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A TYPE SYSTEM FOR LOGIC PROGRAMS*

EYAL YARDENI AND EHUD SHAPIRO

> A theory for a type system for logic programs is developed which ad-
dresses the question of well-typing, type inference, and compile-time and
run-time type checking, A type s & recursively enumerable set of ground
atoms, which is tuple-distributive. The sssocintion of & tvpe to a program
is intended to mean that only ground atoms that are elements of the type
may be derived from the program. A declarative definition of well-typed
programs is formulated, based on an intoitive approsch reluted 1o the
fixpoint semantics of logic programs. Whether 2 program is well typed is
undecidable in general, We define a restricted cluss of types, called regular
types. for which type checking is decidable, Regular unary logic programs
are proposed as a specification language for regular types, An algorithm
for type-checking a logic program with respect to a regular type definition
= described, and its complesity is anabyzed. Finally, the practicality of the
type system 5 discussed, and some examples are shown, The type system
has been implemented in FCP for FCP and is incorporated in the Logix
ssiem,

1. INTRODUCTION
Tvpe checking within the framework of logic progromming is wseful for several
TE4I50NE
Type decinrations and compile-time type checking provide a messure of confi-
dence in the correctness of a program,

Typing & program makes it dearer and more readable,
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Errors in logic programs tend to fall into several broad categories. One of these
is bad interfacing between predicates. This can be caused by incorrect
ordering of arguments in a call, by an incorrect type of an argument being
passed, or by misspelling variable names, Some of these errors can be
detected with the aid of a type checker, and their detection ks especially
beneficial in a system which incorporates modules, such as Logix [18)

This paper formulates a type theory for pure logic programs and develops a
type-checking algorithm. Three aspects of the type system are introduced: type
declaration, type inference, and well-typing. :

This theoretical model 15 a suitable hasis for type systems for concrete logic-
programming languages. For this purpose, a new interpretation of types is intro-
duced, and a novel method for performing type checking is developed.

The paper defines the class of regular types [14] and ¢ subclpss of logic
programs, called regular unary logic programs, and shows the equivalence between
them. The syntax of regular types is defined by a BNF notation, and any regular
iype can be implemented by deterministic finlte automata (DFAL The incarnation
of regular types as DFA is useful for showing incluston. union, and equivalence of
regular types.

By type inference we mean the relation of a type to the semantics of a logic
program. A type may be associated with any logic program using a fixpoint of a
function, This function is an abstraction of the vspal semantic function of ogic
programs, and corresponds o the intuition that every atom in the rype s inferable
from the program.

In generil, the question of whether a program is well typed according o our
definition is undecidable, However, any particular eomputation can be checked not
tor windate a particular type specification by a run-time check, This check could be
expensive. For regular types, well-typing is decidable, A compile-time type-check-
ing algorithm is developed for regular types, and its complexity is analyred.

The significance of this work is in the formalization of 4 type theory for logic
programs thal gives o single formal framework which includes a theory for type
dedlaration and checking based on & sound mathematical foundation.

Bruynooghe [3] suggests adding types and modes (input or output) to a logic
program, In this sysiem each argument has a mode annotation, and using this
knowledge he develops an algorithm for type checking. The algorithm is not
described within any theoretical framework, but is only shown o work on several
programs.

Mycroft and O'Keefe [16] adopt the outlook of Milner [13] thar well-typed
programs cannot go wrong. They treat PROLOG as & procedural or an applicative
language—each procedure and cach function call conforms 1o the type declaration
of that object. Each construct in the language |5 associated with a type, and using
that mformation, well-typing is defined. They also define o resolvent o be well
typed if each atom in the resolvent is well typed. Afterwards they prove that if the
program and the goal are well typed, then the following hold:

(1} The resolution at cach step of the computation is well-typed.

(2} The varinbles of the jop-level goal can only be instantiated to values having
ypes as dictated by the type declaration.
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The semanticz of their type is not defined, type equivalence is checked only
syntactically, and subtvping is not dealt with. Dietrich [5] enhanced Mycroft and
O¥Keele’s type checker to deal with polymorphic subtypes by adding modes to the
program.

Quite a few papers have been published on type inference for variants of logic
programming. Mishra [14] made the first attempt at type inference. Following him,
Zobel [25] did polymorphic tvpe inference for PROLOG with the possibdlity of
combining it with type declaration. Kluzniak [10] developed a type infercnce
system for ground PROLOG. Fruhwirth [6] uses program transformation and
partial evalustion to infer the type of the program, and Kanamori, Horiuchi,
Kawnmura, Bruynooghe, and Janssens [7,8.2] wse abstract interpretation tech-
niques to do type inference. These papers define algorithms that identify clauses,
which cannot be used in a seccessful computation. On the other hand, the
type-checking papers are concerned with finding inconsistent clauses, Le., cither
atoms in the clauses that do not conform to the type declaration or usage of the
same variable in disjoint types. Xu and Warren [23] also implemented a type
inference syslem wsing depth abstraction and type definitions, They combined it
with type declarations that restrict the domain of predicates. A program is well
typed according to their definition if the type inference procedure succeeds and
produces a type that & a subset of the declared type. Our paper is orented
towards type checking: hence well-typing and the theory that it imolves are
developed, Our work has similarity to that of Xu and Warren in that the semantics
of the program is mfAuenced by the tvpe declarations.

The paper is organized as follows. Sectson 2 introdweces regular types, RUL
programs, the equivalence between the two, and some uselul properties of them.
Section 3 investigates an abstraction of the well-known T, operator. The domain
of the abstract operator is the fple-distriburive sets of atoms from the Herbrand
base. Section 4 defines the sation of well-typing. Section 5 describes how o
declare a type and gives some examples. Section 6 develops a type-checking
algorithm and considers its complexity. Section 7 describes the implementation of
the type system and our expericnce with it. Section 8 concludes the paper,

1. TYPES

We define the notion of types and then introduce a subsel of tvpes that can be
represented by DFA. Later we define regular unary predicate bogic progriams
(RUL programs) BUL programs are unary logic programs that obey ceriain
syntactic rules. We use RUL programs to simulate DFA that represent regular sets
of werms. We have chosen RUL programs instead of DFA in order 1o achieve a
more readable representation of types. In addition, RUL programs are logic
programs. 5o run-time type-checking can be easily achieved by incorporating in the
program RUL programs that define iypes, and restricting each argument of the
head to its type declaration. Finally we present o BNF syntax of typed programs.

