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W emplay on algebruic method For companing the structural simplicity of familes
ol absiract machines. We associnte with esch family of machines 4 Gras-oeder strisctune
thint includes mnchines ng obcts, composibon operalions. which conitruct larger
machines (rom ssmaller ones, as functions, and o s=1 of semantic relations, We then
cotipane families of mochines by studying the existencs of homomarphisms between
e associnted structures, Given families of machings L, L' with sssociabed structunes
&, &, we sy that £ is sivepler than L7 if there i o bomomaorphism of 5 inio §, bt not
vice reesa. W shiow thal scross several abhstract machine modsls — finite sutomats,
Turing machines, and |ogic programs — determinisis machines are simpler than
nondsterministic machines and nondeierminisie machines are simpier than alter
nating mnchines. Our resulls eross compulabiomal caomplexity houndaries, We show
it for Turlag machines, finite sutomsts and logic programs every non-letsrministis
variunt is not simpler tham any deterministic variant, nod that every alterilmg sadan)
i not simpker than any nordeterminisib {(nen-alternaling) varant, In addition. we
show that nondeterministic and allemating Turing machines are eguivalent in their
slructiral simplicity fo iterative and ardinary logic progrims. respectively, amd thai
deterministic Turing mschines are ns simple 05 delermimisie bogse progrums. We
thus establish, i & seise somewhat Ipdependent of compulatonal complexity
classes amil machine modeh, that determinism is simpler than nendsserminizm and
kst pordeterminism s simpler than alternation. The method of comparison we
employ is quite gereral. Tt has been applicd sucoessliily 1o the compurison of con:
current progrimming languages and we eapect it to be spplicuble 1o other languapss
wnd mackane mmodels as well

B Introduction

Yarious methods have been proposed for the comparison of programming
languages and models. Due to Turing-completéness of all programming lunguages.
the effective methods are those that can introduce distinctions as well as similarities,
relating the expressive power of the compared lingusges. Severnl methods succesd
to compare only languages having o common basis (such s similar syatactic struc-
ture, similar semantic definition or similar evaluation method). Examples for such
approaches can be found in [4, 7, 23], where sequential program schemes are
compared, and in (2,3, 6, 8,9, 10, 11, 15,17, 18, 19, 20, 24, 25, 29], where different
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variants of languages and computational models are compared. Recently, several
proposals have been made, in which a wider set of languages can be compared
[21, 28, 30].

Shapiro [28] introduces a general method for comparing the structural simpli-
city of families of machines and languages. This method was successfully applied to
compare a variety of different (not a priori related) concurrent PrOEramiming
languages [27, 28). The generality of this method lies in associating a first-order
structure with each language or family of machines, and in companng languages
(or families of machines) by demonstrating the existence or nonexistence of homo-
morphic mappings among their associated structures. The structure associated with
a lanpuage or a family of machines has programs or machines as objects, a set of
composition operations as functions, and a set of relations on programs. The
composition operations are used to build larger machines from smaller ones, and
the set of relations generally includes a semantic equivalence relation and/or its
complement. The homomorphic mappings we investigate are called language
embeddings, A language embedding is 2 homomorphism between the associated
structures. A language L is considered as simple as L' if L can be embedded in L.
Furthermore, L is simpler than L' if there is an embedding of L in L', but not vice
versa, We use the following separation scheme (similar to the one introduced
in [28]), in order to establish that an embedding between two languages does not
exisl.

Separation scheme. Ler L and L' be languages with asiociated structures S and §,
respectively, If there exists a structure propersy P such that;

1. P s satisfied by S, but not by any homomarphic image of 5 in s,
2. P is preserved by structure homomorphisms,

then L cannot be embedded in L.

In this paper we further enrich the comparison method developed in [27, 28]
and apply it to compare the simplicity of the deterministic, non-deterministic and
alternating variants of finite automata, Turing machines and logic programming
languages. (In logic programming languages the alternating variant is the language
of ordinary logic programs, while the non-deterministic variant is the language of
iterative logic programs — programs with at most one body-goal in every
clause.) Although these models are not a priori related, we obtain both positive
and negative results about the existence of language embeddings among them.

The structures associated with the models compared in this paper contain
union as the sole composition operation. Thus, logic programs are composed to
larger programs by taking the union of their clause sets, and machines are composed
to larger machines by taking the union of their transition relations. Union a5 a sole
composition operation is complete in the sense that all programs/machines can be
built by taking the union of basic (smaller) programs/machines. Furthermore, it
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Fig 1, Structure bemomorphisms.

turns out that by employing this choice of compesition operation, our comparnson
method successfully captures the intuitive differences between déterminism, non-
determinism and alternation, as demonstrated in the rest of this paper.

The semantic relations for the associated structures considered in this paper
are taken from the set {=, =, simple}. =~ is the observable equivalence relation, = is
the fully-abstract congruence relation (induced by = and by the composition
operations [13]), and simple is a unary predicate which identifies simple programs,
Apart from the mathematical justification for this choice of semantic relations,
we believe that the requirement that embeddings preserve the semantic equivalence
relations is important since it ensures that the simplicity relations derived (rom our
results preserve the meaning of the objects under comparison. In this sense,
preserving the fully-abstract congruence relation is particularly important since
its equivalence classes correspond to behaviors that can be detected by the external
environment. The requirement to preserve the simple relation is more structural and
we find it rather natural, It ensures that programs (or machines) with a very basic
structure are mapped to the same kind of programs (or machines).

A summary of our results is presented in Figure |. A curved line indicates that
a homomorphism from every structure above it into any structure below il does not
exist. An arrow from a structure 4 to 8 indicates thal there exists a homomorphism
of A into B. Solid arrows indicate homomorphisms which preserve the whole set of
semantic relations; {=, =, simple}. Dashed arrows indicate homomorphisms, which
preserve the observable equivalence relation (=); some of them preserve the simple
relation as well

The curved lines distinguish altermation from non-determunism and non-
determinism from determinism, crossing compuiational complexity boundaries
{for example, we show that alternating finite aulomata are not simpler than non-
deterministic Turing machines, and that non-deterministic finite automata are nol
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simpler than deterministic Turing machines). These distinctions constitute the
major contribution of this paper. They employ separation properties that are
peneral and language independent; hence they are expected to be applicable for
finding distinctions between additional computational models.

In order to distinguish alternation from non-determinism, we use the separa-
tion scheme introduced above with the property that there exists a program, whose
{observable) equivalence class is preserved by composition with single simple
programs, but not by composition with multiple simple programs. This property
captures the following characteristic behavior of an alternating machine, program.
Such a machine program may have a state which leads 1o acceptance only if its
enfire set of descendants lead o acceptance. It won't be satisfied with a single
descendant that leads to accepiance.

We distinguish non-determinism from determinism by employing a separa-
tion property describing a composition which is defined in the non-deterministic
variants, but not in the deterministic variants. Such a composition captures the
following typical situation which distinguishes non-deterministic models from
deterministic ones. Mon-deterministic models may introduce two possible computa-
tronil piths that vield the same observable outcome, while in deterministic models
the initial conditions uniguely determine a single possible computational path.

