ADIC FLOWS, TRANSVERSAL FLOWS, AND HOROCYCLE FLOWS

OMRI SARIG AND MARTIN SCHMOLL

ABSTRACT. We give a new construction of Shunji Ito’s “transversal flow for a sub-
shift of finite type” [I], along the lines of Vershik’s construction of an adic trans-
formation. We then show how these flows arise naturally in the symbolic coding
of horocycle flows on non-compact hyperbolic surfaces with finite area.

1. INTRODUCTION

This paper grew out of the study of the following classical constructions in dy-
namical systems.

The horocycle flow [He], [Ho]. In their study of the geodesic flow g° on the unit
tangent bundle T' M of a hyperbolic surface M, Hedlund and Hopf used a contin-
uous flow h with the following two properties:

1.1. Orbit property: {h(w):t € R} = {«’ € T'"M : d(g°(w'), §*(w)) — 0};

S—00
1.2. Renormalization Property: g% o ht o ¢° = h'®’.

The flow k' is called the (stable) horocycle flow. When lifted to the universal cover
T'D, D := {z € C : |z| < 1}, its orbits trace horocycles (circles tangent to 9ID).
The adding machine. Let &, := {0, 1}NV{%, equipped with the metric d(y,z) =
exp[-min{i > 0 : y; # z}], and let 0 : &7 — L7 denote the left shift map
o(x0,x1,...) = (x1,x2,...). The adding machine (apparently first constructed by
von Neumann) is the map 7 : £ — X given by
T:(1-- 1,0, X441, Xnt2, " 2) = (Q-\;gl,xn+1,xn+2,- ), T:1% = 0%
n n

(Addition of one with “carry to the right.”) Again, we have

2.1. Orbit property: {t"(x) : n € Z} = {y : d(¢"(x),0"(y)) — 0} for all x
not eventually constant;

2.2. Renormalization property: T o 0" = ¢ o %™ (m,n € Z).

The adic transformation [V]. Vershik generalized von Neumann'’s construction to
more general Markov compacta. We focus on the special case of subshifts of finite
type (“stationary adic transformations”). We review the necessary definitions.
Subshifts of finite type. Let N > 1,5 := {1,..., N}, and suppose A := (t;j)nxn is a
matrix of zeroes and ones without rows or columns made entirely of zeroes.

This first author was supported by the ERC award ERC-2009-5tG no 239885 .
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The one-sided subshift of finite type with states S and transition matrix A is the
left shift map ¢ : &+ — 1 where

Z‘+ = {(x()/ X1, - ) S S]N : txixH—l =1 for all l}
We equip E* with the metric d(y,z) := exp[-min{i > 0 : y; # z}]. Itis well
known that h,(0) = In A where A is the leading eigenvalue of A (see e.g. [PP]).
Stable tail relation. One sees that {y € X% : d(c"x,0"y) — 0} ={y:y~x}
where ~ is the stable tail relation,

(1.1) (x~y) & 3pVizpi=y))

Reverse lexicographic orders. We would like to define a total order on every equiva-

lence class of ~. To do this, fix for every a € S a total order < on S, and let
a

(1.2) x <y ifandonlyif 3Ip (x, S ypandVizp+1 (xi =vi)).
- p+1

We write < for “< or =". The symbols < and 2 mean the same thing.
If < does not depend on 4 and equals the natural order on S, then we get the

a
standard reverse lexicographic order. If we define < to be the cyclic order on S with a
a

as the minimal element, then we get the cyclic reverse lexicographic order.

Eventually extremal sequences. No matter what total orders < we choose, there are

a
only finitely many <-maximal or <—minimal sequences, all periodic. To see this
let Pmax, Pmin : S — S denote the functions

Pmax(a) :=max{b € S : ty, =1}

leulated using <.
Prin(a) i=min{b € §: ty, =1} oo USNE T

Every <-maximal (resp. <—minimal) point x must satisfy x; = Pmax(xi11) (resp.
X; = Pmin(x;41)) for all i. Since S is finite, every iteration of Pmax and Ppin ends at
a cycle. It follows that the extremal points for < are periodic and finite in number.

Sequences which are tail equivalent to a maximal or minimal sequence are
called eventually extremal. Let

%y := X"\ { eventually extremal sequences }.

Vershik’s adic transformation. This is T : £ — % given by
(1.3) T(x) := min{y ~xty Z x}.

The definition depends on the choice of <. The standard Vershik adic transformation
is obtained from the standard reverse lexicographic order. The cyclic Vershik adic
transformation is obtained from the cyclic lexicographic order. In any case, we have

3.1. Orbit property: {t"(x) : x € Z} = {y : d(¢"(x),0"(y)) —= 0} for all x
non-eventually extremal;

3.2. Renormalization property: Ipy, : & — Zst. (t"oo")(x) = (0" o
Prn(0)) (x) and pyq(x) = e Mor(O)[m 4+ 0(1)] uniformly on £7.
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Ito’s transversal flow and this paper [I]. Ito found a way to realize the natural
extension of ¢ : £ — %" asamap T of [0,1) x [0,1), and constructed a flow t*
on [0,1) x [0,1) with the property T" o T/ = T4 "t o T", A = elttor(?),

In this paper we give an alternative construction for Ito’s flow, by working di-
rectly on the two-sided subshift of finite type. The result is a symbolic version
of Ito’s flow, which we call the “adic flow” because of its striking similarity to
Vershik’s adic transformation: compare (1.3) to (2.3) below.

The symbolic description of Ito’s flows makes it is relatively easy to see how
they arise in the coding of the horocycle flow on a non-compact hyperbolic surface
with finite area. Recent work of Bufetov [Bu] suggests a similar application to
translation flows.

