore for every i € Z there is some R; € Z s.t.
fi(z) € R;. Obviously R; — R;11, so R := (R;);cz belongs to 5. Also,

T e ﬁ —n|[R-n,y. .., Ry
n=0

(even without the closure), so x = 7(R). It follows that %(i) ») NUH;@E (f)-

We claim that the sequence R which was constructed above belongs to fl#, and
deduce that 7(£#) > NUH?(f).

The sequence v is in X# by construction, therefore there exists v and u s.t.
v; = u for infinitely many negative i, and v; = v for infinitely many positive .
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The sets R; and Z(v;) intersect, because they both contain fi(z). By Lemma
11.3, R; C Z(v;) for all ¢ € Z. It follows that there are infinitely many negative 4
s.t. R; C Z(u), and infinitely many positive i s.t. R; C Z(v).

The sets Z(w) := {R € # : R C Z(w)} (w = u,v) are finite (Lemma 11.3).
Therefore Iny, 1+ co and IR € Z(v) s.t. R,, = R for all k, and Imy 1 oo and
3S € #(u) s.t. R_yp, = S for all k. Thus R € S# as required. O

The following result is not needed for the purposes of this paper, but we antici-
pate some future applications.

~

Proposition 12.2.1. For every x € w(3), TuM = E*(z) ® E¥(z) where
(a) Timsup 2 log 20l ey < —% on B*(x) \ {0};
n—oo
(b) limsup + log [|df ;0| j=n(z) < =% on E*(z) \ {0}.
n—oo

The maps R — E*/*(7(R)) are Hélder continuous as maps from S to TM.

Proof. Suppose x = T(R) where R € S By Lemma 12.2; there is a chain (v;);ez
st. R; C Z(v;) for alli and _,[R_,..., Ry C Z_,(v_p,...,v,) for every n. Then
f™(x) € Z(vy,) for all n. Every element of Z(v,,) is the intersection of s/u—admissible
manifolds in v, so if v,, = \Ilii’pi, then Z(v,) C V., [Rps apu (0)] (Proposition 4.11
(2)). By Proposition 4.15 (4), z € V*[(v;)i<o] N V*[(vi)i>0]-

Let E°(z) := T, V?®[(vi)i>o0) and E*(z) := T, V*[(vi)i<o]. These spaces satisfy (a)
and (b), because they are tangent to admissible manifolds which stay in windows
(Proposition 6.3). This definition of E*(x), E*(x) is independent of the choice of
(v;)iez, because there can be only one decomposition of T, M into two spaces which
satisfy (a) and (b).

Suppose ¢ = 7w(R) and y = 7(S) where R; = S; for i = —N,..., N, and let
v = (v;);ez be as before. The argument in the first paragraph shows that = 7 (v).
We claim that y = m(w) where w is a chain s.t. w; = v; for all |i| < N.

By assumption, y € _,[S_n,..., 98] = —n[R-N,-.., RN] C Z_N(v_N,...,UN),
so y = limm(w™) where w™ € ¥ satisfy wgn) = v; for all |i|] < N. Since every
vertex of ¢4 has finite degree, each of the sets {wgn) : n € N} is finite. It follows
that there is a convergent subsequence w () T w. The limit is a chain w s.t.

oo

y = m(w) and w; = v; for all |i] < N.

Write vg = \Ilgg’pb, and let F,, Fs be the representing functions in ¥, for
V*[(vi)i<o], V*[(vi)i>0]- Let Gy, G5 be the representing functions for V*[(w;)i<o],
V*[(w;)i>o]. By Proposition 4.15(5),

1Fu = Gullss + [1F), = Glloc < KO

By = Gl + I~ Gl < K0 ey
for some global constants K > 0,6 € (0,1).

The intersection of the (vertical) graph of F, and the (horizontal) graph of Fj
is the point £ € R? s.t. W, (£) = 2. The intersection of the vertical and horizontal
graphs of G, and G is the point n € R? s.t. ¥, (n) = y. (12.1) and Proposition
4.11 imply that [|€ — n|| < 3K6V.
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By admissibility, F,,, Fs, Gy, Gs have %—Hélder exponent at most % Together
with (12.1), this implies [F}(&1) — G (m)|, |[F(&2) — Gy, (12)] < 5(3KON)P/ + KoN.
It follows that distrr: (T¢[graph(Fy)], T, [graph(Gs)]) = 0(938N).

E*(x), E*(y) are the images of T¢[graph(Fs)] and T;,[graph(Gs)| under d¥,.
Since the norm of the differential of a Pesin chart is bounded above by two,
distrar (B (z), BS(y)) = O(03#N). Similarly, distry (E*(z), E*(y)) = O(035N).
All implied constants are uniform, so R — E*/*(7(R)) are Holder continuous. [

12.3. The extension is finite-to-one. Say that R, R’ € #Z are affiliated, if there
exist Z,7' € ¥ st. RCZ, R CcZ' and ZNZ' # @. For every R € %, let

N(R):=|{(R',Z') e #Z x Z : R is affiliated to R and Z’ contains R'}|.
Lemma 12.6. N(R) < oo.

Proof. Suppose R € #Z. The set A(R) := {Z € % : Z D> R} is finite, because if
Y € & contains R then every Z € A(R) intersects Y, and the number of such Z is
finite (Theorem 10.2).

Since A(R) is finite, B(R) := {Z' € & : 3Z € A(R) s.t. Z' N Z # @} is finite
(Theorem 10.2). For every Z' € B there are at most finitely many R’ € Z s.t.
R’ c Z' (Lemma 11.3). Therefore, C(R) := {R' € # : R, R’ are affiliated} is
finite. It follows that N(R) = > p ccr) [A(R)] < o0 O

Theorem 12.7. Every x € 7?(2#) has a finite number of T—pre-images. If v =
7(R) where R; = R for infinitely many i <0 and R; = S for infinitely many i > 0,
then |77 (z)| < oy (R, S) := N(R)N(S).

Proof. The proof is based on an idea of Bowen’s [B3, pp. 13-14] (see also [PP,
page 229]), who used it in the context of Axiom A diffeomorphisms. We show that
the product structure described above is sufficient to implement his argument in
our setting.

Suppose x € %(i#), then = has a T—preimage R € S st R =R for infinitely
many negative ¢, and R; = S for infinitely many positive i. We show that the
number of T-pre-images of x is less than or equal to N := N(R)N(S5).

Suppose by way of contradiction that there are NV +1 different points in  whose
image under 7 is equal to z. Call these points RU) = (jo))iez (j =0,...,N).
Assume w.l.o.g. that E(O) = R.

By Lemma 12.2 there are chains v/ = (vgj))iez € Y s.t. for every n

RY ¢ Z(wd) and _,[RY),... . RV c Z_, (v, ... o0)). (12.2)

—n? n

Claim 1. W(y(j)) =z for every 0 < j < N.

The following inclusions hold:

1@?) € () Z-n(@Y),....00) € () Zon(@Y),... .0, (12.3)
n=0 n=0

o0 o0
z=7(RYV) e () —alRY),....RY () Zonw), ..., 0P).
n=0

n=0




56 OMRI M. SARIG

Since 7 is Holder continuous, diam Z,n(v(_jzl, e ,vy(lj)) ——— 0, 50 w(vW)) = .

n— oo

Claim 2: Suppose i € Z, then R(O) ,REN) are affiliated.

Proof. By (12.3) © = 7r( ) € M2 Zn(@9), ..., 09, so fi(x) € Z(w?).
Thus Z(v (0)),...7 ( ) have a common intersection. Since RE] C Z(v 1(
REO), .. .,RZ( ) are affiliated.
Claim 3: There exist k,¢ > 0 and 0 < j1,jo < N such that
o« (RY) o RPD) £ (R, RYY);
° R(—Jllc) R(Jz) and R(h) _ R§j2);

’U(—Jllf) (J2) and ,U(]l) _ ’Uéh).

Proof. We are assumlng that RY) are different, therefore there exists some m such
that the words ( yee ,R%)) (0 < j < N) are different.

We are assuming that RZ(O) equals R for infinitely many negative i, and equals
S for infinitely many positive i. Choose k,{ > m s.t. Rgl = R and RS)) = S. The
words (R(_j])c, e Rl(zj)) (0 < j < N) are different.

By claims 1 and 2, R(j,)c are all affiliated to R(P,)c = R, and by (12.2) R(f,)c -
Z(v (J)) therefore |{( R(Jk v(_]])c) =0,...,N}| < N(R). In the same way, one can
show that |{( REJ ,véj)) :j=0,...,N} < N(S). It follows that

—m

{(RY),v9); RD v} : j=0,...,N}| < N(R)N(S) = N.
By the pigeonhole principle, at least two quadruples coincide, proving the claim.
To ease up the notation, we let A := E(jl), B = R(h) a:=vY) and b := v(02),

v
and we write A_, =B_, =B, Ay=By=:A, a_ k—b r=:b, —bg—.a.By
Lemma 12.1, there are two points

TA € _k[A_k,...,Ag] and zp € _k[B_k,...,Bg].

By definition, f=*(z4), f *(xp) € B C Z(b) and f'(za), f'(xg) € A C Z(a).
Define two points z4, zp by the equations

7 (za) e WH(f M (xp), BYNW*(f*(xa), B);
fi(z) € W™(f (xB), A) NW*(f (za), A).

Claim 4. za # zB.

Proof. By construction, f=%(z4) € W*(f~%(x4), A_1). By the Markov property
(Theorem 11.6),

F7H M (za) € FIWE(F (@A), Ap)] C WE(F 5 (@a), A-kpa)
FR2(za) € FIWE(FF  (@a), Amir)] CWE(F 2 (24), A_jin)

and so on. It follows that f~%(z4) € _r[A_4,..., Ag]. Similarly, if we start from
i (zB) € W¥(f*(xp), By) and apply f~! repeatedly, then the Markov property will
give us that f~%(2p5) € _r[B_k,..., Bi.
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But (A_g,...,A) = (RY), ..., RV 2 (RY2) . RU?))=(B_y,...,By), and
the elements of % are pairwise disjoint, so _g[A_g,..., A N _k[B_g,..., B =2
and z4 # 2.

Claim 5. z4 = zp (a contradiction).
Proof. We saw above that f=%(24) € _k[A_k,...,Ad], f%(28) € _k[B_k, ..., B
In particular, f~%(zp) € B_x = B C Z(b) and fe(zA) €Ay =AC Z(a).

Construct chains o, 8 € ¥# such that z4 = m(a) , ay = a and zp = m(B) , bk =
b. Define a sequence ¢ by

Bi 1<k
c=qa; —-k+1<i</-1
(67 ZZK

This is a chain because S_; = b= a_, and oy = a = ap. This chain belongs to ©#,
because a, 8 € T#. We write ¢; 1= \Ilg;;’pf.

We claim that f‘k( ), f%(2B) € V*[(¢;)i<—k). Note firstly that both points
belong to W*(f~*(zg),B): f~*(za) by definition, and f~*(zp5) because of the
inclusion f“(z5) € W*(f*(zp), B¢) and the Markov property. Since B C Z(b),

WH(f ™ (wp), B) C V(" (zp), Z(b)) = V[(Bi)iz—k] = V" [(ci)iz—x].