The arrows in Figure | describe our positive results, The vertical arrows
represent inclusion mappings. As seen in the diagram, the inclusion mappings of
finite automata are stronger (preserve more relations) than those of Turing
machines, althongh these models are closely related. The proofs that the inclusion
mappings of finite automata and logic programs (represented by solid arrows)
preserve the fully-abstract congruence relation are not trivial and employ the
notion of testing sub-sfruciures [28). The idea of testing sub-structures i1s a general-
ization of experimenters in process algebra presented in [16]. The main task in these
proofs i to show that in each of the above inclusion mappings, the more restricted
{source) structure s rich enough to detect programs (or automata) that are distinet
under the fullv-abstract congruence relation.

The horizontal arrows represent the known translations between logic
programs and Turing machines [22, 26] and trivial embeddings of finite automata
into Turing machines. Mote that the relations between logic programs and Turing
machines are obtained although they have different syntactic structurc and
employ different computation methods. The embeddings of finite automata in
Turing machines and the embeddings of Turing machines in logic programs (all
presented by dashed arrows) preserve the simple relation as well (in addition to
the observational equivalence relation).

Some of the above results give mathematical justification to our intuitive
notion about the differences and the similarities between the models investigated
in this paper. For example, our negative results justify our intuitive notion about
the difference in the expressive power of alternation, non-determinism and deter-
minism. Furthermore, the separation properties that we use to obtain the above
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neégative results are quite gencral and give hope to obtain smmlar separations
between deterministic, non-deterministic and alternating variants of other models,
although such a generalization is neither trivial nor immediate. Among the positive
results, the inclusion mappings between the different variants of the same model and
the embeddings of finite automata in Turing machines are nol surprising. The
embeddings between logic programs and Turing machines and the difficulty to
obtain the higher degree of comparison in several embeddings (ie., the difficulty
o define embeddings that preserve the whole set of semantic relations) are more
surprising and may give rise to a better understanding about the differences
between the compared models.

The rest of the paper is organized as follows. In Section 2 we introduce the
basic concepts of the comparison method presented i [27, 28] (slightly revised).
In Section 3 we give a full description of the languages investigated in this paper.
In Section 4 we introduce our (general) separation properties and apply them to
distinguish alternation from non-determinism, and non-determinism from deter-
minism, for all the models investigated in this paper. In Section 5 we present our
positive results and claim thai the involved mappings are homomorphic and
preserve the semantic relations. Section 6 concludes the paper,

L Framework

With every programming language or abstract machine model that we study,
we associate a first-order structure, as follows.

Definition 2.1 (Partial algebra). 4 partial algebra is a pair (4; F), where A is a non-
emply set and F is a set of finitary (possibly partial] eperations on A.

Definition 2.2 (First-order structure). A first-order structure is a triple (£; F; &) where
(P F) is a partial algebra and R ix a ser of relations on P,

The first-order structure we associate with every language has the machines
or programs with composition operations as algebras, and semantic relations
which generally include a semantic cquivalence relation. In our comparison
method we investigate the existence of language embeddings between the compared
langunges. The notion of language embedding is based on finding homomorphic
mappings between the associated structures.

Definition 2.3 (Algebra homomorphism). Let PA; = (A); F,) and PAs = (4 F3) be

two partial algebras, A homomorphism ¢ of PA, inte PAy ix a mapping satisfying
that for every ay,....d, € Ay and f € Fy such that flay,... a,) i defined,
Telage, .. aqe) is defined and sarisfies (f{ay, ..., a,))e = felaye, .- . 04

Definition 2.4 (Structure homomorphism). Let § = (P, F; R) and 8§ = (P F'. R} be
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two firsi-order structures, A homomorphism £ of § into §' is a mapping satisfyving:

. e is a homomorphizm of (P; F) into (P F') (as partial algebras ).

2. Foreveryay,...,a, € Pandevery n-ary relationr € R, if riay,...,a,) holds in
5 then re{me, ... a,:) holds in §' [ for every n).

Definition 2.5 (Faithful homomorphism). Let S = (P, F; R) and §' = (P F'\ R be
two first-order siructures. A homomorphism of § inte 5 is faithful if ¥r € R,
~r(d) == =(re){&x).

Note that from a faithful homomorphism of (P;F;R) into a structure
(P, F'; R}, one can derive @ homomorphism of (P-F; RUTR) inte (P F . F UF).

We would like lunguage embeddings to be defined for languages with
different sets of operations. Furthermore, we would like embeddings to allow
realizing an operation in the source language using an operation in the closure of
operations in the target language. We therefore define the following:

Definition 2.6 (Closure). Let (A F) be an algebra. The closure of F, denoted by F. is
the set of all finitary aperations that correspond to “terms with variables” over F ond A
( the elements of A serve ax nullary operations over A). - -

For a structure § = (P; F; R), the closure of § is the structure 8 = (P, F; R).

Definition 2.7 (Language embedding). Ler L and L' be languages with associated struc-
tures § and §', respectively. A language embedding of L inte L' is @ homomorphism of
8 into 8

The process of associating a first-order structure with a language is rather
informal. It can be done in various ways, vielding various degrees of comparison
between languages.

Let 5 be a set of structures and let £ be a set of language embeddings among
them, then {5, £} constilutes a category which we call a categery of language embed-
dings. A family K of structure homomorphisms induces a preorder =, between
structures. For a family K of structure homomorphisms, we denote by JF the
family of all faithful homomorphisms in £. Let § and § be associated structures
(of the languages L and L', respectively). § <, § if and only if there is a K-
homomorphism of § in 8. We use § ~ §' as a notation for § <, §' & § =, §,
and § =y §' as a notation for § <¢ & but §' £, 8. To prove that § <, §', one
should introduce a K-homomorphism of § in §. To prove that § £, 5,
one should find a structure property P and apply the following observation:

Observation 2.1 (Separation scheme). Let S and §' be associated siructures of the
languages L and L', respectively. If there exists a structure property P such thar;

I. P is satisfied by S, but not by any K-homamorphic image of S in 8,
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2. P ix preserved by K-homomorphisms,
then § il o 5.

3 The computational models and their associated structures

We describe the models compared in this paper, and their associated strue-
tures. The objects in all structures are represented by tuples, in which every compao-
nent is a set (as described below), and the single composition operation is defined 1o
be component-wise union in all models.

The semantic relations employed in the associated structures of this paper are
taken from the following relations:

s The observable equivalence relation, denoted =, which characterizes when
two machines/programs have the same externally observable behavior.

s The fully-abstract congruence relation, denoted =, which is the (unique)
coarsest congruence relation thai respects the composition operation and is
included in the observable equivalence relation. More specifically, for a
first-order structure (P F; R) with = € R, the fully-abstract congruence rela-
tion, =, is the unique coarsest relation satisfying:

p=g—spc=g for every p.g € P

and

Pi =gyl Ef!'-—’.l"[ﬂh----Fﬂ :f':.‘ll!“""?ﬂ]
for every n-ary function f € Fand py, ... . P f1e---» g, € P.

s A relation that identifies simple programs/machines. The predicate is defined
specifically for each model. All simple programs/machines are observably
equivalent to the empty program 'maching.

The motivation behind the choice of union as the sole composition operation
and the choice of the semantic relations were discussed in the introduction to this
paper. We would like to further reflect the following property of the union operation
and the semantic relations, which is used in the mathematical treatment of the struc-
tures described in this paper, Union is menotone in the sense that if a large program
{or machine) is composed of two smaller programs/machines, every observable
behavior obtained by the smaller programs (or machines) can be obtained by the
large program or machine (composed of the smaller ones) as well.