2. ADIC FLOWS
These will be flows on two-sided subshifts of finite type
Y= {(%;)icz € S% i ty,,, = Lforalli € Z},

metrized by d(x,y) = exp[— min{|n| : x, # yu}]. As in the one-sided case,the
left shift map ¢ : ¥ — X, 0(x); = x;1, has topological entropy hp(X) = InA
where A is the leading eigenvalue of the transition matrix (tij) NxN-

The left shift map is known to be topologically mixing iff there exists some m
s.t. all the entries of the m—th power of (tij) NxN are positive (see e.g. [B]).

Fix once and for all a reverse lexicographic order on £ (see (1.2)), and let T be
the corresponding adic transformation. (1.2) can also be used to define a partial
order on %, and we use the same symbol < for the two orders. If 7 : X — >tis
the projection onto the non-negative coordinates, then (x < y) = (71(x) < 7(y)).

Let (x,y) :=={z:x 2 z 2 y} and define

Yo:={xeX:n(x) eXjandVy Z x [(xy) # 2]}

This excludes sequences with a right maximal tail (x; = Pmax(x; 1) for all i large);
sequences with a right minimal tail (x; = Ppin(x;11) for all i large); and sequences
with a left maximal tail (x; = Pmax(x;11) for all i sufficiently negative).

Sequences with left minimal tails (x; = Pnin(x;11) for all i sufficiently negative)
are not excluded.

Theorem 1. Suppose (X,0) is topologically mixing. There exists a measurable flow ! :
>0 — X such that:
(a) Orbit property: {t!(x) : t € R} = {y € ¢ : d(¢"(x),0"(y)) P 0} for
every x € X.
(b) Renormalization property: ! o ¢ = o o Tt
(c) Order property: if t < tp then T (x) < T2 (x).
(d) Almost Continuity: Suppose t!(x) has no left minimal tails, then
d(t ("), Tt (x)) — 0 for all sequences (x"),t,) — (x,1).
This flow is unique up to a change of time scale.
The existence part follows from Ito’s work in [I], but the proof we give is different.

To determine a flow one has to specify the orbits, the order of movement on
the orbits, and the time it takes to flow from one point to another. We show that
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conditions (a),(b),(c) and (d) dictate these choices, and that these choices lead to a
well defined flow.

The orbits. Since {y € Xo : d(c"(x),0"(y)) = 0} ={y € Zo: Ip (Vi > py; =
x;)}, property (a) forces the orbits to equal the equivalence classes of the (stable)
tail equivalence relation on Xg:

X~y IpeEZstVi>p(xi=y).
We denote these equivalence classes by [x].

The order of movement. Property (c) says that the order on the orbits of T is
<. The question arises whether such an order can be realized by a flow. This is
guaranteed by the following lemma.

Lemma 1. ([x], <) is order isomorphic to (R, <) for every x € .

Proof. By [C], it is enough to check that
(i) [x] is totally ordered by <.

(ii) [x] contains a countable set Z which is order isomorphic to Z, and such
that for every y € [x], there exist 21,2y, € Zs.t. 21 <y < z,.

(iii) [x] contains a countable set Q with the property that forany y, 2y, in [x],
there exists somez € Qs.t.y, 2z 3 y,.

(iv) Every bounded monotonic sequence of elements in [x]| has a limit in [x]
(convergence w.r.t. the order topology).

(v) Every element of [x] is the limit of a non-eventually constant increasing
(resp. decreasing) sequence in [x].

The first property is trivial. (ii) holds with Z := {(®ot"om)(x) : n € Z},
where 71 : £ — £V is the natural projection, T : £ — %] is Vershik’s adic trans-
formation, and @ : £ — Zis ®(yo, y1,2,---) == (.-, Y—2,Y—1,Y0, Y1, Y2, - - .) with
y_i == P.L. (yo) for i € N. The dot above yj signifies the position of the zeroth
coordinate. (iii) holds with Q := {y € [x] : Ins.t. Vi < n (yi_1 = Pmin(vi)) }-

Here is the proof of (iv). We do the increasing case, and leave the decreas-
ing case to the reader. Let y(™ be an increasing sequence in [x] and suppose

y(”) =< y for all n. Since ym) ~ Y, there exists some p s.t. yfl) = y; foralli > p.
Since y(l) =< y(”) iy (1.2) forces ygn) = y;foralln € N and i > p. It also forces

{ygq_)l}nzl to be an increasing sequence in (S, <). Since S is finite, {y;n_)l}nzl is

Yp
;@1 equals ¢ for all n > Ny, then {y](gn_)z}nzl\]1 must

be an increasing sequence in (S, <). Since S is finite, it also eventually stabilizes.
c

eventually constant. Suppose y

Continuing in this way, we see that 3z € L s.t. d(y("),;) — 0.

The limiting sequence belongs to [x], because z; = y; foralli > pand y € [x]. If
z € Xy, then we are done. Otherwise for some g € Z

zi_1 = Pmax(z;) foralli <g.

