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Abstract White blood cell neutrophil is a key component in the fast initial immune
response against bacterial and fungal infections. Granulocyte colony stimulating factor
(G-CSF) which is naturally produced in the body, is known to control the neutrophils pro-
duction in the bone marrow and the neutrophils delivery into the blood. In oncological
practice, G-CSF injections are widely used to treat neutropenia (dangerously low levels
of neutrophils in the blood) and to prevent the infectious complications that often follow
chemotherapy. However, the accurate dynamics of G-CSF neutrophil interaction has not
been fully determined and no general scheme exists for an optimal G-CSF application in
neutropenia. Here we develop a two-dimensional ordinary differential equation model for
the G-CSF—neutrophil dynamics in the blood. The model is built axiomatically by first
formally defining from the biology the expected properties of the model, and then de-
ducing the dynamic behavior of the resulting system. The resulting model is structurally
stable, and its dynamical features are independent of the precise form of the various rate
functions. Choosing a specific form for these functions, three complementary parameter
estimation procedures for one clinical (training) data set are utilized. The fully parame-
terized model (6 parameters) provides adequate predictions for several additional clinical
data sets on time scales of several days. We briefly discuss the utility of this relatively
simple and robust model in several clinical conditions.

Keywords G-CSF · Neutrophils · Mathematical dynamics · PK/PD

1. Introduction

The neutrophils are a principal part of the white blood cells system which defends the or-
ganism against acute bacterial and fungal infections (Kenneth et al., 2000). Normally the
number of neutrophils in the blood is stationary. Following the onset of infection, their
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blood level surges dramatically within hours and stays high until the infection resides.
On the other hand, anticancer chemotherapy causes the neutrophil density in the blood to
plummet within a few days. Typically their level recovers to the pretreatment values in
approximately a week or two. When the neutrophil density drops below a threshold level1

major complications may arise due to the consequent suppression of the primary immune
response which may lead to fulminate infections (Bodensteiner and Doolittle, 1993). In-
deed, the risk of infection following chemotherapy is strongly correlated with the extent
and the duration of neutropenia (Crawford et al., 2004). Furthermore, the occurrence of
neutropenia and the complications associated with it, often lead to a delay in the optimal
schedule of the chemotherapy administration that decreases the chances for a successful
treatment (Donnelly et al., 2000). It is generally held by clinicians that the final steps in
the neutrophil production and arrival to the blood are controlled by the granulocyte colony
stimulating factor (G-CSF), a single peptide that is naturally secreted by numerous cells in
response to an infection (Bronchud et al., 1988). G-CSF injections are widely used to pre-
vent and treat neutropenia and the infectious complications that follow. However, despite
the extensive use of G-CSF in the clinic, there are several issues regarding the treatment
with G-CSF which are debatable. The most important of these is the observation that in
some cases the G-CSF injections do not succeed to prevent the neutropenia whereas in
others they do, with no clear understanding nor predictive tools to distinguish between
these cases (Clark et al., 2005). The optimal scheduling and the a priori decision whether
G-CSF is needed for a particular patient are other important issues that are not fully deter-
mined (Bennett et al., 1999). A natural question arises whether an efficient mathematical
model, that is applicable to the management of chemotherapy induced neutropenia in in-
dividual oncological patients under relevant clinical conditions, can be constructed.

It is postulated that the cancer chemotherapy temporary interference with neutrophil
production in the bone marrow is the main mechanism for the chemotherapy induced neu-
tropenia. Neutrophils originate from pluripotent stem cells that reside in the bone marrow
via a multi-step process that is shown to be controlled by several stimulatory and in-
hibitory hematopoietic growth factors (Moore, 1991; Ratajczak and Gewirtz, 1995). In-
deed, a complete description of the neutrophils production process inherently involves
a large network of cell lines and growth factors and it may depend non-trivially on the
concentration of the bacteria in the tissue, on various metabolic substances and on their
spatial distributions. Notably, the quantitative and qualitative biological information re-
garding the various paths in this large system is still incomplete.

The impact of granulopoiesis modeling was recently reviewed by Friberg and Karls-
son (2003). Indeed, numerous mathematical models of the neutrophil production—also
termed granulopoiesis—have been suggested over the years (Rubinow and Lebowitz,
1975; Lajtha et al., 1962; King-Smith and Morley, 1970; Blumenson and Bross, 1979;
Abkowitz et al., 1996; Bernard et al., 2003; Zamboni et al., 2001; Krzyzanski et al., 1999;
Shochat and Stemmer, 2002; Ostby et al., 2003; Scholz et al., 2005; Vainstein et al., 2005;
Panetta et al., 2003; Wang et al., 2001; Foley et al., 2006; Haurie et al., 2000). Each
of the models showed a good agreement with some empirical data. A number of
these models were specifically developed to mathematically capture the detailed biol-
ogy of the bone marrow (Rubinow and Lebowitz, 1975; Blumenson and Bross, 1979;

1Severe neutropenia is defined as one order decrease in the neutrophil count (from normal levels of

≈5000 × 103 cells/cc, to the dangerous levels of below 500 × 103 cells/cc).
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Abkowitz et al., 1996; Shochat and Stemmer, 2002; Vainstein et al., 2005). Such mod-
els are intrinsically high dimensional, nonlinear and often contain large parameter sets.
With these high dimensional models, the ability to estimate the parameters, study the
dynamics and investigate the sensitivity of the solutions to changes in the initial con-
ditions and parameters is limited. In particular, the large number of parameters (for
example, a staggering 40 parameters in Shochat and Stemmer, 2002) practically pre-
cludes precise estimation and validation of the model. In clinical situations,we are typ-
ically able to observe only the blood counts corresponding to the final component of
granulopoiesis while the underlying biology of the bone marrow that leads to the dy-
namics in the blood remains hidden from our view. Thus, only a minority of the pa-
rameters of a detailed model and only their relative order of magnitude can be ac-
cessed.