Since the Tully-absiract congruence is derived from the observable equiva-
lence and the composition operations (union in our case), we specify below only
the observable equivalence and the simple relation for every language.

Some of the languages compared in this paper are obtained by restricting the
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programs under investigation. We use the notion of sub-structre, defined below, to
describe the structures, associated with the restricted languages.

Definition 3.1 (Sub-algebra). Ler A = (A; F) be a partial algetra, and let ) o B C A,
B = (B, F) is a relative sub-algebra of A if for every f € Fand @ € B (&) iy defined
and eguals b in B if and ondy if (@) = b is defined in A and b € B.

Definition 3.2 (Sub-structure). Ler (A; F; R} be a first-order structure, and let
B#BCA (B F:RY is a sub-structure of (A; F; B\ if (8 F} s a relative sub-
algebra of {A; Fy, and every ¥ € R' is a relation r € R, resiricted 1o B.

We first describe Turing machines and finite automata, We assume a pre-
defined (infinite) set of states @ including a fixed initial state ¢, €' 0, a predefined
{infinite) set of machine input symbols A and a predefined set of tape symbols, T
{for Turing machines only). It is therefore enough to specify in every machine
only the transition relation 6, the set of final states F C @, and the set of universal
states [F C (@ (for alternating machines only; in these machines F € 7L

Since we want to include in our compared models the families of alternating
Turing machines and alternating finite automata, with union as 4 composition
operation, we would like the union operation to be monotonic in the sense that
bigger machines accept bigger languages. We therefore replace the definition of
the transition relation & by an operationally equivalent definition. We define the
successor of every state to be a ser of states instead of a single state, where existentinl
states (sttes in {) — U') may have only singletons as their successors. A universal
state may introduce also an existential behavior in the sense that it has more than
one set of successors. A pure universal state is a state in U7 that has at most one
set of successors, As @ result, the union of Turning machines, having universal
states with identical state names, increases the non-determinism in the composed
machine, (Unlike the previous definition, where such a union reduced the accepted
language.)

We now describe the structures, associated with the models compared in this
paper. In all structures, we use R as the set of relations {=, =, simple].

Turing machines:
AT M = (ATM; L R): ATM is the set of alternating Turing machines, as
presented by Chandra er af. [5] and by Fischer and Ladner [12].
A typical ATM element is M = (&, U, F), where:
& is a set of quintets of the form (g, a, ¢, «'. LR), meaning that upon reading
the character a in the state ¢ the head writes o instead, moves either to the left
or to the right according to the value of LR, and execution continues, with the
states in (2 as next states.
If M, and M are Turing machines, M = M, il and only if L{M;) = L( M),
where L{M,) is the language accepted by M, (f = 1. 2).
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A machine is simple if it has the form (8, {¢}, {g]}) for some g € 0.

NTM = (NTM;L: R) is the sub-structure of 4T M, determined by NTM,
the subset of nondeterministic Turing machines.

DT M = (DTM;\; R) is the sub-structure of N'TM determined by DTM,
the subsel of deterministic Turing machines.

Finite automata:

AF A = (AFA;UU; Ry: AFA is the set of alternating finite automata with a
tvpical element (8, L7, F), where:

A is a set of triples of the form {g, &, '), meaning that upon reading the char-
acter @ in the state 4 execution continues, with the states in (' as next states.
Ohbservable equivalence and the simple relation, as well as the non-determi-
nistic and the deterministic structures (A" F.A and DF A} are defined analo-
gously to Tunng machines.

program modules;

A logic program is a set of definite clauses. A definire clause is a clause of the
form p e gy.....4, where p.gy.....4, are atoms. p is the clause head and
§ie ooy 18 the clause body, An frerarive clause is a clause in which n =1,
and a wmir clause is a clause with an empty body (n =10, logically corre-
sponding to the atom frie as its body). A deferministic logic program is a
program in which all clanse heads are pairwise non-unifiable and every
clause varable appears in its head. A logic program module is a logic
program, associated with a specification of the set of its exporied (externally
visible) predicate names. The structure associated with the language of logic
program modules is defined as follows.

LP = (LP;L; R): LP1s the set of logic program modules of the form (P, £},
where P is a logic program and E is a set of exported predicate names
{import/export clauses with an empty sel of imported clauses in the notion
of [13, 14]).

If (P, &) and (P, E;) are logic program modules, (P, E;) = [Pz, Es) if and
only if [[Py]]|z, = [[#:])lg,, where |[#][[¢ is the set of ground atoms derived
from P, restricted to atoms whose predicates are in £, (f = [, 2).

A logic program module is simple if it has the form ({C}, ), where C is a unit
clause.

TLP and DEP are the sub-structures of £F, determined by FLFP (the set of
iterative logic program modules) and by DLP (the set of deterministic logic
program modules), respectively.

Megative results: Separation

In this section we distinguish determinism from non-determinism, and non-
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determinism from alternation, crossing computational complexity boundaries. We
show that in the models investigated in this paper, every alternating model is not
simpler than any non-deterministic one, which is not simpler than any deterministic
omne.

We present two (abstract) separation properties which, together with the
separation scheme, supply the distinctions between the models. These properties
refer to associated structures having the set {=, =, simple} as semantic relations;
With the help of the separation properties presented in this section, we can classily
pairs of such structures, between which faithful homomorphisms do not exist. The
first property introduces 4 program. whose (observable) equivalence class is
preserved by composition with single simple programs, but not by composition
with multiple simple programs. We use it to conclude that every alternaling
language is not simpler than any non-deterministic (non-alternating) language.
The second property introduces a program g having two different, observably
equivalent, compositions with the simple programs g; and g-, satisfying that the
composition of g with both ¢ and ¢ is a well-defined program. We use it in
order to conclude that every non-deterministic language is not simpler than any
deterministic language.

It is important to realize that although the separation properties introduced
in this section are close to our intuitive notion about the differences between deter-
minism, non-determinism and alternation, the task of formulating these properties
i5 certaimly not trivial. The separation properties should be formulated in terms of
the structures components and obey the mathematical requirements introduced by
the separation scheme. Furthermore, an additional effort was made in order 1o
obtain the separation properties introduced in this section and make them rather
general. Thus, each of them is powerful enough to provide us with nine separation
results (consisting of all the pairs of deterministic and non-deterministic models and
all the pairs of non-deterministic and alternating models investigated in this paper).
Due to this nature of our separation properties, we believe that they really capture
the differences between the models investigated in this paper. However, a further
evidence for the non-trivial task of finding separation properties is that although
we believe that the same ideas may help us to distinguish between other deter-
ministic, non-deterministic and alternating models, applying these properties Lo
other models (like [1]) i5 not immediate, It requires a closer examination of their
formulation and their relation to the structures under consideration.

41. PRELIMIMARIES

The separation properties introduced in this section refer to associated struc-
tures which have & as an operation and the set {=, = simple} as relations, with
simple being a unary relation and = being the fully-abstract equivalence relation
induced by = and & We denote by 8 the set of all such structures. We denote by
F the familv of homomorphisms between S-structures.
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Motation: For a structure L we denote by simple( L) the set of all simple objects in L
{the programs or machines for which the unary relation simple holds). We denote by
" the equivalence class (under =) of all the simple objects in L.

