A Technical Results

A.1 Stochastic Gradient Descent Proofs

Proof of Theorem 1. Due to H-smoothness of convex function L we have that,
L(Wii1) < Lwi) + (VL(W), Wir = wi) + 5 [wigr = wi?

= L(w;) + (VL(w;) — VEi(W;), Wip1 — W;) + %szﬂrl — wil |2+ (Vli(wi), Wit1 — wi)
by Cauchy-Shwartz inequality we get,

< L(wi) + [IVL(wi) = VE(wi) [ | wipr — will + gHWH-l = Wil (VL) Wiy — W)

2
since for any o > 0, ab < & —l— "b

< L(w;) + HVL(“EZI)/T) ()Wz)” + (1/772_ H) Wit — W7,||2 + g”wi+1 _ Wz||2 +(V0(Wy), Wit — Wi)
Wi wi)|? Wi — wil®
Lo+ L) = TP | s W 011 v —

We now note that the update step can be written equivalently as
_ : lw — wi?
wit1 = argmin < (V& (w;),w —w;) + ———— 5 .
wi[w|<D 2
It can be shown that (see for instance Lemma 1 of [5])

[w* = wil|” = [w* = wia]|® = [|w; — wipa |

(VL (Wi), W1 — W) < (VEi(w;), w" — wy)+ 5

Plugging this we get that,
IVL(wi) = Ve(wi)[® | [lwi = Wi ||’
2(1/n— H) 2n

1
+ g (I = W = s = w [ = ffwi = wia )

L(W7;+1) < L(WZ) + + <V€Z(W1),W* - Wz>

IVL(wi) = Ve(wi)[[*  [lwi = w1’

= L(w;) + +(Vli(w;) — VL(w;), w* —w;) + (VL(w;), w* — w;)

2(1/n—H) 21
1 * * |2 2
+ gy (s =Wl = iy == i = wia )
IVL(w;) — VE(w)|®>  |[wi — wia] N N
> L(w;) + 301y — H) + o + (Ve (w;) — VL(w;),w w;) — (VL(w;), w; — w*)
+ o= (Wi = w2 = [[Wir = W17 = [ Wi — Wi |2
2n +
VL(w i 2 . *
= 1wy IS I (9 ) L (ww w) — (TL ). wi = w)
1 * * 12
+ g (Wi = w1 = hwis = w)
since n < 2H,

S L(WZ) + T]HVL(WZ) - V&(WZ)HQ + <V€Z(W1) - VL(WZ'),W* — W1> - <VL(WZ‘),W1‘ - W*>

1
+ 5 (Ihws = w I = }wia — W)
n
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by convexity, L(w;) — (VL(w;),w; — w*) < L(w*) and so

< L(wW*) + || VL(w;) — V(W) |2 + (Vei(w

i) — VL(w;), w* — w;)

1
o (lIwi = w7l = [ wigs — W)

2n

Hence we conclude that :

n—1 n—1
S b B £ s S V) -
i=1 =1

n—1
1
. . 2 . . P . * P .
Ve (wi)|l© + —3 ; (Ve (w;) — VL(w;), w* — w;)

W — [ wigs = w*”

1 n—lHva
+n—1;

S IVEw) -
i=1

2n
1 n—1
Ve (wi)l? + —— ;(V&(Wl) VL(w;), w* —w;)

b L5 o W o - w
n—1 p 2n
n n—1 1 n—1
2
< ) ; IVL(w:) = Vei(wi)|* + — ; (V;(w;) — VL(w;), w* — w;)
lw**
2n(n —1)
n n—1 1 n—1
2
< 1) ; IVL(w;) = V& (w)||* + — ; (Vli(wi) = VL(w;), w* — w;)
D2
+ 2n(n —1)
Taking expectation with respect to sample on both sides and noticing that

E[(Vl;(w;) — VL(w;),w* —w;)] =0, we get that,

n—1

E

n—1
1 n
L(Wi 1) — L(W*) S
n—1 ; + (n—1) P

Now note that

bi

>

t=(i—1)b+1

and that (VL(w;)

> E[|VL(wi) = Vei(wi)|*] +

D2
2n(n —1)

(VL(w;) — VU(w;, )

—l(w;,z¢)) is a mean zero vector drawn ii.d. Also note that w;

only depends on the first (i — 1)b examples and so when we consider expectation w.r.t.

