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ABSTRACT. We give a new construction of Shunji Ito’s “transversal flow for a sub-
shift of finite type” [I], along the lines of Vershik’s construction of an adic trans-
formation. We then show how these flows arise naturally in the symbolic coding
of horocycle flows on non-compact hyperbolic surfaces with finite area.

1. INTRODUCTION

This paper grew out of the study of the following classical constructions in dy-
namical systems.

The horocycle flow [He], [Ho]. In their study of the geodesic flow gs on the unit
tangent bundle T1M of a hyperbolic surface M, Hedlund and Hopf used a contin-
uous flow ht with the following two properties:

1.1. Orbit property: {ht(ω) : t ∈ R} = {ω′ ∈ T1M : d(gs(ω′), gs(ω)) −−−→
s→∞

0};
1.2. Renormalization Property: g−s ◦ ht ◦ gs = htes

.

The flow ht is called the (stable) horocycle flow. When lifted to the universal cover
T1D, D := {z ∈ C : |z| < 1}, its orbits trace horocycles (circles tangent to ∂D).

The adding machine. Let Σ+
2 := {0, 1}N∪{0}, equipped with the metric d(y, z) :=

exp[−min{i ≥ 0 : yi 6= zi}], and let σ : Σ+
2 → Σ+

2 denote the left shift map
σ(x0, x1, . . .) = (x1, x2, . . .). The adding machine (apparently first constructed by
von Neumann) is the map τ : Σ+

2 → Σ+
2 given by

τ : (1 · · · 1︸ ︷︷ ︸
n

, 0, xn+1, xn+2, · · · ) 7→ (0 · · · 0︸ ︷︷ ︸
n

, 1, xn+1, xn+2, · · · ) , τ : 1∞ 7→ 0∞.

(Addition of one with “carry to the right.”) Again, we have

2.1. Orbit property: {τn(x) : n ∈ Z} = {y : d(σn(x), σn(y)) −−−→
n→∞

0} for all x
not eventually constant;

2.2. Renormalization property: τm ◦ σn = σn ◦ τ2nm (m, n ∈ Z).

The adic transformation [V]. Vershik generalized von Neumann’s construction to
more general Markov compacta. We focus on the special case of subshifts of finite
type (“stationary adic transformations”). We review the necessary definitions.

Subshifts of finite type. Let N > 1, S := {1, . . . , N}, and suppose A := (tij)N×N is a
matrix of zeroes and ones without rows or columns made entirely of zeroes.
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The one–sided subshift of finite type with states S and transition matrix A is the
left shift map σ : Σ+ → Σ+ where

Σ+ = {(x0, x1, . . .) ∈ SN : txixi+1 = 1 for all i}.

We equip Σ+ with the metric d(y, z) := exp[−min{i ≥ 0 : yi 6= zi}]. It is well
known that htop(σ) = ln λ where λ is the leading eigenvalue of A (see e.g. [PP]).

Stable tail relation. One sees that {y ∈ Σ+ : d(σnx, σny) −−−→
n→∞

0} = {y : y ∼ x},
where ∼ is the stable tail relation,

(1.1) (x ∼ y) ⇔ ∃ p
(
∀ i ≥ p (xi = yi)

)
.

Reverse lexicographic orders. We would like to define a total order on every equiva-
lence class of ∼. To do this, fix for every a ∈ S a total order <

a
on S, and let

(1.2) x ≺ y if and only if ∃ p
(
xp <

xp+1
yp and ∀ i ≥ p + 1 (xi = yi)

)
.

We write � for “≺ or =”. The symbols ≺ and �mean the same thing.
If <

a
does not depend on a and equals the natural order on S, then we get the

standard reverse lexicographic order. If we define <
a

to be the cyclic order on S with a

as the minimal element, then we get the cyclic reverse lexicographic order.

Eventually extremal sequences. No matter what total orders <
a

we choose, there are

only finitely many ≺–maximal or ≺–minimal sequences, all periodic. To see this
let Pmax, Pmin : S→ S denote the functions

Pmax(a) := max{b ∈ S : tba = 1}
Pmin(a) := min{b ∈ S : tba = 1}

calculated using <
a

.

Every ≺–maximal (resp. ≺–minimal) point x must satisfy xi = Pmax(xi+1) (resp.
xi = Pmin(xi+1)) for all i. Since S is finite, every iteration of Pmax and Pmin ends at
a cycle. It follows that the extremal points for ≺ are periodic and finite in number.

Sequences which are tail equivalent to a maximal or minimal sequence are
called eventually extremal. Let

Σ+
0 := Σ+ \ { eventually extremal sequences }.

Vershik’s adic transformation. This is τ : Σ+
0 → Σ+

0 given by

(1.3) τ(x) := min{y ∼ x : y � x}.

The definition depends on the choice of ≺. The standard Vershik adic transformation
is obtained from the standard reverse lexicographic order. The cyclic Vershik adic
transformation is obtained from the cyclic lexicographic order. In any case, we have

3.1. Orbit property: {τn(x) : x ∈ Z} = {y : d(σn(x), σn(y)) −−−→
n→∞

0} for all x
non–eventually extremal;

3.2. Renormalization property: ∃pm,n : Σ+
0 → Z s.t. (τm ◦ σn)(x) = (σn ◦

τpm,n(x))(x) and pm,n(x) = en·htop(σ)[m + O(1)] uniformly on Σ+.
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Ito’s transversal flow and this paper [I]. Ito found a way to realize the natural
extension of σ : Σ+ → Σ+ as a map T of [0, 1)× [0, 1), and constructed a flow τt

on [0, 1)× [0, 1) with the property Tn ◦ τt = τλ−nt ◦ Tn, λ = ehtop(σ).
In this paper we give an alternative construction for Ito’s flow, by working di-

rectly on the two–sided subshift of finite type. The result is a symbolic version
of Ito’s flow, which we call the “adic flow” because of its striking similarity to
Vershik’s adic transformation: compare (1.3) to (2.3) below.