Definition 4.1 (r-modification). Ler (P; F; R) be a first order structure in S and let
g € P be a program/machine. We say that g is n-modified by the set of programs/
machines Py if there exist qy,...,q, € Py such that g gy & ... H g, 4.

Definition 4.2 (Bi-modification). Ler L = (P; F; R) be a firsr-order structure in 8 and
ler g € P be a program/machine. We zay that g is bi-modified by the L-programs/
machines q and g; if gy £ q2. g =q, 2 q (fori= 12} and gz q = g8 q3.

42 MODIFICATION: SEFARATING BETWEEN ALTERNATION AND
MON-DETERMIMISM

We use the following structure property in order to distinguish alternation
from non-determinism,

Property 4.1 (No l-modification). For the structure L, there exisis an ohject g in L
such that g = 5*. q i n-modified by simple(L) for same n > 1, but g is not 1-modified
by simple(L).

From the following propositions and Observation 2.1 (the separation
scheme), we conclude that for the structures investigated in this paper, every struc-
ture associated with a non-deterministic (non-alternating) language cannot embed
any structure associated with an alternating language, using FF-homomorphisms,

Proposition 4.1. Property 4.1 iy preserved by FF-homomorphisms.

Proof, Let £ : L— L' be an FF-homomorphism. Let g be an object in L satisfying
g = 5*, g is n-modified by simple(L) (n > 1) but ¢ is not 1-modified by simple(L).
We show that ge € Le satisfies the same conditions. By the assumptions on g
and since ¢ is faithful, g¢ = . In addition, it is easy to see that since £ is an
FF-homomorphism (hence it preserves the observable equivalence and its com-
plement and maps (non-jsimple ohjects to (non-)simple objects), ge 15 r-modified
in = 1), but not 1-modified, by simple{ L=). n

Proposition 4.2. Ler L € {LP, AT M, AFAY. There exisiz an object p in L such
that p = 5% {thus obs(p) = B), p is n-modified by simple{ L) for some n = 1, but nor
1-modificd by simple(L).

Proof. For £P we take the program ({p — g,r.5}. {p}). This program has an
empty set of observables. It is modified by ({g.},0) 0 ({r.}. 8) U ({5}, 8], but it
cannot be modified by any single simple program.
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For AT.M and AF.A we similarly take a machine having a transition from
the initial state gy to the universal state p and an (altcrnating) transition from p
to the set {g.r.s} of different states (no other transitions are employed). This
matchine is observably equivalent to the empty machine. It can be modified by the
machine M, UM, UM, where for a state £, M, is the simple machine containing
only the initial state gy and the final state { (no transitions). However, it cannot
be modified by any single simple machine, [ ]

Proposition 4.3. Let Ly € {LP. ATM, AFA) and lei Ly € {TCP.NTM NFA}
Let L be an FF-homomorphic image of Ly in L,. Let p in L be a program/machine
satisfying p== " (thus obs(p) =0). If p iv m-modified by simple( L) (for some
n = 0) then p is l-modified by simple(L).

Proof. Since p is n-modified by simple(L), the graph derived from the machine p (in
the case of N'T M and N F A) is not empty. Analogously in TLP p # (8, §). (Other-
wise, p composed with the n simple program that modify it will be observably
equivalent o the composition of the n simple programs. But the composition of
the n simple programs should be observationally equivalent to a single simple
program while the first composition is not, due to r-modification).

Moreover, in the case of AT M and N F.A we can further conclude that in
the graph derived from p there is a non-trivial path (or several paths), which is
extended by simple machines to form a path (or several paths) from g, to a final
state, Since p is non-alternating, all paths are real simple paths (threaded) and there-
fore it is enough o extend ome path in order to obtain modification. Hence, p is
|-modified by simple( L).

In the case of TLP the program p can have cither the form (0, G} or (P, G).
In the former case, a simple program of the form ({p},#), where p is one of the
predicates in @, is enough to obtain 1-modification. In the latter case, similar to
the case of machines, due to the modification of p by simple{ L), p should contain
a threaded program which can be composed with a single simple program in
order to obtain modification. Therefore, p 15 1-modified by simpile{ L), [ ]

Corollary 4.1, For Le ([P ATM AFA] and L' e {ICP.NTM, NFA}L
L#sr L
4735 COMPOSITION OF BI-MODIFIED PROGHEAMS: SEPARATING BETWEEN

ROMN-DETERMINISM AND DETERMINISM

We use the following structure property in order to distnguish non-
determinism from determinism.

Property 4.2 (Composition and bi-modification). For a struciure L= (Pr; F; R) € &
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with @ € F, there exists an object p € Pr satisfving p = s~, theve exizt simple objects
Py ps € Pr that bi-miodify p and the compaogition p& p) & p is defined in L.

From the following propositions and Observation 2.1 (the separation
scheme), we conclude that for the structures investigated in this paper, overy struc-
ture associated with a non-deterministic language cannot be embedded in any struc-
tare associated with a deterministic one, using F.F-homomorphisms.

Proposition 4.4. Property 4.2 is preserved by FF-homomorphisms.

Proof. Let £ : L—L' be an FF-homomorphism, We show that if Properiy 4.2 is
satisfied by L, then it is satisfied by Le as well. Let p,p,pa € L be the objects
that satisfy Property 4.2. We show that pe,.pe and p,e satisfy Property 4.2,
pe € Le satisfies pe ~ 5 gince ¢ is an FF-homomorphism {in particular it is
faithful with respect to the observable equivalence and the simpfe relations).

pie and pa# are simple since p; and p- are and ¢ is an FF-homomorphism. py=
and pae bi-modify pe since py and po bi-modify p and it is easy to check that bi-
modification is preserved by FF-homomorphisms (which in particular are faithful
with respect 1o the observable equivalence and the fully-abstract congruence
relations), Finally, the composition pe & pyg & pae 15 defined in Le because since ¢
i5 homomorphic it 15 equal to {(p & p) & p=12 and p F p; = p» 15 defined in L. |

Proposition 4.5. Ler L€ {TCP. NTM.NFA). There exists a program/machine
p € L and py,ps € simple( L) such thar obs(p) = 0 (thus p = 5" ), the programs/ma-
chites py, py bi-madify p and the composition pU py U py v defined in L,

Proof. For TLP we take p to be the program ({q — a;. ¢ — a-=.}, {¢}). p, is the
program ({a. }.9) (i = 1,2).

