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2Part I. Informal dis
ussion1 What is a Poisson boundaryLet (G,µ) be a group with a measure. µ de�nes a random walk on G: startfrom e pi
k a random element g1 distributed by µ. Now pi
k another one g2and the position at time 2 is g1g2, and so on. It is well known that su
h a walk
an be either re
urrent or transient. We are interesting in the study of transientwalks. One 
an ask about the speed: how fast the walk es
ape to in�nity.We will be interesting in the di�erent ways the walk 
an es
ape to in�nity.The Poisson boundary is a des
ription of all the behaviors at in�nity of therandom walk. It 
an thought of as a 
ompa
t measure spa
e (Π, ν) that 
anbe atta
hed topologi
ally to G in su
h a way that almost every w ∈ (Ω,P) =

(G,µ)
N 
onverges to some element of Π. The value ν (E) for E ⊂ Π re�e
ts theprobability that the random walk will hit Π at E.Example 1. (Z3, 16

(

δ(1,0,0) + δ(−1,0,0) + δ(0,1,0) + δ(0,−1,0) + δ(0,0,1) + δ(0,0,−1)

)).Example 2.(F2,
1
4 (δa + δa−1 + δb + δb−1)

).Example 3. Lamplighter: Z/2Z ≀ Γ when Γ = Zd.Question: Anyone has an idea of what are the boundaries these examples?2 Equivalen
e relation point of viewThe des
ription above suggest that we need to have a measurable fun
tion bnd :
Ω → Π that re�e
ts the 
onverges to the boundary. Now this boundary fun
tionde�nes an equivalen
e relation on Ω: w ∼ w′ if bnd (w) = bnd (w′).The essential problem is that for a general group, there is no 
andidate spa
ethat 
an serve as a boundary, and the theory needs an intrinsi
 des
ription:although we don't know where a walk goes to, we 
an say that two walks aregoing to the same pla
e, using the boundary fun
tion. After having su
h anequivalen
e relation, a point in Π 
an be thought as an equivalen
e 
lass.In some sense, it is similar to the Cau
hy sequen
es in 
al
ulus, and �
om-pleting a spa
e� using them.This theory started when Furstenberg studied during the 60' a non-
ommutingmultipli
ative version of the law of large numbers: instead of Xi ∼ µ and
X1 + · · · + Xn → n ·

´

µ, take µ ∈ P (SL2 (R)), Xi ∼ µ and ask what 
an besaid on the limit of the produ
t X1 · X2 · · ·Xn. He found out an interestingphenomena: for large 
lass of measures, the angels between the 
olumns of therandom produ
t tends to zero.In the additive version, the Xi are random real numbers and so do the limit.In the non-
ommuting 
ase - the limit, or the limiting behavior, is no longer amatrix but a di�erent obje
t.But what kind of obje
t?



3 Study 
ase - the open dis
 in C 33 Study 
ase - the open dis
 in CWe are looking for some relation between a spa
e and its boundary, and we startby 
onsidering an example where the boundary is known: The open dis
 D ⊂ Cand its boundary ∂D = S1.Abstra
t 
hara
terization. In that 
ase we know the boundary - we
an de�ned it by the metri
. Re
all that we wish to 
onstru
t a boundary forgroups as F2 where 
onsidering the metri
 won't yields any 
onvergen
e. So weare looking for di�erent 
hara
terization for the relation between D and S1.Harmoni
 fun
tions. Harmoni
 fun
tion h : R2 → R 
an be de�ned inseveral equivalent ways. The most 
onvenient to our purpose is a fun
tion thatadmits a mean value property: the value at x 
an be 
al
ulated by the valueson a small ball Bǫ (x): h (x) = 1
C
·
´

∂Bǫ(x)
h (y) dy.Consider an harmoni
 bounded fun
tion on D. Clearly it de�nes a measur-able fun
tion on S1, by the limiting values.The other dire
tion was solved by Diri
hlet (known as the Diri
hlet problem):Given a measurable fun
tion on S1 �nd a harmoni
 fun
tion on D su
h that itslimiting values are exa
tly the given fun
tion.Uniqueness. Note that by the maximum prin
iple (harmoni
 fun
tion getsits extreme values on the boundary), if su
h harmoni
 fun
tion does exist, itunique (the di�eren
e between two solutions will be zero on the boundaries).Existen
es. The unique solution is given by the Poisson kernel, and hasthe following des
ription: Let f on S1. We need to de�ne h on D. From a �xed

x ∈ D start a Brownian motion until it hits S1. Denote the hitting distributionby νx ∈ P
(