It follows that f=%(z4), f%(zp) € V¥[(¢;)i<—k)-
This together with the fact that f=%(24), f~*(2p) € Z(b) = Z(c_}) implies that

f'(za), ['(2B) € Z(¢i) C Wy, [Rpupps (0)] for all i < —k. (12.4)
Similarly, one can show that f*(z4), f*(z5) € V*[(¢;)i>¢], whence
fi(za), ' (2B) € Z(ci) C Wa, [Rpups (0)] for all i > L. (12.5)

Using the inclusions f~%(z4) € _x[A_g,..., 4], f%(28) € _x[B_k,..., B (see
the proof of claim 4), we see that if —k < i < ¢ then f'(z4), fi(25) € A; U B;.
Therefore fi(z4), fi(2p) € Z(a;) U Z(b;). The sets Z(a;), Z(b;) intersect, because
by claim 1 fi(x) = w[o%(a)] = n[o*(b)] € Z(a;) N Z(b;). Thus by Lemma 10.10,

fi(za), f'(zB) € Z(a;) U Z(b;) C Uy, [Rg.(2,)(0)] for all —k <i< (. (12.6)

In summary, f*(za), f'(2B) € Y4, [Rq. (:)(0)], where ¢; = \IIZ;'. P! s a chain. By
Proposition 4.15(4), z4, 25 € V*[(¢;)i<o] NV *[(¢;)i>0]- So za = 7(c) = zp, and the
claim is proved.

The contradiction between claims 4 and 5 shows that x cannot have more than
N pre-images. (]

13. INVARIANT MEASURES

Let o : & — 5 denote the finite-to-one Markov extension of J which we con-
structed in part 3. We compare the invariant Borel measures of o : $ — 3 to the
invariant Borel measures of f : M — M. We restrict our attention to measures
whose entropy is larger than x.

Proposition 13.1. Suppose [i is an ergodic Borel probability measure on fl, then

p:=pon ! is an ergodic Borel probability measure on M, and h,(f) = hz(o)
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Proof. 1t is clear that u is well-defined, ergodic and invariant.
By Poincaré’s Recurrence Theorem there exists a vertex R € Z s.t.

Y :={Re3:Ing,mytoost. Ry,,R_m, =R}

has full measure with respect to fi. The map 7 : T — M is bounded-to-one (the
bound is ¢, (R, R)). Finite extensions preserve entropy, so h,(f) = ha(o). O

The other direction, “every invariant measure p supported on 7r( ) lifts to an
invariant measure on Z”, is less clear.” Lifting measures to Markov extensions
is a difficult issue in general, and it has received considerable attention (see e.g.
[Hofl],[Kel],[Bru],[BT],[PSZ],[Bu2],[Z]). But our case is very simple, because
our Markov extension is finite-to-one.

Indeed, suppose p is an ergodic f-invariant probability measure on M s.t.
hu(f) > x. Define f by

_ 1
i) = [ (= () ) dua). (13.1)
\FT@T 2
Proposition 13.2. Suppose u is an ergodic f—invariant Borel probability measure
on M s.t. h,(f) > x.

(1) 1 is a well-defined o—invariant Borel probability measure on s
(2) Almost every ergodic component [i of [i is an ergodic c—invariant probability
measure such that fio 7' = p and hyz(o) = h,(f).
Proof. The first thing to do is to verify that the integrand in (13.1) is measurable.
We recall some basic facts from set theory (see e.g. [Sr, §4.5, §4.12]): Let X,Y be
two complete separable metric spaces.
(I) F: X —Y is Borel iff graph(F') is a Borel subset of X x Y.
(1) Suppose F : X — Y is Borel and countable-to-one (i.e. F~1(y) is finite or
countable for all y € Y'). If E C X is Borel, then F'(F) C Y is Borel.
(III) Lusin’s Theorem: Suppose B C X x Y is Borel. If B, := {y : (z,y) € B}
is finite or countable for every x € X, then B is a countable disjoint union
of Borel graphs of partially defined Borel functions.
Since h,(f) > x, p is carried by 7(X#). Since 7 : ¥# — M is finite-to-one,
7(X7) is Borel. Henceforth we work inside 7(3%).
Step 1. x — |77 1(x)| is constant on a Borel set Q s.t. p(Q) =
Proof. Since Too = fo7 and f is a bijection, z — |77 1(z)| is f —invariant.

We show that the restriction of z — |7~1(z)| to 7(X#) is Borel measurable. The
claim will then follow from the ergodicity of u.

Graphs of Borel functions are Borel, therefore B := {(7(R),R) : R € i#} is a
Borel subset of M x . R

By Lusin’s theorem, 3 partially defined Borel functions ¢, : M, — X% s.t. M,
are pairwise disjoint Borel subsets of M and B = {(z, p,(z)) : € M,,, n € N}.
In particular, 771 (x) = {¢;(z) : i € N s.t. M; > z}. The graphs of ¢,, are pairwise
disjoint, so i # j = ¢;(x) # ¢,;(x). Consequently,

|—ZlM ) on 7(5#).

7,u o7 does not work: it is not even o—additive.
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Since M; are Borel, z — [#71(z)| is Borel on 7#(3#).

Step 2. Let T := 7 1(Q2) and let N denote the number of pre-images of points
z € . There exists a Borel partition T = Lﬂf\il T; such that 7 : T; — Q is
one-to-one and onto for every .

Proof. This is a consequence of Lusin’s Theorem.

Let By == {(7(y),y) : y € 7 *(Q)}. Each z—fibre of B; has N elements. By
Lusin’s Theorem B; = |4,,»; graph(y,) where ¢, : M, — S are Borel. © =
W1 M.

Define ¢ : @ — S by 11 = ¢; on M; \ Uj<; M; (i € N), then ¢; is Borel
and 1 (z) € 77 1(x) for all . Since 7 o ¢); = Id, 1, is one-to-one. It follows that
Ty := () is Borel, and 7 : T1 — Q is one-to-one and onto.

Now take By := Bj \ graph ;. Each z—fibre of By has N — 1 elements, and By
is disjoint from graph(v). Apply the previous process to Bs to obtain Yy. After
N steps, we are done.

Step 3. The restriction of the integrand in (13.1) to 2 is Borel measurable.

Proof. Every x € Q2 has exactly N pre-images, one in every T;. It follows that for
every Borel set £ C X,

N

1 1

m Z lp(y) = N Z 1z(mnr,) () on Q.
7w(y)=z i=1

Since 7 is one-to-one on Y;, T(ENY;) is a Borel set. It follows that the right-hand-
side is Borel measurable.

Step 4. i is an invariant Borel probability measure such that jzo 77! = u and
hii(o) = hyu(f)-
Proof. We saw that f(E) is well-defined for all Borel sets E C 5. This set function

~

is obviously o—additive, and it is clear that i(X) = 1. Thus 1 is a Borel probability
measure.
This measure is o—invariant, because

i B = [ (i X 1e(e®) ) du)

(R)==

:/M(WM > 1E(0(R)))du(x) ( Too=fon)

#(oR)=f(=)

- [, I 1o o)

7(S)=f(z)
=E) (poft=np).
It is a lift of p because
w7 YE) = L T T) = T xr)=
w8 = [ (=i PIRE (8 )an(o) = [ 1p()iuta) = u(E).

Finally zt and p have the same entropy, because 7 is N—to—one on a set of full
measure, and finite extensions preserve entropy.
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Step 5. Almost every ergodic component of g satisfies 1o 7! = p and hy(o) =
(1)

Let 2 = [ fiydv(y) be the ergodic decomposition of fi, then y = fio 7~ fuy
%_lduy. Each of the measures ﬁyow is f-invariant. Since p is ergodlc Lyom =
u for a.e. y.

The equality of the entropies follows as before from the fact that finite extensions
preserve entropy. (I

Part 4. Appendix: Proofs of standard results in Pesin Theory

Proof of Theorem 2.3 (Compare with Theorem 3.5.5 in [BP].) The idea is to
evaluate A, (z) := Oy (f(z))~! odf, o Cy(x) on the standard basis of R?.

We start from the identity df, E*(z) = E*(f(x)). Both sides of the equation are
one-dimensional, therefore df,e®(x) = %£|dfze®(2)| f(2)€*(f(x)). It follows that

Ax(@)ey = 55 (@) O (f(2) 7" 0 dfu]e’ ()
= L5y (2) T dfoe’ (@) 5) Cxc(f (2)) 7'e* (f ()

= 15U e o)l e,

sx(z)
We see that e; is an eigenvector of A, (x) with eigenvalue

a<>—i“ﬂg”mn<>m@. (A1)

Similarly, e, is an eigenvector of A, (x) with eigenvalue

up () = £° (ffW#r<>um. (A.2)

We estimate the eigenvalues:

2 220 (A )ae (@) 3 ) > 230 (A a0 e

k=0 k=1

=23 EEX(AF) poydfoe’ (@) o)

k=0

= 2l|dfuc’ (@)1 0y Y EETIXN) sy (F @) o o)

k=0

= X[ dfoc (@)1 (255 (f ().

Rearranging terms, we find that e =2X > Mndfwgs(x)ﬂfc(x) = A\ (z)?. It follows

se(x)?

that |\, (z)| < e”X. Similarly, one shows that |u, (x)| > eX.

Since f is a diffeomorphism, the number My := max{||df.|, [|df; | : = € M}
is well defined and finite. It is easy to see that My > 1. By [KH, Cor. 3.2.10],
htop(f) < 210ng~
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By definition of s, (z), and the identity df,e®(z) = £||dfze’(x)|le’(f(z)),

sy(x 2 =2 (1+Ze%x||df}€($§ e(f (x))|?k(w)||df$e‘s(a?)i>

<2 (1 + X M7 Z €2kX||df}C(x)§s(f(x)) ?‘Hl(@)

k=0
<24 GZXMJ%SX(f($>)2
< (MF+ 1)y (f(2)? (osy > V2 and x < hiop(f) < 2log Mjy).
Therefore by (A.1)
Pal@)] > (1 MOV dfe® @)y > M7 1+ MB2 (A3)
Similarly, one can bound |, (z)| from above by a function of Mj. O

Proof of Lemma 2.4 We put the standard basis e, = (}),e, = () on R?, and

the basis e*(z), e*(z)* on T, M, where v denotes the unique vector s.t. the signed
angle from v to v is m/2. The linear map Cy (z) : R? — T, is represented in these

bases by the matrix
sy (@)™ uy (z) 7 cos ax)
0 uy(z)tsina(z) )
Inverting, we find that Cy (z)~! : T, M — R? is represented by
sy(x)  —sy(z)/tana(z)
0 Uy (z)/ sin () ’
The lemma follows by direct calculation, using the fact that the Frobenius norm of

a linear map represented by a matrix (a,;) is equal to () a?j)l/z. O

Proof of Lemma 2.5 Define an inner product (-,-)> on T, M by the conditions

(@) lle* @)l = sy (x), (b) le*(@)]; = uy(x), and (c) (e"(x),e*(x));, = 0 (compare
with [BP, §3.5.1]). The inner product || - ||% satisfies || - [|X > || - ||, because for
every £,m € R

€€ (@) + ne"@); = /€25 (2)2 + Puy ()2 > VAE T 1) (2 sy, > V2)
> €]+ ol = e’ @)ls + Ine® @) > l1€€* (@) + ne*(@)]l-
@)l < 10 E) 1 = [€sx(@) e (@) + nuy(2) e (@)]ls = VET .

The lemma follows. g
Proof of Lemma 2.6 Let A, (z) := C,(f(z))! o dfy o Cy(x). Extend A, to a
cocycle A&”’ using the identities A;O) = A, and A;er")(:c) = A;m)(f”(:c))A&") (z).
The extension is unique, and is given by A&n) () = C\ (f"(z))~dfnCy ().
Theorem 2.3 says that A, (z) is a diagonal matrix with entries in [C;l, Cy] for

I

every x € NUH,(f). In particular, log ||A§(0) | and log]| (A§<0))_1 | are uniformly
bounded on NUH, (f), whence absolutely integrable w.r.t any ergodic invariant
probability measure with entropy larger than y. This allows us to apply the Multi-
plicative Ergodic Theorem to A&”) w.r.t. every ergodic invariant probability mea-
sure with entropy larger than y.