The symbolic description of Ito’s flows makes it is relatively easy to see how
they arise in the coding of the horocycle flow on a non-compact hyperbolic surface
with finite area. Recent work of Bufetov [Bu] suggests a similar application to
translation flows.

2. ADIC FLOWS

These will be flows on two–sided subshifts of finite type

Σ := {(xi)i∈Z ∈ SZ : txixi+1 = 1 for all i ∈ Z},

metrized by d(x, y) = exp[−min{|n| : xn 6= yn}]. As in the one–sided case,the
left shift map σ : Σ → Σ, σ(x)i = xi+1, has topological entropy htop(Σ) = ln λ
where λ is the leading eigenvalue of the transition matrix (tij)N×N .

The left shift map is known to be topologically mixing iff there exists some m
s.t. all the entries of the m–th power of (tij)N×N are positive (see e.g. [B]).

Fix once and for all a reverse lexicographic order on Σ+ (see (1.2)), and let τ be
the corresponding adic transformation. (1.2) can also be used to define a partial
order on Σ, and we use the same symbol ≺ for the two orders. If π : Σ → Σ+ is
the projection onto the non-negative coordinates, then (x ≺ y)⇒ (π(x) � π(y)).

Let (x, y) := {z : x � z � y} and define

Σ0 := {x ∈ Σ : π(x) ∈ Σ+
0 and ∀ y � x [(x, y) 6= ∅]}.

This excludes sequences with a right maximal tail (xi = Pmax(xi+1) for all i large);
sequences with a right minimal tail (xi = Pmin(xi+1) for all i large); and sequences
with a left maximal tail (xi = Pmax(xi+1) for all i sufficiently negative).

Sequences with left minimal tails (xi = Pmin(xi+1) for all i sufficiently negative)
are not excluded.

Theorem 1. Suppose (Σ, σ) is topologically mixing. There exists a measurable flow τt
s :

Σ0 → Σ0 such that:
(a) Orbit property: {τt

s (x) : t ∈ R} = {y ∈ Σ0 : d(σn(x), σn(y)) −−→
t→∞

0} for
every x ∈ Σ0.

(b) Renormalization property: τt
s ◦ σn = σn ◦ τλnt

s .
(c) Order property: if t1 < t2 then τt1

s (x) ≺ τt2
s (x).

(d) Almost Continuity: Suppose τt
s (x) has no left minimal tails, then

d(τtn
s (x(n)), τt

s (x))→ 0 for all sequences (x(n), tn)→ (x, t).
This flow is unique up to a change of time scale.

The existence part follows from Ito’s work in [I], but the proof we give is different.
To determine a flow one has to specify the orbits, the order of movement on

the orbits, and the time it takes to flow from one point to another. We show that
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conditions (a),(b),(c) and (d) dictate these choices, and that these choices lead to a
well defined flow.

The orbits. Since {y ∈ Σ0 : d(σn(x), σn(y)) → 0} = {y ∈ Σ0 : ∃p (∀i > p yi =

xi)}, property (a) forces the orbits to equal the equivalence classes of the (stable)
tail equivalence relation on Σ0:

x ∼ y⇔ ∃p ∈ Z s.t. ∀i > p (xi = yi).

We denote these equivalence classes by [x].

The order of movement. Property (c) says that the order on the orbits of τs is
≺. The question arises whether such an order can be realized by a flow. This is
guaranteed by the following lemma.

Lemma 1. ([x],≺) is order isomorphic to (R,<) for every x ∈ Σ0.

Proof. By [C], it is enough to check that
(i) [x] is totally ordered by ≺.

(ii) [x] contains a countable set Z which is order isomorphic to Z, and such
that for every y ∈ [x], there exist z1, z2 ∈ Z s.t. z1 ≺ y ≺ z2.

(iii) [x] contains a countable set Q with the property that for any y
1
� y

2
in [x],

there exists some z ∈ Q s.t. y
1
� z � y

2
.

(iv) Every bounded monotonic sequence of elements in [x] has a limit in [x]
(convergence w.r.t. the order topology).

(v) Every element of [x] is the limit of a non–eventually constant increasing
(resp. decreasing) sequence in [x].

The first property is trivial. (ii) holds with Z := {(Φ ◦ τn ◦ π)(x) : n ∈ Z},
where π : Σ → Σ+ is the natural projection, τ : Σ+

0 → Σ+
0 is Vershik’s adic trans-

formation, and Φ : Σ+
0 → Σ is Φ(y0, y1, y2, . . .) := (. . . , y−2, y−1, ẏ0, y1, y2, . . .) with

y−i := Pi
min(y0) for i ∈ N. The dot above y0 signifies the position of the zeroth

coordinate. (iii) holds with Q := {y ∈ [x] : ∃n s.t. ∀i ≤ n
(
yi−1 = Pmin(yi)

)
}.

Here is the proof of (iv). We do the increasing case, and leave the decreas-
ing case to the reader. Let y(n) be an increasing sequence in [x] and suppose

y(n) ≺ y for all n. Since y(1) ∼ y, there exists some p s.t. y(1)i = yi for all i ≥ p.

Since y(1) � y(n) � y, (1.2) forces y(n)i = yi for all n ∈N and i ≥ p. It also forces

{y(n)p−1}n≥1 to be an increasing sequence in (S,<
yp
). Since S is finite, {y(n)p−1}n≥1 is

eventually constant. Suppose y(n)p−1 equals c for all n > N1, then {y(n)p−2}n≥N1 must
be an increasing sequence in (S,<

c
). Since S is finite, it also eventually stabilizes.

Continuing in this way, we see that ∃z ∈ Σ s.t. d(y(n), z)→ 0.
The limiting sequence belongs to [x], because zi = yi for all i ≥ p and y ∈ [x]. If

z ∈ Σ0, then we are done. Otherwise for some q ∈ Z

zi−1 = Pmax(zi) for all i ≤ q.