S1
). The desired harmoni
 fun
tion is h (x) = ´

S1 fdνx.A
tually we are getting that way an isometry H∞ (D) ≈ L∞
(

S1
).Re
overing the topology by measures. Now we 
an say when a sequen
ein D 
onverges to a point in S1: Let dn and 
onsider the sequen
e of measures

νdn
. If it 
onverges to the Dira
 measure νδb ∈ P

(

S1
) then we have that dn → b.Corollary. We will have a notion of hamini
ity on groups and then we 
andemand the same relation: that H (G,µ) ≈ L∞ (Π, ν).4 What kind of a spa
e (Π, ν) should be?Let's assume that we have a 
ompa
t probability spa
e (Π, ν), that we atta
hto G. That is we have a topology on G ∪Π so the spa
e is 
ompa
t and almostevery µ-random walk in G 
onverges to Π. Moreover, ν re�e
ts the hitting ofthe random walk on Π.

Π is a G-sap
e. In other words, we have a (measurable) �boundary fun
-tion�: bnd:GN → Π.The G-a
tion on Ω = GN, whi
h is left 
on
atenation indu
es a G-a
tion on
Π: gx = lim gw1 · · ·wn where x = limw1 . . . wn.

(Π, ν) is a stationary spa
e.Denote Xn (w) are G-valued random variables Xn (w) = wn. Xn is thein
rements in time n. Set Un
1 (w) = X1 (w) · · ·Xn (w).



5 The boundaries of the examples 4
lim
n→∞

Un
1 (w) 
onverges a.s. so do lim

n→∞
gUn

1 (w): The last limit is the produ
tof g and the limit of the former.De�ne Z1 : Ω → Π by Z1 (w) = lim
n→∞

Un
1 (w).Now 
onsider the sequen
e lim

n→∞
Un
2 (w) (just ignore the �rst 
oordinate).This sequen
e also 
onverge. Denote Z2 : Ω → Π the limit, and Zk (w) =

lim
n→∞

Un
k (w).Note that (1) all Zk share the same distribution and (2) Zk (w) = Xk (w)Zk+1 (w).If we denote the distribution of Zk by ν we get that ν = µ ∗ ν.BoundaryFurthermore, we 
laim that lim

n→∞
Un
1 (w) ν (whi
h is a random measure on

Π) is a.s. Dira
 measure:Let f ∈ C (Π), we need to show that ´
Π

f (ξ) dUn
1 (w) ν (ξ) → f (Z1 (w)).Write Z1 (w) = Un

1 (w) · Zn+1 (w) so we have
E (f (Z1) |X1, . . . , Xn) = E (f (Un

1 Zn+1) |X1, . . . , Xn)

=

ˆ

Π

f (X1 . . . Xnξ) dν (ξ)

=

ˆ

Π

f (ξ) dUn
1 (w) ν (ξ)But the �rst term 
onverges to f (Z1) so we are done.5 The boundaries of the examplesFree group. The Poisson boundary for simple random walk on F2 is the spa
eof all in�nite 
an
eled words, with the measure ν ([g1, . . . , gn]) = 1

4 · 1
3n−1 .Simple random walk on Z3 have a trivial boundary. The is due to the fa
tthat the only bounded harmoni
 fun
tions on Z3 are 
onstant. So dimH = 1,so dimL∞ (Π, ν) = 1 implies that Π = {pt}One may suspe
t that S2 will be the spa
e of dire
tions. It is well knownthat typi
ally, the random walk goes on spheres so the probability that a walkwill es
ape to in�nity through a spe
i�
 dire
tion is zero.Lamplighter. On Z3 is the set of all 
on�gurations, with some measurethat says what is the probability that a random lamplighter will leave the spa
ein that 
on�guration. Informally, sin
e the walk will eventually leave everypoint for ever, the last status at this point is the status of the same point in thelimiting 
on�guration.If the underline group is re
urrent, say Z, then the Poisson boundary istrivial.