21, General Coerview

Defimitior. Let 8 be n et of first-order formulas, ond Lo Arst-order language.
The sigrntire of 5, sig{3), is the minimal set containing all predicates, function
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symbols and constants that appear in 8. Similarly we define the signature of L,
sl L), to be the signature of all formules that can be constructed in L.

more, To facilitate metaprogramming, we assume one set of symbols for both
functions and predicates,

Let L be o first-order [anguage. The Herbrand universe H, and the Herbrand
base B, are defined as wsual. A logic program P defines a signature. We use the
symbol &, as a synonym for 8, s, to denote the Herbrand basc of P.

Notation, 4 =, § mecans that A & a ground instance of B over L. When L s
undersiond, we omit the subscript.

Definitbon. Let 8y be the Herbrand base of a program P. Define the mapping
Ty 1 2% -+ 2% gx follows: Lot £ be 8 Herbrand interpretation, Then

Te(l)=[AEB|A~8,..... B,=CeFPand B,.....8,1].

Van Emden and Kowalski [21] prove that the intersection of all Herbrand
modeks for P 18 equal 1o Te T o, where o is the first infinite ordinal, and call it the
megring of the program. We denote by [P] the meaning of a program P,

22 Tuple Distriburiviry
The notion of tuple-distribativity is due wo Mishrea [14],

Defirittowr. ' With esch term ¢+ we sociate a Inbeled tree, which we refer to as the
arsociated tree of ¢ The edpes and the leaves of the tree are labeled according
to the following constrection rales:

(1) I r & a conssant or a varmble symbol, then make a leaf and label it with 5,
(20 W F=fif, fyeue, 0, ), F is of arity #, then

(a) Make a new mode associated with i,

(b} For all { =[1.0] comstrugt recursively the subtree associated with ¢, and
draw an edge, labeled fln. i}, from the new node o the root of the
subtree.

An example = given m Figure 1.

Diefimition. Let ¢ be o term. A path in ¢ is the sequence of labels berween the ool
and a leal of the tree associated with ¢, The set of all paths of the associated
iree of r is denoted by paths(s). A node in ¢ is the node of the associated iree
of 1. The set of all paths berween a node and the leoves in the ussociated tree of
¢ is called paths of the node of 1. A path is prowrd if it does not end i6 3 node
labeled by a variable.

Example. pachsl flglhia), ), ) = [f12, Dgl2, 1001, Da, F(2, g2, 2,
f(2,206).
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FIGURE L. The asocinted trec of fglhial b el

Definition. Let § be a set of ground terms.

Define pafhsed )= U, . o paths(i ),
The nuple-distributive closure of § is

ol 5) = (1|1 isa term and porhs(1) © paths( 5)).
& = e-distrbutive f wl8)= 5,

Intuitively, the tuple-distributive closure of & st of terms & the set of all terms
constructed recursively by permuting each argument position among all terms that
have the same functor-anity combination,

Exampie, Il §=[fla b}, flc,d)l, then paths(S) = (2, Da, f2.20. 5, (2 1),
fi2, 20} and ol 5} = fla, b), fla, d), flc, b), fle, d).

Remans, o s idempotent, ie., alal$))=af3) for every set of groend terms 5.

Definition. Let p/n be a predicate in a program &, Then
I'Plp.-'n = [p:'I""'IJrJIF{IIr”'l"rn] EIF]I'

We extend the notions of paths and wple-distributivity 1o include stoms.

Clirn. Let F be a program with different predicates p,..., p.. Then o P]} =
ol[Pj, U - ued] P], 0

Definition. A tipe is a recursively enumerable (r.e.) tuple-distributive set of ground
atomms with & finite signature.

We require that types be re. so that type restriction can be incorporated in the
Progrim.
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2.3, Regular Types and Their Properties
Definition. Let § be a type or a program. Define
L= (a0} finesig(5). i€ {1, .. n)} U clc € sig(5) is a constant) .

Diefinition. A set of ground terms § with a finite signature s regulor iff there exists
a regular |language »"C X} st for every term ¢, ¢ €5 iff pathelr) ©_#, A bogic
program P is reglar if [ P] & regular,

This definition of regular sets is equivalent to the one based on deterministic
root-to-frontier tree automata [15, 201 Note that every regular set of lerms is
tuple-distributive,

Example. The sct of terms § = (00X, X)X = y™(0), n < w) 8 not regular.
By contradiction assume that § is a regular set of terms. Since n(0,0),
s}, #01} € 8, then by tuple distributivity 10, s(0)) € 5. Contradiction, 0

Clagm, The imersection of regular sets of terms is regular,
reooF, Trivial, by the fact that the intersection of regular languages is regular.
m|
Example. The union of regular sets is not necessarily regular. Let
51 =f{a,b),
5= e, d);
thien
51=51052
is nod regular, To see that, note that
pathr{ fla. b)) = [ (2. 1)a, f(2,2)8}.
paths( f(e,d)) = { f{2,1)c, f(2,2)d).

Assume that 53 is regular. Then there exists a regular language " st 1= 53 iff
paths(1) £, Clearly ¢ contains pathsi f{a, b)) U parhsi fle, d)). But then i )
is also in 53, Contradiction. O

This example shows also the difference between a union of deterministic
root-to-frontier tree automata and a union of automata over strings.

If 5 is & regular set of lerms, then we know that there exists a regular language
= a1 18 il poths(r) S The following lemma shows that paths(5) is an
example of & regular language fitting this definition.

Lemma I. For every regular set of terms 8, paths(5) ix regdar.
rroorF. See Lemma A4 in the appendix. O
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By Lemma 1, it is clear that paths(S) is the minimal regular language L such
thut 1 =5 iff pathsls) .

Clein, Let 8, and 8, be regudar sets of terms, Then

5,28 ff pothu(S,) Cparhs(5,).
FROoF. Trivial from the definition. O

24, RUL Programs

Defimition. Two terms are fop-level uniffable if at least ane of them s a variable or
they have the same principal function symbal.

Definition. A regular unary logic (RULY program P s a logic program satisfying
the following syntactic rules:

(1} Every predicate in P is unary,

2} No two head arguments of clauses of the same predicate are top-level
unifiahle.

(3} Every bodv goal of every clause in P i of the form pl X ), where p is o
predicate name and X is a varinble,

(4} Every variable in a clouse occurs exactly once in its head and once in its
baody,

Note that the arguments of facts (clouses with empty bodies) are ground terms
limplied by rule (41].

Example. The fallowing is a RUL program:
procedursimerge_alliXs, Yalh -
list_of_nat_lists{Xs),
list_of_mai_lses{Ys),
list_of_nat_listed] ]
Iist_of_nat_lists([X [Xs]b +
mit_listOCX ),
list_of nac lises{3<),
nai_Listi] 13,
nat_lspl[x Xa]) -
natwral{ X1,
nat_list{Xsh

Definition. Let p be a unary predicate and A a set of atoms. Define 4 /p 1o be
the set {¢] pir) & A}

Theorem I,
(1) RUL prograws are regular,

(2) For every regular ser of ferms § there exists a RUL program P with a predicate
p xich thar § = | PLAp.