2

Z(i—1)bt1s - - -5 Zib alone, w; is fixed. Hence we have that
1 bi
2
E[IVL(w:) - Vatw)?] = SE || D

(VL(w;) — Vi(w;, 2t))

t=(i—1)b+1

bi

:b% 3 ]E[H(VL(Wi)*vg(wiazt))“z}

t=(i—1)b+1
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Plugging this back we get that

n—1 n—1 bi
1 * n D"
- S L(wisr) — Lw) | < =T Y > E [||(VL(w,) Vi(wi, z))|| } mn—1)
i—1 i=1 t=(i—1)b+1 "
< 27’7% Zb: E[HVL( P+ [ Ve(w; )IIQ} R
b (n—-1) i=1 t=(i—1)b+1 . e 2n(n = 1)

for any non-negative H-smooth convex function f, we have the self-bounding property that

Vf(w)] < \/W ). Using this,

D2
E[L(w;) 4 (Wi, EYY Y
bzn, Z Z [Lwi) + (w Zt)]+2n(n71)
i=1 t=(i—1)b+1
n—1
16nH 1 D?
= ——E8E L(w; —
b ln—lg (w:) Jr277(n—1)
Adding -1 L(w1) on both sides and removing L(w,,) on the left we conclude that
n—1 n—1
1 16nH 1 D? L(wy)
E L(w;)| — L <—F L(w;
[nli_zl (wi) (W) < b nfli:Z1 (wi) +27](n71)+n71
Hence we conclude that
1 ¢ 1 16nH L D?
n (1 _ 161b7H> b n 2nn
B 1 N 1 L(wy) D2
- 1 . 1 L(w) 1 b 8HD?
) (1—16;3“1> o (1— H) no T\T-E | TegH b
Writing o = 1_1@ — 1, so that n = ﬁ ( — a%rl) we get,
b
1 & (a+1)L(wy)  16H(a+1)% D?
E|[=)» Lw;)| —L(w*) <aL(w* —
n; (wi) (W) < aL(w’) + n * ! 2bn
1)L 1\ 8HD?
< aL(W*)+M+ <a+> 8
n o bn

. - b .
Now we shall always pick n < 5557 so that a <1 and so

1< HD?* 2L(w;) 8HD?
— L(w;)| — L(w*) < aL(w*
n; (ws) (W) <a (W)+8ozbn n + bn
Picking
bD?
. b 8L(w*)Hn
7 = min 17’ ’ )
2H 32H HD?
16 (1 + SL(W*)bn)
or equivalently o = min {1, %} we get,
1 & HD? L(w*) 2L(wy) 9HD?
— L(w; ) <
n ; (ws) )< 2bn + n + bn
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Finally note that by smoothness, L(w;) = L(0) < HD?. Hence we conclude that
1< HD?> L(w*) 2HD? 9HD?
ZL(wo] - L(w) < W) 2,

2bn n bn

Using Jensen’s inequality concludes the proof. O

A.2 Accelerated Gradient Proofs

Lemma A.l. For the accelerated update rule, if the step sizes B; € [1,00) and ; € (0,00)
are chosen such that 81 = 1 and for all i € [n]

0 <9i41(Bit1 —1) < By and 2H~; < f;
then we have that

n—1 n—1
Y1(Br—1)  ag 32H 5 D? 16H%D? V2
E[L(wi®)] — L(w") < —— L L(wi®) + ————— v/ E[L(w;®)] + + -5
Bl = B < 3 G, =y M)+ G, =1y 2 R 5 (1) 2
Proof. First note that for any 1,
wit —wit = 57w + (1 B wis — wid
=B wiga+ (1= BT)wi® = B iwi — (1= 87 )wi®
=B (Wig1 —wy) (9)

Now by smoothness we have that

L(wiy) < L) + (VLW ), wif, = wid) 4+ 2 wif, — w2
a m H
= L)+ (VI )ity = wi't) o+ oo Wi = will

= L(wi) + (VL(wW), wif, —witd) 4+ —— T w1 —wil® — THWHI —wil|?
since wi®, = B 'wipr + (1 — B 1) wie,