5Part II. Stationary dynami
al systemGeneral settingsAbout G,µ.
G is a se
ond 
ountable group (the topology admits a 
ountable basis), and

µ ∈ P (G) a Borel measure su
h that the semigroup generated by supp (µ) isthe whole G, and that there exists n su
h µn is non-singular w.r.t. the Haarmeasure of G.All the measure spa
es are standard and 
ompa
t measured spa
es are Borel(so the spa
e of 
ontinuous fun
tions is dense in the spa
e of measurable fun
-tions).Topologi
al and measurable settings. The theory 
an be developed ei-ther in measurable settings or measurable-topologi
al settings. We will provethe existen
e and uniqueness of the Poisson boundary, in the measurable set-tings. Thus, people prefer to 
onsider this obje
t as measurable obje
t. On theother hand, without the topology - we lose the meaning of 
ompa
ti�
ation.There are several proofs for the existen
e of the Poisson boundary. Ea
h ofthem use at 
ertain point some �an existen
e theorem�. Hen
e, we know thatthis spa
e exists, but there is no dire
t way to 
onstru
t it. �The identi�
ationproblem of the Poisson boundary� is to give an expli
it topologi
al model (de�-nition will be provided later) to the abstra
t measurable spa
e, in a similar waywe did to the examples we 
onsidered.1 Group a
tions and G-spa
eDe�nition. (Group a
tion) A measure spa
e (X, ν) is a G-spa
e if G a
tsmeasurably on X , that is,There exists a measurable fun
tion G × X → X s.t. (1) ex = x, g (hx) =
(gh)x (where (g, x) 7→ gx) and (2) ν is quasi-invariant (ν (E) = 0 ⇐⇒
ν
(

g−1E
)

= 0 for all g ∈ G.)If X is also a topologi
al spa
e, then a must be 
ontinuous.Let π : X → Y , then also π = π∗ : P (X) → P (Y ). Expli
itly, for ν ∈ P (X),
πν (E) = ν

(

π−1 (E)
).In parti
ular, it holds for G a
tion: Whenever X is a G-spa
e, P (X) is a

G-spa
e as well:For ν ∈ P (X), gν de�ned by ´ f (x) dgν (m) =
´

f (gm) dν (m).De�nition. If (X1, ν1) , (X2, ν2) are G-spa
es, (X2, ν2) is said to be G-fa
tor of
(X1, ν1) if there exists a measurable fun
tion π : X1 → X2 su
h that πν1 = ν2and πg = gπ ∀g ∈ G.

(X1, ν1) and (X2, ν2) are G-isomorphi
 if in addition π is a measure theoreti-
al isomorphism (bije
tion m.p. between 
o-null sets su
h the inverse is measurepreserving).



2 Stationary spa
es 6Theorem. Any G-spa
e (X, ν) admits a 
ompa
t model, that is, there existsa 
ompa
t metri
 spa
eK with a probability measure η, su
h that G a
ts on K
ontinuously and we have that (X, ν) and (K, η) are G-isomorphi
.Example. Let (ak) be a sequen
e of wights, that is∑ ak = 1 and ak ≥ 0.Let (X, ν) be the set of points and there probabilities. Let G be a subgroup ofpermutations of the integers. We will build 2 
ompa
t models:
K1 =

{

1
2n

} and ν1 ( 1
2n

)

= an.
K2 =

{

1
2n

}

∪
{

1− 1
2n

} and ν2 ( 1
2n

)

= a2n+1, ν2
(

1− 1
2n

)

= a2n.
K1 andK2 are di�erent in the topologi
al sense but still they serve as modelsfor the same abstra
t spa
e (X, ν).This illustrates the disadvantage of working in the topologi
al setup.In parti
ular, 
onsider the measurable Poisson boundary. In general, thereare many (topologi
al) di�erent 
ompa
t models whi
h realize the Poisson bound-ary.2 Stationary spa
esLet (M, ν) be a G-spa
e.Denote by µ ∗ ν ∈ P (M) the image of µ× ν by the map G×M →M .Expli
itly, for any measurable f ∈ L∞ (M, ν),

ˆ

M

f (m) d (µ ∗ ν) (m) =

ˆ

G

ˆ

M

f (gm)dν (m) dµ (g) .De�nition. A probability spa
e (M, ν) is a (G,µ)-stationary or just (G,µ)-spa
e, if it is G-spa
e and ν = µ ∗ ν.Lemma. A fa
tor of a stationary spa
e is a stationary spa
e.Proof. µ ∗ ν2 = µ ∗ πν1 = π (µ ∗ ν1) = πν1 = ν2.Weak topology. Consider the spa
e of probability measuresP (M), equippedwith the weak topology, that is νn → ν if for any 
ontinuous fun
tion f ,
´

fdνn →
´

fdν.When K is a 
ompa
t spa
e, P (K) is 
ompa
t in this weak topology.Theorem. Every 
ompa
t G-spa
e admits a stationary measure.Proof. Markov-Kakutani �xed point theorem for the map θ 7→ µ ∗ θ.Another 
onstru
tion: Take some θ ∈ P (K) and 
onsider the sequen
e
νn = 1

n
(θ + µ ∗ θ + · · ·+ µn ∗ θ). The 
ompa
tness assets that there exists alimiting measure ν (for a subsequen
e).