Let NUHL(f) denote the set points € NUH, (f) for which there is a decompo-
sition T,R? = E% (z) & EY(x) so that
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s _ s s _ : 1 (n)
B3 (2) = span{e (o)}, [l (@) = 1. lim L log AL (x)e

(1) Jex(
(2) By(x) = spanfey ()}, llep(2)] = 1, lim Llog| AL (w)e(a)l| > 0;
(3) ILm Llog|sina, (f"(z))| = 0, where o, (z) = L(ey(z), ex(z));

(4) Ax(2)[E5(2)] = EX(f(2)) and Ay (2)[EY(2)] = EY(f(2)).
By the discussion above, NUHL( f) has full measure w.r.t. to any ergodic invariant
probability measure with entropy larger than x.

Let NUH] (f) denote the subset of NUH;( f) which consists of all points = for
which there exist a sequence ny 1 0o s.t. Cy) (f™*(x)) R Cy(x) and a sequence
—00

(
(

my L —oo s.t. C\(f™(x)) == Cy(x). By the Poincaré Recurrence Theorem,
—o0

every invariant probability measure which is carried by NUHL( f) is carried by
NUH, (f), so NUH} (f) has full measure w.r.t. to every ergodic invariant measure
with entropy greater than y.

On the set NUH} (f), the Multiplicative Ergodic Theorem holds for both df,

and A;”)(a;), so the following two limits exist:

: 1 n — n
pr s Jim = 1og [ Cy(f (@) M Ol (A4)

: 1 n
nllgtloo o log [|df; O (w)e;]

Let ng 1 0o be a subsequence for which C, (f™*(z)) P Cy(x). The norms of
— 00

Cy (f™ (x)) and Cy (f™(x))~! are bounded along this sequence, so

IO (7 (@)~ df = Cx ()| =< Ildfz O (2)e].
We see that the limits in (A.4) agree. As aresult £ (z) = Rx{0}, EY(z) = {0} xR,
and z has Lyapunov exponents log A(z) and log u(z) w.r.t. A&”).

Let Ay (z) :== < )\(Ox) u(ox) > , then the limits (A.4) mean that

(AL (@) Ay () ™) =" —— 1.

X n—£oo
Similarly, if A(x) is the linear operator s.t. A(x)e®(z) = A(x)e®(z) and A(x)e*(z) =
p(x)e" (z), then

(e A(z) =)V —— 1.

n—=+o0o
Since Ay (z) = Cy(z) "' A(z)Cy (z) and A;") (z) = Cy (f"(x)) "t o dftr o Cy (),
I(Cy o f™) MV ™ = AP O (df )~
_ ||A§<n)0;1A_”CX . C;l . An(df;l)—lnl/n
< AP A O A 1.

n—+oo
Thus limsup +log||(Cy o f™)7!| < 0. On the other hand C) is a contraction
(Lemma 2.5), so [|(Cy o f*)~!||*/™ > 1, whence liminf L log ||Cy (f"(x)) 7| > 0.
The first part of the Lemma is proved.

We prove the second part of the Lemma: < log ||Cy(f™(2))e; | fr(a) — 0.
n— oo

We do this for ¢ = 1, and leave the case i = 2 to the reader. Since the A&")(o) is
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diagonal, A;") (z)e, is proportional to e¢;. The multiplicative ergodic theorem for
A;") (x) says that A&n) (x)e; = £A(z)™ explo(n)]e,, therefore

i (O @Den iy = AT T O (@) AP (e 1
_ —1 1. n 1/n
= A(z) nllffoo [1(df )Cx($)§1||fn($)

=Az)™ lim[|[(df7)es (@)}

n—=4oo fr(z)

:1’

proving that X log [|Cy (f™(2))e; ]| fn () ——— 0.

n—+oo
Finally, we prove that X log|det C,(f"(z))] — 0. We begin with some
n— oo

general comments on determinants.

Suppose L : V — W is a linear operator between two two dimensional vector
spaces with inner product. The determinant of det L can be defined as det(LO) for
some (every) isometry © : W — V. The following fact holds:® If u,v span V, then

sin £ (Lu, Lv) — ||ull||Jv]| det L
sind(u,v)  ||Lull||Lv|

(A.5)

It follows that
|| Lul|[[ Lol sin £(Lu, Lv)|
[wllllol] sin £ (u, v)|

|det L| = (u, v independent).

Applying this to L = Agcn) with u = e,, v = ey, and to L = df? with u = e*(x),
v = e*(x), we find that

1 1
1 —_ (n) = = 1 —_ n
lim - log | det AY" (x)| = log A(z) + log p(x) nll)rjrtloo . log | det df|.

n—+oo

But | det A;”)(x)| = |det O\ (f™(x))| 7| det df7|| det Cy (). It follows that
1 n
ﬁlog|detCX(f ()] — 0

as required. (I

Proof of Lemma 2.9 Parts (1) and (3) are obvious, and part (4) is a consequence
of Lemma 2.6 and the estimate Q.(f"(x)) =< [|C\(f"(x))~'||~'¥/#. For part (6),
define g.(z) on NUH*(f) by the formula

Lo LN~ e L
g:(z) ¢ 2 Q=(f*(x))

f=—00
The sum converges because 1 log Q-(f*(z)) PR 0, and it is easy to check that
ge(z) behaves as required. (Compare with [BP, Lemma 3.5.7].)
It remains to prove parts (2) and (5). First we prove the following claim.
Claim. There exists a constant C, which only depends on M, f and x, such that
CH <O (f(@)HI/NC ()7l < C on NUH,(f).

8Proof: Let wy, wy denote the volume 2—forms on V, W, then wy (u,v) = ||u|||v|| sin £(u, v)
and wyy (u,v) = ||ull||v|| sin £(u,v). Since wyy (Lu, Lv) is also a 2—form on V, and any two 2—forms
on V are proportional, ¢ s.t. ww (Lu, Lv) = cwy (u,v). Evaluating on an orthonormal basis of
V', we find that ¢ = det L. Consequently, ||Lu||||Lv|| sin £(Lu, Lv) = det L||ul|||v|| sin £(u, v).
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Proof. By Lemma 2.4 it is enough to show that

syof wuyof [sinao f|
Sy | uy = |sing]

are uniformly bounded away from zero and infinity on NUH, (f).
The following quantity is well defined and finite, because f is a diffeomorphism
and M is compact:

Fy = maxc{df, |, 47 I, | det(df,)|, | det(df; )] @ € M),

Notice that Fy > 1.

Equation (A.1) makes it clear that %;(fi((;f))) = F' )\ (2)] € [(CrFy) Y, CrFy)

on NUH,(f). Similarly, "’;(f((z))) takes values in [(CrFy)~ ', CrFy| on NUH,(f).
Finally, by (A.5) and the fact that e%/“(f(x)) have the same direction as df,e*/*(z)
up to a sign,
sina(f@)] _ |sin L& @), e f@)] | detds]
|sina(z)| |sin £(e”(x), ()| [dfze® ()| dfuet ()]

The last quantity takes values in [F; ®, F$]. The claim follows.

Part (5) follows directly from the claim. For part (2), we start by noting
that Q.(z) < %/P||C,(2)~ 1||F12/’8 < &3/8||Cy (z)~ 1|72, therefore also Q.(z) <
(e3/BC1/B) || C\ (fF ()71 ~12. If € is small enough then e2/#C12/# < 1, and the
proof of part (2) is complete. O

Proof of Theorem 2.7 What follows is based on [BP, Theorem 5.6.1].
Recall the following basic fact from differential geometry [Sp, chapter 9]: Every
p € M has an open neighborhood W), and a positive number r > 0 s.t.

(1) any g¢,¢’ € W, are connected by a unique geodesic of length less than r;
(2) for each ¢ € W), exp, maps B{(0) C T, M diffeomorphically onto an open
set U, D Wp in a 2-bi-Lipschitz way, and d(exp,)o = Id;
(3) forevery q,q’ € W), there is a unique vector v(q,q") € T,M s.t. ||v(g, ¢)|lq <
r and exp,[v(q,q')] = ¢;
(4) (¢,¢') = v(g,q’) is a well-defined C* map from W, x W), to M.
Since M is compact, there exist positive constants (M), p(M) s.t. for every
p € M, exp, maps Bf ( M)(Q) C T,M diffeomorphically onto a neighborhood of
B,y (p) C M, in a 2-bi-Lipschitz way. Let
min{1, r(M), p(M)}

0= 0[Lip(/) + Lip(f )] (4.6)

Note that ro < 1.

Suppose € < r¢/5. By the definition of Q. (), Q. () < &%, so 10Q.(z) < ro/V/2.
By Lemma 2.5, C\ (x) maps Ryoq. () (0) contractively into B, (0). Therefore ¥, =
exp, oCy (x) maps Ryoq. ,;)( ) diffeomorphically in a 2-Lipschitz way into M. The
first part of the theorem is proved.

Next we show that f, := \I/J?(lm) ofoW, is well defined on Ry(q_(5)(0) and establish
its properties.

Since exp, is 2-Lipschitz, Cy(z) is a contraction, and 10Q.(z) < 70/v/2,

U, maps Rigqg, (2)(0) diffeomorphically into Ba,, ().
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It follows that f o W, maps Rigq.(x)(0) diffeomorphically into Bjrip(syr, (f()),
which by the definition of ro is a subset of B, (f(x)), whence a subset of
exP (4 [Bran (0)]. 1t follows that f, := \IIJT({E) o f oW, is well defined, smooth
and injective on Rygq_(z)(0).

For every p € M, exp,(0) = p and d(exp, )o = Id. It easily follows that f,(0) = 0,
and (df;)o = Cy(f(z)) o (df)z 0 Cy (z). By Theorem 2.3, this is a diagonal matrix
with diagonal elements A(z) = A.(x), B(z) = pe(z), and C’f_1 < |A(z)] < e7X,
eX < |B(z)| < Cf.

We compare f, to its linearization at 0 by analyzing

ra(w) = fo(u) — (dfs)o(u).
By assumption f is C'*#, so there is a constant L s.t. for all u,v € R, (0),
||d(expjj(1w) ofoexpx)g—d(exp]j(lw) ofoexp,)y|| < L|lu—v]||?. For every u,v € R,,(0),
I(dra)u = (dra)ull = [[Cx(f(2)) " d(exp](,) of © exDy) oy (2)uCo ()
— O (f(@)) " d(exp) of 0 exp,) (1eCa(@)]
= [Cx(f (@)~ d(expy(yy of © expy)ey (oyu
— d(expyl of 0 exp,)o, (21aC(@)]
<N (F @) M- LICk @)1 [l = wll” - [ ()]
< (IC(f@) M- Ll = 2] 72) - lu = o] (- [|Cx (@) < 1).
If u,v € Rioq. () (0), then the term in the brackets is smaller than
@)+ E20VEQu(0) 2

Plugging in the definition of Q.(z) from (2.3), and recalling that ||C\(-)7!| > 1
(because Cy(-) is a contraction), we see that the term in the brackets is smaller
than 30%/2Le3/2. Thus, if € < £ -307/2L~1, then

I(dre)y — (dra)u|l < Sellu —v]|*? (w0 € Rigq.(x)(0))-

Since (dry)o = 0, we have that [|(dry)u| < %5Hg||5/2 on Rypg_()(0). Now
Q-(x) < %8, 50 |Jul| < (10v2)Q.(z) < 15¢3/8. If e < 157P/3  then |ju| < 1, so

I(drz)ull < 32 on Rigq.(2)(0)-
Since 7,(0) = 0, we have by the mean value theorem that
Ire (W)l < gellull < & on Rigg. (x)(0)-

In summary, if ¢ is small enough, then the C'*#/2 distance between 7, and 0
on Ry, ()(0) is less than . This shows that the C't8/2_distance between f, and
(dfz)o on this set is less than e.