2
— — a, m W; —W; /v — H
= L(wP) 1+ (VIR B w4+ (1— 5w — wid) 4 | nll Bl

28:i 267
VL(wih) wiyy —Wr-nd> |lw; — w; 1H2
= L(w) + (1 = B W(VL(wid), ws — wind —|—< A : : as
(W) (1= 57 ) (VL) wis = wi) > e
Bz 'Yz -
AL s =il
L md \va ¥ md i _ ywind L ) 2
= (1= B (L) (V) wes = windy) 4 LT (V; J Wi Z W) |l . ﬁw”l”
i i7Yi
Bi/vi —H
- B i — wil?
L(wp) + <VL(Wmd) Wit1 —Wmd> [wi —w; 1||2 Bi/vi — H
—(1— -1 L(w?8 i i ’ i % i+ P ) w12
( 51 ) (Wz )+ B + 2B:7; QBE ||Wz+1 Wz”
- ﬁz/% — 2 ||W¢ - Wi+1||2
= (1 = B~ YHYL(w?8 P e — Wetlll
( 51 ) (Wz) 262 le+1 || 25171
n L(w!) + (V4 (wP), wipr — wi!) + (VL(w!) = VLW, Wi — wid)
Bi
2 md md
a1 agy  Bilvi— e Iwimwaa|)? (VR = V(W) Wi — W)
(1—-B7")L(w?®) — 252 HWZ+1 Wil + i + 5,
L(wd) + (V6 (wird), wipy — wid) + (VL(wP) — VI (wid), w; — wind)

+

Bi
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by Cauchy-Shwartz inequality,

_ Bi/vi —H 2w —win]? | [[VL(wRd) = VE(WPY]| Wi — wi|
<(1-B8YHL(we) - hw —ws i i
n L(w!) + (VE4(wP), wipr — wi!) +(VL(w!) = V4w, w; — wid)
Bi
since for any a,b and a > 0, ab < % + “sz
. VLw™) — v, (wmd) || w2
< (1= pryp(wos) 4 V) = VLW flwi = wisa|
2(Bi/vi — H) 2B:i
N L(w!) + (V4 (wi), wipr — wi!) + (VL(w!) = V(W) w; — wid)
Bi

We now note that the update step 2 of accelerated gradient can be written equivalently as

[w —wi
w1 = argmin 5 (VE(wPd), w — w4+ —— 14
w[w]|<D 2

It can be shown that (see for instance Lemma 1 of [5])

[w* = wi|* = [w* — wip1]|” = [|w; — wisa|?

Vi Vli(Wi), wipr — wih) <4 (VE(w), w — wid)+

g 2
Plugging this we get that,
i VL(wrd) — wi(wmd)n2 [wi —wipa]? (VW) wr — wind)
Lwag <1—,»1ngg+” 7 i [ i+ i ) i
(wipr) < (=B )L(w) 2(Bi/vi — H) 2B:i Bi
L(wd) + <VL(Wzmd) — Vi (wird), w; — Wzr'nd> |w* — WiH2 — ||w* — Wi+1H2 — ||w; — Wi+1||2
+ +
Bi 27; B
. VL(wrd) — v, (wnd 2 Ve (whd), wr — wind
=(1—ﬁ;1)L(ng)—|—H ( k3 ) ( 7 )H +< ( 7 ) (3 >
2(Bi/vi — H) Bi
L(wr) + (VL(w) — Ve (wid), w; — wid) [lw* — wy||? — [w* — wia )
+ -
Bi 27; 85
VL(wmd) = Ve (wrd)|[* (Ve (W) — V(W) wh — wnd
2(8i/vi — H) Bi
N (VL(wid) — Vi, (wihd), w; — wid) N [w* — wil|”> = [|[w* — wigq]
Bi 27, Bs
| Llwp) £ (VL) w — wi)

Bi

14



by convexity, L(w*) > L(w) + (VL(w®), w* — wi®), hence

< (- w4 ITEOVED ~ VI | (Dhtwe) = VL), w" = wit)

Z(ﬂz/'}/z - ) Bz
(VL(wd) = Ve(wid), wi = wih) - w* —wil|* — [w* —wi|* | L(w)
* Bi * 2v; B * Bi
e VI = VAP | (VL) = V(W) wi — W)
* 2 * 2
n [w* — wi| 27-[|5’YV — Wi + B L(w)

= L(w") + (1= B;1) (L(W}®) = L(w")) +

|VL(wd) — Ve, (wnd)||? . (VL(wmd) — V£ (wnd

—w*)

2(Bi/vi — H) Bi
[w* = wil® = [ w* = wip

Jr
27; B

Thus we conclude that

IVEwr) = Veswr|[F | (VEw) = Veswi), wi = w*)

L(wiy) = L(w*) < (1= B71) (L(wi®) — L(w*")) +

2
=

2(Bi/vi — H) Bi
[wi g1 — w*||?