µ ∗ νn − νn =
1

n

(

µ ∗ θ + · · ·+ µn+1 ∗ θ
)

−
1

n
(θ + µ ∗ θ + · · ·+ µn ∗ θ)

=
1

n

(

µn+1 ∗ θ − θ
)

→ 0



3 Harmoni
 fun
tions 7Corollary. Unlike G-invariant measures, every G-spa
e admits a stationarymeasure.Remark. This illustrates the advantage for 
onsidering topologi
al settings: wehave more stru
ture so we 
an use more tools. Thinking of 
ompa
t model asrepresentation of an abstra
t spa
e, it is interesting to look for properties thatholds for all the topologi
al models. We will see su
h a property later.Remark. General 
omment about stationary a
tions. The study of sta-tionary spa
es is very interesting and 
an be a topi
 for other le
ture. The
lassi
al ergodi
 theory studies the a
tion of a measure preserving transforma-tion on a probability spa
e.Consider the following generalization: instead of single transformation, onemay 
onsider many transformations - represented by group elements - and sup-pose that we are given a probability measure on the group. Ea
h of the trans-formations may not preserve the measure, but they preserve the measure on av-erage (w.r.t. the given measure on the group). This is the meaning of stationaryspa
e, and one 
an ask what results from ergodi
 theory holds for stationaryspa
es.Stationary dynami
al system is 
onsist of (G,µ) and a stationary spa
e
(M, ν).It is know that there is an ergodi
 theorem and multiple re
urren
e phe-nomena, in this stationary dynami
al systems. Also there is kind-of stru
turetheorem.3 Harmoni
 fun
tionsDe�nition. A G-fun
tion h : G→ R is µ-harmoni
 if h (g) = ´

G

h (gγ)dµ (γ).Denote the Bana
h spa
e of all bounded harmoni
 fun
tions by H∞ (G,µ).Note that always exist fun
tions in H∞ - the 
onstant fun
tions.This is a ve
tor spa
e and we equipped it with the sup norm. Note thatpointwise multipli
ation of harmoni
 fun
tions is not harmoni
.De�nition. A fun
tion f : G→ R is left uniform 
ontinuous (l.u.
.) if for any
ǫ > 0, there exists open neighborhood U of e su
h that for any u ∈ U and g ∈ G,
|f (ug)− f (g)| < ǫ.Denote byBluc (G) the spa
e of all bounded l.u.
. fun
tions, and byH∞

luc (G,µ)the Bana
h spa
e of all harmoni
 l.u.
. fun
tions.Lemma. Every h ∈ H∞ is a pointwise limit of a sequen
e in H∞

luc, or, H∞

luc isdense in H∞.
H∞ will be used for abstra
t measurable settings, and H∞

luc for topologi
alsettings.Why harmoni
 fun
tions are so important?Denote by (Ω,P) = (G,µ)
N - the spa
e of in
rements of a walk.



4 IF TIME ALLOWS: Harmoni
 and shift invariant fun
tions 8Lemma. The limit lim
n→∞

h (w1w2 · · ·wn) exists for a.e. w ∈ Ω.Moreover, denote h̃ (g, w) = lim
n→∞

h (gw1 · · ·wn), then h (g) = EΩ

(

h̃ (g, w)
)

=
´

Ω

h̃ (g, w) dP (w).Proof. De�ne Mn : Ω → R by Mn (w) = h (w1 · · ·wn). Then {Mn} forms abounded martingale:
E (Mn+1|Mn) =