Suppose g is maximal with this property (a maximum exists, since z ~ x and
x € Xg). Then z; < Pmax(z4+1) and y(”) converges in the order topology of [x] to
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w:= (-, P2, (wg), Pmin(wy), Wq,Zg41,2¢+2," - - ), where the g-th coordinate is

wg :=min{w € S : tyz,,, = land w > z5} wort. Zq<+1 .
This is an element of [x].
To prove (v), fix some y € [x]. We construct a non eventually constant decreas-
ing sequence in [x] with limit y. Since y € X, it has no left maximal tails, so

Jiy | —cos.t. yi, 7 Pmax(¥i,+1)- Let

w;, =min{w € S: tyy, , =landw >y, } wrt <

n
Yin+1

Define y(") := (---, P2 (w;,), Pmin(w;, ), Wi, Vi, +1,Yi,+2, - - )- Then y(") is a de-
creasing sequence of points in £y N [x] whose limit is y. The sequence is not even-
tually constant, because the starting point of the longest left minimal tail of (") is
in, and i, is not eventually constant. B

Next we construct a non—eventually constant increasing sequence in [x] with
limit y. Suppose first that y does not have a left minimal tail. Let

y(n) = (- rPr%nin(y*n)rPmin(y*n)ry*nry—n—&-lry7n+2’ )

This is an increasing sequence in [x] which converges to y, and it is not eventually

constant because there are 1, — —oo s.t. y,, # Pmm(ynkH)
Now suppose y does have a left minimal tail. There is a maximal g s.t. y;_1 =

Puin(y;) for all i < g, otherwise y ¢ Xo. By maximality, ¥4 > Pmin(Y4+1), therefore
the following definitions are proper:

wg == max{w € S: tyy,,, =land w < yg} wrt. yq<+1

Y = (- Poin(Pihax (w0g)), Prin (Pihax (10g)), Prmin (Pihax (0g)),
Pirax(wg), Prhox (w q)s e Pmax(Wg), Wy, Yg+1,Ygv2, -+ +)-

The sequence {y("™},>1 is increasing sequence. It is not difficult to see using the
topological mixing of (X,0) that there are infinitely many n’s s.t. PLil(w,) #
Prnin [Phax (w04)], and this implies as above that {y(”) }n>1is not eventually constant.
n (%,d), limy(”) =z:= (- Pr%'lax( ) Pr%lax(wq)/PmaX(wq)/wqr]/q+1/yq+2/' )
which lies outside of Xo. With respect to the order topology, lim (") is the smallest
element of [x] N Xg above z, which is exactly y. B O

Time parametrization. The time parametrization of the orbits of a flow can be
encoded in terms of a measure as follows. Suppose there were a flow ! : £y — X
satisfying the requirements of the theorem. For every x € Xy and y < z in [x] let

lyz) ={w:y 2wZz}and
2.1) Hix] ([K';)) := the unique f s.t. z = ! (y)

This makes sense, since vz belong to the same orbit of 7;. Since the orbit order
is <, #y ([y,2)) > 0. Since 7/ is a flow, |y is c-additive on the semi-algebra of
left—closed right-open intervals in [x]. By Carathéodory’s Extension Theorem, p/y
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extends to a measure on the Borel o—algebra of [x] (Borel w.r.t. the order topology).
We denote this measure by ).

The measures {y[,] : x € Eo} contain complete information on the speed of
movement on the orbits, and they must satisfy the following properties:

(M1) pyy is a non-atomic measure on [x].

(M2) In [x], non-empty bounded open intervals have finite positive measure
and infinite rays (sets of the form {z : z < y} or {z: z = y}, y € [x]) have
infinite measure.

(M3) pp(ay) 00 = A" pupy).

(M4) for every continuous function f : ¥ — R, the real valued function x
/i 2] f(y)dx (v )i (y) is Borel measurable. Here 0y (y’) is the function
which is equal to one if y§° := (vo,y1,...) = (x0,x1,...) =: x§° and equal
to zero otherwise.

(M1) and (M2) are obvious. (M3) is because of the renormalization property (c).
(M4) is because of the measurability of the flow: the integral can be rewritten as

sup ff (f o tt)(x)dt where the supremum is taken over all rational numbers & <
st (T(x), T (x) C {y €T yF = x5}

Lemma 2 (Bowen & Marcus). There exists a measurable family of measures {p(y : x €
Y} satisfying (M1),(M2),(M3), and (M4).

Proof. This is essentially in [BM], albeit in different notation. We begin with a
simple, but useful, description of [x]. Abusing notation, we use the same symbol
~ for the tail relation on £y and £§. Then [x] = {y € £y : y ~ x} and 7t[x] =
{y* € =t : y* ~ m(x)}. The last set is countable. We obtain the following
countable disjoint decomposition of [x]:

x]= W A(y") where A(y"):={z€%o:25 =y5’}-

yt~m(x) a B
Each of the sets A(y™) is a bounded open interval in [x], and therefore must have
finite measure w.r.t. ji,]. So instead of describing the infinite measure (), we will
describe the finite measures

Pyt (E) := ppy(EN A(y*)) for every f ~ 71(x).
It is enough to determine y,+ consistently on the family of cylinders

Clap,...,a_1;y"):={z€%: zj =a"l,

2y’ = y*}, where 2}, := (zu, ..., Zu).
Let A = (fij)s s be the transition matrix of £. Construct using the Perron-Frobenius
theorem a row vector ¢ = (¢, : a € S) with positive entries such that /A = A{. The
eigenvalue A is bigger than one, and is the leading eigenvalue of A. We have

lyt
Z Cptpa = A - £,, inparticular Z Spa = 1 where gy, := K;ﬂ
pes pes a

Just as in the case of Markov chains, the set function

.”f [C(‘J*n/ .. "a—l;z+)] = 8ana_p18a_py18_pio 'ga—zﬂ—lgﬂ—lyogyo
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extends to a c—additive measure on A(Z+) (with total mass £y,). This is our mea-
sure p,+. Having pi,+, we proceed to define pi(y 1= Y+ r(x) Hy+-
It is easy to check that 1|y satisfies the following identity:

(2.2) Ml [C<a—nr~--1a71;z+)] =Lla_, A"

We can use this to show that [, is non-atomic: For every y € [x],

H{y}y < nlCly—n - y—1;7(y))] = O(A™") ——0.