Suppose q is maximal with this property (a maximum exists, since z ∼ x and
x ∈ Σ0). Then zq < Pmax(zq+1) and y(n) converges in the order topology of [x] to
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w := (· · · , P2
min(wq), Pmin(wq), wq, zq+1, zq+2, · · · ), where the q-th coordinate is

wq := min{w ∈ S : twzq+1 = 1 and w > zq} w.r.t. <
zq+1

.

This is an element of [x].
To prove (v), fix some y ∈ [x]. We construct a non eventually constant decreas-

ing sequence in [x] with limit y. Since y ∈ Σ0, it has no left maximal tails, so
∃in ↓ −∞ s.t. yin 6= Pmax(yin+1). Let

win := min{w ∈ S : twyin+1 = 1 and w > yin} w.r.t <
yin+1

.

Define y(n) := (· · · , P2
min(win), Pmin(win), win , yin+1, yin+2, · · · ). Then y(n) is a de-

creasing sequence of points in Σ0 ∩ [x] whose limit is y. The sequence is not even-

tually constant, because the starting point of the longest left minimal tail of y(n) is
in, and in is not eventually constant.

Next we construct a non–eventually constant increasing sequence in [x] with
limit y. Suppose first that y does not have a left minimal tail. Let

y(n) := (· · · , P2
min(y−n), Pmin(y−n), y−n, y−n+1, y−n+2, . . .).

This is an increasing sequence in [x] which converges to y, and it is not eventually
constant because there are nk → −∞ s.t. ynk 6= Pmin(ynk+1).

Now suppose y does have a left minimal tail. There is a maximal q s.t. yi−1 =

Pmin(yi) for all i ≤ q, otherwise y 6∈ Σ0. By maximality, yq > Pmin(yq+1), therefore
the following definitions are proper:

wq := max{w ∈ S : twyq+1 = 1 and w < yq} w.r.t. <
yq+1

y(n) := (· · · , P3
min(Pn

max(wq)), P2
min(Pn

max(wq)), Pmin(Pn
max(wq)),

Pn
max(wq), Pn−1

max (wq), · · · , Pmax(wq), wq, yq+1, yq+2, · · · ).

The sequence {y(n)}n≥1 is increasing sequence. It is not difficult to see using the
topological mixing of (Σ, σ) that there are infinitely many n’s s.t. Pn+1

max (wq) 6=
Pmin[Pn

max(wq)], and this implies as above that {y(n)}n≥1 is not eventually constant.

In (Σ, d), lim y(n) = z := (· · · , P3
max(wq), P2

max(wq), Pmax(wq), wq, yq+1, yq+2, · · · )
which lies outside of Σ0. With respect to the order topology, lim y(n) is the smallest
element of [x] ∩ Σ0 above z, which is exactly y. �

Time parametrization. The time parametrization of the orbits of a flow can be
encoded in terms of a measure as follows. Suppose there were a flow τt

s : Σ0 → Σ0
satisfying the requirements of the theorem. For every x ∈ Σ0 and y ≺ z in [x] let
[y, z) := {w : y � w � z} and

(2.1) µ[x]
(
[y, z)

)
:= the unique t s.t. z = τt

s (y).

This makes sense, since y, z belong to the same orbit of τs. Since the orbit order
is ≺, µ[x]

(
[y, z)

)
> 0. Since τt

s is a flow, µ[x] is σ–additive on the semi–algebra of
left–closed right–open intervals in [x]. By Carathéodory’s Extension Theorem, µ[x]
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extends to a measure on the Borel σ–algebra of [x] (Borel w.r.t. the order topology).
We denote this measure by µ[x].

The measures {µ[x] : x ∈ Σ0} contain complete information on the speed of
movement on the orbits, and they must satisfy the following properties:

(M1) µ[x] is a non–atomic measure on [x].
(M2) In [x], non–empty bounded open intervals have finite positive measure

and infinite rays (sets of the form {z : z � y} or {z : z � y}, y ∈ [x]) have
infinite measure.

(M3) µ[σ(x)] ◦ σ = λ−1µ[x].
(M4) for every continuous function f : Σ → R, the real valued function x 7→∫

[x] f (y)δx∞
0
(y∞

0 )dµ[x](y) is Borel measurable. Here δx∞
0
(y∞

0 ) is the function
which is equal to one if y∞

0 := (y0, y1, . . .) = (x0, x1, . . .) =: x∞
0 and equal

to zero otherwise.
(M1) and (M2) are obvious. (M3) is because of the renormalization property (c).
(M4) is because of the measurability of the flow: the integral can be rewritten as
sup

∫ β
α ( f ◦ τt

s )(x)dt where the supremum is taken over all rational numbers α < β

s.t. (τα
s (x), τ

β
s (x)) ⊂ {y ∈ Σ : y∞

0 = x∞
0 }.

Lemma 2 (Bowen & Marcus). There exists a measurable family of measures {µ[x] : x ∈
Σ0} satisfying (M1),(M2),(M3), and (M4).

Proof. This is essentially in [BM], albeit in different notation. We begin with a
simple, but useful, description of [x]. Abusing notation, we use the same symbol
∼ for the tail relation on Σ0 and Σ+

0 . Then [x] = {y ∈ Σ0 : y ∼ x} and π[x] =
{y+ ∈ Σ+ : y+ ∼ π(x)}. The last set is countable. We obtain the following
countable disjoint decomposition of [x]:

[x] =
⊎

y+∼π(x)

A(y+), where A(y+) := {z ∈ Σ0 : z∞
0 = y∞

0 }.

Each of the sets A(y+) is a bounded open interval in [x], and therefore must have
finite measure w.r.t. µ[x]. So instead of describing the infinite measure µ[x], we will
describe the finite measures

µy+(E) := µ[x](E ∩ A(y+)) for every y+ ∼ π(x).