2By
Multiplying throughout by £;y; we get

n [w; —

Vil | VL(w) — Vfi(wzn]d)‘ﬁ
2(Bi/vi — H)

+ 7¢<VL(w?d) — V&(Wzr-nd)7 w; — w*>

iBi (L(Wi$y) — L(W")) < %i(Bi — 1) (L(wi®) = L(w")) +

lw; — W || — |lwisr — W)

2

+

Owing to the condition that ;11 (8i+1 — 1) < 7;5; we have that
2
Vi Bi HVL(W?Id) - Vei(wzr'nd)H
2(Bi/vi — H)

Yir1(Bivr — 1) (L(Wi)) — L(w*)) < vi(Bi — 1) (L(W;®) — L(w*)) +

lws = w || — |lwisr — w||”

+ + ’yi<VL(w?1d) — Véi(w?d), w; — w*>

2
Using the above inequality repeatedly we conclude that

n—1 wmnd) _ ind 2
(B — 1) (L(w2%) = Dw™)) < (s — 1) (Dwi) — L(w) + 3 2P TEO) = Vo (wir) |

= 2(Bi/vi — H)
n—1
[wi = w*||* = [wno1 — w*||? wnd ma)
+ 5 +;%<VL ) — V(W

B wind) _ (ywmd 2
= 71(61 - 1) (L(WTg) — L(W*)) + Z 7267‘ HVL( i ) vgl( i )H

2 2(8:/v — H)
||W*|| n Z — VLW, w; — w*)
. o 8 [ VLW — Ve (wid) |
= (B = 1) (B — L)) + 3 26— H)
2 n—1
S+ (VL) Vh(w ), wi — w)
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since 2H~; < f3;,
n—1
<m(Br— 1) (L(WiE) = L(w*) + Y 77 [ VL(w) = VL (wi?) W+ =
i=1

n—1
+ Z Yi{ VL(W) — VL (wid), w; — w*)
i=1

n—1 D2
71(B1 — 1)L( +;2% IVL(wi®) = Vewi®) P + 5

n—1
+ Z Yi{ VL(W) — VL (wid), w; — w*)
i=1

n—1
+ Z 22 HVL(W?‘d) — Vi (wind) — VL(wi®) + V&(ng)HQ
i=1
Taking expectation we get that
ag ag 2 D2
(B — 1) (E[L(wS)] = L(w*) < 7 (81 — D) + Z 228 [V L(wi) - Va(wi)IP] + -

D2

2

+§27§E[HVL(W§“‘1)—V&( ) _ VL(WE) + VI, (W) M

(10)

Now note that

bi
. 1 . .
VL(W?g)—V&(ng):g > (VL(wi®) — £(w®,z)) and
t=(i—1)b+1

bi
VL(w®) =V (wi®) =V L(wP)+ VL, (wid)

t=(i—1)b+1

Further (VL(w;) — (w;,2)) and (VL(Wi®) — (Wi, z) — VL(WPd) + 4w, z,)) are
mean zero vectors drawn i.i.d. Also note that w;® only depends on the first (i —1 )b examples

and so when we consider expectation w.r.t. z;_1)p41,-- -, 2ib, W; is fixed. Hence we have
that
bi 2
B [IVLw) - Ve = B || 3 (VL) - Ve, 2)
7 T 7 b2 7 i <t
t=(i—1)b+1

bi

<o Y E[IVEWE) - Ve )

t=(i—1)b+1

]
and similarly

E [ VL(w}) — Vh(w®) = VL) + Ves(wr) ]
1 bi . .