Another consequence of (2.2) is that every non-empty cylinder has finite positive
measure. Since every non—-empty bounded open interval contains a non-empty
cylinder, and is contained in a finite union of cylinders, every non-empty bounded
open interval has finite positive measure. Finally, infinite rays have infinite mea-
sure, because they contain infinitely many cylinders of the form C(a’_;y* (i)) with
ail constant. In summary, (M1) and (M2) hold.

To verify (M3), it is enough to show that ji[,) o0 = A’lym when evaluated on

cylinders. This holds because

(0 0)[Clan, .- a-1y5)] _ p[Clan, ... a-1,y0;¥7)] _

P Clan, .. a_uyF)l plCla—n,..., a1 yg)]
_ 88 ntpi “8a_1yo8yon I _ Syon b _ l
8a_na_nir 81 oLy Ly, A
(M4) is obvious. ]

Lemma 3. Let m denote the measure of maximal entropy of ¢ : £ — X. For any two
families p [y, vy which satisfy (M1), (M2),(M3), and (M4) there exists a positive constant
cand a set Q) C X of full m—measure such that j(y) = cvjy) for every x € €.

Proof. Define for a function f : &+ — X+ anew function (Lf)(x) = ¥ fax,f(a, ).
acs

Ruelle’s Perron-Frobenius Theorem (see e.g. [B]) states that there exists a unique
probability measure vp on £ and a unique positive continuous function iy on £
s.t. forsome A > 0, Lh = Ah, L*vy = A, f hodvy = 1. We have already met the
function ho: it is ho(x) = £x, where £ is the left eigenvector of (#;;)nxN-

The measure vy is a Markov measure, ho(x) only depends on xp, and A is
the leading eigenvalue of the transition matrix A. The measure hydv, is glob-
ally supported, invariant, and ergodic. It is the measure of maximal entropy for
o : &t — ET [P]. The measure of maximal entropy for the two sided shift is its
natural extension.

Suppose i) is a family of measures satisfying (M1), (M2), (M3), and (M4). Fix

p > 1, and define a function (p(P) : Zg — R by

— -1 o 00
(P(p)(x()/xlr' : ) = y[(ﬂ”(g*)]{z €X: ]/—}: = xg Yo = Xp }
where x* is some (any) extension of x = (xo, x1, .. .) to a two sided sequence in X.
The definition is proper, since [07 (x*)] is the same for all possible extensions.
We claim that Lo(P) = A¢(P) on L. Foreveryx € &
(L)) (x) = Y tar @' (a,x) =

a€es
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1 (o'} [ee]
=Y taxgHior ((ax) ) {Y € Zo Y=, = (ax)) ;v = (ax)3’}

a€es

_ -2 o 0o
— Z tﬂxO],l[o,pfl(z*)]{z - ZO : y—P = a,y_;+1 = xg ; Yo = xpflr% = xp }
a€es

=AY taxo e o) 1Y €EZ0y—p =0,y = %5 Yo = Xpo1 Yy =25}
a€es

72 -2, _ _
=AY taxghpor(e) {2 € X0 2 p1 = 27, = Xy zo1=1%po1,25 = Xy}
acs

= AMor(x+){z € Zo 1 22 p = xg_l ;20 =Xy} = ¢(P) (x).

Since ¢(P) is positive and measurable, ¢(P)dv; is a well defined o—finite measure
equivalent to vg. This measure is c—invariant, because for every positive bounded
measurable function f : ¥ — R, the identity L*v = Av implies that

/foaq)(P)dvo =71 / Lifoo- ¢W]dyy = A" /quo(’”)dvo = /fq)(’”)dvo.

We see that ¢(P) is an invariant density for vg. So is hig(x) = £y, Since hodvg is an

ergodic probability measure, dc, > 0s.t. PP = cpho vo—almost surely.
We now interpret this in terms of the two-sided shift. Suppose x € Xy, then
there is a set of full measure () of x € Xy such that for every p and every word

(afp, .. .,a_l) s.t. tﬂ*p/afp#»l e tﬂ—]/xO == 1,

i) (C(ap,...,a_l;xg")) = q)(f’) (a,x57) = cpho(a, x3°) = cpla_,-

Keeping (a_p11,...,4-1,X7) constant and summing the left hand side over all
a—pst toa ., = 1, we see that cp Y jes tbu_pHEb = CP—lgﬂpr' whence since

A=A, c, = A’lcp_l. The conclusion of all this is that for all x € (),

Hia (C (a—p,. ,a-uxS")) = (A—%p).

Comparing this with (2.2), we see that [, is ¢; times the Bowen-Marcus measure
we constructed in the previous step.

We now repeat this argument for the second family of measures v, and obtain
a second constant ¢} and a second set ()’ of full measure of x such that U]y is ¢}
times the Bowen—-Marcus measure from the previous step. The lemma follows. [

Proof of Theorem 1: Existence. The idea is to define for t > 0,

t(x) =min{z ~x:z - x, pp([x2) > 1},

—t

2.3)
T N(x) = max{y ~x 1y <X, py ([y,l)) >t}

To see that the definition is proper, and that it defines a flow, we have to show
that for every t > 0 there are unique y,z € ¥ such thaty < x < z and

(2.4) (v %) =t = ny ([x 2)).
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Here is the proof. By (M2), there exist y' < x < 2’ s.t. ppy([x,2')) > tand
Hix (I x)) > 1. Set

y:=sup{y’ € Xo:y < xand pp(ly’,x)) > t},
z:=inf{z/ € £g:Z = xand ‘u[l]([g,;’)) > t}.