ˆ

G

h (w1 · · ·wng)dµ (g) = h (w1 · · ·wn) =Mnso it 
onverges a.s., that is for a.e. w ∈ Ω .Remark. Re
all that we want to 
onsider the spa
e Ω and de
ide whether twowalk go to the �same pla
e� in an intrinsi
 way. The topology on Ω is mean-ingless. We do have 
onvergen
e in R. So we 
an think of harmoni
 fun
tion
h as an opinion on Ω that maps a walk to a value. Then we 
an say that twowalks 
onverge to the same pla
e if we 
annot distinguish them by harmoni
fun
tions.One may ask: �harmoni
 fun
tions 
an serve as opinions, but are thereother opinion-fun
tions?�. We will answer this question below and will see thatto distinguish by harmoni
 fun
tions yields the same equivalen
e relation asdistinguish using all the opinion-fun
tions.4 IF TIME ALLOWS: Harmoni
 and shift invariantfun
tionsLet (X,B,m) be the spa
e of all walks. Note that unlike Ω, for x ∈ X, xn isthe position of the walk at time n rather then the in
rement. m is the Markovmeasure, with the initial probability µ: m ([x1, . . . , xn]) = µ (x1)·

n−1
∏

i=1

µ
(

x−1
i+1xi

).Let T : X → X be the left shift: T (x1, x2, . . . ) = (x2, x3, . . . ).Theorem. Let I∞ ⊂ L∞ (X,B,m) be the spa
e of Borel shift-invariant maps.Then H∞ (G,µ) is isometri
 to I∞.It is known theorem. The isomorphism is given by:
h ∈ H∞ (G,µ) 7→ h̃ (e, ·) and h̃ ∈ I∞ 7→ h where h (g) = ´ h̃ (g, w) dP (w).Denote by I =

{

E ∈ B|T−1 (E) = E
}. It is a sub-σ-algebra of B.Note that I∞ = L∞ (X, I,m|I).Remark. We want to interpret this theorem as follows: Divide Ω into equivalen
e
lasses using harmoni
 fun
tions, is the same as divideX by invariant fun
tions.There are two known 
onstru
tions for the Poisson boundary. One is by the�spe
trum� of the spa
e of harmoni
 fun
tions (Furstenberg), and the other isdone by the spa
e of shift-ergodi
-
omponents on X .



5 Furstenberg transform 95 Furstenberg transformLet (M, ν) be a (G,µ)-stationary spa
e.The G-a
tion on L∞ (M, ν) is φg (x) = φ (gx). Thus ν (φg) = gν (φ).De�nition. For ea
h φ ∈ L∞ (M, ν), de�ne aG-fun
tion F (φ) (g) =
´

M

φ (gm) dν (m) =

gν (φ) = ν (φg).Lemma. The Furstenberg transform is a linear operator F : L∞ (M, ν) →
H∞ (G,µ), F 
ommutes with the G-a
tion, and ‖F‖ = 1.For 
ompa
t spa
e (K, ν), the transform is a linear operator C (K) → H∞

luc (G,µ)with the same properties.Proof. Let φ ∈ L∞ (M, ν) and denote f = F (φ).Hamoni
ity:
ˆ

G

f (gγ)dµ (γ) =

ˆ

G





ˆ

M

φ (gγm)dν (m)



 dµ (γ) =

=

ˆ

G





ˆ

M

φg (γm)dν (m)



 dµ (γ)

= µ ∗ ν (φg) = ν (φg) = gν (φ) = f (g) .Linearity: The linearity of the transform is by the linearity of the integral.Commutativity with G-a
tion:
F (φγ) (g) =

ˆ

M

φγ (gm) dν (m) =

ˆ

M

φ (γgm)dν (m) = F (φ) (γg)Remark 1. This is a generalization of the Poisson transform. If we set G = D1,and M = S1 so given a boundary fun
tion φ, we de�ne a harmoni
 fun
tion in
g by integrating φ against the measure seen from g.6 BoundariesLemma. Let (K, ν) be a 
ompa
t metri
 (G,µ)-stationary. The limit νw =
limn→∞ w1 · · ·wnν exists for a.e. w ∈ Ω.Proof. Let φ ∈ C (K), and 
onsider the fun
tion F (φ). Sin
e F (φ) is harmoni
the limit l (φ,w) = lim

n→∞
F (φ) (w1 · · ·wn) = lim

n→∞

´

M

φd (w1 · · ·wn) ν exists forall w ∈ Ωφ with P (Ωφ) = 1. Repeat this for a dense set of fun
tions {φi} to get
Ω0 =

⋂

i

Ωφi
with P (Ω0) = 1.