FrooF. The proof is a result of Lemmata A1, A2, and A3 in the appendiz. O
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Llsing an example, we show that RUL programs can be casily represented by
BNF derivation rales:

Example (Tsomorphizm of binary trees witk Labeled sodes?, The type definiton by
a RUL program;

naturahil),
nataralis{ X1 —
maturali X,

binmry_treefvid L

himary_trec{treci X, Y, Z¥ —
naturaliXl,
binary_tres(Y),
binary_tree(Z)),

procedurelisotree(Y, Z)) —
binary_tree(Y},
binary_tres(Z),

The BMF derivation rules for the same type:

Matural =0 o Nafural ),
ey _tree o= podd ; treed Natural, Binan_ivee, Binary_tree ),
Procedure o= atree] Binary _iree, Binary_tree ),

To summasize, Il types are defined by RUL programs, then:

(1} Type intersection can be done by intersécting the corrcsponding automaia
i building a1 new RUL program from the intersected aulomalon,

(2} The inclusion of one type in another can be decided by checking the
mlusion of the minimel regular languapes that represent the ypes Algn-
rithms for inclusion, intersection, and wnken of regular languages ane well

kewen [ 1],
These results are used in Sectson b on type checking,

1 TYPE INFERENCE

This section 5 based on the semantics of kogic progrims described by van Emdden
and Kowalaki [21] and by Liowd [12]

A formal definition of well-tvping is given helow, Here we would like 1o provide
sohe intuition for ouwr approach. We assume that L B o first-order language.
Henceforth, we also asume that all programs are written in that language.

The assumption of g fixed global vocabulary precludes composition in its maoss
general form. I8 seems thai compositionality and parametrized (polvimorphic) types
pre closely related,'

We define u rule of fype-relative inference by a program P with fespect o a
type 3,

'&n exlension of our approach 80 paremetric tvpes s described in @ subsegeent puaper |32]
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Dgfimirion.,
We zay that 4 is inferred by P relative to 5 H1 A =adTR0500,
A clause C I8 wieless refative to § if Ti7[S) is the empey set

In other words, 4 ground atom A @ B, is inferred by P orelative (o § if there
exists a clause C in P and atoms 8, B,,..., B, § such that 4 =58, ..., B, isan
instapce of . In addition, any atom in the wple-distabutive closure of atoms
imferred by this rule is also defined to be inferred by P relative to 5.

We would like the rype declaration 5 1o be an approximation to the meaning of
P. 50 we define that a program in our system 15 well-typed by 8 0f it infers all atoms
in § relative to § end cnly these atoms. In addition, we reguire that all clauses in
the program be useful, ie, each clanse can infer at least one atom in B, relative
to §,

Thiz leads to the idea that the well-typing notion of a program can be stated as
@ fixpoint of an operator which is related to the program's sermuntics (o be defined

below
The refntion betwesn our work and absteact interpretation is described in the

nexst subsections.

3.1, Abstract fnterprefation

A progrion denoles computations [ some aniverse of objects. Abstract interpreta-
tion of programs uses that denctation to describe computatsons in ancther uni-
verse of abstract objects, so that the computntion in the sbstract domam is
effective and yields some information about the standard denotation [4].

Our noticn of well-typing 15 defined below in terms of an abstract interprets-
tion. We show thot tvpes can be viewed as an abstraction of meanings, We show
interesting properties that relste the concrete domain (o the pbstract domain and
the ype sastem, We describe an interpreter that operates in the abstract domain
and 15 an abstraction of the well-known mterpreter {or logie programs.

We define an sbstract interpretation of logic programs as follows: The concrete
dosnain s 2™, and the abstract domain is the set of all wple distributive sets
im 2%,

The abstraction function, w51 ={¢t[¢ is a term and paiils ) G pathr( 51, was
defined in the previous section. The concretization function ¥ is the identity
fumctin.

We define a new operator, which is an approximation (o T, amd operates on the
abstract domiin.

Defimition. Let P be o program and X a wwpe. Define T2, the abstract function of
Tt be
THX)=alT.lX)).
From the definition of paths we sce that every tuple-distributive set can be
represenicd uniguely by its paths. Then the above function is equivalent to
Y)Y = (XX Epatha( A), paths{ A) Cpaths( Be), A~ 8, 8,,... B, =C,
Ce P, and pathe{ {B.....B})CY }
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in the sense that they represent the same set, e,
paths (T2 X)) = T3'( paths( X)),

Definition. Let € be a complete lattice, ardered by the inclusion relation.

Let XCO. X b directed if every finite subset of X has an upper bound in X

Let T:C — € be o function. T is continuons If Tubl X1 = W70 T XD
for every directed subser X of

Lemma 2, T2 Iy conpimuous oper the set of tuple distribunive elements in 25,

FROOF. Let X be a directed subset of tuple-distributive elements in 2%, We have
to prove that TRlubl X W = lub{T2( 1) 7 = X1 Now

AeTe{lub(X))

iff there exists
A, EBy. A -B, .8, 5., By.ytCy € EP,
ArE8p,  Aye-Bg By, By, =0, CiEP,

Ay €8p, Ay By By By =6, CLEP,
L

By e Bz oo Bisu Blub{X) and Aeald,,... 4,)
iff there exists

AEBp. A w8, . B0 By, =C,,  C,EP,

A& 8By Ay By Byan i Bpa, =G, GEP,

Ay € By, *""x"H||,||-3|r,z-u----ﬂic..,a“h"':rr C,epr,

B.L

By e By gyeees By apEl lorsome [feX and Aeald,....A,)
iff

AsTE(I) for some € X
iff

Aelb{[THN|1eX]). o
Result. Let P be a logic program. Then the least fixpoint of T 8 T 1w, and is
denoted by [P]".

FroarF. By Tarski and Kleene [19, 9] we know that if T:0 —C is continuous,
where € is a complete lattice, then Hp(Th=T 1 w.
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Input: A logic program P
A ground goal &
Cratpaxi: true if @ & [F]*
Interpreter
The initin] gos! consiats of patha| (7).
While the geal is ot ampty do
Cheose s path £ fom the goal and

choose A — By, By € & O € Fob [ € path|A)
Remiwe £ froan the goal and sdd
patha{{B;,.. . B.}) 1o the gosl

If the goal is emply oolput dree.

FIGURE 2. The abstract interpreter,

1.2, The Abstract Interpreter

We present an interpreter (Figure 2) that recognizes goals that are in [E]™ The
goal contains o set of ground paths, The interpreter nondeterministically finds a
successiul execution if one exisis,

Lemma 3, G €] P] U the above interpreter has an execution thar CIPUIE FE.