For N'T M and A F.A we similarly take p to be a machine that includes the
states gy, . §y and a transition from gy to g, (i = 1, 2) upon reading some character
i (the Turing machine writes g and moves to the right in these transitions). The set
of final states in p iz empty, We take p, to be the machine including the initial state g,
and a single final state g, (no transitions). p, and ps bi-modify p (p U p; accept the
language containing the single word & in the case of finite automata, and all the
words beginning with & in the case of Turing machines). In addition p U py U ps is
defined since composition is total in these models, [ ]

Proposition 4.6. Let Ly be a structure in {TEP NT M. NFA), det Ly be a structure
in {DEP, DT M. DF A}, and let L be an FF-homomorphic image of Ly in Ly Let p
be an L-ohfect satlsfving p =~ 5 and let py, ps be simple L-objects thar bi-modify p.
Then p U py U ps is wndefined in L

Proof, Suppose Ly = N'T M, p € L iz a Turing machine satisfving obs{p) = i and
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fy.p2 € L are simple Turing machines that bi-modify p. We first observe that the bi-
modification is obtained due to the simple machines py; and p; and not due 1o the
composition operation, since otherwise, the image of an empty maching is found
to modify p and this leads to a contradiction. since the observable equivalence
should be preserved by FF-homomorphisms. Therefore, there exists a path in p
which iz extended by p, to form a path from g, to a state g;, where g, is the final
state in the simple machine p;. (g # ¢; since p; # p:.) We want to show that
P o=plUp Up; is non-deterministic. By definition, the successful computations
aof both pUp, and pUpy, are successful computations of pUp; Ups. Since
pUpp = pUps. the initial configurations of the successful computations of p U p,
are identical to those of p L p; (since they have the same words written on the
tapes). Thus, p° includes two successful computations, having the same initial
configuration, but one has a final configuration that contains the state §; and the
other has a final configuration containing the final state ¢, Assume by contradiction
that p* i= deterministic. Then, it can be shown, by induction on the computation
length, that starting [rom a fixed initial configuration there is a unigque final con-
figuration. (Inductively, given a fixed initial configuration, for every a > 0 there is
a umgue prefix of a successful computation whose length is n.) This contradicts
the existence of two final configurations, one contains g, and the other contains
= Therefore p° 15 non-deterministic.

In finite sutomats, wsing similar arguments, the successful computations of
# U p, are successful computations of p°. For every word accepied by a deterministic
automaton, we cian show, by induction on the length of the accepted word, that the
deterministic automaton has a unigue computation accepting this word. Therafore,
since p U gy = p U py, if we assume that p* is deterministic, we get a contradiction,
similar 1o the case of Turing machines.,

Similarly, in logic programs, we show by induction on the computation
length, that an initial ground goal has & unique successful derivation using a deter-
ministic program. Therefore, using similar arguments, if p (satisfving ebs(p) = @) is
bi-maodified by the two (different) simple programs p, and ps, then p U gy U ps is non-
deterministic. [ |

Corollary 4.2, For L £ {TLP.NTM NFA)} and L' € {DLP, DT M, DF A}
Lifpe !

5. Positive results: Embeddings

In this section we present positive results about existing embeddings between
the structures. We introduce (F-homomorphisms and FF-homomorphisms. An
F-homomorphism is a faithful homomorphism between structures whose set of
semantic relations consists of the singleton set {=}. An FF-homomorphism is a
faithful homomorphism between structures whose set of semantic relations consists
of the set {=, = simple}.
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il SUBSET EMBEDDINGS

By employing language embeddings, which are inclusion mappings. we
obtain the following results. These results relate sub-structures to their extended
siruclures.

Theorem 5,1

|. DEP <5 ILP <pp LP
2. DFA=ss NFA<re AFA

Proof. As restrictions of the identity relation, the above embeddings trivially
preserve the observable equivalence and the simpfe relations. Furthermore, we use
Observation 5.1 below (taken from [28]) to conclude from Propositions 5.1-5.4
(below) that the above homomorphisms preserve the fully-abstract congruence
relation as well. [ |

In the following, we define the notion of a festing sub-struciure and use it in
order 1o prove that the embeddings of Theorem 5.1 are fathful with respect to the
fully-abstract congruence relation. The notion of lesting sub-structures is related to
the notion of testing equivalénce. presented for process algebra in [16] as follows.
In [16], two processes (analogous lo programs or machines in our context) are
defined to be equivalent if they introduce the same behavior when composed with
a predefined set of experimenters. According (o our definitions, two programs (or
machines) in L are equivalent under the fullv-abstract congruence relation if they
miroduce the same observable behavior when composed with programs (or
machines) in L. In the terminology of [16] the whole set of objects in L serve as
experimenters for testing equivalence. Thus, in order to prove that an embedding
is faithful with respect to the fully-abstract congruence, one should show that
(non-) equivalent objects in the source structure are mapped to (non-) equivalent
object in the closure of the target structure (here we refer to equivalence under
the fully-abstract congruence relation). Testing sub-structures cnables us 1o
reduce the set of expenmenters to objects of the testing sub-structure rather than
to the whole target structure. It turns out that if the image embedding 15 a testing
sub-structure for the terget structure (i.e., the set of experimenters can be reduced
Lo the embedding image), an embedding which is faithful with respect to the obser-
vable equivalence relation is also faithful with respect to the fullv-abstract con-
gruence relation. In particular, in the case of subset embeddings, we show that
the source {more restnicted) structure is a testing sub-structure for the targel
{extended) structure, The full details are given below.,

Definition 5.1 (Context). Let A = (P, F) be a parrial algebra. Cix) is o context of A if
it ix @ fevm over P {as mullary operations | and F (ax operations ) with o single vartable x.
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Definition 5.1 (Testing sub-strocture). Let 5= (P F R) be a siructire where

~ =} C R, with = being the fully-absiract equivalence induced by = and F. A
sub-structure T of § iv a testing sub-structure of § if for every g,r € P such rhat
g & r there exists a T-context, C(x), satisfying Cig) 2 C(r).

Observation 5.1, Let = be a faithful structure homomorphiom of § = (P, F. R} Into
5 =(F.F.R), where = € R and {=,=} C R, If 8¢ is a testing sub-struciure of
5 then £ constitutes a faithful hemomorphism af (P, F; RU{=}) into §',

Proposition 5.1. For every ser of semantic relations R, (ILP, L RU{~ =]} is ¢
testing sub-stevcture for (LP L RU{= =],

Praaf. Assume (P, Gp).(Q,Gp) € £P such that (P, Gp) = (@, Gy) but (P,Gp) #
(Q, Gy (i (P,Gp) % (Q,Gg) then the identity context distinguishes them). Let
(R.Gg) € LP be a program that distinguwishes (F,Gp) from (Q,Gy). hence
(P, Gpl U(R Gg) #{Q.Gg) VIR Gg) {we can assume that the distinguishing
context has this form since it 15 a context built in & structure having a sole com-
position operation). Without loss of gencrality, assume that there is a goal 7
which is derived from (P, Gp) U (R, Gg) and not from {Q, G5l U (R, Gy).
We now claim:

Lemma 5.1. Ler G be a goal which ix derived from (P, Gp) U (R, Gg) and not from
(@, Gy} U(R.Ggl (using the derivation rules of the Appendix). There exists an
iterative program R' € ILP such that G iv derived from (P,Gp) U (R, Gy) and not
fram (. Gy} U (R, Gg).

Due to the above lemma, the iterative program (R, G ) distinguishes (P, G5)
from (@.Gp). and hence (JLP;U;RU{=, =]} is a testing sub-structure for
(LP U RU {=,=}).

We prove the lemma by induction on the number of reductions with non-
iterative clauses of R in the derivation of G from PU R, If all the clauses in this
derivation are iterative, then R', which is the subset of R including only the
clauses employed in the derivation of & from PU R, satisfies the requirements of
the lemma.

Assume the lemma holds for every goal whose derivation requires at most &
reductions with non-iterative clauses of R, Let & be a goal whose derivation from
P U R emplovs & + | reductions with non-iterative clauses of R. Let C & R be the
first non-iterative ctause of R employved in the derivation of &. Thus, A is derived
from (the already derived goals) B,,..., B,. where 4 — B,,..., B, is an instance
of C,

If By,..., 8, can all be obtained in a derivation of (@ U R, Gy U Gg) then let
R be Ru{A.}. In PU R there is a derivation for &, employing at most & non-
iterative clauses of R’ (since the new added clause can be used for 4 instead of



Y. Moscowitz, E. Shapiro, Strietural sinplicity 35

C). Furthermore, G cannot be derived from (@, Gp)uU (R, Gg) — otherwise it
would have been denived from (Q.Gg)U(R,Gy). Therefore, by the induction
hypothesis, there exists a program R’ which satisfies the conditions of the lemma.