It is enough to determine µy+ consistently on the family of cylinders

C(a−n, . . . , a−1; y+) := {z ∈ Σ0 : z−1
−n = a−1

−n , z∞
0 = y+}, where zn

m := (zm, . . . , zn).

Let A = (tij)S×S be the transition matrix of Σ. Construct using the Perron-Frobenius
theorem a row vector ` = 〈`a : a ∈ S〉with positive entries such that `A = λ`. The
eigenvalue λ is bigger than one, and is the leading eigenvalue of A. We have

∑
p∈S

`ptpa = λ · `a, in particular ∑
p∈S

gpa = 1 where gpa :=
`ptpa

λ`a
.

Just as in the case of Markov chains, the set function

µy+ [C(a−n, . . . , a−1; y+)] := ga−na−n+1 ga−n+1a−n+2 · · · ga−2a−1 ga−1y0`y0
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extends to a σ–additive measure on A(y+) (with total mass `y0 ). This is our mea-
sure µy+ . Having µy+ , we proceed to define µ[x] := ∑y+∼π(x) µy+ .

It is easy to check that µ[x] satisfies the following identity:

(2.2) µ[x][C(a−n, . . . , a−1; y+)] = `a−n λ−n.

We can use this to show that µ[x] is non-atomic: For every y ∈ [x],

µ[x]{y} ≤ µ[x][C(y−n, . . . , y−1; π(y))] = O(λ−n) −−−→
n→∞

0.

Another consequence of (2.2) is that every non-empty cylinder has finite positive
measure. Since every non–empty bounded open interval contains a non–empty
cylinder, and is contained in a finite union of cylinders, every non–empty bounded
open interval has finite positive measure. Finally, infinite rays have infinite mea-
sure, because they contain infinitely many cylinders of the form C(ai

−1; y+(i)) with
ai
−1 constant. In summary, (M1) and (M2) hold.

To verify (M3), it is enough to show that µ[x] ◦ σ = λ−1µ[x] when evaluated on
cylinders. This holds because

(µ[x] ◦ σ)[C(a−n, . . . , a−1; y∞
0 )]

µ[x][C(a−n, . . . , a−1; y∞
0 )]

=
µ[x][C(a−n, . . . , a−1, y0; y∞

1 )]

µ[x][C(a−n, . . . , a−1; y∞
0 )]

=

=
ga−na−n+1 · · · ga−1y0 gy0y1`y1

ga−na−n+1 · · · ga−1y0`y0

=
gy0y1`y1

`y0

=
1
λ

.

(M4) is obvious. �

Lemma 3. Let m denote the measure of maximal entropy of σ : Σ → Σ. For any two
families µ[x], ν[x] which satisfy (M1), (M2),(M3), and (M4) there exists a positive constant
c and a set Ω ⊂ Σ of full m–measure such that µ[x] = cν[x] for every x ∈ Ω.

Proof. Define for a function f : Σ+ → Σ+ a new function (L f )(x) = ∑
a∈S

tax0 f (a, x).

Ruelle’s Perron–Frobenius Theorem (see e.g. [B]) states that there exists a unique
probability measure ν0 on Σ+ and a unique positive continuous function h0 on Σ+

s.t. for some λ > 0, Lh = λh , L∗ν0 = λν0 ,
∫

h0dν0 = 1. We have already met the
function h0: it is h0(x) = `x0 where ` is the left eigenvector of (tij)N×N .

The measure ν0 is a Markov measure, h0(x) only depends on x0, and λ is
the leading eigenvalue of the transition matrix A. The measure h0dν0 is glob-
ally supported, invariant, and ergodic. It is the measure of maximal entropy for
σ : Σ+ → Σ+ [P]. The measure of maximal entropy for the two sided shift is its
natural extension.

Suppose µ[x] is a family of measures satisfying (M1), (M2), (M3), and (M4). Fix
p ≥ 1, and define a function ϕ(p) : Σ+

0 → R by

ϕ(p)(x0, x1, . . .) = µ[σp(x∗)]{y ∈ Σ0 : y−1
−p = xp−1

0 ; y∞
0 = x∞

p }.

where x∗ is some (any) extension of x = (x0, x1, . . .) to a two sided sequence in Σ0.
The definition is proper, since [σp(x∗)] is the same for all possible extensions.

We claim that Lϕ(p) = λϕ(p) on Σ+
0 . For every x ∈ Σ

(Lϕ(p))(x) = ∑
a∈S

tax0 ϕ(p)(a, x) =
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= ∑
a∈S

tax0 µ[σp((a,x)∗)]{y ∈ Σ0 : y−1
−p = (ax)p−1

0 ; y∞
0 = (ax)∞

p }

= ∑
a∈S

tax0 µ[σp−1(x∗)]{y ∈ Σ0 : y−p = a, y−1
−p+1 = xp−2

0 ; y0 = xp−1, y∞
1 = x∞

p }

= λ ∑
a∈S

tax0 µ[σp(x∗)]{σ(y) : y ∈ Σ0, y−p = a, y−1
−p+1 = xp−2

0 ; y0 = xp−1, y∞
1 = x∞

p }

= λ ∑
a∈S

tax0 µ[σp(x∗)]{z ∈ Σ0 : z−p−1 = a, z−2
−p = xp−2

0 ; z−1 = xp−1, z∞
0 = x∞

p }

= λµ[σp(x∗)]{z ∈ Σ0 : z−1
−p = xp−1

0 ; z∞
0 = x∞

p } = ϕ(p)(x).

Since ϕ(p) is positive and measurable, ϕ(p)dν0 is a well defined σ–finite measure
equivalent to ν0. This measure is σ–invariant, because for every positive bounded
measurable function f : Σ+ → R, the identity L∗ν = λν implies that∫

f ◦ σ ϕ(p)dν0 = λ−1
∫

L[ f ◦ σ · ϕ(p)]dν0 = λ−1
∫

f Lϕ(p)dν0 =
∫

f ϕ(p)dν0.