PROGF, =: If GE[P]%, then there exists & st GETE T The proof is by
induction on a. If m =1, then pahelG) C pathsli X | X is a fact in P1). Since the
body of facts is empty, then every iteration of the interpreter reduces a path from
the goul, and that implies that it will be empty after | pathe((7)] fterations. Assume
true for o — 1, and prive for n. There exist

A €8, Ay=B, B .. B . =C, C=eP

A2EBp A8y, Baaye-i By €€ CEP,

Ac€Bpy Ay =By gy By e By =6y G EP,
5.1,

By e Byapeo o By a BT H{A—1) and Geal(d,....4,]).

After | pathl )] iterations the goal can contain exactly pathst{ 8, ..., By o)
By the induction hypothesis each of the E[,.{, 5 “provable” by the interpreter.
Hence, after a finite number of iterations the nterpreter answers frue.

=: In this part we prove that if the goal & initialized 0 a st 5§ and the
interpreter outputs frue, then S C paths([P]*), This implics the lemma, The proof
is by induction on the number, n, of iterations that (he interpreter does, If =10
then @ = § C paths(] P]*). Assume true for n — 1 and prove for o iterations. Also
assume that £ & the first path chosen in the first iteration and that 4« B,,..., B
=, CEP, is the chosen clause s.t. £ & paths( A). By the induction hypothesis

S = (8~ (£)) upaths({B,,..., B,}}) S perhs([ P]")
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If we apply 77, which & menstonic, to both sides of the mclusson, we get tha
£ @ paths( A) S TZ(8,) Spaths([F]").

Finally, we ger that
So(8 wié)) sparks(IPF). O

Erample, Let ® e the following program:

glel == pla, di,

pla, bl
ple,dl,

Then
[P1=|pla.b), ple,d}},
wllP1) = {pla,b), pla.d}, plc, b), ple,d}} =al T 1 1) =TF 11,
[PI" = pla.b) pla.d). ple b)), ple.d), gle)} = T2 L
Ome should note that [ P17 §s not always o] PI. nor always o fixpoint of T, but
it is always true that [P] Sl PP ] PP
Observe that T is the optimal approximation function of T, with respect o
the domain, Le. T7 = = T« y. More detsils can be found in [4].

4 WELL-TYPING

Definition. Let P be o logic program and let § be a sype. Then:
P ow oweckly well ped by 8 ff it does not contain ssebess clauses relative to 5.
P s well rvped Be 5 ff it = wenkly well typed by & and T8 =5 Le, S s a2
finpaoiint of Tg.
We define a program to be well typed with respect 1o a wpe if the 1vpe is any

fixpoint of the abstraci operator, 1 & shown below that such types form useful
approximations to the meantig of a program and declaring them is ot difficult.

5 TYPE DECLARATIONS

Usicnlly & programmer has in mind the type of arpuments that a procedurs is to be
wsed with, but in fact the program actually written accepts latger types For
cxample consider the program

plus(ll, ¥, ¥
plusCUX), Y, 8021 —
plus(X. Y. ZL

The type of this program is usually define to be the zet
{phusi X, Y. Z)| X, ¥. Z€ [0, 500}, 5{s(0])....}].
Baut the program's meanimg 5 o superset of this fype H L contains constanis o



A TYPE SYSTEM FOR LOGIT PROCRAMS 137

function symbols other than 0, s /1. This happens because the second and third
arguments of the first clause are not restricted 1o have the appropriate set of
valucs. This leads to the idea of ensuring that the program can derive only the
desired ground atoms,

Defimision. A variable in a clause is a head-ondy varable if it occurs n its head but
not in its hody.

If a program P has no head-only variables, then only ground goals that are
formed from sigl ) are derivable from the program by resolution. It should be
also moted that all the facts in such a program are ground.

Lemma 4. If P is @ logic program withowt head-only variables, then the set of atoms
derivable from P using resolution (v grownd.

reooF. By induction on a1, the length of the derivation. O

We will use the type declarations to eliminate head-only variables by a transfor-
mation that adds a type condition to the body of a clause for every occurrence of
such variable, A similar idea was suggested by Naish [17], where types are checked
also 4l run Hme.

In the first subsection we describe & language for declaring regular tvpes. In the
second subsection we give examples of well-typed programs.

3.1, Regular Tvpe Declarations

Since regular types seem sufficiently expressive and easy to manipulate, we restrict
ourselves 1o regular type declarations. We use the elegant BNF derivation rules to
represent RUL programs. A type declaration induces a type on each argument
position (node) of an atom that appears in the program, including the head-only
variables. For each such variable we add to the body of the clause a predicate that
verifies that the variable’s value is in the induced type.

Example. A program with a type declaration:

MNarural 1= 0 ; o Natural ),
Binary _tree 2= void | treel Natural Binary _tree, Binary_tree),
Procedure isotreel Binary_tree, Binary _iree ).

isotreeivioid, void L
wotree{tree( X, Lefi ] Right 1 ) tree{ X, Left2 Right2)) «
isotree(Lefil Lefi2),
sotree{ Right ], Right2).
isotree{treelX, Left], Right 1) treei X, Lef2, Right2)) «
isotreel Leftl Right2),
isorreel Right1,Left2),

The transformed program with the type declaration and explicit type conditions is

MNatural 2= 0 ; ¥{ Naneral ),
Binary_tree ::= vond ; treel Natural, Binary _tree, Binary_tree).
Procedure isotree{ Binary _treemBinary_tree).
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isotresvoad, vold ).

isotreeitres( X, Lefil, Right1) treed X Left2. Right2}) +
maturali X,
isodreelLeftl, Le),
isotresi Right |, RightZh.

isotreed treel X, Left], Right 1), treel X, Left], Right21) =
naturad X0,
lsotresl Lefi ], Right2),
iotree Right1,Left2h

Procedure manrall Watnal ).

naturalii)
natural{=x —
naturnll X1,

Procedure binary_treel Natural, Binary_tree, Binary_tree ).
binary_treiwid).
binary_irec X, Left, Right) ~

naturallXy,

bimnry_treefLeft),

bimary_treelRight).

The derivation rule is the same as in BNF. The starting symbol i Proceduoy,
where Procedire pred is a shorthand for Procedure o= pred. The “" symbal s used
instead of the “[" symbol in BNF,

The set § that correspond to the type declaration of the program is the set that
is derived from the nontermingl Procediere.

The example above shows a typed program, which is well typed. The ESCHTIOT
phism between the RUL type definition and the BNF definition is trivial, The
syntax for type definitions has the following form:

A=y Wy g Ty
Pl PR PRt

.-1,:I:- [ ] - PR |
Frocediere 8.