Otherwise there exists a goal B, obtained in the derivation of G from
(P,Gp) U (R, Gg) as described above, which cannot be obtained in a derivation
of (QUR, Gy lUGg). Thus, @ can be derived from (PURU {4 — B.},GpUG)
by using &t most k iterative clauses of RU {4 «— B..} (employing 4 ~— B; instead
of €). Furthermore, & cannot be derived from (QU RU {4 « B}, Gg U Gy)
due to the preconditions of the lemma and due to the choice of B, Hence, by the
induction hypothesis, there is an iterarive program R’ which satisfies the required
conditions, [ ]

Proposition 5.2. For every set of semantic relations R, (DLP; U RU {=,=}) is a
testing sub-structure for (ILP; s RU {=, =}).

Proof. Assume (P, Gp), (0, Gg) € ILP such that (P,Gp) = (0 Gp) but
(P.Gp) 2 (0,Gp). Let (R Gg) € ILP be a program that distinguishes (P, Gp)
from (O, G ): hence (P, Gp) U (R, Gg) # (Q.Gy) U (R, Gg). Without loss of gener-
ality, assume thist there is a ground goal & which is derived from (PG} U(R. Gy
and not from (@, Gy ) U (R, G ), We construct a deterministic program R” such that
(R", Gy) distinguishes between (P, Gp) and (Q, G) by satisfying the same deriva-
tion relation as R with respect to 7,

We first define the following:

Definition 5.3 (Ground substitution), Ler © be a non-ground clowse {or arom | in the
derivation of G from P, Let a be a consiant, not ﬂppfﬂran fn the derivation of G
from P. Assume Xy.... X, is the list of variahles in C. ELL"’- 15 defined to be the sub-
stitution { X, —a,.... X,, — a}.

We construct R by traversing the derivation of G from (P, Gp) U (R, Gg).
For every (unguantified) clanse C in the derivation, which is an instance of a
clause in R, we include CI‘?':,;("] to be a clause in B as long as o clause with an iden-
tical head has not vet been included in R”, The resulting program. R” is deter-
ministic since all its clauses are ground and clause heads are different from each
other, The proposition now follows from the following letnmas:

Lemma 5.2, Lei 4 be an atom in the derivation of @ from (P,Gp) U (R, Gg). Then
J#'E:‘dl has a derivation from P R",

Proaf. We prove the lemma by induction on the position of 4 in the derivation of &
from (P, Gp) U(R,Gg). The lemma holds trivially if 4 is the atom prue which is
always derivable.

Otherwise, A is derived from previous expressions, using one of the derivation
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rules deseribed in the Appendix. Hence, there 15 a clause 4 — &, which is an instance
of a clause in U R, and this clanse instance appears in the denvation prior to 4. If
the above clause i5 an instance of a clavse in P, then by the denvation definition
every atom in & appears in the derivation prior to 4 and hence, by the induction
hypothesis every atom fn 860" has a derivation from PU RY. Therefore 46"
has a derivation from P U R? by using the clause instance {4 — 88" and
the M P-rule,

Otherwise assume 4 — & is an instance of a clavuse in K. If a clause A — K
satisfying 48 ' = 467", appears in the derivation prior to 4 — # then, by the
derivation definition, the atpm A’ should appear in the denvation prior to 4. By the
induction hypothesis .JI'EI:_I:":' can be derived from P U R”. The same is true for
..-'!'ﬂi;'u:' since .{E":;UI = A ; £

M no clause A—F, appearing in the derivation prior o 4 «— B, satisfies
A0 = 461 then by the definition of R”, (4 — B is u clause in R,
As in the case where 4 — B is an instance of a clause in P, we conclude, by the
induction hypothesis, that the atoms in B8, " can be derived from P R” and
therefore A8 can be derived from PU R, |

Lemma 5.3. Every goal G which can be derived from [, GE}IU{HD.ISR:I can b
derived from (0, Gg) U (R, Gg).

Proof, In fact, by the definition of B", every clause in R" is an instance of a clause in
R. Therefore, due to the derivation rules (defined in the Appendix), every denvation
of ¢ from (0, Gg) L [Rﬂ-ﬂﬁ] is also a derivation of ¢ from (@ bg) UK Gg).H

Propasition 5.3. For every set of semantic relations R, (NFA; L, RU = =}) i a
texting sub-structure for (AFA; -y {=,=}.

Proof. Let P, € AFA be automata such that P=Q but P £ Q. Let R € 4FA be
an automaton which distinguishes between P and @, Without loss of generality,
there is & word C such that C e L{PU R) but C & L{Q U R). From the following
lemma, we conclude that there is a non-alternating automaton R & NFA which
distinguishes between P and O

Lemma 5.4. Let £, Q. R € AFA and let C be a word such that C € L(PU R} but
C ¢ LIQU R). There exists a non-alternating auiomaton B € NFA and a werd C,
such that Cy € LIPUR) and C) & L{Q U ).

We prove the lemma by induction on the number of universal transitions,
emploved m the derivation of C from PUR. If no universal transitions are
employed in this derivation, then (), = Cand R, which is the automaton contained
n R, consisting only of the states and transitions employved in the derivation of C,
satisfies the required conditions.
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Otherwise, assume the lemma holds for every automaton R and a word C
such that the derivation of C' in PLU R employs at most k universal transitions ol
R. We now show that the lemma holds also if C requires at most & + 1 universal
transitions of R when denved from PU R, Let 1 = (g,a,{qy,.. . d}) be the first
universal transition of R, employed in the derivation of C from PUR (g is a
universal state of R in the shoriest distance from gy). Let ¢ be the prefix oblained
in the path from gy to g in PU R. 7 satisfies one of the following cases:

" can be obtained in {7 U R by reaching the state g. If there is a suffix € obtained

by first applying the transition ¢ to ¢ in PU R, and this suffix cannot be
obtained in @ U R, then we add a new letter @', not appearing in @ and a
iriple (g, ', ¢'), where ¢’ is the successor of g in the derivation of the suffix
C", to the transition relation of R. With this extended automuton & we
can get a derivation in PU R" for the word € composed of C' as a prefix
and € as u suffix, with the first letter of C” replaced by the letter @’ This
derivation employs at most & universsil transitions of R (since it can use
the sume transitions employed in the derivation of C from PU R, with the
umiversal transition ¢ replaced by the new added transition). In addition
C' e L{PUR") while " € L(QU R") {by the properties of ¢ and since o
is a new letter). Therefore, by the induction hypothesis, there exists an auto-
maton & and a word | as required,
If every suffix obtained from ¢ in P U R, beginning with 1, cin be obtained in
(L R as well, we define a new automaton R, which is R extended with the
non-universal transitions (g, a,¢,), 1 <7< n.where t = (g,a, {g1,-...9.}). C
can be derived in # U R" with at most & universal transitions of B, since the
universal transition ¢ can be replaced by one of the new transitions.
C ¢ L{QUR") (since the new transitions already lead to acceptance in
QU R and hence cannot affect the distinction between P and @ using C).
Hence by the induction hypothesis, there exists R’ and C, as required.