The treatment of f, 1 is similar, and is left to the reader. O

Proof of Proposition 4.11 The proof of parts (1),(2) and (3) of the proposition
is taken from [KM]. Part (4) is new, but routine. Assume that 0 < e < 3.

Write V* = U, {(F(w),w) : |w| < p*} and V* = U {(v,G(v)) : |v] < p°},
and let n := p* A p*. Note that n < &, and that |F(0)|,|G(0)] < 1073n and
Lip(F), Lip(G) < ¢, see (4.2).
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The maps H = F, G are contractions (with Lipschitz constant less than ¢), and
they map the interval [~10727, 1072y into itself, because for every [t| < 10~2n,

|H(t)| < |H(0)| + Lip(H)[t| < 10*n+e-107%n = (10~ +£)10~%n < 10~ 2.

It follows that G o F is a e?-contraction of [—10721,10725] into itself. By the
Banach Fixed Point Theorem, G o F has a unique fixed point: (G o F)(w) = w.
Let v := F(w). We claim that V*, V* intersect at P := ¥, (v, w).
e P c V" because v = F(w) and |w| < 1072y < p¥;
e P € V?® because w = (G o F)(w) = G(v), and |v| < |F(0)| + Lip(F)|w| <
1073y +¢e-1072n < 1072 < p°.
We also see that |v|, |w| < 10729.

We claim that P is the unique intersection point of V* and V*. Let £ := p" V p*
and extend F, G (arbitrarily) to e-Lipschitz continuous functions F,G: (=€ € -
[—Q-(z), Q-(x)]. Let V* and V* denote the u/s—sets represented by F,G. Any
intersection point of V*,V*® is an intersection point of V“ Vs, Such points take
the form P = W, (¥, @) where o = F(@) and @ = G(7). Notice that @ is a fixed
point of G o F. The same calculations as before show that G o F' contracts [ & ¢
into itself. Such a map has a unique fixed point, therefore w = w, whence P=r.

Next we show that P is a Lipschitz function of V%, V*. Suppose V;*,V;* (i = 1,2)
are represented by F; and G; (i = 1,2) respectively. Let P; denote the intersection
points of V* N V2. We saw above that P, = ¥, (v;, w;) where w; is a fixed point
of Gjo F; : [-10721,1072] — [-1072,1072y]. The maps f; := G; o F; are

g2—contractions of [~10727, 10~ 27)] into itself, therefore

w1 — wa| = | (w1) = f5 (wa)| < [Ai(f1 (wr)) = fa(f77 (wr))]

+ 1 f2 (7 Hwr) = f2(f5 7 (w2))]
11 = falloo + €211 (wr) = f37H (w2)]
< fi = ol €+ + %)

1
T2 1= felleo.

IAIA

IN

Similarly, v; is a fixed point of F; o G; : [-10721,10729] — [-10725,10~ 2], and
the same argument gives that |v; —va| < (1 —€2)71||g1 — g2/leo Where g; = F; 0 G;.
Since ¥, is 2-Lipschitz, this means that

d(Py, Pp) < (|[G1o F1 — G20 Fylec + [[F1 0 G1 — F2 0 Ga|) -

1— 2
Now

|F10Gi — Fy0Gslec < ||F10G1 — F10Galleo + ||[F1 0 Ga — Fr 0 Ga||
< Lip(F1)[|G1 = Galloo + [|1F1 = F2 |l
[G1o F1 — Ga 0 Fyllee < Lip(G1)[|F1 — Flleo + [|G1 — G2l

Since Lip(F;), Lip(G;) < €2, d(P1, Py) < 2(1+e) [dist(V¥, V3) 4 dist(V%, V5')]. The

1—e2
coefficient is less than 3 for all € small enough. For such e, P is a 3-Lipschitz

function of V% V5.
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Finally, we analyze the angle of intersection at P. We assume throughout that
cissosmall that 0 <t <e= "2 <1—t < 1+t < e?. In what follows we drop
the subscript « in || - ||,.

Let v = (v,w) be the ¥,—coordinates of P (i.e. P = ¥, (v)), and write E* =
E*(x), E* = E*(x). The following identities hold:

LB ) = £((a0,)oc", (4%, )oc?). whereef(é)vandez:(f)

LV, V") = £((dT,) 0, (d0,),0"), where v° = (Fll(v)) and v" = (Fliw))

It is not difficult to see that the admissibility of V*, V* and the inequalities |v|, |w| <
102y imply that |F'(w)], |G’ (v)| < n?/3.

sin £ V) sin £((dY, )EE J(d¥y)pv™)
We begin with the estimate of @mKEES Eug = S (AT )T (AT o) By (A.5),

(A¥2)oe [[[(d¥)oe?|
(A2 )u0® [ [[(dPa) ]|

sin£(B%, B")  sind(el,e) el[[[e2] " det(d¥,)o |(d

sin£(VE, V) sin&L(vs,0%)  |jo]|jvY] det(d¥,)
€

First factor: The first factor equals sin £(v®,v*). Using the formula for the sine
of the difference of two angles it is not difficult to see that

L1 P
||vs||||vu||dt(F’<v> 1 )

28/3

sin £ (v%,v") =

Since |F'(v)], |F'(w)| < n®/3, the first factor is e*2"

Second factor: Since |F'(v)|, |F'(w)| < n®/3, the numerator is =7 Since the

. . . 23/3
denominator is equal to one, the second factor is e "".

Third factor: det(dV,), = det(dexp,)c, ()v-det Cy(z), and det(d¥;)o = det Cy(z),
therefore the third factor is equal to det(d exp,)c, (x)v-

The exponential map on M is smooth, and det(d exp,)o = 1, therefore there
exists a constant K7 which only depends on M s.t.

|det[(dexp,)u] — 1| < Killul for all z € M and |Ju| < 1.

Since Cy(z) is a contraction (Lemma 2.5) and [[v|| < 27, det(dexp,)c, (z)p = 1 £
2K1n. Since 0 < n < ¢, 2Kyn < /7 for all € small enough. For such ¢, the third
factor is e*V7 (provided ¢ is small enough).

Fourth factor: Find a global constant Ky s.t. |[(©pdexp,), —Id| < Ka||u| for
allz €D e 2 and |ul]| <1 (cf. §3.1).
Write u = Cy (z)v, and choose some D € & which contains ¥,[Rg_(5)(0)], then
185 (d¥;)uv” — ©p(d¥s)ec' || < |Op(d¥s)y — Op(d¥s)oll||v’]
+10p(dPa)oll[lo® — &'
< [©n(dexp, )y — I [[[[Cx () [[[lw”]] (A7)
+2[|Cy()[lv® — €]
< 3Kyn+20°/3,
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because C, () is a contraction, |v|| < 27, and v® = (Oi;3/3)' Consequently,
1(dW,)p®|| — [[(d¥4)ee ||| < (BK2 + 2)n?/3. Since also
[(d¥2)oet | = [Cx(@)e | = Oy ()17 (A.8)
1(d¥s)o0®]|

Taweem — 1| < 3Kz +2)[ Oy ()~ /.
Since n < Q.(x) and Qu(z) < £3/7C(x) 1] 71217,
ICy () M3 < || Cy () P12 - P4 < AP, (A.9)

It follows that for all € small enough, % = exp [i (%nﬁ/ 4)} . How small

depends only on K5, and therefore only on the surface M.
Similarly, one can show that % = exp[:t%nﬁ/ 4], with the result that the
fourth factor is exp[+Zn?/4].

Putting all these estimates together, we see that
sin L(V¥, V#) 28 2
smalv Vo) _ H(928/3 4 28/3 2084
sin Z(E°. E7) eXp[ @+ 0™ 4 i+ )

inB

Since 0 < n < ¢, for all € small enough, this is e "*. How small just depends on

Kl, KQ, and ﬁ
Next we estimate | cos £(V*, V") — cos £L(E®, E*)|. This is equal to

((dP)ov®, (dPs)pv")  ((d¥s)oe’, (d¥s)oe?)
[(dWs) s ||[[(dV2) 0] [[(d¥s)oe [ (d¥s)oe?||

[ ((d¥y)u0°, (dPs)uv") | [[(d¥s)oe! |[[|(dP2)oe?| -~
= @) M@)ol ™ [1(d,) o | (d0,) 0| 1‘+
1 s u\ el 62
T e ] (7)o (00)o) = (o’ (o)
1(d%2) o0 [1(d¥2)or”|| | (P2 )oe! [I(d¥2)oe]| ‘+
= 1 @%2)oe[[[(d¥2)oe?|l [ 1(dWs)uv?|[[|(dWa)yv|

1 S
(@ o (00 Joe?] s () e
By (A.8) and the estimate of the “fourth factor” above, this is smaller than
B/4 — s u
'77[3/4+HC><(I) 1”2 ‘<(d‘1lw)gy( (V) > - <(d‘l/$)ggl, (d\I/w)Q§2>’ . (A.10)
Since Op is an isometry, the difference of the inner products is equal to
‘<@D(dww)gﬂs7 @D(dwz)gﬂu> - <®D(d‘1’w)9§17 @D(d\l/a:)Q§2>‘

_|_
I

2
e3’

< [|0p(d¥s)uv" — Op(d¥s)oe’ | - [[(d¥a),v" |
+110p(d¥s)oe || - [©p(d¥s) 0" — Op(d¥y)oe’|
< 3(/|1©p(d¥,)wv°* — Op(d¥,)ee || + [|©p(d¥,) 0" — Op(d¥y,)oe?||)
<3(19p(d¥.)ullv° — €| +2[Op(d¥s )y — Op(d¥.)ol|
+ 10p(dP,). [[lv* — e2[l)
< 3[20°% + 2 2Kym 4 20973,



SYMBOLIC DYNAMICS FOR SURFACE DIFFEOMORPHISMS 69

because O is an isometry, ||d¥,[| < 2 on Rg_(,)(0), and [lv*/*—e'/?|| < /3. Thus
|<(d\I/z)£QS, (d\I/z)Qy“> — <(d\I/I)Qg1, (d\I/m)gg2>| < K3nP/3, where K5 only depends
on M. It now follows from (A.10) and the inequality n < € that

|cos £L(V, V") —cos £L(E*, E")| < 6%63/477’6/4 +|Cy (@) 7Y - KanP/3.
We now argue as in (A.9) and deduce that
|cos £(V*, V") —cos £(E®, E*)| < (e§53/4 + Ksel/4)pP/,
This is smaller than 27%/4, for all € small enough. ]

Proof of Proposition 4.12 (Graph Transform) The proof is a straightforward
adaptation of the arguments in [KM)] and [BP, chapter 7] (see also [P]).

Let V* = W {(F(t),t) : |t| < p"} be a u-admissible manifold in ¥2"?". We
denote the parameters of V" by o,7, ¢, and ¢, and let n := p* Ap®. V* is admissible,
SO

1 1
0 < 5,7 < g0’ <107, g =p", and Lip(F) <, (A.11)
see Definition 4.8 and Equation (4.2).