We see that ϕ(p) is an invariant density for ν0. So is h0(x) = `x0 . Since h0dν0 is an
ergodic probability measure, ∃cp > 0 s.t. ϕ(p) = cph0 ν0–almost surely.

We now interpret this in terms of the two–sided shift. Suppose x ∈ Σ0, then
there is a set of full measure Ω of x ∈ Σ0 such that for every p and every word
(a−p, . . . , a−1) s.t. ta−p ,a−p+1 · · · ta−1,x0 = 1,

µ[x]

(
C(a−p, . . . , a−1; x∞

0 )

)
= ϕ(p)(a, x∞

0 ) = cph0(a, x∞
0 ) = cp`a−p .

Keeping (a−p+1, . . . , a−1, x∞
0 ) constant and summing the left hand side over all

a−p s.t. ta−pa−p+1 = 1, we see that cp ∑b∈S tba−p+1`b = cp−1`a−p+1 , whence since
`A = λ`, cp = λ−1cp−1. The conclusion of all this is that for all x ∈ Ω,

µ[x]

(
C(a−p, . . . , a−1; x∞

0 )

)
= c1

(
λ−p`a−p

)
.

Comparing this with (2.2), we see that µ[x] is c1 times the Bowen–Marcus measure
we constructed in the previous step.

We now repeat this argument for the second family of measures ν[x] and obtain
a second constant c′1 and a second set Ω′ of full measure of x such that ν[x] is c′1
times the Bowen–Marcus measure from the previous step. The lemma follows. �

Proof of Theorem 1: Existence. The idea is to define for t > 0,

(2.3)
τt

s (x) := min{z ∼ x : z � x , µ[x]
(
[x, z)

)
≥ t},

τ−t
s (x) := max{y ∼ x : y ≺ x , µ[x]

(
[y, x)

)
≥ t}.

To see that the definition is proper, and that it defines a flow, we have to show
that for every t > 0 there are unique y, z ∈ Σ0 such that y ≺ x ≺ z and

(2.4) µ[x]
(
[y, x)

)
= t = µ[x]

(
[x, z)

)
.
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Here is the proof. By (M2), there exist y′ ≺ x ≺ z′ s.t. µ[x]
(
[x, z′)

)
> t and

µ[x]
(
[y′, x)

)
> t. Set

y := sup{y′ ∈ Σ0 : y′ ≺ x and µ[x]
(
[y′, x)

)
> t},

z := inf{z′ ∈ Σ0 : z′ � x and µ[x]
(
[x, z′)

)
> t}.

Since ([x],≺) is order isomorphic to (R,<), the infimum and supremum exist,
they belong to [x], and one can find sequences y(n) ↑ y and z(n) ↓ z such that

µ[x]
(
[y(n), x)

)
> t and µ[x]

(
[x, z(n))

)
> t.

It follows that µ[x]
(
[y, x)

)
≥ t and µ[x]

(
[x, z]

)
≥ t.

Similarly, one can find sequences x � ŷ(n) ↓ y and x ≺ ẑ(n) ↑ z. These must

satisfy µ[x]
(
[ŷ(n), x)

)
≤ t and µ[x]

(
[x, ẑ(n))

)
≤ t. Consequently

µ[x]
(
(y, x)

)
≤ t and µ[x]

(
[x, z)

)
≤ t.

Since µ[x] is non–atomic, we must have µ[x]
(
[y, x)

)
= t and µ[x]

(
[x, z)

)
= t.

This shows that y and z exist. They are unique, because if there were other
solutions ŷ, ẑ to (2.4), then the intervals with endpoints y, ŷ or z, ẑ would be non-
empty bounded intervals with zero measure, in contradiction to (M2).

We claim that the flow thus defined satisfies the statement of the theorem. All
properties are clear, except for almost continuity. Fix x, t s.t. τt

s (x) has no left
minimal tail. Fix N. We construct N′, ε > 0 s.t. for every x′ ∈ Σ0

(2.5) t′ ∈ (t− ε, t + ε)
x′i = xi for all |i| ≤ N′

}
⇒ τt′

s (x′)i = τt
s (x)i for all |i| ≤ N.

By assumption τt
s (x) has no minimal left tails, therefore there exists some N1 >

N s.t. τt
s (x)−N1 6= Pmin(τ

t
s (x)−N1+1). Since τt

s (x) ∈ Σ0, it has no maximal left tails,
therefore there exists some N2 > N1 s.t. τt

s (x)−N2 6= Pmax(τt
s (x)−N2+1).

Let y denote the element of Σ0 s.t. yi = τt
s (x)i for i ≥ −N1 + 1 and yi =

Pmin(yi+1) for i ≤ −N1. Note that y ≺ τt
s (x).

Let z denote the element of Σ0 s.t. zi = τt
s (x)i for i ≥ −N2 + 1, z−N2 =

Pmax(z−N2+1), and zi = Pmin(zi+1) for all i < −N2. Note that z � τt
s (x).

Now pick ε > 0 smaller than µ[x]
(
[τt

s (x), z)
)

and µ[x]
(
[y, τt

s (x)
)
. We claim that

(2.5) holds with ε and N′ := N2. Pick some x′ ∈ Σ0 such that x′i = xi for all
|i| < N′, and define y′, z′ by

y′i :=

{
yi i ≤ N′

τt
s (x′)i i > N′

and z′i :=

{
zi i ≤ N′

τt
s (x′)i i > N′,

then y′ ≺ τt
s (x′) ≺ z′.