Since ([x], <) is order isomorphic to (R, <), the inﬁmum and supremum exist,
they belong to [x], and one can find sequences y ) 4 yandz () | z such that

H (Y™, 2)) > tand g ([x,2™)) > ¢
It follows that py ([y,x)) > tand ppy ([x,2]) > ¢.

[x
Similarly, one can find sequences x QU’) Jyand x < 20" 1 z. These must
satisfy iy ([Q("),g)) < tand ppy ([x 2(M)) < t. Consequently

M (v x) <tand ppy([x2) <t

Since pu[, is non-atomic, we must have p(y ([y,x)) = t and ppy ([x,2)) = t.

This shows that y and z exist. They are unique, because if there were other
solutions ¥, Z to (2.4), then the intervals with endpoints y,¥ or z,zZ would be non-
empty bounded intervals with zero measure, in contradiction to (M2).

We claim that the flow thus defined satisfies the statement of the theorem. All
properties are clear, except for almost continuity. Fix x,t s.t. 7/(x) has no left
minimal tail. Fix N. We construct N’, e > 0 s.t. for every x' €3y

te(t—et+e)

25) ¥l = x; forall [i] < N’

} = 7' (x'); = T (x); forall |i| < N.

By assumption 7! (x) has no minimal left tails, therefore there exists some Nj >
Ns.t ti(x)_n, # Pmm( !(x)—Ny+1)- Since Ti(x) € %o, it has no maximal left tails,
therefore there exists some Np > Ny s.t. f(x)_ N, # Prax (TH(X) —Np41)-

Let y denote the element of X s.t. y; = T f(x); fori > —N;+1and y; =

Prin(yit1) for i < —Nj. Note that y < 7(x )

Let z denote the element of X s.t. z; = ti(x); fori > —Np+1, z_ N, =
Prmax(z—N,+1), and z; = Ppin(zi11) for alli < —N,. Note that z > 7/ (x).

Now pick € > 0 smaller than p, ([7¢(x),2)) and ppy ([y, T(x)). We claim that
(2.5) holds with € and N’ := N. Pick some x' € X such that x; = x; for all
li| < N’, and define v/, z' by

i | < N’ ; | < N’
y; = ylt / l - ! and Zl, = th / Z - !/
T, (x'); i>N T (x"); i>N,

theny’ < 7/ (x') < 2.
Since y’ < 7! (x') < 2’ and y} = 7{(x); = 2} forall |i| < N; — 1, we also have that
t

th(x); = ti(x); for all |i| < Ny — 1. It follows from the structure of the measure
constructed in claim 1 of part 3 that

i (0, @N]) =y (v @) S i ([T, 2)) = py ([T(x), 2)).
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By the choice of €, p[, ((y/, T (x')]) > e and ppp ([T (x'),2')) > e. Tt follows that
forevery t's.t. [t —t'| < e,y < ¥ (x') < 2. Since y, = t!(x); = x! foralli > —Nj,
! (x'); = i (x); for all |i| < Nj. Since N; > N, (2.5) follows. O

Proof of Theorem 1: Uniqueness. Suppose there are two flows T, 05 satisfying
the statement of the theorem. As we saw above, 7; and 65 have the same (unpa-
rameterized) orbits, and they move on the these orbits in the same order. Let [y
and v[,] denote the time parameterization measures, given by

Pl T (%) = £, vy lx 0i(x)) = t.

We saw that they must satisfy (M1),(M2),(M3), and (M4).

Let m denote the measure of maximal entropy of ¢ : ¥ — X. By Lemma 3,
there exist a positive number ¢ > 0 and a set QO s.t. m(Q) = 1and p|,) = cv)y
for all x € Q). Since m has global support, there exists a dense set of x € Xy s.t.
ti(x) = 0¢'(x) for all t € R. By the almost continuity property t!(x) = 65 (x)
whenever t!(x), 05 (x) do not have left minimal tails.

If 7! (x) or 6¢(x) have a left minimal tail, then construct t,, | ¢ s.t. 72" (x), 05" (x)
do not have left minimal tails. All but countably many parameters are like that.

Since 7! (x) = inf, T (x) = inf, 85" (x) = 65 (x), we get that ! (x) = 65 (x). O
2.1. Ergodic properties of adic flows. The following theorem is due to Ito [I]:

Theorem 2. Suppose (¥, o) is topologically mixing, then the adic flow on X is uniquely
ergodic and of zero entropy. The invariant probability measure is the measure of maximal
entropy of o : X9 — X (Parry’s measure).

The key to the proof is that A := {x € Xy : x;_1 = Pnin(x;) foralli < 0}
is a Poincaré section for the adic flow, and the Poincaré map T : A — A satisfies
Tom=motwhererm: x— x5 and 7 : ZJ — ZO+ is Vershik’s adic transformation.
The height function is (in the notation of Lemma 3) H := kg o 7.

Since T : £j — X is uniquely ergodic with zero entropy [LV], T : £g — X is
uniquely ergodic with zero entropy.

Ergodicity cannot be replaced by weak mixing: take for example £ = {0,1}Z.
In this case the function hy is constant, and the adic flow is conjugate to the con-
stant suspension of the adding machine. The function ¢(x) = (—1)% is an eigen-
function.

3. RELATION TO HOROCYCLE FLOWS

We recall some facts on the symbolic dynamics of geodesic flows on hyperbolic
surfaces with cusps. These will be used at the end of the section to relate the
horocycle flow to time changes of adic flows.