<5 Y E[|[VLWE) - VAW, 2) - VL) + Vew, 20) ]
t=(i+1)b+1

16

Z (VL(Wi®) — (Wi, 2) — VL(WP) + {(w

md) Zt))



Plugging these back in Equation 10 we get :

(B = 1) (E[L(W3)] = L(w")) € 71(81 = 1)L +22% > E[IVEW) - vewiE z)IP| + 5

t=(i—1)b+1
2}
bi

4’71 agy (12 ag 2 D2
<m(p- 1)L +Z > E[IVLwE) + [Vews, 2| + 5

t=(i—1)b+1

n—1 2 bi

22

DI DY E[HVL(W?) VUWE, 24) — VLW + VoW, 2)
i= t=(i+1)b+1

n—1 2 bi
4y md- ||2 m 2
3 o] Ry Y S
i= t=(i+1)b+1

for any non-negative H-smooth convex function f, we have the self-bounding property that

|V f(w)|| < +/AH f(w). Using this,

bi

n—1 2 2

a 16 H~; a a D

S(B - DLW + 3 25T 30 E[L(wE) +AwiE 2] + o
=1

t=(i—1)b+1

]

PSS s | - vre| s v ) Ve 2
i= t=(i+1)b+1

n—1 2 2
a 32H~; a D
= (B~ DLW + Y T E[L(wi®)] +
i=1

= 4722 - ag md 2
+ Z b2 Z E {HVL(Wi ) — VL(w;™)
i=1

t=(i+1)b+1

‘Vé(w;nd, zt) — VO(WEE, 2;)

]
by H-smoothness of L and ¢ we have that | VL(w}®) — VL(W?’d)H < H ||w® - w?‘dH. Similarly
we also have that HVZ(W?g, zt) — VZ(w;“d,zt)H <H HW?g — w?‘dH. Hence,

n—1 2 2
. 32 H? e D
<y (B — DL(WE) + ) b'y E[L(Wi*)] + =
=1

+ 5 o]

_w?s||?
However, w < 87 w; + (1 — 8;71)w?®. Hence H —w'{“d”2 < w < 25%2 . Hence,
i i

n—-1 2 2 22 =1 2

a 32H~; N D 16H*D i

<7 (B1 — 1)L(wi®) + E A E[L(w®)] + - + — E 2
i=1 171

Dividing throughout by 7, (8, — 1) concludes the proof.

Proof of Theorem 2. First note that the for any i,
P
2H~; = 2H~i? < 35 < B

Also note that since p € [0, 1],

i » .y
i(i+1) SVZ (i+1)
2 2

Yie1(Big1 — 1) =~ = 7B
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Thus we have verified that the step sizes satisfy the conditions required by previous lemma.
From the previous lemma we have that

n—1 n—1
et (ﬁl - 1) a 32H 9 a D? 16H2D?2 ’Y'Q
E[L(w28)] — L(w*) < —— L L(w(®) + VE[L(wi®)] + + -
[ ( ] 'Vn(ﬁn - 1) ! b'yn(ﬂn - 1) ; ( ] 2’771(571 - 1) b’yn(ﬁn - 1) P 512
_ G4Hy "Zl o0 g (L) 4 D 128H?D%) i
T mr(n—1) ’ynl’(n—l) bnP(n —1) — (1 +1)2
64H~(n — 1) z‘: D? 128H2D%y e 1
bnP(n —1) P "y(n —1)ptL " p(n — 1)ptl gt i2(1-p)
64H~ "Zl]E D2 N 128H2D%y = 1
= b(n—1)1-» 7(n —1p+l " p(n — 1)ptL P i2(1-p)
n—1
6AH~ N D? 128 H2 D2~
— 2= NTE[L(w?®
S b1 ; [L(w;®)] + o b )
n—1
64H~ 64H~yL(w*)(n —1)P D? 128 H? Dy
< — E [L(wi®)] — L(w*
< YD1 Z( [L(wi®)] = L(w") + ; T B
since v < 1/4H,
n—1
64H~ a 64HyL(w*)(n — 1)P D? 32HD?
< E[L(wi®)] — L(w*
= b(n—1)-p ; (E [L(w;*®)] (W) + b + v(n — 1)pt1 + b(n —1)
Thus we have shown that
n—1
64H~ . 64H~yL(w*)(n —1)P D? 32HD?
E[L(w®)] - L(w") < ———— E [L(w?®)] — L(w*
Now if we use the notation a; = E [L(w}®)] — L(w*), A(i) = # and
. 64H~L(w*)(1 — 1)P D? 32H D?
B =
(@) b HETE R ()
then first note that for any 7 by smoothness,
a; <AHD? + \/AHD2L(w*)
Also notice that
- L 64Hy & 1 64HynP
D A== ) G- r=" b
i=n—M—1 i=n—M—1
Hence as long as
b
v < GAHm? (11)