Since y′ ≺ τt
s (x′) ≺ z′ and y′i = τt

s (x)i = z′i for all |i| ≤ N1− 1, we also have that
τt

s (x)i = τt
s (x′)i for all |i| ≤ N1 − 1. It follows from the structure of the measure

constructed in claim 1 of part 3 that

µ[x′ ]
(
(y′, τt

s (x′)]
)
= µ[x]

(
(y, τt

s (x)]
)

, µ[x′ ]
(
[τt

s (x′), z′)
)
= µ[x]

(
[τt

s (x), z)
)
.
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By the choice of ε, µ[x′ ]
(
(y′, τt

s (x′)]
)
> ε and µ[x′ ]

(
[τt

s (x′), z′)
)
> ε. It follows that

for every t′ s.t. |t− t′| < ε, y′ ≺ τt′
s (x′) ≺ z′. Since y′i = τt

s (x)i = x′i for all i > −N1,

τt′
s (x′)i = τt

s (x)i for all |i| < N1. Since N1 > N, (2.5) follows. �

Proof of Theorem 1: Uniqueness. Suppose there are two flows τs, θs satisfying
the statement of the theorem. As we saw above, τs and θs have the same (unpa-
rameterized) orbits, and they move on the these orbits in the same order. Let µ[x]
and ν[x] denote the time parameterization measures, given by

µ[x][x, τt
s (x)) = t , ν[x][x, θt

s(x)) = t.

We saw that they must satisfy (M1),(M2),(M3), and (M4).
Let m denote the measure of maximal entropy of σ : Σ → Σ. By Lemma 3,

there exist a positive number c > 0 and a set Ω s.t. m(Ω) = 1 and µ[x] = cν[x]
for all x ∈ Ω. Since m has global support, there exists a dense set of x ∈ Σ0 s.t.
τt

s (x) = θct
s (x) for all t ∈ R. By the almost continuity property τt

s (x) = θct
s (x)

whenever τt
s (x), θct

s (x) do not have left minimal tails.
If τt

s (x) or θct
s (x) have a left minimal tail, then construct tn ↓ t s.t. τtn

s (x), θctn
s (x)

do not have left minimal tails. All but countably many parameters are like that.
Since τt

s (x) = infn τtn
s (x) = infn θctn

s (x) = θct
s (x), we get that τt

s (x) = θct
s (x). �

2.1. Ergodic properties of adic flows. The following theorem is due to Ito [I]:

Theorem 2. Suppose (Σ, σ) is topologically mixing, then the adic flow on Σ0 is uniquely
ergodic and of zero entropy. The invariant probability measure is the measure of maximal
entropy of σ : Σ0 → Σ0 (Parry’s measure).

The key to the proof is that Λ := {x ∈ Σ0 : xi−1 = Pmin(xi) for all i ≤ 0}
is a Poincaré section for the adic flow, and the Poincaré map T : Λ → Λ satisfies
T ◦π = π ◦ τ where π : x 7→ x∞

0 and τ : Σ+
0 → Σ+

0 is Vershik’s adic transformation.
The height function is (in the notation of Lemma 3) H := h0 ◦ π.

Since τ : Σ+
0 → Σ+

0 is uniquely ergodic with zero entropy [LV], τt
s : Σ0 → Σ0 is

uniquely ergodic with zero entropy.
Ergodicity cannot be replaced by weak mixing: take for example Σ = {0, 1}Z.

In this case the function h0 is constant, and the adic flow is conjugate to the con-
stant suspension of the adding machine. The function ϕ(x) = (−1)x0 is an eigen-
function.

3. RELATION TO HOROCYCLE FLOWS

We recall some facts on the symbolic dynamics of geodesic flows on hyperbolic
surfaces with cusps. These will be used at the end of the section to relate the
horocycle flow to time changes of adic flows.

Suspension flows. Let f : Y → Y be an invertible map, and ρ : Y → R+ a function
such that ∑n≥0 ρ ◦ f n = ∑n≤0 ρ ◦ f n = ∞ everywhere on Y. Let r

= denote the
equivalence relation on Y ×R generated by the equivalences (y, ξ)

r
= ( f (y), ξ −

ρ(y)). Let Yr denote the set of equivalence classes of r
=, denoted by 〈y, ξ〉. Let

πρ : Y×R→ Yρ be the equivalence class map πρ : (y, ρ) 7→ 〈y, ρ〉. The suspension
flow over f with roof function ρ is Ft : Yρ → Yρ given by Ft〈y, ξ〉 = 〈y, ξ + t〉.
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Hyperbolic surfaces. The Poincaré disc is D := {x + iy ∈ C : x2 + y2 < 1} with
the Riemannian metric 2

√
dx2 + dy2/(1− x2 − y2). The group of orientation pre-

serving isometries of D is Möb(D), the group of Möbius transformations which
preserve the unit disc, see e.g. [Ka].

A hyperbolic surface is a Riemannian surface M such that every p ∈ M has a
neighborhood which is isometric to {z ∈ D : |z| < ε} for some ε > 0. It is
known that every complete connected orientable hyperbolic surface is isometric
to an orbit space Γ \D = {Γz := {g(z) : g ∈ Γ} : z ∈ D} where Γ is some
discrete subgroup of Möb(D). Henceforth we take all our hyperbolic surfaces to
be complete, connected, and orientable, whence of the form above.

Cutting sequences [A],[Mo],[Ko]. Let M = Γ \D be a non-compact hyperbolic
surface of finite area, then Γ has a fundamental domain F with the following prop-
erties:

(1) F is a geodesic polygon all of whose vertices are on ∂D (“cusps”);
(2) F has an even number of sides a1, . . . , an; a1, . . . , an, and there are ϕai ∈ Γ

s.t. ϕai maps ai onto ai, and ϕai = ϕ−1
ai

maps ai onto ai.
We re-index the sides of F as s1, . . . , s2n according to the counterclockwise order of
the sides as edges of F (the choice of s1 is arbitrary). We keep the convention that
si is the congruent edge to si.