We analyze I') := \I/?;l[f(V“)] C R2, looking for parameterizations of large

u—sub-manifolds. Notice that

Iy = faylgraph(F)],
where fo, = ¥, ' o f oW, and graph(F) := {(F(t),t) : [t| < q}.
Since V" is admissible, graph(F) C Rg_(;)(0). On this domain, f,, can be
expanded as follows (Proposition 3.4):
fay(u,v) = (Au + hy(u,v), Bv + ho(u, v)) (A.12)

where C'f_l < |A| < e™X, eX < |B| < Cy; and h; are C' 5 functions s.t. |h:(0)] <
en, |[Vhi(0)| < en®/3, and ||Vhi(u) — Vh;i(v)|| < ellu—2v|?/3. Necessarily, ||[Vh;| <
enPl3 + e[V2Q.(2)]P/3 < 3eQ.(2)P/3 and |h;| < en + 3eQ.(2)?/3 - Q.(x). Since
n < Qc(z), and Q.(z) < £%/P, the following holds for provided ¢ is small enough:

|Vhi|| < 3¢% and |h;| < £* on graph(F). (A.13)
Using (A.12), we can put I} in the following form:
Ly = {(AF(t) + hi(F(t),1), Bt + ha(F(1),1)) : [t| < q}. (A.14)

The idea is to call the second coordinate 7, solve t = ¢(7), and substitute the result
in the first coordinate.

Claim 1. The following holds for all e small enough: Bt + ha(F(t),t) = 7 has a
unique solution t = t(7) for all 7 € [—eX~VEq, eX~VEq], and

(a) Lip(t) < e*;

(b) [#(0)] < 2en;

(c) the C#/3-norm of ¢’ is smaller than |B|~'e%.

Proof. Let 7(t) := Bt + ho(F(t),t). For every [t| < g,
7' ()] > |B| = max [[Vha| - [(F'(), )] > |B] = 3e*V1 +¢e? (. (A.13),(A11))
> |B|(1 -3V 1+¢2) (|B] >eX>1)

> e °|B| > 1 provided ¢ is small enough.
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It follows that 7 is e~¢|B|-expanding, whence one-to-one.

Since 7 is one-to-one, 71 is well-defined on 7[—q, q]. We estimate this set. Since
7 is continuous and e ¢ B-expanding, 7[—¢,q] D (7(0) — e ¢|B|q,7(0) + €°|Blq).
The center of the interval can be estimated as follows:

17(0)] = [h2(F(0),0)] < [h2(0)] + max || Vha|[ - [F(0)]
< en+3e2-1073) < 2en (admissibility and (A.13)).

Recall that n = p* A p® < p* = ¢, therefore |7(0)| < 2eq. Since |7'| > e ¢|B|,

7[=4,4] 2 [22q — e77|Blg, =2eq + 77| Blq] 2 [=(|Ble™" — 2¢)q, (|Ble™" — 2¢)q]
2 [—[Bl(e™ = 2¢)q,|B[(e™° — 2¢)q].

Since |B|(e™% — 2¢) > eX(e™2 — 2¢) > eX~VZ for all € small enough, 7! is well
defined on [—eX~Veq, eX~VZ(].

Since t(-) is the inverse of a | Ble~*—expanding map, Lip(t) < e*|B|~1 < e7x*¢,
proving (a).

We saw above that |7(0)| < 2en. For all € small enough, this is (much) smaller
than eX~Veq, therefore 7(0) belongs to the domain of ¢. It follows that

[t(0)] = [t(0) — t(7(0))] < Lip(t)|7(0)| < e™X*= - 2en.
For all & small enough, this is less than 2en, proving (b).
Next we calculate the C#/3-norm of #'(-).

We remind the reader that the C%norm of ¢ : [—¢,q|" — R% (0 < a < 1) is
defined by [|¢]|a := [|¢]lco + Hola(p), where

Hol, (¢) := sup {HSD(U)_SD(U)” cu,v € [—q,q]™ different} .

lu — 2|

The following inequalities are easy to verify:

(HL) [|o-Plla < lellalldlla for all v, ¢ € C¥[—q,q];
(H2) [[¢oglla < |l@lloo + Hola () Lip(g)® for all ¢ a—Holder and g Lipschitz;
(H3) In case dz =1 and [l¢[la <1, [[1/(1+@)]la < (1= [lfla) 7"

Differentiating the identity s = 7(t(s)) = Bt(s) + h2(F(t(s)),t(s)) w.r.t s, we
obtain after some manipulations

1Oy Ohy

t'(s) = B! (1 +B7 - (F(t(s)),t(s)) F'(t(s)) + BlazJ(F(t(s)),t(s))) .

We write this in the form ¢/(s) = B~1(1 + T'(s)) !, where

_p 19 Oha

T(s):=DB o (F(t(s)),t(s)) F'(t(s)) +B’la—y(F(t(s)),t(s)).
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By (H3), it is enough to find ||T||g/3. Here is the estimation:

H 6h2 ), t(s)) H H Ohs + Holg3(Vha)[Lip(F o t, H)p3 - (H2)
8/3 -
<362 4 ¢ - [Lip(F)2(Lip(t))? + (Lip(£))%)*/°
<3e? 4 e[Ve2 +1(eF|B7HPB - (A1), (A13)
< g, provided ¢ is small enough.
H ah2 ), t(s)) H < ¢ (same proof).
B/3

1E" (#())llg /5 < I1Flloo + || F" [l /3 Lin(8)*/? (see (H2) above)
<o 40 (eX)P/3 <1 provided e is small enough.

Putting these estimates together, we see that ||T||3/3 < 2¢. It now follows from
(H3) that [|t'|| 53 < |B|~'(1 — 2¢)~!. This is smaller than ¢3¢|B|~" for all & small
enough. This proves (c), and completes the proof of the claim.

We now return to (A.14). Substituting ¢ = ¢(7), we find that
Ly 2 {(G(r),7) : 7] < X Vog),

T):
where G(7) := AF(t(7)) + h1(F(¢(7)),t(r)). Claim 1 guarantees that G(7) is well-
defined and C'*A/3 on [—eX~VEq, eX~VEg]. We find the parameters of G.

Claim 2. For all £ small enough, |G(0)] < e XTVe[p 4+ \/2(¢* A ¢*)], and |G(0)] <
1073(¢g" A q°).

Proof. Claim 1 says that [t(0)| < 2en. Since Lip(F) < ¢, |F(0)] < ¢ and ¢ < 1073y,
|F(t(0))| < ¢ + 2e%n < n provided ¢ is small enough. Thus

[G(O)] < |A] - [F(#(0)] + [p1(F(2(0)), £(0))]
< [Al(p +2¢%n) + (|71 (0)] + max [ Vhy || - [|(F(£(0)), (0))]]]

< |Al(p +26%n) + [+ 36 ViP + 2en?] (2 IF(0)] < )
<|A| {<p+77(2€2—|—6—|—382\/1—|—4€2)} :

Recalling that |A] < e™X and n = (p* Ap®) < e®(¢" A ¢°) (Lemma 4.4), we see that
|G(0)] < e™XT¢[p + 2e(q" A ¢°)] for all € small enough.

Since < 1073(p* A p*) < 1073e (g% A ¢°), |G(0)| < e XTE[1073 + 2¢](q“ A ¢°).
This is less than 1073(¢g% A ¢*) for all ¢ sufficiently small. The claim follows.
Claim 3. For all € small enough, |G'(0)] < e 2XVE[y 4 F/3(¢* A ¢°)P/3], and
G'(0)] < 5(g" A a®)?/2.

Proof. |G'(0)] < [t'(0)|[IA] - [F'(£(0))] + [ VA1 (F(£(0)),£(0))]] - [[(F'(£(0)), 1)]], and
e |t/(0)| < Lip(t) < e x*¢ (Claim 1).
o |F'((0))| < v+ 2e%/31P/3, because by Claim 1(b)

| (t(0)] < [F'(0)|+HoLs 3 (F")[E(0)|*/* < y+0-(2en)*/® < 4457297/
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o VA (F(t(0)),t(0))]| < 3en®/3, because |F(t(0))| < n (proof of Claim 2),
and [t(0)] < 2en (Claim 1), so by the Holder regularity of Vh;,

[Vh (B (E0)). 40 < (VA )]+ & (VIFGODP + 16O0P)
< 5775/34—6( 02+ (25,])2)!3/3 < 35775/3.

o [I(F'(t(0)),1)] < VI+eZ<2.

Putting these estimates together, we see that

2
G/ (0)] < e™XF5| A [7 + ggﬂ/?)nﬂ/?» + A7 3enf/3 2}
2
< em e {y + (355/3 + 60f5> nﬁ/?’} Ot <Al < e
2
< g7 2xte {’y + (36’8/3 + 66’,«5) e=PI3 (g A qs)ﬂ/ﬂ Cpt ApE < ef(gh A GE).

This implies that for all e small enough, |G'(0)| < e=2XT¢ [y 4+ #/3(q" A ¢*)P/3],
which is btronger than the estimate in the claim.

Since v < (p A p® )ﬁ/3 and (p* Ap®) < e®(q" A ¢°), we also get that for all €
small enough, |G’( )| < (g A ¢*)P/3, as required.

Claim 4. For all € small enough, [|G'[|5/3 < e”2F V[0 + /2], and ||G'|5/3 < 3-

Proof. Differentiating, we see that G’ = ¢'-[AF’ ot + %(Fot7 t)F’otJr%Lyl(Fot, t)].
By Claim 1 and its proof

o [t'llp/s < [BI7e*,

o |[F'ot|lg/3 < o, because ||[F'||3/3 < o and t is a contraction,

o |G (F ot,t)lgs <e, and |G (Fot,t)]gs <e.

Thus by (H1), ||G'|lg/s < |B|7'e* [|Alo +e0 +¢€]. Since o < 3, eX < |B| < Cy,
and C;l <Al < e, (|G lgyz < e 2T [0+ 2Ce] . If € is Small enough, then
G ll75 < =X FVE[o + V/e], and (|G| 575 < 5.

Claim 5. For all £ small enough, V* := \I/y{( (1),7) |7 < mln{eX Veq, Q-(y)}}
is a u-manifold in ¥,, the parameters of Vv satisfy (4.4), and V¥ contains a u-—
admissible manifold in \I/g e

Proof. To see that V¥ is a u-manifold in ¥, we have to check that G is C1+8/3
and |G|l < Q=(y)-

Claim 1 shows that G is C'T8/3. To see that ||G|lee < Q:(y), we first observe
that for all € small enough, Lip(G) < /¢, because

1
|G'| < |G'(0)] + Hols3(G)Q:(y)?/? < e + 3¢ < V, provided ¢ is small enough.

It follows that [|Gllos < |G(0)] + vEQ:(y) < (107% + VE)Q:(y) < Q=(y )

Next we claim that V% contains a u-admissible manifold in \I/q 4" Since
wert \I!g 4" g% = min{e®p*, Q. (y)}. Consequently, for every & small enough7

eX*\/Eq ‘fp > e p* > ¢, (A.15)
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so V¥ restricts to a u-manifold with g—parameter equal to ¢g*. Claims 2—4 guarantee
that this manifold is u—admissible in \Ilgu’qs, and that (4.4) holds.

Claim 6. f(V*") contains exactly one u—admissible manifold in \Ilgu’qs. This mani-
fold contains f(p) where p = ¥, (F(0),0).

Proof. The previous claim shows existence. We prove uniqueness. By formula
(A.14), any u—admissible manifold in \I/g“’qs which is contained in f(V") must be
a subset of

Uy {(AF(t) + ha(F(t),t), Bt + ha(F(t),1)) : [t| < q,[Bt + hao(F(t), 1)) < q"}.
We saw in (A.15) that for all € small enough, ¢* < eX~Veq. By claim 1, the equation
7= Bt + ho(F(t),1)
has a unique solution ¢ = ¢(1) € [—q,q] for all |7| < ¢*. Our manifold must
therefore equal W, {(AF(t(7)) +hi(F(t(7)),t(r)),7) : |7| < ¢"}. This is exactly the

u—admissible manifold that we constructed above.