Suspension flows. Let f : Y — Y be an invertible map, and p : Y — R™ a function
such that ), ~gpo f" = Y,<ppo f" = co everywhere on Y. Let = denote the
equivalence relation on Y x R generated by the equivalences (y,&) = (f(y),& —

p(y)). Let Y, denote the set of equivalence classes of =, denoted by (y,&). Let
o : Y x R — Y, be the equivalence class map 71, : (y,0) — (v, p). The suspension
flow over f with roof function p is F' : Y, — Y, given by F'(y,&) = (y,{ + ).
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Hyperbolic surfaces. The Poincaré disc is D := {x +iy € C : x> +y?> < 1} with
the Riemannian metric 21/dx2 + dy2/ (1 — x> — y?). The group of orientation pre-
serving isometries of ID is Mob(ID), the group of Mobius transformations which
preserve the unit disc, see e.g. [Ka].

A hyperbolic surface is a Riemannian surface M such that every p € M has a
neighborhood which is isometric to {z € D : |z|] < €} for some € > 0. Itis
known that every complete connected orientable hyperbolic surface is isometric
to an orbit space [ \ID = {Tz := {g(z) : ¢ € T} : z € D} where I is some
discrete subgroup of Mob(ID). Henceforth we take all our hyperbolic surfaces to
be complete, connected, and orientable, whence of the form above.

Cutting sequences [A],[Mo],[Ko]. Let M = I' \ D be a non-compact hyperbolic
surface of finite area, then I has a fundamental domain F with the following prop-
erties:

(1) Fisa geodesic polygon all of whose vertices are on dID (“cusps”);
(2) F has an even number of sides ay,...,a,;a1,...,a,, and there are ¢,, € T
s.t. ¢4, maps a; onto 4;, and Pz, = (p;il maps a; onto a;.
We re-index the sides of F as sy, . . ., Sp,, according to the counterclockwise order of
the sides as edges of F (the choice of s is arbitrary). We keep the convention that
5; is the congruent edge to s;.

Following [BKS] and [BS], we use the symbols s; to label the sides of F from
the inside (“interior labels”). The images of F by elements of I  tile ID. Extend the
labeling to the other tiles using the action of I. Now every edge will also have an
“exterior label” (the interior label of the adjacent tile). This labeling system is the
unique scheme so that (a) if the interior label of an edge is s, then its exterior label
is 5, and (b) the counterclockwise order of the interior labels is the same in each
tile. The second property is because I' preserves orientation.

Let ¢ : T'ID — T'ID denote the geodesic flow on the unit tangent bundle of
D. Let T!(F) denote collection of unit tangent vectors with base points in F. The
cutting sequence of w € T'(F) is the sequence of the interior labels of the sides of
the tiles that {g'(w) };eRr intersects. This is a two sided infinite sequence as long
as ¢'(w) does not converge to one of the cusps as t — +o0. We use the convention
that the zeroth coordinate of the cutting sequence (s;, )z of w is the side s;, such
that w belongs to the geodesic segment between s;; and s;, .

The collection of all cutting sequences is equal to the subshift of finite type

Y:={xeS%:x; #£ % forallic Z}, S:={s1,..., 50}

One way to see this is to consider boundary expansions [BS]. The boundary expan-
sion of x € 0D is the one-sided cutting sequence of (any) geodesic ray which starts
at an interior point of F and terminates at x. This is a one-sided infinite sequence
for all x which does not belong to the I'-orbit of the vertices of F (a countable set of
exceptions). It is easy to see that the collection of all boundary expansions is equal
to Xt := {x € SN0} . x; £ %, forall i > 0}. The identification of the collection
of cutting sequences with . easily follows.!

IThe simple relationship between cutting sequences and boundary expansions is only true for geo-
metrically finite surfaces with cusps. In the cocompact case, the set of cutting sequences is not necessar-
ily a SFT [E], although it is always sofic [S2].
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A Poincaré section for the geodesic flow [S1]. We say that a geodesic on M tends
to a cusp at co (resp. —o0), if one (all) of its lifts to ID tends at co (resp. —oo) to one
of the vertices of F or its image under some element of I'. Let

X :={w € TYM) : the geodesic of w does not tend to a cusp at co or —oo}.

If w € X, then the lift of ¢’(w) to D crosses infinitely many I'-images of F, and
the set of crossing times is discrete. Consequently, the following set is a Poincaré
section for the geodesic flow on X:

Q:={Tw: w € T}9F) ,VYe > 0small, g¢(w) € T!(int(F))}.
Let T : 3 — Q) denote the section map,
T(w) := g8@) (w), where R(w) := inf{t > 0: ¢'(w) € Q}.

The relation to cutting sequences is as follows. Partition () into the sets A; =
{Tw € O : wisbased at I's} where s is one of the sides of F. For w € Q, let A;,
denote the unique element of this partition so that T"(w) € As,. The sequence
{As, }nez is called the itinerary of w. It is not difficult to check that {As, } ez is
the itinerary of w € Q), iff {s, },cz is the cutting sequence of the geodesic of w,
indexed in such a way that w € As.

Let 7 : O — X denote the map which send w € Q) to the sequence {s;},cz
constructed above. This is a bijection, and wro T = o o 7t where ¢ : ¥ — X is the
left shift. This allows us to represent the geodesic flow on X as a suspension flow
ot T, = ¥, over o : ¥ — ¥ with roof function r = Ro 7.

The value of 7 at x € X can be calculated as follows. A cutting sequence x € X
determines a geodesic 7 = (x) on ID, because it contains the boundary expan-
sions of the endpoints of this geodesic. We let r(x) be the hyperbolic length of the
segment of y between side xy and side x; (this segment can be unambiguously
defined to be the collection of base points of all unit tangent vectors on  which
admit the cutting sequence x.)