Code of procedure 4,

Procedure By,
Code of procedure 8,

Procedure ..
Code of procedure g,
where;
The A,'s are variables, and the o, ;'s are nonvariable terms.
Forevery 1 si=n, 1<j<k<m, o  and o, are wp-level not unifiable.
The #'s arc atoms with different predicates.




ATYPE SYSTEM FOR L=GIC FROCIEAMS 135

An alternative definition of the semantics of 4 typed program has been consid-
ered in an carlier version of this paper [23] The idea was to restrict all the
variables to their induced type. This means that a larger variety of nonintultie
type declarations could well-type the program. For instance the program

Nl = @0 20,
procedure piuel Nar0] Nan?, Nare!),

plasii, X_X),
plus(={ X}, Y s(Z}) —
plus{X, Y, Z).

s well typed by the earlier definition, but not by the current ane.

3.2 Examples

Two more examples that are long enough snd use 1 nontrivial wariety of data
structures are presented, demonstrating the ease of well-typing.

Evmple (The towers-of-Hanoi problem), Given three peps lobeled o, b, and &
Thr.pmhl:m'utun-h:m::imrnl'nrdhhﬁmpegnmp:gc,wilhth:unlpwr
peg b, ﬂ:ﬂruu::ﬂnkmuh:mmdunﬁu,uduhrnrdiﬂmmnb:ﬂmd-
on top of o smaller disk,

Maiural 2= 0 5 Naiural ),
Moves ::=[];[ Move| Moves].
DT _Moves = Moves % Moves,
Move o= { Peg, Per ),
FPeg:=nih:e

proveducre hanoil Natural),
hanoilN) «— hanoi{N, X 1,

procedire kanoil Natiral, Mopes ),
hiangi{N, X} « hanoi(Na.e. X [ 1.

proceduse hanoil Nawural, Peg, Peg, DIff Mover ),
hanoid,From, To,X % X)L
hanoi(s(N),From, To,Before |, Tail)
freel From, To Freel,
hianoilN, From,Free, Before ', [(From, TolAfter]),
hanei(N.Free, To, After, Taill

procedure. freel Peg Peg  Peg ),
freelab.e), freelach), freelb.och
frecib,cal freelcab), freelcb.al

Example (Priority queue). In the following example a priority QUELE [5 TEpre-
sented a5 o list of pairs (X, P), where X & the element and P is jis associated
priogity. On enquene( X, ) the quese process inserts X into the list sccording 1o
fs. priority; on dequene(X ) it moves X from the head of the list. Note that any &
just & regular constant {see also discussion of the supertype Amy in Section TL
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Natral zv= 0 ; A Natural ),

Enguee == | |; [ enquenelany, Natural )| Enguene ]
Dreguietoe 2= [ | [ dequenel any § Dequacue .

Queene 5= | 1:[Lany, Naneral )| Guenc].

provedire Natural < Natural,

=Y.

X =5y X <,

procedure Naniral < s Matural ).
KosYl—X=Y.

procedure qienel Enguene, Dequeue ).
guewe(Es,Ds) «— quene(Es,Ds [ 1.

procedure quesel Enguene, Degquieie Quiese ),
quenet Es JdequenstXIDs] 0K, PROD «
queusiEsDs 0L
quenelenguens X, PIEs)L D0 ~
imsert{{3L PRV ),
quenel Es, D8 01),
gquened] U LOL
procedure insert(Lary, Natural ), Ouewe [Cany, Notural § e 1,
insert((3 PAOXT PANOLIOCPLIX L PINQD o
P=FIl.
nsert{ (0PN PUNQLICCLPINOL]
P1 <P,
insert(3,PLO,0O1).
Ensert({X, P, 1O P

6. TYPE CHECKING

Type checking determines whether a program is well typed by a type declaration,
Type checking in our framework requires checking inclusion in & type, which &
undecidable for re. types. Therefore we investigate regular types, lor which type
checking is decidable. It seems that regular types are strong enough for type
declarations. We suggest an algorithm for type checking and analyze its complexity.

6.7, A Tvpe-Checking Aigorithm

We describe an algorithm (Figure 33 that type-checks a typed program whose type
s declared by a regular type declaration,

Let P be a program and § be a regutar type, We check whether P is well typed
by % as follows: For each clause in P we find the set of atoms that Gin be inferred
relative 10 5. Then we find the union of all these scts and check if it equals §.

The type checker should also report on clauses that are uscless. e, if there &
no ground instance of the clause that is constructed from the type.

The key idea in focusing on regular types, which are represented by DIFA, is
that it is possible to infer the maximal sct of values that a node of an atom can
obtain with respect to the type declaration § and hence the muximal sel of values
that a varinble can assume (we call this the rype of the pariabie ),
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For each clause © in P do:
Fuor svery groosd path & in the body of © do:
Iz § pethel5) ihen
T, (5) = ¢
gota 1.
endal
il
For ench warishbs ¥ that appesrs in O do:
For each oceurrence of ¥ im the body of & do:
Infer the masimal st of values thai ihis orcurrence can ohisln
ol
lataraect all the above seis geiting the variable’s type.
el
Construct T, [F) using the type of the varishing,
B B Toe (4] m ¢t primt n warning that claee € is dasless.
ol

Find the tuple-distsiltive cloware of ths wnion of the Tfey(5)'s computed.
I ibe result is squal o F and oo cluus @ ol then meceed slse foil.

FIGURE & A type-checking algorithm,

We want to show that we can compute pathd T8 1), For each node in the
body af the clause C where a varinble appears, we can find the maximal set of
villues that it can obtain. If 8 is an atom in ©, and ¥ s some node of B, then we
can find the path from the root 1o ¥ in the associated tree of 8, and run this path
on the DFA that represents § getting 1o some state g. The set of all strings that
lzad from g to a final state represents the maximal set of values that ¥ can obtain
with respect to 5. All nodes in the body of € that have the same logica! variahle
must be intersected to obtain is type. Unnecessary paths, i, paths that cannol
correspond o o term;, are assumed (o be deleted. If there s 0 variahle in © that
has an empty type or there is a ground path of some atom in the bodv of © that is
not in partki(5), then TR(8)=@, else we can build the sutomaton for
pefolTEISN from the head of the claose and the types thot were Tound For the
variables in the body of the clause,

Clain. Let § be a regular type. Then P is well typed by 5 iff the ulgorithm in
Figure 3 succeeds,

FrOOF. We have to prove that TR(8) = § iff the algorithm succesds:
T7{S)=alldeh |A-B,.8B, . B «<C,CePund8,... 05
o ) {A€8,|A~B,....B, «Cand B,,..., B, -:-s:]

i

- {,:f
So we pet that TS =5 iff Up,, pathed T2L5) = paths(S). We have shown

abawe that finding T35 s possible. The union of the Tef §1's is simply the union
of DFA, getting possibly o nondeterministic finlte automaton (NFAL O

parhs{ X} < U N'lh'fm?'r{ﬂ]}'-
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In our implementation we trensform the NFA that was constructed 10 8 DFA,
which may take exponential time, and then, by an equivalence algorithm which is
known to be almost linear, we do the last step of the algorithm.