Let F,[V*] denote the unique u-admissible manifold in ¥4"4" contained in
f(V*). We claim that F,[V"] > f(p) where p = U,(F(0),0). By the previous
paragraph, it is enough to check that the second coordinate of ¥ 1[£(p)] has abso-
lute value less than ¢*. Call this second coordinate 7, then

|7| = second coordinate of f,,(F(0),0) = |ho(F(0),0)]

< |h2(0)| + max | Vha|| - |F(0)] < en+3e% 1073y < e *n < (¢“ A ¢°) < g™

Claim 7. f(V*) intersects any s—admissible manifold in \I/gu’qs at a unique point.

Proof. Let W* be an s—admissible manifold in \I/gu’qs. We saw in the previous claim
that f(V*) contains a u—admissible manifold W* in \I/Zu’qs. By Proposition 4.11,
W* and W* intersect. Therefore f(V*) and W* intersect at least at one point.

We claim that the intersection point it unique. Recall that one can put f(V*%)
in the form

FV*) = W {(AF(t) + hi(F(t),t), Bt + ha(F (1), 1)) « [t] < q}.
We saw in the proof of claim 1 that the second coordinate, 7(t) := Bt + ho(F'(¢),1),
is a one-to-one continuous map whose image is an interval [a, §] with endpoints
a < —eX Vo < g%, B> eXVEg > g*. We also saw that |7/| > e~¢|B| > eX~°.
Consequently, the inverse function ¢ : [a, 8] — [—q, q] satisfies |t'(7)] < 1, and so
f(V*) =9, {(G(r),7) : T € [, 5]}, where Lip(G) <e.

Let H : [—¢",¢"] — R denote the function which represents W* in ¥,, then
Lip(H) < e. Extend it to an e—Lipschitz function on [a, 8]. The extension rep-
resents a Lipschitz manifold W* D W#. The same argument we used to prove
Proposition 4.11 shows that f(V*) and W* intersect at a unique point. We see
that f(V*) and W* intersect at most at one point.

This completes the proof of the proposition, in the case of u-manifolds. The case
of s—manifolds follows from the symmetry between s and u—manifolds:

(1) V is a u—admissible manifold w.r.t. f iff V' is a an s—admissible manifold
w.r.t. f~!, and the parameters are the same.
(2) WP W k. fff W URP ot L O
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Proof of Proposition 4.14. We prove the proposition for F,, and leave the case
of Fs to the reader.
Suppose \Iﬂm’“ P \Ilg“’qs, and let V" be two u—admissible manifolds in \I/I;“’PS.
We take € to be small enough for the arguments of the previous section to work.
We saw in the previous section that if V; = U, {(F;(¢),t) : |¢t| < p“}, then
FulVil = W {(Gi(7),7) : [7] < ¢"}, where
Gi(7) = AF(ti(7)) + ha(Fi(ti(7)), :(7));
ti(T ) is defined implicitly by Bt;(7) 4+ ho(F;(t;(7)),t:(7)) = 7, and |t} < 1;
C <|A| <e X, eX < |B| < Cy;
|hi(Q)| < e(p* Ap®), Holg/3(Vhy) < e, and max || Vh|| < 3e2,
In order to prove the proposition, we need to estimate |G —G2||oo and |G} — G4l
in terms of ||F} — F3||eo and [|F] — F}||oo-
Part 1. For all € small enough, ||t; — t2]lco < €]|F1 — F2l|co-
By definition, Bt;(7) + ha(F;(t:(7)), t;(7)) = 7. Taking differences, we see that
[B| - [t1 — to] < [ha(F1(t1), 1) — ha(F2(t2), )|

<],

|Fi(t1) — Fa(t2) |+ |t1 — t2

oo

< 35 |F1(t1) Fy(th)| + |F2(t1) Fz(t2)| + |t1 — tQD

<32 (| Py — Falloe + (Lip(Fy) + 1)lta — t2])

< 3e?||Fy — oo +38%(1 +€)|ts — tal, see (4.2).
Rearranging terms, and recalling that |B| > eX™¢, we see that

3e%(| F1 — Fal|oo
—e—3e2(1+¢)

[[t1 = talloo <

The claim follows.
Part 2. For all £ small enough, |G — Gzloc < e %/2||F) — Fy||o0, whence (4.5).
Subtracting the defining equations for G;, we find that
|G1 = Ga| < |A[ - [Fi(t1) — Fa(t2)| + [ha(Fi(t1), t1) — ha(F2(t2), t2)]
<A |Fi(t) = Fa(to)| + IV [V (1) = Fa(t2) 2 + [t — tof?
< (|A] +3¢%)|[Fi(t1) — Fa(t2)| + 3|t — to
< (| + 33 (|F1(t1) = Fa(t)] + |Fa(tr) — Fa(ta)]) + 33|t — to]
< (JA| +3e*) (| Ft — Falloo + Lip(Fo)|t1 — t2|) + 32|t — tof
< (JA| +3e?) (1 +e-e+ 3% ¢)||[F1 — Fs|oo, see part 1
< |A|(143Cse*)(1 +€° + 3¢%)|| F1 — Fallos
< e X(143Cre?)(1+ €% + 36°) | F1 — F|oo-

It follows that for every ¢ small enough, ||G1 — Galle < e X/2||F} — F3||oo-
Part 8. For all € small enough, ||t} — th]lco < VE(|F] — F3llco + || F1 — FgHéZg)
Differentiating both sides of the defining equation of ¢; gives

Ohs Ohs
t; B+%(Fioti,ti)F oty + oy 2(Fyot; t;)| =1.
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Taking differences, we obtain after some re-arrangement

Oha Oho
(ty =) | B+ 5= 2(Froty, t)F oty + —— 5 2(Frotit)| =
Y
[Oh h i
—th 82(F1 oty,t1) — a;(ontz,tz)_ Fioty =:1
/ah2 / ’ / /
_tzg(ont%tz)[(Fﬂtl—F2°t1)+(F2°t1_F2°t2)] =11
[Oh oh |
—t2 i ay2 (F1 Otl,tl) 8/y2 (FQ Otg,tg)_ = III

Since |B| > eX, |F{| <1 and ||[Vha|| < 3¢2,
145~ thlloo <~y T+ 04 11T
ex — 6e? o
Since I, 1T and III involve partial derivatives of hg evaluated at (F; o t;,t;), we
begin by analyzing Vhy(F; ot;,1;). Since Holg/3(Vh;) < e,

o |Vho(Fyoti,t1) — Vha(Fyoty, t1)|| < | Fy — Fo||/ 2%
[ ] thQ(FQ Otl,tl) — VhQ(FQ Ot2,t1)|| S €||t1 7t2||ﬁ/3 (because Llp(FQ) < 1),
o || Vho(Fyota,tr) — Vho(Faota,ts)|| < ellty — ta]| 213

By part 1, [|t1 — t2]|co < €||F1 — F2||oo- It follows that

Vho(Fy oty ty) — Vha(Fy o ta, to)|| < 3¢||Fy — Fy|?/3.

Using the facts that |t}| < 1, |[F{| < 1, Lip(#:) < 1, and Holg/3(F3) < 1 (see the
definition of admissible manifolds and the proof of Proposition 4.12), we get that

1] < 3¢|| Fy — B2/
11| < 3¢ (||F] — Filloo + |1t — t2)|2?) < 36%| Y — oo + 32| Fy — F2||2/%;
ITIT| < 3¢||Fy — F|| /2.
So for all & sufficiently small, ||t} — t5]lec < VE(|F] — Fhlloo + [ F1 — Fl|5%).
Part 4. |Gy — Gylloe < eX/2(|F{ — Fhlloe + ||F1 — F2|I2%).

By the definition of Gy, G} = tj[AF] o t; + G2 (F; ot;, ;) F] o t; + G2 (F; oty t;)].
Taking differences, we see that

oh oh
G, — G| < |t) —th]- ‘AFI’ oty + a—;(Fl oty t1)F oty + 8—;(5 oty b)) =T
+|t/2||A|(‘F{Otl—FQIOt1|+|F2/Ot1—F2/0t2|) = II’
oh oh
+ |t 8—;(Flotl,tl)—a—:;(ontQ,tg) |F oty . TIr
Oh
+ [ta] 81(F20t2,t2) |F{ ot; — Fj oty =1V’
ahl ahl
t Fyoty,t Froty, t =V
+ [ta] ay(lolvl) 8y(202’2)
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Using the same arguments that we used in part 3, one can show that
U< [t = thlloo(e™ + 62) < VE(IF] = Fylloo + 111 — F2[|5%)
I < e X(||F] = Fjlloo + Ilt1 — ta]|2%) < e (| F{ — F3llow + || F1 — F2]|%/%) (paxt 1)
M1 < 3¢||Fy — F,||/? (see the estimate of T in part 3)
IV' < 3¢%||F] — F3loo 4 3% || F1 — F||%/? (see the estimate of IT in part 3)
V' < 3¢||Fy — F5||/3 (see the estimate of III in part 3).

It follows that |G} — Ghllse < (€7 + 106 + &) (|F} — Filloe + | Fy — Fo||2*). 1 &
is small enough, then ||G}, — Ghlleo < e X/2(|F} = Fl|loo + |1F1 — F2||2%). O

Proof of Proposition 6.3 The following proof is based on [BP, Chapter 7].
Suppose V? is an s—admissible manifold in \Ilg,u@s which stays in windows, then
there is a positive chain (W5 );>q s.t. W5y = W2 and there are s-admissible
manifolds W in W5 ¥ s.t. f{(V*) C W for all i > 0. We write
o V=W, {(t Fo(t)) : [t] < p°},
o Wi =W, {(t Fi(t)) : [t] < pj},
o 1 :=pi Ap;.
Admissibility means that ||[F/||g/3 < &, [F/(0)] < 1pP’% and |F;(0)] < 1073 By
Lemma 4.4, e=¢ < n;/m;11 < €. By (4.2), Lip(F;) < e.
Part 1. If € is so small that e X + 42 < e X/2) then for every y,z € V?,
d(f*(y), f*(2)) < 6pge—2*x for all k > 0.
Proof. Since V* stays in windows, f¥(V*) C W, [Rg_(z,)(0)] for all k > 0. There-
fore, for any y, 2 € V*, one can write f*(y) = Uy, (y,) and fE(2) = Wy, (24), where
Y, = Wi Fi(yr)), 21 = (21, Fi(21)) belong to Rg, (x,)(0).
For every k, Y1 = fLle(Qk) and Zg+1 = flklk+1(§k)v where f-'Elc-'Elc+1 =
V-l ofoW, . By (3.3),

Thk+1

frkmk+1 (v,w) = (Agv + h1 (v, w), Byw + ha(v,w)) on RQs(xk)(Q)a
where C;l < |Ag| < e7X, eX < |By| < Oy, and max ||Vh;|| < 3% Thus

k1 — 21l < Akl - [yn — 2kl + 32> (Jyn — 2x] + Lip(Fy)|yr — 2xl)

< (e7X 4% yp — 2] < e Xy — 2| <o < e BEFIX|yg — ).

Since Yy Zo are on the graph of an s—admissible manifold in \1155;”’ ‘S’, their x—
coordinates are in [—p§, p], so |yo — 20| < 2p§. Thus |yr — 2| < 26*%’“Xp8. Since
Y, = W Fe(ur)), 21, = (21, Fr(21)), and Lip(Fy) < ¢, [ly, — 2]l < 3pge™ kX
Pesin charts have Lipschitz constant less than two, so d(f*(y), f*(2)) < GpSe_%kX.
Part 2. Suppose ¢ is so small that e™X 4 3¢2 + 3¢2 < e~3X and Cre+3¢? < 1. For

every y € V*, let e*(y) denote the positively oriented unit tangent vector to V* at
y. If y € V*, then ||dffe®(y)|| < 66_%kXHCX($0)_1|| for all k£ > 0.