6 Boundaries 10For a given w0 ∈ Ω0, l (·, w0) is a linear fun
tion {φi} → R. Sin
e {φi} isdense it extended to a (positive) linear fun
tional on C (K) whi
h 
orrespond(by Riesz) to a measure νw ∈ P (K).De�nition. A 
ompa
t (G,µ)-stationary, (K, ν) is 
alled 
ompa
t-(G,µ)-boundaryif νw = δZ(w) is a Dira
 measure for a.e. w ∈ Ω, Z is a random point in K (thatis Z : Ω → K).Remark. This is the Z1 (w) form the informal dis
ussion: Z1 = bnd : Ω → Bby w 7→ z (w) where limw1 · · ·wnν = δz(w).WLOG we assume that supp (ν) = Im (bnd).Lemma. For an abstra
t measurable spa
e (M, ν) the following equivalent:1. (M, ν) have a 
ompa
t model whi
h is (G,µ)-boundary.2. Every 
ompa
t model of (M, ν) is a (G,µ)-boundary.Remark. The property �
ompa
t model� is de�ned using the topology, but stillit is holds for any 
ompa
t model.De�nition. An abstra
t stationary spa
e (M, ν) is a (G,µ)-boundary if every
ompa
t model of it is a 
ompa
t boundary.Remark. The name boundary and topology. Why the name boundary isproper? Ea
h 
ompa
t boundary (B, ν) 
an be atta
hed to G:Give G ∪ B the weakest topology for whi
h G → G ∪ B, B → G ∪ Bare homeomorphi
 embeddings and ϕ : G ∪ B → P (B) de�ned by ϕ (b) = δband ϕ (g) = gν is 
ontinuous. With that topology, lim
n→∞

w1 · · ·wn exists to anelement if B for a.e. w ∈ Ω.It it not true for abstra
t boundary - there 
onvergen
e of the measures atall (P (M) does not equipped with weak topology).Note that a trivial spa
e, ({pt} , δ) is always a boundary. This is a one-point
ompa
ti�
ation. We are looking for the largest boundary.Re
all the intrinsi
-des
ription of the limit (or an equivalen
e relation onthe set of walks) that we looked for. Now we 
an say that two walks w,w′ are
onverges to the same point if νw = νw′ .Any boundary gives su
h a relation on Ω and we are looking for the �maximalboundary� whi
h will give the �nest relation.Lemma. A fa
tor of a boundary is a boundary.Proof. Let (K(1), ν(1)
) π
−→

(

K(2), ν(2)
) both are 
ompa
t, where (

K(1), ν(1)
) isa boundary.Then

ν(2)w = limw1 · · ·wnν
(2) = limw1 · · ·wnπν

(1) = π
(

limw1 · · ·wnν
(1)

)

= π
(

ν(1)w

)and the image of Dira
 is Dira
.The abstra
t settings follow.
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all the Furstenberg transform, F : L∞ (M, ν) → H∞ (G,µ) and F : C (K) →
H∞

luc (G,µ) de�ned by
F (φ) (g) =

ˆ

M

φ (gm)dν (m) = gν (φ) = ν (φg).Lemma 2. (K, ν) is a 
ompa
t boundary if and only if F : C (K) → H∞

luc (G,µ)is an isometri
 embedding.Proof. We will show here only one dire
tion. The other dire
tion - IOU.Inje
tivityAssume F (φ) (g) = F (ψ) (g). Let b ∈ K we want to show that φ (b) = ψ(b),�nd w ∈ Ω su
h bnd (w) = b.
φ (b) =

´

K

φdδb = lim
n→∞

´

φd (w1 . . . wnν) = lim
n→∞

F (φ) (w1 . . . wn) = lim
n→∞

F (ψ) (w1 . . . wn) =

... = ψ (b).Isometry - skipIn general, the norm may only de
rease, so we need to show that ‖Fφ‖ ≥ ‖φ‖.Assume that ‖Fφ‖ > ‖φ‖ so there exists g0 with Fφ (g0) > supb {φ (b)}. Sin
e
Fφ (g0) =