It follows from constructions in [LT] that one can find a continuous function

u:2 — Rs.t.

+

r' i =r+u—uoc

depends only on non-negative coordinates, in the sense that for every x,y € X
such that x; = y; foralli > 0, r"(x) = r*(y). See lemma 2.2 in [LS] for more
details.

The strong stable foliation in symbolic coordinates [BM]. The strong stable man-
ifold of w € T'M is by definition

W (w) == {w' € T'M : d(g' ("), ' (w)) — 0}.

t—o0

We wish to describe the lifts of these sets to the symbolic suspension space %,.
We treat the stable horocycle flow; the description of the unstable flow is essen-
tially the same. Let & denote the grand tail relation of ¢

6:={(xy) €L xX:dpgst.x) =y},

where x° = (xg, Xk41, .. .). If two unit tangent vectors in X lie on the same strong
stable manifold, then they have &—equivalent cutting sequences.
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Suppose x, y are two &-equivalent cutting sequences. As shown in [BM], two
elements (x, &), (y,77) in Z, code two line elements on the same strong stable man-
ifold iff

Ipgstxy =yg and [§ —rpin ()] = [ = rgn(y)] —2 0.

Here and throughout, #, :=r+rooc+---+ro g1,

Let u : ¥ — R be the function mentioned at the end of the previous section so
that r* (x) := r(x) + u(x) — u(cx) depends only on xo, x1, . . ., then

Ppin(X) = rgn(y) =100 (X) = 1 (y) + (0P x) — u(x) — u(e™™y) + u(y)

—— (%) = () + uly) — u(x).

Define ¥ (x,y) := 1} (x) — rf (y) + u(y) — u(x), whenever xy = yg° (this is a
proper definition for non-eventually periodic cutting sequences). The calculation
above shows that if (x,y) € & and { —y = ¥(x,y) then (x,¢), (y, 1) lie on the

same strong stable manifold. When x, y are not eventually periodic, this is an iff.

The horocycle flow on a hyperbolic surface with cusps. We finally arrive to the
description of the horocycle flow in the symbolic space X,. The orbits of this flow
are

Hor(x,§) = p{{v,d+Y¥(y,x):3Ip,qgst xy =yg’}

Here p : ¥, — TY(T'\ H) is the coding map, and (-, -) denotes the element of &,
corresponding to (x, {). We shall describe the horocycle flow as

(+) H (x,8) = (7" (x), ¢ + ¥ (" (x), %)),

and proceed to describe 7! and ¢(x).

The flow 7! is a time change of an adic flow on X. In order to describe it we
need to describe a tail partial order =< and a family of measures /,) on [x] := {y :
Jp s.t. x5” =y} (see section 2).

The tail order is defined as follows: Recall that the elements of S (the sides of
the fundamental domain F) are ordered cyclically by sq,sy,...,s2,,51. For every
1<i<2n,let s< be the order

5 < Sy < - < Sy <51 < - < S
Si Si Si Si Si Si

The tail partial order < is
x 2yiffx =yordpst x =y andxp < yp.
Xp+1

The meaning of this order is as follows: let x,y be the cutting sequences of two
directed geodesics with the same terminus (=limit at +00). Then x =< y if the
geodesic with cutting sequence x is mapped by the horocycle flow to the geodesic
with cutting sequence y in positive time.

We define the measure ji[,). It is enough to construct [, on each of the sets
AyR) = {z 1 25 = y§}, withy§® € {y" € % : Ipst.yy = 17’} (a count-
able set). We do this by canonically identifying A(y§’) with an interval, and then
pulling back Lebesgue’s measure.

Let &« = a(y) € JD be (the unique) point on dID whose boundary expansion
is yi>. The set A(yf’) is the set of cutting sequences of all geodesics in ID which
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intersect F and terminate at . The beginning points of these geodesics form an
arc in dD. The horocycle flow parameterizes this arc in a natural way, and the idea
is to pull back this parameterization.

Here is how to do this. Assume w.l.o.g. that 0 € int(F). Let w(a) € T'ID denote
the unit tangent vector based at 0 and pointing ata, let H := {x+iy: x,y € R,y >
0}, and let wy € T'H denote the unit tangent vector based at i and pointing north.
There exists a unique Mobius transformation ¢, : ID — H which maps w(«) to wy.
This map transforms all geodesics which terminate at « to vertical lines pointing
at infinity. The collection of geodesics coded by A(yf’) transforms to a vertical
band. This band can be canonically identified with an interval on dH. We define
iyl Ay to be the pull back of the (non-normalized) Lebesgue measure of this
interval.

The meaning of [, is as follows. Elements of [x] N A(yg’) can be canonically
identified with an arc on the horocycle of (Euclidean) diameter one, which is
tangent to dHH at the point & with boundary expansion yy’. The horocycle flow
parametrizes this horocycle by hyperbolic length. The map 1, maps the horocycle
of diameter one onto a horizontal line at (Euclidean) height one. The arc becomes
an interval; the length parametrization of the arc becomes Lebesgue’s measure.
The measure ji[, is this measure in symbolic coordinates.

It remains to determine c(x) in (x). Unfortunately, this function depends in an
essential way on the choice of the fundamental domain, and is not at all ‘canoni-
cal’. Here is how it is defined. We use the notation

Hy(z) := horocycle which passes through z and is tangent to 0H at «.
Let z(x) := the base point on oF of the unit tangent vector coded by (x,0). Define
c(x) := InIm [ihy ) (2(x))]

This is the (signed) hyperbolic distance between the horocycle H,(,)(z(x)) and
the unit horocycle H,(y)(a(x) + ). It follows that the hyperbolic distance be-
tween the unit horocycle and H,,)((x,¢)) is ¢ + c(x). Therefore, the speed along

Hy ) ((x,¢)) is e~ (6+¢() times the speed along the unit horocycle. It follows that
the horocycle flow is given by (x).