> a1 A(i) < 1. We shall ensure that the v we choose will satisfy the above condition.
Now applying lemma A.2 we get that for any M,

an < eA(n) (ao(n -M)+ > B(z’)) + B(n) (12)
i=n—M-—1
Now notice that

64H~L(w . 1 D? - 1 32HD? & 1
Z B(i) = % Z (Z — 1) T Z (i— 1)p+1 + b z 1)

i=n—M—1 i=n—M—1 L —" v iz
- 64H~yL(w*)(n — M — 2)P N D? N 32H D? N 64H~yL(w*)(n — 1)P*1
- b y(n—M —2)ptL " b(n — M — 2) b
D? 32HD?log n
* yin—M —2)p b
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Plugging this back in Equation 12 we conclude that

64eH~ 9 64HyL(w*)(n — M — 2)? D?
w < s (4HD? 4 VAHDPL(WY)) (n — M
n = b(n—l)l—p<( + (wr)) (n )+ b Jr’y(n—M—Q)P‘H
32HD? 6AH~L(w*)(n — 1)P+! D? 32HD?log n
+ + + - )
b(n— M — 2) b y(in—M —2)P b
64H~L(w*)(n —1)P D? 32H D?
+ + +
b y(n—1)ptL " b(n—1)
646H’y 2 32H D? 2D?
AHD? + \/AHD?L(w)) (n — M 2
(( + (wr)) (n )+b(n—M—2)+’y(n—M—2)p
128H7L( n— 1)+t 32HD? log n) L GHAL(WH(n -1 D> 320D
b b b y(n— 1P+ " b(n —1)
. 2 2
since 7 < 64£Inp7 b(i2—P§MD—2) = 'y(n—21[\)4—2)1‘" Hence
64eH~y 9 3D?
— | (4HD AHD?L(w* ) - M -2 _
_b(n—l)l—l’(( * (wr)) (n )+7(n—M—2)1’
128HyL(w*)(n — 1)P*1  32HD?1 64H~yL(w*)(n — 1)P D? 32HD?
N yL{wr)(n — 1P ogn)+ yLwH)(n -1 .
b b b v(n = 1P+ " b(n—1)
We now optimize over the choice of M above by using
1
FEs

3D?
~ (4HD2 + 4HD2L(w*))

(n—M-2)=

Ofcourse for the choice of M to be valid we need that n — M — 2 < n which gives our second
condition on ~ which is
3D?
> (13)
np+1 (4HD2 + 4HD2L(w*))

Plugging in this M we get,

1
deH w51 (3D2\?*T  128H~L(w* —1)rtt 2HD?1
ay < 176677_ (2 (4HD2 + 4HD2L(W*)> + (3) n 8HyL(w*)(n —1) I 3 og n)

(n—1)t-p 5 b b
n 64H~L(w*)(n — 1)P D? n 32H D?
b y(n — 1Pt " b(n — 1)
P _ p+1
128€H’yp+1 (4HD2 + 4HD2L(W*)) <3D2) N 26(64H’7)2L(W*)(n _ 1)2;) N 26(32H)2D2’7 lOg n
N b(n —1)1-p b2 b2(n —1)t-»

n 64H~yL(w*)(n —1)P . D? 32HD?
b y(n — 1Pt " b(n—1)
however by condition in Equation 11, v < & an, hence

) 348H 7T (4HD? + 4HD2L(w*))p+ (3027 | 26(32H)?D*log
- b(n—1)1-» b2(n —1)t-»
412HyL(w*)(n — 1)P N D? N 32H D?
b y(n—1)ptL " b(n—1)
We shall try to now optimize the above bound w.r.t. v, To this end set

)1 bD2 b ZpF1 D? o
7 =ming oo A2HL(w*)(n — 1)2p+1” <1044H(n - 1)2p> 4HD? + \/AHD?L(w*)
(15)
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We first need to verify that this choice of « satisfies the conditions in Equation 11 and 13.
To this end, note that as for the condition in Equation 11,