´

Fφ (γg0) dµ (γ), there exists w1 su
h Fφ (w1) ≥ Fφ (g0). Con-tinue with this pro
ess to get w ∈ Ω, su
h limFφ (wn . . . w1) not only existsbut the sequen
e of values is monotoni
. Set b = bnd (w) to get φ (b) =
limFφ (wn . . . w1) ≥ Fφ (g0) whi
h is a 
ontradi
tion.Lemma. An abstra
t stationary spa
e,(B, ν) is a boundary if and only if F :
L∞ (B, ν) → H∞ (G,µ) is an isometri
 embedding.Proof. Assume (B, ν) is a boundary. Take (BK , ν) a 
ompa
t model. So F islinear (so 
ontinuous) isometry on the dense set H∞

luc so it is extended to a linearisometry F : L∞ (B, ν) → H∞ (G,µ).Assume F is isometry, and let BK be any 
ompa
t model. F |C(BK) is anisometry, so by the IOU, BK is a 
ompa
t boundary. So any 
ompa
t model isa 
ompa
t boundary thus (B, ν) is a boundary.Part III. The Poisson boundary1 Statements of the main theoremWe 
an state the main theorem both in the topologi
al settings and in themeasurable settings.Theorem. Let (G,µ) be a lo
ally 
ompa
t se
ond 
ountable group with admis-sible measure. There exists a uniquely de�ned maximal boundary 
alled thePoisson boundary, (Π, ν), in the sense that any other boundary is a G-fa
tor of
(Π, ν).
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tion using Harmoni
 fun
tions 12We will prove here the topologi
al version: there exists a 
ompa
t boundary
(Πtop, ν) su
h that any other boundary is a G-fa
tor of (Πtop, ν).2 Constru
tion using Harmoni
 fun
tionsWe will �nd a 
ompa
t spa
e (Πtop, ν) whi
h is a boundary and every otherboundary is its fa
tor.Re
all that the martingale 
onvergen
e theorem suggests to use harmoni
fun
tions as indi
ator of the ways of es
aping to in�nity, but we ask what aboutother su
h fun
tions. Let's take a look on this obje
t, but �rst, re
all fromalgebra:2.1 Commutative C∗-algebrasA unital 
ommutative C∗-algebra is a 
ommutative Bana
h algebra (normedlinear spa
e with a multipli
ation and a unit element) that have ni
e ∗operation:

(x+ y)
∗
= x∗ + y∗, (xy)∗ = y∗x∗, (λx)∗ = λ̄x∗, (x∗)∗ = x and ‖x∗x‖ =

‖x‖ ‖x∗‖.Example for su
h obje
t is C (K) where K is 
ompa
t. This is indeed allthe sour
es for examples: Gelfand-Naimark theorem says that if A is su
h aunital 
ommutative C∗-algebra then there exists a 
ompa
t spa
e K su
h that
C (K) isometri
ally isomorphi
 to A (or ∗-isomorphi
).Another theorem that we will use is Stone-Bana
h. Let X,Y 
ompa
tspa
es. If π : Y → X is 
ontinuous then it de�nes a fun
tion ϕ : C (X) → C (Y )by ϕ (f) (x) = f (π (x)).Stone-Bana
h gives the other dire
tion: if i : C (X) →
C (Y ) is isometri
 and i (1X) = 1Y then it is indu
ed by a 
ontinuous π : Y → X .In parti
ular, if i is also isomorphism (onto) then X and Y are homeomor-phi
.2.2 The 
onstru
tion of ΠtopRe
all that Bluc (G) is the set of all bounded l.u.
. fun
tion on G.LetA be the algebra of all f ∈ Bluc (G) su
h that the limit lim

n→∞
f (gw1w2 · · ·wn) =

f̃ (g, w) exists for every g ∈ G and a.e. w ∈ Ω.
• We saw that H∞

luc (G,µ) ≤ A.
• This is an C∗-algebra: the pointwise multipli
ation preserves the existen
eof the limit a.e., the norm is the sup norm.
• This is also G-spa
e: the a
tion fg (γ) = f (gγ) preserves the 
onditionthat the limit exists for all g and a.e. w.Now let I be the set of all fun
tions in A that the limit exists and equal to zerofor every g ∈ G and a.e. w ∈ Ω.
• Note that I is an ideal.
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tions 13
• The G-a
tion preserves I.Thus, Z = A/I is a G-spa
e with a stru
ture of C∗-algebra.Lemma. Z = H∞

luc, or A = H∞

luc ⊕ I.Proof. First,H∩I = {0} sin
e we saw that h (g) = EΩ

(

f̃ (g, w)
) so if f̃ (g, w) =

0 for every g then h (g) = 0.Given f ∈ A de�ne hf (g) = ´ f̃ (g, w) dP (w). So h is harmoni
 sin
e
ˆ

G

hf (gγ)dµ (γ) =

ˆ

G

ˆ

Ω

f̃ (gγ, w) dµ (γ) dP (w)