6.2, Complexity analysis
We now consider the complexity of the above algorithm. We show that the
complexity is exponential in the maximal number of clauses that belong to the
same procedure and is exponential in the maximal number of occurrences of a
variable in a clause.

Assume that:

Np 15 the number of different predicates in P

N, is the maximal number of all occurrences of a viriahle in a clause of P.
L, is the maximal length of a clause in P,

N s the maximal number of clinses of the same predicate.

N is the number of states in the DFA that represents the type.

Then:

Inferring the maximal possible set of values of 3 variable occurrence in & clouse
requires finding the right state in the DFA, which can be done in time
QUNL)

Intersection of the regular sets to get the type of a variable takes QUN)
Constructing T,{5) can be done in (LN,

Uniting two DFAs and transforming their union into an equivalent DFA takes
O(N?). So uniting the T2(5Fs to get a DFA takes O Nl Np Lo WY +
N Hede]),

The equivalence of the DFA that represents the type and the DFA that was
constructed is almost lincar, So the overall complexity of the algorithm i
OUNGN, LN + NMeNeY),

In practice, the number of intersections in & clause is small, and in most applica-
tions that do not involve databases the number of clauses in a procedure s small.
In all programs that appear in this paper the number of occurrences of the same
logical variable does not exceed four. The intersection of these occurrences does
not take exponential time, because they all lead to the same state in the DFA that
represents the type.

If we have to deal with o large database of ground facts, then the algorithm
takes polynomial time.

It is possible to define a subsel of logic programs for which the algorithm has
polynomial-time complexity:

{a) N, is bounced by a constant.

{b} 1f k and k" are heads of different cliuses and have the same predicate, then
for all i, if arg, is the ith argument of & and arg; s the ith argument of &',
then arg, and arg] are top-level not unifiable.
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It seems that (3} & a reasonable demand but (b) is oo reglrichive, as it excludes
most deterministic and many other programs.

7. IMPLEMENTATION

A type checker for FCP based on this framework has been implemented in FCP
and is incorporated in the Logix system [18] Each clause is siripped of control
symbols. The type of the guards and the system predicates are predefined. Each
program is checked procedurewise; each cause of a procedure is checked for
wiaibility, and cach procedure is checked for the fixpoint requirement. If an atom
does not conform to the fype definition, then an error consisting of the clause
number and the leftmost path that doesn't agree with the definition is displayed, IT
the imtersection of variable’s types is empty, then the name of the varable is
displayed. IT the inferred type is different from the defined typee, thitn an error with
ane path in the difference set is displayed.

Although type declarations and checking are not required in Logix, most large
applications developed under Logix use the type system.

Practice with the type system has shown that its PrEecEon 5 somelmes &
nuisance. Sometimes a programmer does not want to specify precisely the integer
values an argument can take, but just that it fakes integer values, and similarly for
strings. Sometimes a process participating in a stream communication proqocol
may wish to send only a subset of the messages the receiver can handle, but not to
specify precisely that subset. To that effcct we have incorporated a subset Bping
mechanism. One type can be defined as a subtype of another, using the notation

SomeValue 1< Integer,
KeyWards 1< Srrme,
el

Similarly, an all-out escape is provided, in ferms of the supertype Any thai
corresponds to the Herbrand universe, The declaration

T Auy.
means that T can toke any value, In contrast, the declaration
To= dny.

means that T must be able to take all values. The former & a well-typing of any
predicate. Given the type declaration procediere p{T), the latter definition of T is a
well-typing of the procedures [p{X)), (p(X), plad), but not of {piak) or af
{pOECXIL],

i DISCUSSION

From our experience it seems that a regular type can be constructed naturally for
every program. The programmer knows the type that each of its variables can
obtain, and that makes it quite easy to declare types. When we use large databases
it may be cumbersome to declare all the values that an argiment can obtain, since
the lst would be a long decluration. However, even in this case the declaration is
still conceptually easy,
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Chur type system deals only with pure logic programs that are self-contained.
This s the basic theoretical model from which we build type systems for concrete
Iogic programming lenguages such as FCF or PROLOG, In such languages there
are system predicates and procedures like append /3, which appends two lists that
may contain any sort of dats, Effective typing of such programs requires paramet-
ric types. We should also note that a module of a program that is not self-con-
tained cannot be well typed, since the fixpoint requirement is violated. This
problem can be solved by requiring the fixpoint procedurewise. Amnother construct
that other languages have is basic types like integers, strings, atoms, ele., which are
@ necessity in type systems, This implies that:

It is necessary to extend the existing type theory to parametric types. This is a
subject of a subsequent paper [24].
The theory should be extended to deal with modules and basic types.

The relation between type checking, well-typing, and type inference descrves
further investigation. Further research includes an algorithm for inferring the
minimil type of the program and extending the definition of well-typing to partially
declared programs,

APPENDIX. RUL PROGRAMS

A0, Introduction

Canonical RUL programs are presented, and a transformation algorithm from
RUL programs to canonical RUL programs which preserves the relative meaning
of the program is described. The relation between the meaning of canonical RUL
programs and DFAs is discussed, and the implementation of regular types as
DFAs is shown. Thus the identity of the meaning of RUL programs and regular
types is established,

Diefinition, The meaning of a clavse C in a program P is the set
|4€8,|A+~B,,....B, =C.8B,,....B,€1Pl}

Example. The meaning of a ground fact is the set that contains only the ground
Fact,

Diefinition, A clause is nonredundant with respect to u program if its meaniig
nonempty, It is redundant if its meaning is emply.

Defiriition. A nonredundant program is a program with no redundant clauses,

In general, it is undecidable whether a program is nonredundant, but we will
see that for RUL programs this problem is decidable.

Claim. For every RUL program P, there exists a nonredundant RUL program () 5.1,
[FI=1C1
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FrooF, Delete the redundant clavses of P to obtain ¢. O

AR Determimirg Redwndaney of Clenses, This subsection shows how 1o find
redundant cluses of RUL programs and to find o concise representation of the
equivalent nonredundant RUL program,

Af2 The Algerithm, Let P be a RUL program.