(o) y
< -
7=\ 1044H(n — 1) LHD? + \/JAHD2L(w")

and hence it can be easily verified that for n > 3, v < On the other hand to verify

the condition in Equation 13, we need to show that

64H p*

] bD? b B D? o
TEMY U\ 2H L(wr ) (n — 1)L (1044H(n — 1)2”> 4HD? + \/AHD?L(w*)
3D?
>
npt1 (4HD2 +\/4H DQL(W*))

It can be verified that this condition is satisfied as long as,
103L(w™*) 904
n 2 max{?), %, b}

So in effect as long as n > 3 and sample size nb > max{904, 10?;[()‘;’*)} the conditions are

satisfied. Now plugging in this choice of 7 into the bound in Equation 14, we get

pt1

- # 2p+1
L fosEDLw) 10441 D? (4HD? + JITD?L(w")) | BHD AHD?
"= b(n—1) b(n—1) bn—1) (n—1)pt!

n log(n) < 75H D? > = 1 s
5 \b(n—1) AHD? + \/AHD?L(w*)

p+1
1648H D2L(w*) 9 174 \#+1  32HD? 4HD?
<y —F——>+2(4HD AHD?L(w*)) | ———
—\/ bn—1) (arD? + () bn—1) =0 T o

3p+1

6H D?log(n) 75 2+l
5 6b(n — 1)
p+1

1648 HD?L(w*) 9 1 2+ 32H D? 4H D?
< /= 1348 (4 AHD?L(w*)) [ ———
_\/ S R 8(HD+ HDL(W)) =T =Dt o

36H D? log(n)

b(n —1) (b(n — 1))z

- \/1648HD2L(W*) 348 (4HD? + JIHD?L(w"))

32HD? + 4HD?
bin—1) ' (n— 1Pt

b(n—1) - b(n—1) (bln = 1))=% +

36H D? log(n)
b(n —1) (h(n — 1)) =T

Picking

. log(b) log log(n) 1
p = min § max 2log(n — 1) 2 (log(b(n — 1)) — loglog(n)) | ’
we get the bound,

HD2L(w*) n 1545H D? + 1428 H D*\/Tog n + 4HD?
b(n—1) Vb(n —1) b(n—1) (n—1)2

an < 358

This concludes the proof. O
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Lemma A.2. Consider a sequence of non-negative number ay, ..., a, € [0,a9] that satisfy
an, < Aln Z a; + B(n

where A is decreasing in n. For such a sequence, for any m € [n], as long as A(i) < 1/2 for
anyi>n—m—1and > A(i) <1 then

i=n—m—1

an < eA(n) <a0(n —m)+ > B(i)) + B(n)

i=n—m—

Proof. We shall unroll this recursion. Note that

n) Z_:ai + B(n)
= A(n) (Z a; + an_1> + B(n)
n) (i: a; + A(n —1) Z_:ai + B(n — 1)) + B(n)

= A(n)(1 4+ A(n — 1)) i a; + B(n) + A(n)B(n — 1)

i=1

< A(n)(1+A(n—1)) (Zaz—i—An—Q Zal—l—Bn—Z)++B(n)+A(n)B(n—1)

=An)(1+A(n—-1))1+4+ A(n —2 Zal+B A(n)B(n—1)+ A(n)(1+ A(n —1))B(n —2)
Continuing so upto m steps we get
m—1 m—1 [i-1
an<A(n)<H(1+An—z )ZamLB )+ A(n ( (H1+An—g)))3(n—i))
i=1 i=1 \j=1

(16)

We would now like to bound in general the term Hﬁ_ll(l + A(n —1)). To this extant note
that,

m—1 m—1
H 1+ A(n —1)) —exp<210gl+A(n—l))>
i=1 =1

/

2 for all i > n —m — 1 so that log(1 + A(n — 1)) < A(n — ). We get

1:[ (14 A(n—1)) <exp <Z_ A(n—i))

i=1 i=1
Now if Y- A(i) <1 then we can conclude that

m—1

[[a+ARm-i)<e
i=1
Plugging this in Equation A.2 we get

a, < eA(n) (Z a; + i B(n—i)) + B(n)

Now assume A(i) <1

i=1 i=1
n)( 0+ > B(l’)) + B(n)
=1 i=n—m-—1

21



Now if for each i < n, a; < ag then we see that

an < eA(n) <a0(n —m)+

Hence we conclude that as long as > AG) <1

i=n—m-—1

an < eA(n) <a0(n —m)+
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