" can be obtained as a prefix in ¢ U R, but a state ¢ different from g is reached. Lot
R" be the automaton obtained from & by adding a new stute " (not in the
states of F, @, or R) to the final states of R and the triple (g, , " ) to the tran-
sition relation of R, where &' is a new letter, not appearing in . Let
'Y .o Then, € € L(PUR") and the derivation of £ from PU R
employs at most k universal transition of R (it can employ the new transition
mstead of 1), Moreover, C" @ L{@ U R") since &' doesn’t appear in @ and the
prefix ¢ does not reach ¢ in ¢ U R. Therefore, by the induction hypothesis,
there exists R and € as required.

C’ cunnot be obtained as a prefix in Q0 U R, Let & be the same sutomaton as & with
the only exception that g is an accepting state. In PU 8", € has a derivation
which employs at most & universal transitions of R” (it doesn't have to
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employ the universal transition ¢). In addition, C' ¢ L{Q U R") since C
cannot be ebtained in @ U R. By the induction hypothesis, there exists a
non-alternating automaton and a separating word as required. [ |

Proposition 5.4. For every set of semantic relations R, (DFA:U; RU {=, =} s a
resiing sub-structure for (INFA;U; RU {=,=]).

Proof, Similar to the previous case, let P, 0, R € NFA be automata and let € be a
word such that € € L{PUR) but € € L(Q U R). From the following lemma, we
conclude that there is a detersminisric automaton R € DFA which distinguishes
between Pand Q.

Lemma 5.5, Ler PO, R € NFA and let C be @ word such that C € L{PU R) bur
C & LIQOUR). There exists a determinisiic awtomaton R € DFA and a word C;
such that Cy € APUR') and C, & LIQU R').

A pair (g.a) of a state and an input letter in a denvation is called mon-
deterministic with respect fo an awromaton A if there are at least two different
states g, ¢ in A such that both transitions (g. 4, ¢, ) and (g, a, g1 of 4 are employed
in the derivation.

We prove the lemma by induction on the number of non-deterministic
pairs with respect to R, in the derivation of C from PU R, If there isn't any non-
deterministic pair with respect to R in this derivation, then € = C and K, which
is the automaton contained in R, consisting only of the states and tramsitions
emploved in the derivation of C, satisfies the required conditions.

Otherwise, assume the lemma holds for every automaton R and a word ©
such that in the derivation of € in PU R therc are a1 most k non-deterministic
pairs with respect to 8. We now show that the lemma holds also when the derivation
of € from P R contains al most k + 1 such pairs. Let (g, a) be a non-deterministic
petir with respect to R in the derivation of C from P L R. The derivation of C from
P R can be partitioned to segments as follows:

An initial segment: The part of derivation from gy Lo the first occurrence of g to
which an R-transition of the form (g, @, 4 ) is applied. We denote by & the
prefix of input letters obtained in this part of the derivation.

Middle segments: A non-emply part of derivation segments, between successive
applications of R-transitions having the form g4, g ). We denote the
sequences of input letters read in these segments by C, ..., Cy (n = 1 sinee
{¢. @) is 8 non-deterministic pair in the derivation of C).

A final segment: The segment beginning with the last application of an R-transition



Y. Moscowitz, £, Shapiro, Struciural simplicity 199

of the form (g, a, ¢') and terminating with an accepting state. We denote the
suffix of input letters read by this segment by C,..

IT ¢ can be oblained in QU R, then since C ¢ L{@ U R), there is 4 minimal
| €<i<n+1suchthat Cy.--: €, can be obtained in @ U R, while Cy -+ -- - C
cannot be obtained, Define 8" to be the automaten sccepted from R by adding
new letters ay,...,@ not appearing in @, P or R, and new triples (¢,a0,,¢,).
(1 <j<=i), to the transition relation of R, where (g,a,q;) is the first transition
emploved in order to derive C;. Then,

Eg{crrﬁ""f?-flu ifi<nm,
= Cy» €l o C) otherwise,

where forevery | < j < i C]is obtained from C; by replacing its first a by a,. € hasa
derivation in PU R" in which the pairs (g, a) as well as (g, @), ..., (g, 4;) are deter-
ministic with respect to R", and hence there are at most & non-deterministic pairs
with respect to R in this derivation, Furthermore, C' ¢ L{QUR") since
Co-vne ¢, cannot be obtained in @ U R and since the letlers ay, ..., q; are new,
By the induction hypothesis, there exists a deterministic automaton and a separating
word as required.

Otherwise, C; cannot be obtained in QU R Let R be the automaton
accepted from R by changing 4 to be a final stute, C; has a derivation in PU R",
which is a sub-derivation of the derivation of C from P U R. This derivation does
not include any R-transition of the form (g, . 4')|. Therefore, this derivation includes
at most & non-deterministic pairs with respect to B (the pair (g, @) is no longer rele-
vant), Furthermore, Cp € L{Q LU R") since the prefix € cannot be obtained in
P U R Henge, by the induction hypothesis there is a deterministic automaton and
a separating word as required. ]

52, EMBEDDING BETWEEN LOGIC PROGRAMS AND TURING MACHINES

We adopt the key ideas of the simulations presented in [22, 26] to conclude
that there exist (F-homomorphisms between the structures associated with logic
programs and those associated with Turing machines. Based on the simulations
presented in [22, 26], there exists an embedding of aliernating Turing machines
into logic programs. The restriction of this embedding to non-deterministic and
deterministic Turing machines vields an embeddmg of non-deterministic Tunng
machines into iterative logic programs and of deterministic Turing machines into
deterministic logic programs. The above embeddings are faithful with respect to
the chservable equivalence, as well as the simple relations. Similarly, there exisis
an embedding of logic programs mto alternating Turing machines. Restricting
this embedding to iterative logic programs, we get an embedding of iterative logic
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programs into non-deterministic Turing machines. Both embeddings are faithful
with respect 1o the observable equivalence relation.

§.2.1. Embedding ( initialized) logic programs in Turing machines
Theorem 5.2. £ <0 ATM

Proof. We introduce an embedding of logic programs into Turing machines. The
embedding is based on the simulation presented in [26]. It is slightly revised in
order to handle inftialized programs.

Given an initialized fogic program (P, 7), we define M = (P, G)= 1o be an
alternating Turing machine described as follows. The program P and the set of
exported predicates & are stored in the finite control of M. In the initial state g,
a ground goal A is written on the tape of M. From its initial state, M proceeds as
follows. If @ # @ the machine checks that the predicate of 4 is included in & and
if so, it reaches a state called the reduction state. From the reduction stale, using
existential brunching, it chooses a clause A"« B,,..., B, in P and writes on its
tape a ground substitution . It then computes A'0, verifies that 4 = A#, and
erases evervthing from the tape except # Then, using universal brunching, it
chooses B, for some |, applies # to B, erases everything from the tape except B9
and returns to the reduction state, As a result, the final states of A are the universal
states corresponding to unit clauses.

The embedding definition (especially the unambiguous encoding of P in the
maching’s finite control) ensures that the states simulating the reduction of different
clauses are disjoint, Therefore, the embedding defined above is a homomorphism.
From the discussion in [26] and due to the modifications added 1o the above embed-
ding. M accepts 4 if and only if 4 can be derived from { P, 7). Therefore the above
embedding is faithful with respect to =. [ ]

By restricting the above embedding to the sub-structure TLFP we get the
following theorem.