Label all facts in # as nonredundant, and call this group A,

Let 5, ={p|p & a predicate name of a fact in P,

+ Let §, be the last ser that was computed and define 4, , and §,, ;;
Ajy=|CEP|C=plt) = b X,},....b{X,) unlabeled and Biveen bt €8)
801 =51 [plp is n predicate name that appears in A, ).

Label all clauses i P that appear in A, ., a5 nonredundant.

5 If 5 =35, then stop
else go o 3,

|
2
4

ALY Correcriess of the Algorithm.

Chnirs. Al elanves in I that were marked by the above algorithm are nonredundant,

Frix0F, The proof is by induction on i that all the clauses in 4; are nonredundant,
and this will imply the claim.

i = 0; Since the meaning of a fact s nonempiy, the claim bolds.

Assume the claim holds for less than s, and prove for a: Let ple)—
BAX .. B ANV be a clause in A, By the definition of A,, we have by,.., b,
&5, ;. This means that for all j=[1., m] there cxists a labeled clause whose
head is #,. By the induction hypothesis those clauses are nonredundant. Tt follows
that byl k..., bt )= P] for some ground terms ¢..... 1, . By the definition of
the meaning of a clause and by the characteristics of a clause of a RUL program,
pURX /.. X/t ) is ground and in the meaning of the above dlivse. [

For the next two claims assume that stage 5 of the algorithm is just “goto 37,

Claim. If §,=8,_, for soene n, then for all i z n, 5, = §,.
rROOF, Trivial, O

Claim. AN the predicate names that appear in T, 11+ 1 also appear in 5.
rroor, Easy induction on . [0

Claim. All the predicate mames thar are i the neaning of the program are also in the
last set §, of the ahgorithm.

FROCF. The maaning of o program is T, T e, All the predicate names that appear
in the meaning of the program also appear in §_. But 5_ = §, by the claims abave.
o
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Claim, Al the clowses that were mol frbeled by the above alporithim are redundan .

rrooF, By contradiction, Assume that there exists a ponredundant cliuse pli)e-
bX, ) ... b 0X,) that was not marked by the algorithm, Then, all the predicates
al the b's appear in the meaning of P. By the previous claim, these predicate
names appear also in 5, ;. By the algorithm, it is clear that the b's also appear in
5. Then by steps 3 and 4, before the (0 + 1ith iteration, the above clause is Tabeled,
Contradiction, O

rRESULT. Let P be a RUL program. Then s clause i nonredundant off it was
labeled by the sbove algorithm.

Al Canonical RUL Programis

Diefimition. A carorical RUL program is & nonredundant RUL program satisfving
the foflowing:

Arguments of facts arc constants.
If the head argument of & elause B & compound term, Le. a function symbal
applied to arguments, then all of the arguments are variables,

The example of a RUL program in subsection 24 salisfies the symtactic
conditions for canonical RUL programs, but it is redundant, since the predicate
aadural /1 B missing.

Morgrion, Let M= {0, %, 6. 5.1F1) be a DFA. For every g £ O, denote

40M) = {slta.) ul Fre)).

REMARK. M) denodes the regular language accepted by the same nutomaia
as M, starting from the stale q.

Lemma A.J, Canoncal RUL programs are regular,

reoor, Let P be a canonical RUL program. Build a DFA M- (0, X, & 5 {F}
accordimg 1o the followmg:

@ =[plp s a predicate in P}ULS, Fl.

F = final stute, where  is different from 5.

E=X,.

For every predicate ¢ in P, S80S, gL, 1)) =aq.

For each clavse of a predicate p define & to be the following:

(1) If the heads argument is a constant ¢ then &0, ch=F,

(2) If the head argument s & function symbol  with arity », then for every
i=[l.n], Mp, fln,ii=g, where the body goal g and the (th argument of the
function share the same variable.
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REmark. M is a DFA, since every head argument of a procedure clause has a
unigue [unction-symbol -arity combination,

Claim AL & [Pl/p iff pathait) C £ (M),

The proof of this claim follows the end of this lemma.
Back 1o the proof of the lemma,

rlr) e[P]
iff
pathsit) S (M)
iff
patha{ p(r)) S (M), O
FROOF OF cLaiM Al By induction o [fF Let
le|=1.
That means { =¢ [or some constant ¢, Then
tE]PLp
il (by definition)
plt)elP]
iff (by the semantics of logic programs and structure of #)
there exists a fact p(c) in P
iff (by the construction of M)
& pe)y=F
ift (b definition)
cELIM)
iff { paths{e) =[]}
pathr(1) S, M),

Assume the claim is true for all «, D<[t| <N, and prove for |rl= N, W.log.
f'l'_ﬁl'l,iz,...,fu:l. Thl"_ﬂ

plt}elP]
iff (by the semantics of bogic programs)

there exists a clavse in P of the form
LAY, Xy X =B X)L B LX)
und for every j £ [1.n], bl ) e{P]

iff (by the construction of A and by the induction hypothesis)
forevery j&[1.na], S p.fin, j))=b and pnriu[:lfll;_ﬁ,ltﬁ:l':l
T (b the charscteristics of DFAs and A )

{f(n. 1) -5 )5, € paths(s,), j & [1.n]) €450 M)




EY AL YARDERNI AND EHUD SHAFIRD

iff (by the characteristics of patis)
paths(s} S (M), O

Lentma A2 For every regular sel of terms T, there exists o cononical RUL program
P with a predicaee p s |[Pl/ip=T.

rroor. T regular means that there cxists a DFA (w.lLog the starling state is p)
M= {0.%,8pIF1) st for every term ¢, t €T ifl pathsit) M1, Build a
program P according 1o the following: For every state g and every function symbal
f, 0 #g. fin, it =B is defined for all ie[l.al then add the clause

P X K =00 BLX. Vo F For every state ¢ and a constant
o i Slg.c) s a final state add the davse gled o P,
Observations:
{11 # is o canonical RUL program (it might hasve redundant clauses. but they
can be deleted).
(2] Almost by the same proof s that of Claim A, €| P)/g o pethsit}C
£IM),

(3} By observation (2} and by regulamity, re T il =] Pl/e. O

Lermma A3 For every RUL program P, there exiits @ canonical RUL program (2 5.0,
1P1 =121~ lale) € | Q)] g iv @ predicate not occurring in P).

prooE, The idea is o unrovel the head arguments W.log P & nonredundant.
Define a program transformation, Tr B}, on o RUL program B as follows: 1T there
exists a clause in R of the form

plfCAmg - A ) =0 (X ) B X ) e P,
and 3j @ [L.n] st Arg, is not a variahle, then do the following:

Find a new predicate symbol g and o new variable symbod X W.log X, ..., X
pre all the variables appearing in A,

Trameform this clause into two clauses:

=g X b (X (X )
gl Ay} — b X)..... bl X

Perform the above transformation on £, getting & sequence F= 0, Py f o1
=) where P_,=TriF} and ( docs not contain any more clavses o be
transformed,

Cleardres { Earae 1 porove),

For eoery predicate p in R, the ransformation preserves |R)/p. and novredien-
danicy.