A final simplification. It is possible to remove the dependence on c(x) in (x) by
an additional change of coordinates. Let

7(x) :=r(x) +c(x) —c(o(x)),

and let X; denote the set of equivalence classes of the relation = generated by

(x,17) = (0(x),7 —7(x)). Denote equivalence classes w.r.t. L by ((-,-)). The map
8: % — %5, (x, &) — ((x, &+ c(x))) is well defined, and H := ¢H!'9~! becomes

(%) A (x,2) = (7 (x), 6 + £ (x),%))
where E(x,y) := ¥(x,y) +c(x) — c(y).

3.1. Acknowledgments. The first author would like to thank A. Vershik for many
useful discussions.



[A]

[BKS]

[B]

[B2]
[BM]

[BSI]
[Bul
[C]
[El

[Hel
[Hol

[1

[Kal
[Ko]
[LS]
[LT]

[LV]

[Mo]
[Mrc]
[Mrg]

[P]
[PP]

[S1]
[s2]

[V]

[Wa]

ADIC FLOWS, TRANSVERSAL FLOWS, AND HOROCYCLE FLOWS 15

REFERENCES

E. Artin: Ein Mechanisches System mit quasi-ergodischen Bahnen, Collected papers (Addison
Wesley, Reading, Mass., 1965), pp. 499-501.

T. Bedford, M. Keane and C. Series (editors), Ergodic theory, symbolic dynamics, and hyper-
bolic spaces, Papers from the Workshop on Hyperbolic Geometry and Ergodic Theory held
in Trieste, April 1728, 1989, Oxford Science Publications. The Clarendon Press, Oxford Uni-
versity Press, New York, 1991.

R. Bowen: Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture Notes in
Mathematics, Vol. 470. Springer-Verlag, Berlin-New York, (1975). i+108 pp.

R. Bowen: Symbolic dynamics for hyperbolic flows. Amer. . Math. 95 (1973), 429-460.

R. Bowen and B. Marcus: Unique ergodicity for horocycle foliations, Israel ]. Math. 26 no. 1 (1977),
43-67.

R. Bowen and C. Series: Markov maps associated with Fuchsian groups, Inst. Hautes Etudes Sci.
Publ. Math. No., 50 (1979), 153-170.

A. Bufetov: Limit theorems for translation flows. Preprint (2010)

G. Cantor: Zur Begriindung der transfiniten Mengenlehre I, Math. Ann. vol. 46 (1895), 481-511.
A. Egorov: Morse coding for a Fuchsian group of finite covolume. J. Mod. Dyn. 3 (2009), no. 4,
637-646.

G. Hedlund: Fuchsian groups and transitive horocycles. Duke Math. . 2 (1936), no. 3, 530-542.
E. Hopf: Statistik der geoditischen Linien in Mannigfaltigkeiten negativer Kriimmung. (German)
Ber. Verh. Séchs. Akad. Wiss. Leipzig 91 (1939), 261-304.

S. Tto: A construction of transversal flows for maximal Markov automorphisms. Tokyo J. Math. 1
(1978), no. 2, 305-324.

S. Katok: Fuchsian groups.Chicago Lectures in Mathematics. University of Chicago Press, Chicago,
IL, 1992. x+175 pp.

P. Koebe: Riemannische Manigfaltigkeiten und nichteuclidische Raumformen IV, Sitzungberichte
der Preussichen Akad. der Wissenschaft, 414-457

F. Ledrappier and O. Sarig: Fluctuations of ergodic sums for horocycle flows on Z% covers of finite
volume surfaces, Disc. Cont. Dynam. Syst. 22, 247 — 325 (2008)

A.O. Lopes; Ph. Thieullen: Mather measures and the Bowen-Series transformation. Ann. Inst. H.
Poincare’” Anal. Non Linéaire 23 (2006), no. 5, 663-682.

AN. Livshits and A.M. Vershik: Adic models of ergodic transformations, spectral theory, substitu-
tions, and related topics. Representation theory and dynamical systems, 185-204, Adv. Soviet
Math., 9, Amer. Math. Soc., Providence, RI, 1992.

M. Morse: A one-to-one representation of geodesics on a surface of negative curvature, Trans. AMS
22,33-51.

B. Marcus: Unique ergodicity of the horocycle flow: variable negative curvature case. Israel . Math.
21 (1975), 133-144

G.A. Margulis: Certain measures associated with U—flows on compact manifolds. Funct. Anal.
Appl. 4, 133-144 (1975).

W. Parry: Intrinsic Markov chains. Trans. Amer. Math. Soc. 112 (1964) 55-66.

W. Parry and M. Pollicott: Zeta functions and the periodic orbit structure of hyperbolic dynamics.
Aste’risque No. 187-188 (1990), 268 pp.

C. Series: Symbolic dynamics for geodesic flows. Acta Math. 146 (1981), no. 1-2, 103-128.

C. Series: Geometrical Markov coding of geodesics on surfaces of constant negative curvature, Erg.
Th. Dynam. Syst. 6 (1986), 601-625.

A M. Vershik: A theorem on periodical Markov approximation in ergodic theory. Ergodic theory and
related topics (Vitte, 1981), 195206, Math. Res., 12, Akademie-Verlag, Berlin, 1982.

P. Walters: Ruelle’s operator theorem and g-measures. Trans. Amer. Math. Soc. 214 (1975), 375-387.

E-mail address: omri.sarig@weizmann.ac.il, schmoll@clemson.edu