Theorem 5.3. TLFP =0 NTM

Proaf. The restriction of the embedding described in Theorem 5.2 to iterative logic
programs constitutes an OF -homomorphism of TEP into N'T M. [ ]

5.2.2. Embedding Turing machines in {initinlized | logic programs

Based on the simulation deseribed in [26], we present an embedding of alier-
nating Turing machines in logic programs. The restriction of this embedding to non-
deterministic and deterministic Turing machines yiclds an embedding of non-
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deterministic Turing machines in iterative logic programs, and of deterministic
Turing machines in deterministic logic programs.

Theorem 5.4. AT M =<4 LP

Proof. Given an alternating Tuning machine M, we define Me = (P, G) to be the
following initialized logic program. The clauses in P consist of atoms of the form
g(L. &), where g € (@ is a state of M, and L, R are lists of Z-clements (E is the
alphabet of M) describing the used part of the tape to the left and to the nght of
the machine head. Thus an atom gL, R) corresponds (o an M-configuration
(L,g, &). The meaning of the predicate g{L, R) is that the corresponding M-
configuration (L, g, R} leads to acceptance,

For every state g and symbol o such that (g, &, {qy,. .., §,}, 7, LR) is an M-
transition, we include in P clauses of the form

glL. R) — gi{Ly, By);. oo Gnl L, Ry).

Several clauses are required in order to describe the various possible relations
between the old and the new configurations, following the employed transition
(such as moving beyond the ends of the used part of the 1ape, an amply tape
efe.). A detailed description of these clauses can be found in [26). Mote that if g is
existential, we get iterative clauses. Otherwise we get defimite clauses. If g is final
we get a unit clause,

We define the set of exported predicates to be G = {gy} only if M has a tran-
sition of the form (g, 2, @, o', LR}, (G = otherwise).

Duse to the modified definition employed for the transition relation in AT M,
it i% easy to see that the above embedding is indeed a homomaorphism. Following
the discussion in [26], it is faithful with respect to the observable equivalence
relation, Furthermore, in our representation of Turing machmes, redundant
states (non-final states which are not employed by any transition] are not taken
into consideration ({.¢. machines with redundant states are identified with the
machines obtained by omitting the redundant stutes). Using such a representation,
the above embedding is faithful with respect to the simple relation as well. ik

By restricting the above embedding to non-deterministic and deterministic
Turing machines, we get the following.

Theorem 5.5. N'T M <qz TCP

Proof. We restrict the embedding described in Theorem 5.4 to non-delerministic
Turing machines. Since, by definition, & transition whose source state is purely
non-deterministic (non-alternating) is transiated to an iterative clause, the restricted
embedding maps non-deterministic Turing machines to iterative logic programs.
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L'sing the same arguments as in Theorem 5.4, the resulting embedding is faithful
with respect to the observable equivalence as well as the simple relations. [ |

Theorem 5.6, DT M =pr DLP

Proaf. We restrict the embedding described in Theorem 3.4 to deterministic Turing
machines, By carefully examining a logic program which is the image of any deter-
ministic Tunng machine under the embedding defined in Theorem 5.4 (and further
detailed in [26]), we conclude the following:

= For every clause, all clause vanables are head vanables,

= Since the source muchine is deterministic, clause heads are pairwise non-unifi-
able. {For every combination of a state and a symbol read by the scanning
head there corresponds al most a unique transition, and clauses describing
the same transition have non-unifiable heads.)

Therefore the restricted embedding maps deterministic Turing machines
into deterministic logic programs. To complete the proof, it is easy 1o see that as
a restricted embedding, it is alse homomorphic and faithful with respect to the
observable equivalence relation, as well as the simple relation. n

53 EMBEDDING FINITE AUTOMATA TN TURING MACHINES

We present an OF -homomorphism of alternating finite automata into alter-
nating Turing machines, By restricting this embedding to non-deterministic finite
sutomats (without alternation) and to deterministic finite automata, we et
O F-homomorphisms of non-deterministic finite automata into non-deterministic
Turing machines and of deterministic finite automata into deterministic Turing
machines. The homomorphisms presented in this section preserve the simple
relation as well.

Theorem 5.7. AF A <oy ATM

Froof. Given an alternating finite automaton (&, U7, F), we extend the tringry transi-
tion relation & to a S-ary transition relation & as follows. For each (¢, a.4') € & such
that §' ¢ F, we define & to include the quintet (g, a,¢",a, R). For (g, a,q5) € & with
gr € F,we define &' to include the quintet (g, 0, ¢°, @, R} (where ¢" is 2 new state, not
gppearing in the automaton transition relation) as well as the guintet
{g". bl qr, b1, R). (When viewing & as a transition relation for a Turing machine,
it mesans that upon reading an input character, the Turing machine changes its
state as the finite automaton does, its head always moves to the right, and it
never changes the contents of the tape. When the automaton reaches a final state
the Turing machines checks that the input word is terminated.) We now define
the Turing machine (&, I/, F} to be the image of the automaton (8, U, F). This
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constitutes an embedding £ of AF.A in AT A, This embedding is homomorphic
since it maps the automaton components to themselves, and union is defined analo-
gously in Turing machines and in finite automata. It is faithful with respect to the
observable equivalence relation since it preserves the accepted language. Further-
maore, it is easy to ensure that this embedding is also faithful with respect to the
simple relation, [ ]

Theorem 5.8
. NFA=ar NTM
2. DFA<ae DTM

Proof. We use the restrictions of the embedding presented in Theorem 5.7.
Obviously, the above embedding maps non-slternating automata to non-alter-
nating machines, and deterministic automata to deterministic machines. Further-
more, the homomorphism property and the property of being faithful with
respect to the observational equivilence relation and the simple relation hold also
in the restricted embedding. This completes the proof of the theorem. [ |

., Conclusions and fnure work

The results presented in this paper demonstrate the generality of the compar-
1son method introduced in [28] and its wide possible range of use, This research may
be completed either by proving that the embeddings introduced by dashed arrows in
Figure 1 preserve the fully-abstract congruence and the simple relations as well, or
by strengthening the negative results not 1o require these relations (o be preserved.
By establishing one of the above proofs, all the relations in this paper will concern
the same type of associated structures and hence employ the same degree of compar-
izon. In addition, there are still missing arrow-heads {or separation lines) in Figure 1,
which correspond to open problems about the relation between languages. Another
direction for completing the picture is (o investigate the relationship between alter-
nating machines and concirren! machines [10, 15, 17], and to extend the separation
results to other deterministic, non-deterministic and alternating models such as the
fixpoint logics described in [1].

Appendix: Bottom-up derivation rules for logic programs

We employ the following rules in order to denve a ground goal & from a logc
program P.

MP: Modus ponens
A—RB B
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Cl: Conjunction introduction
A, B
AbB
Universal quantification
YyH — B

m where # is a substitution and X C dami|#)

A bottom-up derivation of P iz a sequence of logical expressions, each of which

is either the atom frue, or a quantified clause of P or an expression which is derived
from previous expressions, using one of the above derivation rules.

A goal 7 is derived from the logic program P if there is a (bottom-up) deriva-

tion of P, where (7 is one of the expression in that derivation.
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