The mumber & {5 bounded,

() & 2 canesicd RUL program,

Far all predicaies pin P, [Pl/p=[0)/p. O



A TYIE EYSTIM PO LOGIC PROGRAMS 144

A2 Properties of Regular Sets of Terms

Claien. The infersection of regadar setr of terme in regular.

pio0F. Trivial, by the foct that the intersection of regular languages is regulsr.
i |

Lemmma AA. For every regulnr sei of tems T, patkalT) is regidar,

puiw, IF T is regular, then there exists o predicate p in a canomical RUL
program, P, s.L T=]P]/p. Build n DFA M as in Lemma A1 corresponding to P,
"The proot is by indwection that for every word £ & <[ M), where g is a predicate in
P, there exists a term ¢ €[ P]/g s.. 5 is a path in 1. This will imply the lemma.

IF |5l = I, then 5 is o constant. Trivial

Assume true for 0 < |s] < N, and prove for |5]= N,

Wlog 5= fln, i) 5, By the construction of M, there exists a clause of the
form gl fUX, Xy A D= B0X ) BUX ) Since every clause in P is nonre-
dundant, there exist terms f,.... 84y 00000, 5L for all j, 5 e [P]/b,. By the
induction lypothesis, there exists o term ¢, = [PL/H, <6 3, I8 a path in 1.
Crinthering these facts, we get that 5 is & path in = f{r,.... .1 ) where 1 & [ P}/g.

|

Definiviore. Let T be a regular set of terms. Define 21T to be the minimal
lnnguage st t € T iff paths( ) _#T),

Clairn. VY v well defined and regular.

prooF, By Lemma A4, parhae{T) s the minimal regular linguage that & wanted,
O

Lememg A5 Let T) and T, be regular sets of terms. Then
rl';T.! 'E'T _:-"'tT,J;_;-"I:T;}.

riroor, By Lemma A4 and the whove claim. O

Lemnmr A6 IF T i o regular ope amd H = B s @ clise in o progreme P, then
a8 s 8, B8 S T i regudar.

ProoF. Let X...., X, be all the varables in the cumse Wlog dam(f)=
(X Xo) Assume that B=[X, ¢, ..., X, r,] and that there exists an
automabon M os0 LUM ) = paplis( T

Let 5 be o string. and M = {{, X 5 5.[F1} be a DFA. Denote by stares, M)
thi state SCS, 80 I i1 is defined, I it s not defined, then call 8 1, Recall that
LU M) is defined o be the lingunge sceepted by the same automaton s M except
that the starting state is g. Modify the definition st L (M) =@, Let B be a
conjunction of one or more gtoms. Define post X, B) 1o be the set of all paths
from the root of the associated trees of B o X, Le. (5| £X, = pathol 5.
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Define g_paths{ B) = {5 | 5 € patfs{ B) 1 Ef) to be the set of all grownd paths in
B. Then

BicT= patu(BO)cL(M)

e g _paths{ B) CL(M)

A A {.ﬁlisﬂparl:.l'”.ﬂ'} .-'...r,E.m!hf{!,}]r;L[M}
X, & parrl 1)

= g puths(B) SLIM)

A A Yiepos| X, B) paths(t,) S 1,5, S L{M )]
X S rari )

= g paths{ B)SL(M)

M ﬁl 1ﬂrl EPGE‘_.E;..E]‘. MM{!II}EL.IJIEI'[I-H.{HI
.l'_lcum( [=d]

= g patts( B) SL{M)

A A pats{e)s N L and M)

A e iarm fl) yEpt X, Hb

It is easy to verify by construction of an automaton M1 that B, is regular.
In the same manner we prove thit

HE € By= g_paths( H ) Cpaths{ Bg)

M A paths(n) N Leares (M1

X e parsli) FET ]
Let
n L ysareis, sard M1} X, € vars( H ) » vars( B),
s ] X, M
n Llr..lﬂ:.H'Il[ H] !]
a0t X H )
-Ir{ ﬁ',:l L] ||
I"'I( M Lxlurr(:.lui.-“;l}i x,lE'mHlH]nf‘ﬂfF[ﬂL
e pai N, WD
n Lirmﬂ:.erLM}r I,'El'ﬂ?’-‘.l’{ﬂ']"‘\l-‘ﬂfﬂ_ﬂ’.

1 &l X, )
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Finally we get that
HieB.nBeCT
o= g paths{ A, B) CL(M)

A A P‘“'l“{".r] = N Luwpwnan{M1)
K S v W v 81 =g A, M)

A I'H'I- Pﬂt‘;"{ﬂ.] c { n 'Lnnrﬂr..“l]: -'l"“ I]
X8 [rared B s 81§ s & pual X, 1

n ( N 'F'”J

wiE el X, ITh

A -lll.ll- pm'h'l{ 'rj} = r] 'Llrnrcr:. uF |‘ '“-'
XS aert 8 cursd H' ) s=pnal X, )

n
= g pathsiA BycLiM)a A paths(t} (X)),
f=1
If one of the conjuncts above cannot be satisfied, then aof[H0 e B | BRCTI) is
empty. If the formula can be satisfied, then

paths{{ Ho & B,| B8 C T})
= | { paths{ HO)|Ho= B, » BRCT)

=g paths({H)u  |) {5} U|paths{r,)| Ho € B, » BOCT]
X, &varel H)
VG ol X, B

=g paths(H)U ) (s} pathe(t,)|¥1 <i <0 paths(1,) © (X))
A’_,-Enuuﬂﬂ']
iepar X, H}

—gpaths(H)U ) (s} Ufpaths(s,) | pahs( X,) =#( X,)]
.é::;fﬂj

=g_paths( H)U U [s) - parhs( |1, packs(,) c#( X,)))
X, e ars(H)
s poat X, H )

It can be easily checked that paths(lt, | parhs( X,) = _#T X)) is regular by
Lemma A4. It follows that parhs([H8 = B, | B8 C T)) is regular, since it is con-
structed from finite concatenations and unions of regulur languages. O

Lemma A7 If P is a program, then for every natural number n, TE tm s regidar,

PROOF. It can be shown by induction on n that T2 1w is regular, using the facts
that:

The tuple-distributive closure of a finite union of regular scts of terms is a
regular set.

Lemma A6 guarantees that at each iterations of TZ we get a regular set. 0
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