Following [BKS] and [BS], we use the symbols si to label the sides of F from
the inside (“interior labels”). The images of F by elements of Γ tile D. Extend the
labeling to the other tiles using the action of Γ. Now every edge will also have an
“exterior label” (the interior label of the adjacent tile). This labeling system is the
unique scheme so that (a) if the interior label of an edge is s, then its exterior label
is s, and (b) the counterclockwise order of the interior labels is the same in each
tile. The second property is because Γ preserves orientation.

Let g : T1D → T1D denote the geodesic flow on the unit tangent bundle of
D. Let T1(F) denote collection of unit tangent vectors with base points in F. The
cutting sequence of ω ∈ T1(F) is the sequence of the interior labels of the sides of
the tiles that {gt(ω)}t∈R intersects. This is a two sided infinite sequence as long
as gt(ω) does not converge to one of the cusps as t→ ±∞. We use the convention
that the zeroth coordinate of the cutting sequence (sik )k∈Z of ω is the side si0 such
that ω belongs to the geodesic segment between si0 and si1 .

The collection of all cutting sequences is equal to the subshift of finite type

Σ := {x ∈ SZ : xi 6= xi+1 for all i ∈ Z}, S := {s1, . . . , s2n}.
One way to see this is to consider boundary expansions [BS]. The boundary expan-
sion of x ∈ ∂D is the one–sided cutting sequence of (any) geodesic ray which starts
at an interior point of F and terminates at x. This is a one–sided infinite sequence
for all x which does not belong to the Γ–orbit of the vertices of F (a countable set of
exceptions). It is easy to see that the collection of all boundary expansions is equal
to Σ+ := {x ∈ SN∪{0} : xi 6= xi+1 for all i ≥ 0}. The identification of the collection
of cutting sequences with Σ easily follows.1

1The simple relationship between cutting sequences and boundary expansions is only true for geo-
metrically finite surfaces with cusps. In the cocompact case, the set of cutting sequences is not necessar-
ily a SFT [E], although it is always sofic [S2].
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A Poincaré section for the geodesic flow [S1]. We say that a geodesic on M tends
to a cusp at ∞ (resp. −∞), if one (all) of its lifts to D tends at ∞ (resp. −∞) to one
of the vertices of F or its image under some element of Γ. Let

X := {ω ∈ T1(M) : the geodesic of ω does not tend to a cusp at ∞ or −∞}.

If ω ∈ X, then the lift of gt(ω) to D crosses infinitely many Γ–images of F, and
the set of crossing times is discrete. Consequently, the following set is a Poincaré
section for the geodesic flow on X:

Ω := {Γω : ω ∈ T1(∂F) , ∀ε > 0 small , gε(ω) ∈ T1(int(F))}.

Let T : Ω→ Ω denote the section map,

T(ω) := gR(ω)(ω), where R(ω) := inf{t > 0 : gt(ω) ∈ Ω}.

The relation to cutting sequences is as follows. Partition Ω into the sets As =
{Γω ∈ Ω : ω is based at Γs} where s is one of the sides of F. For ω ∈ Ω, let Asn

denote the unique element of this partition so that Tn(ω) ∈ Asn . The sequence
{Asn}n∈Z is called the itinerary of ω. It is not difficult to check that {Asn}n∈Z is
the itinerary of ω ∈ Ω, iff {sn}n∈Z is the cutting sequence of the geodesic of ω,
indexed in such a way that ω ∈ As0 .

Let π : Ω → Σ denote the map which send ω ∈ Ω to the sequence {sn}n∈Z

constructed above. This is a bijection, and π ◦ T = σ ◦ π where σ : Σ → Σ is the
left shift. This allows us to represent the geodesic flow on X as a suspension flow
σt : Σr → Σr over σ : Σ→ Σ with roof function r = R ◦ π.

The value of r at x ∈ Σ can be calculated as follows. A cutting sequence x ∈ Σ
determines a geodesic γ = γ(x) on D, because it contains the boundary expan-
sions of the endpoints of this geodesic. We let r(x) be the hyperbolic length of the
segment of γ between side x0 and side x1 (this segment can be unambiguously
defined to be the collection of base points of all unit tangent vectors on γ which
admit the cutting sequence x.)

It follows from constructions in [LT] that one can find a continuous function
u : Σ→ R s.t.

r+ := r + u− u ◦ σ

depends only on non-negative coordinates, in the sense that for every x, y ∈ Σ
such that xi = yi for all i ≥ 0, r+(x) = r+(y). See lemma 2.2 in [LS] for more
details.

The strong stable foliation in symbolic coordinates [BM]. The strong stable man-
ifold of ω ∈ T1M is by definition

Wss(ω) := {ω′ ∈ T1M : d(gt(ω′), gt(ω)) −−→
t→∞

0}.

We wish to describe the lifts of these sets to the symbolic suspension space Σr.
We treat the stable horocycle flow; the description of the unstable flow is essen-

tially the same. Let G denote the grand tail relation of σ:

G := {(x, y) ∈ Σ× Σ : ∃p, q s.t. x∞
p = y∞

q },

where x∞
k = (xk, xk+1, . . .). If two unit tangent vectors in X lie on the same strong

stable manifold, then they have G–equivalent cutting sequences.
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Suppose x, y are two G–equivalent cutting sequences. As shown in [BM], two
elements 〈x, ξ〉, 〈y, η〉 in Σr code two line elements on the same strong stable man-
ifold iff

∃p, q s.t. x∞
p = y∞

q and [ξ − rp+n(x)]− [η − rq+n(y)] −−−→n→∞
0.

Here and throughout, rm := r + r ◦ σ + · · ·+ r ◦ σm−1.
Let u : Σ → R be the function mentioned at the end of the previous section so

that r+(x) := r(x) + u(x)− u(σx) depends only on x0, x1, . . ., then

rp+n(x)− rq+n(y) = r+p+n(x)− r+q+n(y) + u(σp+nx)− u(x)− u(σq+ny) + u(y)

−−−→
n→∞

r+p (x)− r+q (y) + u(y)− u(x).