=

ˆ

Ω

f̃ (g, w) dP (w) = hf (g)

f − hf ∈ I:
h̃f (g, w) = lim

n→∞
hf (gw1 · · ·wn)

= lim
n→∞

ˆ

Ω

f̃ (gw1 · · ·wnw
′) dP (w′)

= lim
n→∞

E

(

f̃ (g, w1 · · ·wnw
′) |g, w1, . . . , wn

)

= f̃ (g, w)The last equality: Z, (Xn) are random variables and Z is F (Xn)-measurablefor all n then lim
n→∞

E (Z|X1, . . . Xn) = Z.Remark 3. Note that H∞

luc is a Bana
h spa
e. We have just de�ned a multi-pli
ation in H∞

luc : the pointwise multipli
ation modulo I. That is, h1 · h2 = hwhere h1 · h2 = h+ i.Thus, H∞

luc admits a Gelfand representation: there exists a 
ompa
t spa
e
Πtop su
h thatH∞

luc ≈ C (Πtop). For h ∈ H∞

luc, denote by h̄ the image by Gelfand.
Π is a G-spa
eWe have an G-a
tion on C (Πtop), so the G-a
tion de�nes a group of automor-phism on C (Πtop). Su
h a group always 
orrespond (Stone-Bana
h) to a groupof homeomorphisms of Πtop so we have a G-a
tion on Πtop.2.3 The measure νUntil now we have a G-sap
e. We are looking for a measure on the spa
e.De�ne for ea
h g ∈ G, Lg : H∞

luc → R by Lg (h) = h (g) =
´

Ω

h̃ (g, w) dP (w).In words, 
onsider that we start form g, what we will see in the future.
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 fun
tions 14It indu
es a positive linear fun
tion L̄g on C (Πtop) and by Riesz, we have a
νg ∈ P (Πtop) su
h that for h̄ ∈ C (Πtop),

νg
(

h̄
)

=

ˆ

Πtop

h̄ (x) dνg (x) = L̄g

(

h̄
)

= Lg (h) =

ˆ

Ω

h̃ (g, w) dP (w) = h (g)Properties of these measures:
• The G-a
tion is νg = gνe

gνe
(

h̄
)

= νe
(

h̄g
)

= νe
(

hg
)

= hg (e) = h (g) = νg
(

h̄
)

• ν = νe is stationary.
ν
(

h̄
)

= h (e) =

ˆ

G

h (g) dµ (g) =

ˆ

G

νg
(

h̄
)

dµ = µ ∗ ν
(

h̄
)

• Gelfand=Furstenberg.With this measure, the Gelfand representation h↔ h̄ and the Furstenbergtransform 
oin
ide: For h̄ we need to show that h = F
(

h̄
).

F
(

h̄
)

(g) = gν
(

h̄
)

= νg
(

h̄
)

= h (g)

• (Πtop, ν) is a boundary.Let θ = lim
n→∞

w1 · · ·wnν.
ˆ

Πtop

h̄ (x) dθ (x) = lim
n→∞

ˆ

h̄ (x) d (w1 · · ·wnν) (x)

= lim
n→∞

L̄w1···wn

(

h̄
)

= lim
n→∞

Lw1···wn
(h)

= lim
n→∞

h (w1 · · ·wn) = h̃ (e, w)Sin
e h ↔ h̄ is multipli
ative, apply the last equations on h̃2 to get the�rst equality:
h̃ (e, w)

2
=

ˆ

Πtop

(

h̄ (x)
)2
dθ (x) ≥







ˆ

Πtop

h̄ (x) dθ (x)







2

=
(

h̃ (e, w)
)2So we have equality in Cau
hy-S
hwartz so h̄must be 
onstant on supp (θ).But it holds for any h̄ ∈ C (Πtop) so θ is Dira
.
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• UniversalityLet (K, ν′) be a 
ompa
t boundary so the Furstenberg transform FK :
C (K) → H∞

luc is an isometry embedding. And we have FΠtop
: C (Πtop) →

H∞

luc whi
h is isometri
 isomorphism. Consider
C (K)

FK−−→ H∞

luc

F
−1

Πtop

−−−−→ C (Πtop)It is a ∗-isomorphism embedding that maps 1K 7→ 1Πtop
so by Stone-Bana
h, it indu
es by a uniquely de�ned 
ontinuous map π : Πtop → K.

π de�ne by: φ ∈ C (K) maps to F (φ) ∈ Πtop so F (φ) (x) = φ (π (x)).This π is a G-fa
tor map.