Proof. If y € V*, then f*(y) € Wi C Ve, [Rg. (2,,)(0)]. Sod, 5Q<g(y) = (d¥,, )Ek (Z:)
where (Z}’j) is tangent to the graph of Fy. Since Lip(F)) < ¢, |bi| < €lag]| for all k.
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The identity (‘;]’:i) (dfspwrss )y, (55) holds. Since [[Vh;|| < 32,

(a,m) A+ By, 9u(y,) <ak> B <(Ak + 3¢2)ay, i3g2|bk>
bi1) 2 (y,) B + %’3 (y,) bi)  \(Bk % 3e2)by £ 3e2|ay| )
It follows that |agi1] < (JAx| + 32 + 3¢®)|ax|. By the bounds on Ay and By, and
the assumption on ¢,
lax| < e_%kx|a0| and |bg| < elag| < e_%kx\a(ﬂ.

Returning to the defining relation dffe®(y) = (d¥sy)y (a”:), and recalling that
[|[d¥,, || <2 (Theorem 2. 7) we see that ||dfk Sy < Q\fe 3kX|qq).

Since (20) = (dWa,); " (u), laol < 401}, so dffe* (y)]| < 2vFe~Ebx|aw .

For every z, |[d¥ 1|| < 2[|Cy(x)7"|| because Cy(x)~" maps Bj, (,(0) into
Byes/6(0) C Bao(0) C Byan(0), provided e < $p(M), and by the definition p(M)
is so small that |(dexp;'),|| <2 for all z € M and y € B,a)(0).

It follows that ||df*e®(y)|| < 6]|C, (o)~ [le~5Fx.
Part 3. The following holds for all £ small enough: for all y,z € V*® and n > 0,
|log [|dfye*(y)|| — log|ldfZe®(2)|l] < Q=(xz0)?/*.
Proof. Call the quantity to be estimated A. For every p € V*,

4716 ()] = 1 e ()] = £ D] - 4 e ()]
n—1
=== H ldf e (FE@)I - 5 (F™ ().

o | < log d7n (P ~ og o " (4C)
We shall estimate the sum term by term, using the Holder continuity of df.

In section 3.1 we covered M by a finite collection 2 of open sets D, equipped
With a smooth map Op : TD — R? s.t. Op|r,ar : ToM — R? is an isometry, and

= Op' gz : R? — T'D has the property that (z,v) +— ¥,(v) is Lipschitz on
D x B1(0). Since f is a C1TP-diffeomorphism and M is compact, df,[v] depends
in a f—Holder way on p, and in a Lipschitz way on v. It follows that there exists a
constant Hy > 1 s.t. for every D € &, for every y,z € D, and for every u,v € R?

log [|dfy (0y (w))]| = log ||dfz(19z(v))|‘ < Ho(d(y, 2)” + |lu—ul]).

Choose Dy, € 2 s.t. Dy > f*(y), f¥(2). Such sets exist provided e is much
smaller than the Lebesgue number of 2, because by part 1 d(f*(y), f*(2)) < 6e.
Writing Id = ©p, o Jyx(,) and Id = Op, o Jk(.), we see that

Thus A =

of length one,

n—1

A<y [log lldf 1) P pr () O (F* (W))| = log [|df pr (29 g (2O e (FF ()]
k=0

I A

i Ho (d(F*(9), £5(2))" + [©p,e* (£ (3)) — O e*(f* ()]

n—1

< M +Ho 3 [©0,€"(£1(4) = O, ()], by past 1. (A.16)

=1,
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We estimate Ny, := [|©p,e*(f*(y)) — Op,e*(f*(2))[. By definition, e*(f*(y))

and e*(f*(z)) are the positively oriented unit tangent vectors to f*(V*) Cc W, at
f*(y) and f*(z). Defining y, and z, as before, we obtain

d\Ilwk /1 d\I/a:k z /1
() = o) ) o el
1% )y, (i)l 1(d%2,)z, (7 20
We saw in part 1 that ||(d\IIIk)y_1|| and ”(d\pm)z—le are bounded by 2||Cx($k)_1||a
L =r

—1||—1.

so the denominators are bounded below by 3||Cy(z) Since for any two

o/ vl = w/llull]] < 2llv —ull/|lvll,

M < 210w [0, @, ()~ O, ()|

non-zero vectors v, u,

On Dy we can write ¥,, = exp,, ol;, o Cy,, where ¥y, o Cy, = Cy (). Let

1 1
wy = Oy (@n)y == Cy ()2, and vy = Co, (F,;(yw) 8 3= O <F,;(Zk>>’

then N < 2/|Cy (@)~ - ||©, (dexp, Ju, 02 (24)] = O, (dexp, Jug [0 (23]
Since ©p, ¥, are isometries, Cy, are contractions, ||(dexp,, ), || < 2, and | F} (yx)—
Fy(zx)| < glyx — 2?72,

Nie < 2/Cy (1) - O, (dexpy, u, [0, ()] ~ O, (dexpy, u, [0 ()] +
+ 2 Coi) - [, (dexpy, ), ey (24)] = O, (dexp, Jug [0 (1]
< 2/|Co () M| - yn — 2]+
+2/|C (@) - | @0y (dexp, u, [0, (01)] ~ O, (dexpy, Jug [0, ()] -

We study this expression. In what follows we identify the differential of a linear
map with the map itself.

By construction, the map (z,u,v) — [Op o (dexp,)u] [J4(v)] is smooth on D x
B5(0) x Bs(0) for every D € 2. Therefore there exists a constant Fy > 1 s.t. for
every (z,u;,v,) € D x B2(0) x B2(0) and every D € 9,

y 2y g

[©p(dexp,)u, [02(01)] = Op(dexp, )u, [V (W)l < Eo(lluy — wall + lluy — vall).
It follows that

N < 201 Colw) ™ - (I = 26/ + Bo (g — ]l + g — 41
< 20Cy () 1 (e = 2617 + Bo (Ily, — 2l + Iy — 2177%))
< 6Eo|[Cy (o) " lly, — 2l (B > 1)
< GEOHCX(xk)_l||(3p8)6/3e_éﬂxk because [ly, — 2z, < 3p86_%k’< (part 1)
< 9B0|Ci () 1) /e EE.

By the definition of Q.(), ||Cy(zx)™t| < e¥/4Qc(zy)P/12 < eV/4(p3)=P/12,
and therefore IV, < 951/4E0(p2)*ﬁ/12(pg)ﬁ/‘ge’%ﬂxk. Since (W5 "*);cz is a chain,
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p; = min{e*p;, |, Q- (x;)} < e°pf ., for all 4, whence p§ < ekeps. Tt follows that for
all € small enough,

Ni < 94 Ey(pg)P?/* exp[— 3 Bxk]. (A.17)
Plugging this in (A.16), we obtain

dfres B 5\33/4 1/4
‘1 [dfy e ()l < (6 Hy(pj) 9e E0H0> (pg)?/*

o8 [dfres(2)] = \ 1—e 2hx 1— e 78x
9e38/4 By Hy
= Y B/4
<< 1_6_;5)()@8(370) .

The term in the brackets is less than one for every € small enough. How small
depends only on M (through Ejy), f (through Hy and §), and x. d

Proof of Proposition 6.4 We continue to use the notation of the previous proof.
Assume that VN U® # &. We show that V® C U® or U® C V*.
Since V¢ stays in windows, there is a positive chain (\Iﬂ;if"p?)izo such that
qxﬁ?’pf = UP"?" and such that for all i > 0, f{(V*) C W? where W# is an s—

K] K]
u S
admissible manifold in Whi ¥+ .

Claim 1. The following holds for all & small enough. f"(V*) C ¥z, [R1q, (s,)(0)]

n

for all n large enough.

Proof. Suppose y € V*, and write as in part 1 of the previous proof, f™(y) =
V., (y,) where y = (Yn, Fn(yn)) and F, is the function which represents Wy in
U, . We have Ypir = Jrnwni (gn)7 which implies in the notation of the previous
proof that if € is small enough, then

a1l < 1Anl - lyal + iy, )| < 1Al Iyl + R @] + IV (] + [ Fn(y)])
< € Xyal e + 3%yl +p3) < (7 + 3 | + 2P,
< (e7X + 362 |yn| + 2e min{e®ps, 1, Qc(z,)}
< (7% + 362 |yn| + 26%eps 1 < e X2y, | + depl 4.
We see that |y,| < a, where a,, is defined by induction by
ap := Qc(x0) and an 41 = e ¥ ?a, + 4epi, ;.

We claim that if ¢ is small enough, then a, < ipfI for some n. Otherwise,
ps < 4da, for all n, whence anp41 < (e_X/2 + 16¢)a,, for all n, which implies that
an < (e72X416¢)"ag. But by assumption, a, > 15 > 1(PLAPS) = Te " (pY Apg)
(Lemma 4.4), so necessarily e=® < e~X/2 4 16¢. If € is small enough, this is false
and we obtain a contradiction. It follows that In s.t. a, < %pfl.

It is clear from the definition of a,, that if € is small enough then a, < %pfl ==
Upy1 < %prH. Thus a, < %p;"; for all n large enough.

In particular, |y,| < $Q(z,) for all n large enough. Since Y, = Un, Fn(yn))
and |F, (yn)| < |[Fn(0)] + Lip(F)|yn| < (1073 +€)Qc(wn), ”ﬂnH < %Qs(xn) for all
n large enough.

Claim 2. The following holds for all ¢ small enough: f"(U®) C ¥, [Rg_(s,)(0)] for
all n large enough.
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Proof. U?® stays in windows, so there exists a positive chain {\Ilgz;’qf }i>0 such that
glod — \I/qu"f and such that for all i > 0, fi(U®) is a subset of an s—admissible

manifold in \I/ql :

Let z be a pomt in U° " V?® By Part 1 of Theorem 6.3, for any w € U?®
d(f™(2), [ (w)) < 6g5e~2"X. Therefore f*(2), f™*(w) € Bq. (z,)+6q (2n) € Bre(an).
If e < 1p(M) (cf. §2.3), then [|exp; [f"(2)] — expg ' [f™(w)]|| < 12e~ 2GS 50

[ W2 1™ ()] = W )] < IO () M| - 1267 2™ g3,

Since pj, < Q. (2n) < [Cylwa) |71, [ @517 (2)] — WAL )] < 12(05) " gge Eo~.
Since {W5: " }icz is a chain, pf = max{ep, |, Q-(z;)} < e°pf ., for all i. It
follows that p§ < e™p;, whence

H M) =S H <12 (p ) e~ 2™Xtne 5 0 exponentially fast.
0

w
n n— oo

Since Qe (z,) > (p% Aps) > e =" (py§ A pj), for all n large enough

w5 " ()] = W )] < o).

How large depends only on (p§, pg) and g.

Since, by claim 1, [[W1(f™(2))|| < $Q<(zy) for all n large enough, we have that
[C-H(f™(w))|] < Qe(wy) for all n large enough. All the estimates are uniform in
w € U?, so the claim is proved.

Claim 3. Recall that V* is s-—admissible in 27" and U* is s-admissible in \I'gu’qs.

If p* < ¢® then V* C U?, and if ¢° < p® then U® C V*.

Proof. W.lo.g. p* < ¢°. Pick ng s.t. f*(U?), f*(V*) C V., [Ro.(x,)(0)] for all

n > ng, then fmo(V*), fro(U*) Cc W*:=V*® [(\I’%’pf)pno] (Proposition 4.15 (4)).
Let G denote the function which represents W* in ¥, , then W '[f"(U*)] and
21 [f™(V#)] are two connected subsets of graph(G). Write

frVe) =0, {(t,G()) : t € [o, B},
f1Ue) =¥, {(t,G(t) : t € [/, B']}

The manifold f™(V*) has endpoints A := ¥, (a,G(«a)), B := ¥, (8,G(B)), and
the manifold f™(U®) has endpoints A" := ¥, (o/,G()), B' .=V, (5',G(8)).