Define Ψ(x, y) := r+p (x) − r+q (y) + u(y) − u(x), whenever x∞
p = y∞

q (this is a
proper definition for non–eventually periodic cutting sequences). The calculation
above shows that if (x, y) ∈ G and ξ − η = Ψ(x, y) then 〈x, ξ〉, 〈y, η〉 lie on the
same strong stable manifold. When x, y are not eventually periodic, this is an iff.

The horocycle flow on a hyperbolic surface with cusps. We finally arrive to the
description of the horocycle flow in the symbolic space Σr. The orbits of this flow
are

Hor〈x, ξ〉 = p{〈y, ξ + Ψ(y, x)〉 : ∃p, q s.t. x∞
p = y∞

q }

Here p : Σr → T1(Γ \H) is the coding map, and 〈·, ·〉 denotes the element of Σr
corresponding to (x, ξ). We shall describe the horocycle flow as

(∗) Ht〈x, ξ〉 = 〈τteξ+c(x)
(x), ξ + Ψ(τteξ+c(x)

(x), x)〉,
and proceed to describe τt and c(x).

The flow τt is a time change of an adic flow on Σ. In order to describe it we
need to describe a tail partial order � and a family of measures µ[x] on [x] := {y :
∃p s.t. x∞

p = y∞
p } (see section 2).

The tail order is defined as follows: Recall that the elements of S (the sides of
the fundamental domain F) are ordered cyclically by s1, s2, . . . , s2n, s1. For every
1 ≤ i ≤ 2n, let <

si
be the order

si <si
si+1 <

si
· · · <

si
s2n <

si
s1 <

si
· · · <

si
si−1.

The tail partial order � is

x � y iff x = y or ∃p s.t. x∞
p+1 = y∞

p+1 and xp <
xp+1

yp.

The meaning of this order is as follows: let x, y be the cutting sequences of two
directed geodesics with the same terminus (=limit at +∞). Then x � y if the
geodesic with cutting sequence x is mapped by the horocycle flow to the geodesic
with cutting sequence y in positive time.

We define the measure µ[x]. It is enough to construct µ[x] on each of the sets
Λ(y∞

0 ) := {z : z∞
0 = y∞

0 }, with y∞
0 ∈ {y+ ∈ Σ+ : ∃p s.t. y∞

p = x∞
p } (a count-

able set). We do this by canonically identifying Λ(y∞
0 ) with an interval, and then

pulling back Lebesgue’s measure.
Let α = α(y) ∈ ∂D be (the unique) point on ∂D whose boundary expansion

is y∞
0 . The set Λ(y∞

0 ) is the set of cutting sequences of all geodesics in D which



14 OMRI SARIG AND MARTIN SCHMOLL

intersect F and terminate at α. The beginning points of these geodesics form an
arc in ∂D. The horocycle flow parameterizes this arc in a natural way, and the idea
is to pull back this parameterization.

Here is how to do this. Assume w.l.o.g. that 0 ∈ int(F). Let ω(α) ∈ T1D denote
the unit tangent vector based at 0 and pointing at α, let H := {x+ iy : x, y ∈ R, y >
0}, and let ω0 ∈ T1H denote the unit tangent vector based at i and pointing north.
There exists a unique Möbius transformation ψα : D→H which maps ω(α) to ω0.
This map transforms all geodesics which terminate at α to vertical lines pointing
at infinity. The collection of geodesics coded by Λ(y∞

0 ) transforms to a vertical
band. This band can be canonically identified with an interval on ∂H. We define
µ[x]|Λ(y∞

0 ) to be the pull back of the (non-normalized) Lebesgue measure of this
interval.

The meaning of µ[x] is as follows. Elements of [x] ∩ Λ(y∞
0 ) can be canonically

identified with an arc on the horocycle of (Euclidean) diameter one, which is
tangent to ∂H at the point α with boundary expansion y∞

0 . The horocycle flow
parametrizes this horocycle by hyperbolic length. The map ψα maps the horocycle
of diameter one onto a horizontal line at (Euclidean) height one. The arc becomes
an interval; the length parametrization of the arc becomes Lebesgue’s measure.
The measure µ[x] is this measure in symbolic coordinates.

It remains to determine c(x) in (∗). Unfortunately, this function depends in an
essential way on the choice of the fundamental domain, and is not at all ‘canoni-
cal’. Here is how it is defined. We use the notation

Hα(z) := horocycle which passes through z and is tangent to ∂H at α.

Let z(x) := the base point on ∂F of the unit tangent vector coded by 〈x, 0〉. Define

c(x) := ln Im [ψα(x)(z(x))]

This is the (signed) hyperbolic distance between the horocycle Hα(x)(z(x)) and
the unit horocycle Hα(x)(α(x) + i). It follows that the hyperbolic distance be-
tween the unit horocycle and Hα(x)(〈x, ξ〉) is ξ + c(x). Therefore, the speed along
Hα(x)(〈x, ξ〉) is e−(ξ+c(x)) times the speed along the unit horocycle. It follows that
the horocycle flow is given by (∗).

A final simplification. It is possible to remove the dependence on c(x) in (∗) by
an additional change of coordinates. Let

r̃(x) := r(x) + c(x)− c(σ(x)),

and let Σr̃ denote the set of equivalence classes of the relation r̃
= generated by

(x, η)
r̃
= (σ(x), η − r̃(x)). Denote equivalence classes w.r.t. r̃

= by 〈〈·, ·〉〉. The map
ϑ : Σr → Σr̃, 〈x, ξ〉 7→ 〈〈x, ξ + c(x)〉〉 is well defined, and H̃t := ϑHtϑ−1 becomes

(∗∗) H̃t〈〈x, ξ〉〉 =
〈〈

τteξ
(x), ξ + Ξ(τteξ

(x), x)
〉〉

where Ξ(x, y) := Ψ(x, y) + c(x)− c(y).

3.1. Acknowledgments. The first author would like to thank A. Vershik for many
useful discussions.
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