Since V* and U® intersect, f™(V?®) and f"(U*®) intersect. Consequently, [«, 5]
and [, '] overlap. We use the assumption that p® < ¢° to show that [«, 5] C
[, 3]

Otherwise a < o’ or 3 > . Assume by contradiction that oo < a’. Then A’ is
in the relative interior of f™(V*®). Since f is a homeomorphism, f~"(A’) is in the
relative interior of V*. Since f~"(A’) is an endpoint of U®, we obtain that U® has
an endpoint at the relative interior of V?.

We now use the assumption that x = y, and view V*® and U*® as sub-manifolds
of the chart ¥,. The endpoints of U® have s—coordinates equal in absolute value to
¢°, and the points on V* have s—coordinates in [—p®, p®]. It follows that ¢° < p®, in
contradiction to our assumption. The contradiction shows that a > «'. Similarly
one shows that 8 < ', with the conclusion that [a, 8] C [/, ']. Tt follows that
(Vo) C f~(U®), whence V* C U”. O



SYMBOLIC DYNAMICS FOR SURFACE DIFFEOMORPHISMS 81

ACKNOWLEDGEMENTS

The author would like to thank J. Buzzi, A. Katok, F. Ledrappier, and M.
Pollicott for useful discussions.

[AW]

[BP]

(BY]

[Be]
(B1]
(B2]
(B3]

[B4]

(BD]
[BFF]

[Bri]

[Bru]
[BT]

(BS]

[BSC]

[Bur]
[Bul]
[Bu2]

[Bu3]
[Bu4]

[Bu5]
[DN]

[F'S]

REFERENCES

R. Adler and B. Weiss: Entropy, a complete metric invariant for automorphisms of the
torus, Proc. of the Nat. Acad. of Sciences 57 (1967), 1573-1576.

L. Barreira and Y. Pesin: Nonuniform hyperbolicity: dynamics of systems with nonzero
Lyapunov exponents. Encycl. of Math. and Its Appl. 115, Cambridge UP (2007),
xiv+513pp.

M. Benedicks; L.-S. Young: Markov extensions and decay of correlations for certain
Hénon maps. (English, French summary) Géométrie complexe et systémes dynamiques
(Orsay, 1995). Astérisque 261 (2000), xi, 13-56.

K. Berg: On the conjugacy problem for K-systems, Ph.D. dissertation, University of
Minnesota (1967).

R. Bowen: Markov partitions for axiom A diffeomorphisms, American J. Math. 92
(1970), 725-747.

R. Bowen: Periodic points and measures for Aziom A diffeomorphisms, Transactions of
the Amer. Math. Soc. 154 (1971), 377-397.

R. Bowen: On Aziom A diffeomorphisms. Regional Conference Series in Mathematics,
No. 35. American Mathematical Society, Providence, R.I., 1978. vii4+45 pp.

R. Bowen: Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Second
revised edition. With a preface by David Ruelle. Edited by Jean-René Chazottes. Lecture
Notes in Mathematics, 470 Springer-Verlag, Berlin, 2008. viii+75 pp

M. Boyle, T. Downarowicz: The entropy theory of symbolic extensions, Invent. Math.
156 (2004), no. 1, 119161.

M. Boyle, D. Fiebig, and U.Fiebig: Residual entropy, conditional entropy and subshift
covers. Forum Math. 14 (2002), no. 5, 713757.

M. Brin: Hélder continuity of invariant distributions, in Smooth Ergodic Theory and its
Applications, edited by A. Katok, R. de la Llave, Ya. Pesin, and H. Weiss, Proc. Symp.
Pure Math. 69, AMS 2001, pp. 99-101.

H. Bruin: Induced maps, Markov extensions and invariant measures in one-dimensional
dynamics. Comm. Math. Phys. 168 (1995), no. 3, 571-580.

H. Bruin, M. Todd: Markov extensions and lifting measures for complex polynomials.
Ergodic Theory Dynam. Systems 27 (2007), no. 3, 743-768.

L.A. Bunimovich; Ya.G. Sinai: Markov partitions for dispersed billiards. Comm. Math.
Phys. 78 (1980/81), no. 2, 247-280. Erratum: Comm. Math. Phys. 107 (1986), no. 2,
357-358.

L.A. Bunimovich; Ya.G. Sinai; N.I. Chernov: Markov partitions for two-dimensional
hyperbolic billiards. (Russian) Uspekhi Mat. Nauk 45 (1990), no. 3(273), 97-134, 221;
translation in Russian Math. Surveys 45 (1990), no. 3, 105-152.

D. Burguet: C? surface diffeomorphisms have symbolic extensions, Invent. Math. DOI
10.1007/s00222-011-0317-8 (2011)

J. Buzzi: Intrinsic ergodicity of smooth interval maps, Israel J. Math. 100 (1997), 125-
161.

J. Buzzi: Markov extensions for multi-dimensional dynamical systems. Israel J. Math.
112 (1999), 357-380.

J. Buzzi: Subshifts of quasi-finite type. Invent. Math. 159 (2005), no. 2, 369-406.

J. Buzzi: Mazimal entropy measures for piecewise affine surface homeomorphisms, Fr-
god. Th. & Dynam. Sys. (2009), 29, 1723-1763.

J. Buzzi: Puzzles of quasi-finite type, zeta functions, and symbolic dynamics for multi-
dimensional maps, Ann. Inst. Fourier (to appear)

T. Downarowicz, and S. Newhouse: Symbolic extensions and smooth dynamical systems,
Invent. Math. 160 (2005), no. 3, 453499.

A. Fathi and M. Shub: Some dynamics of pseudo-Anosov diffeomorphisms, Astérique
66-67 (1979), 181-207.



82

Gu1]
Gu2]
[Hof1]
[Hof2]
[K1]
[K2]
[K3]
[KH]

[KM]

[Kel]
[Ke2]
[Ki]

[KT]

[PP]
[P]
[PSZ]
[Ru]
[Rut]
[Sal]
[Si1]
[Si2]
[Sm]
(Sp]
[Sr]

[Ta]

OMRI M. SARIG

T.N.T. Goodman: Relating topological entropy and measure entropy. Bull. London Math.
Soc. 3 (1971) 176-180.

B.M. Gurevi¢: Topological entropy of a countable Markov chain. Dokl. Akad. Nauk SSSR
187 (1969) 715-718. Engl. Trans. Soviet Math. Dokl. 10 (1969), 911-915.

B.M. Gurevié: Shift entropy and Markov measures in the space of paths of a countable
graph, Dokl. Akad. Nauk SSSR 192 (1970) 963-965.

F. Hofbauer: On intrinsic ergodicity of piecewise monotonic transformations with posi-
tive entropy. Israel J. Math. 34 (1979), no. 3, 213-237 (1980).

F. Hofbauer: The structure of piecewise monotonic transformations with positive en-
tropy, Ergodic Th. & Dynam. Syst. 1 (1981), 159-178.

A. Katok: Lyapunov exponents, entropy and periodic orbits for diffeomorphisms, Pub.
Math. de I'Institut des Hautes Etudes Scientifiques, 51 (1980), 137-173.

A. Katok: Non-uniform hyperbolicity and periodic orbits for smooth dynamical systems,
Proc. Inter. Congress of Math., PWN-North Holland (1984), 1245-1253.

A. Katok: Fifty years of entropy in dynamics: 1958-2007, J. Modern Dynamics 1 no. 4
(2007), 545-596.

A. Katok and B. Hasselblatt: Introduction to the modern theory of dynamical systems.
Encycl. of Math. and Its Appl. 54, Cambridge UP (1995), xviii+802pp.

A. Katok and L. Mendoza: Dynamical systems with non-uniformly hyperbolic behavior,
Supplement to “Introduction to the modern theory of dynamical systems.” Cambridge
UP (1995), 659-700.

G. Keller: Lifting measures to Markov extensions. Monatsh. Math. 108 (1989), no. 2-3,
183-200.

G. Keller: Markov extensions, zeta functions, and Fredholm theory for piecewise invert-
ible dynamical systems. Trans. Amer. Math. Soc. 314 (1989), no. 2, 433-497.

B.P. Kitchens: Symbolic Dynamics. One-sided, two-sided and countable state Markov
shifts. Universitext. Springer-Verlag, Berlin, 1998. x+252 pp.

T. Kriiger; S. Troubetzkoy: Markov partitions and shadowing for non-uniformly hy-
perbolic systems with singularities. Ergodic Theory Dynam. Systems 12 (1992), no. 3,
487-508.

G. Margulis: On some aspects of the theory of Anosov systems, With a survey by Richard
Sharp: Periodic orbits of hyperbolic flows, Springer 2003.

S. Newhouse: Continuity properties of entropy. Ann. of Math. (2) 129 (1989), no. 2,
215-235.

V. Oseledets: A multiplicative ergodic theorem. Lyapunov characteristic numbers for
dynamical systems, Trans. Mosc. Math. Soc. 19 (1968), 197—221.

W. Parry and M. Pollicott: Zeta functions and the periodic orbit structure of hyperbolic
dynamics, Astérisque 187—188 (1990), 268 pp.

Ja. B. Pesin: Families of invariant manifolds corresponding to nonzero characteristic
ezxponents, Math. USSR Izvestija 10 (1976) 1261-1305. (English Transl.)

Ya. Pesin, S. Senti, K. Zhang: Lifting measures to inducing schemes. Ergodic Theory
Dynam. Systems 28 (2008), no. 2, 553-574.

D. Ruelle: An inequality for the entropy of differentiable dynamical systems, Bol. Soc.
Bras. Mat. 9 (1978), 83-87.

S. Ruette: On the Vere-Jones classification and existence of maximal measures for
countable topological Markov shifts, Pacific J. Math. 209 (2003), 365-380.

I.A. Salama: Topological entropy and recurrence of countable chains, Pacific J. Math.
134 (1988) 325-341. Errata: 140 (1989), 397.

Ya.G. Sinai: Construction of Markov partitions, Func. Anal. and its Applic. 2 (1968),
70-80.

Ya.G. Sinai: Gibbs measures in ergodic theory, Uspehi Mat. Nauk. 27 (1972), 21-64.

S. Smale: Differentiable dynamical systems, Bull. AMS 73 (1967), 747-817.

M. Spivak: A comprehensive introduction to differential geometry, vol 1. Publish or
Perish Inc., Houston, Texas, Second Edition, 1979.

S.M. Srivastava: A course on Borel sets, Graduate Texts in Math. 180, Springer-Verlag,
New York, 1998. zvi+261 pp.

Y. Takahashi: Isomorphisms of f—transformations to Markov automorphisms. Osaka J.
Math. 10 (1973), 175-184.



SYMBOLIC DYNAMICS FOR SURFACE DIFFEOMORPHISMS 83

Y] L.-S. Young: Statistical properties of dynamical systems with some hyperbolicity. Ann.
of Math. (2) 147 (1998), no. 3, 585-650.
Z] R. Zweimiiller: FErgodic properties of infinite measure-preserving interval maps with

indifferent fixed points. Ergodic Theory Dynam. Systems 20 (2000), no. 5, 1519-1549.

FACULTY OF MATHEMATICS AND COMPUTER SCIENCE, THE WEIZMANN INSTITUTE OF SCIENCE,
POB 26, REHOVOT, ISRAEL
E-mail address: omsarig@gmail.com