Several authors focused on more attainable restricted aspects of the granulopoiesis dy-
namics. In (Rubinow and Lebowitz, 1975; Ostby et al., 2003) the flux of neutrophils into
the blood was modeled by partial differential equations (PDE’s) that describe the evolu-
tion of the age structure in sub-populations of cells of the bone marrow. Such approach
enabled to successfully track the long term evolution of neutrophils recovery following
high dose chemotherapy and bone-marrow transplant (Ostby et al., 2003). In (Bernard
et al., 2003; Foley et al., 2006; Haurie et al., 2000) the dependence of the neutrophils flux
on the bone marrow history was modeled by using delayed differential equations (DDE’s).
In this framework, the G-CSF effects where implicitly represented by a negative feedback
loop. This approach adequately describes the periodic behavior of the neutrophils levels
in the clinical syndrome of cyclic neutropenia.

The analysis of both the PDEs and the DDEs equations is challenging. Behind the
apparent simplicity of the succinct formulations lurks their inherently infinite dimensional
nature. The dependence on the boundary conditions and the initial profile in the PDE case,
or on the history profile in the DDE case is highly non-trivial.2

Finally, several low-dimensional ordinary differential equations models of granu-
lopoiesis had been proposed. Zamboni et al. (2001) used a pharmacokinetic–pharmacody-
namic approach to study the effect of blood concentrations of the chemotherapeutic drug
Topotecan on neutrophil dynamics. Panetta et al. (2003) studied the dynamics of neu-
trophils following treatment with a chemotherapeutic drug Temozolomide and used the
notion of negative feedback to successfully describe the control of the neutrophil levels
following chemotherapy. However, these studies did not include the explicit dynamics of
G-CSF. A detailed empirical study of the G-CSF effects was conducted by Wang et al.
(2001), where a pharmacokinetic-pharmacodynamic model of the G-CSF blood concen-
trations effect on the neutrophil dynamics in the blood was introduced. In this study, the
authors focused on the effect of a single G-CSF injection on healthy volunteers. Subse-
quently, neither the effects of chemotherapy nor the internal G-CSF production, which is
dominant in the natural processes of recovery from chemotherapy induced neutropenia
(Sallerfors, 1994), were addressed.

There is a two fold challenge to mathematical modeling of neutrophil dynamics as
pertinent to oncological clinics. The first one is to equip the practicing clinician with

2It involves dependence on classes of functions, effectively corresponding to infinite number of parame-
ters.
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a relatively simple and robust mathematical model that will be useful in the every-
day work. When approaching this task one uses the clinical principles and knowledge
to construct the model. This first standard stage, of formulating the clinical princi-
ples by a mathematical framework, leads many times to important insight regarding
the underlying biology. Yet, the inherent complexity of the problem at hand means
that there may be inconsistencies in the underlying biological hypotheses of clinicians
about the neutrophil dynamics. Thus, a second, more subtle challenge, is to examine
by mathematical reasoning these possible inconsistencies. Here we use an axiomatic
approach to construct the model (see details below). This allows us to refute a set
of inconsistent biological assumptions. Furthermore, it enhances our confidence in the
reliability of the consistent models, as these were constructed in a systematic formal
way.

Despite, or perhaps in the wake of the apparent complexity of the system, it is generally
held by clinicians that the neutrophil dynamics in the blood can, to large extent, be dom-
inated by G-CSF (Bronchud et al., 1988). This viewpoint is supported by several distinct
clinical observations as described in Section 2. Indeed, G-CSF injections are extensively
used to handle neutropenia in cancer patients. Here we construct a model that specifically
studies whether the neutrophil dynamics can be effectively represented by considering
only the interactions of the G-CSF (G) and the neutrophils (N) concentrations in the
blood. The model is defined by a system of two ordinary differential equations depending
on a vector of parameters μ (see Fig. 3). To keep a tight grip on the biological assumptions
that enter the model we adopt an axiomatic construction of the ODE’s system. Thus, to
construct the right-hand side of these equations, statements of the form “an increase in G

causes an increase in the production rate of N”, are translated to monotonicity conditions
on the rate functions. The consistency and sufficiency of the clinical convention (we inter-
pret such a convention as an underlying biological hypothesis), that neutrophils dynamics
is mainly governed by the G-CSF and the neutrophil levels in the blood (see Fig. 3), is
thus studied.

The manuscript is ordered as follows; in Section 2, based upon the biological prop-
erties, we axiomatically construct the general model of the G-CSF and neutrophils GN

dynamics and prove that the resulting GN system has only one stable equilibrium point.
In Section 3, we construct a specific model which satisfies the biological assumptions and
study its properties. This model has five non-dimensional parameters which are estimated
in Section 4 by two independent methods. Then the sensitivity of the equilibrium and the
transients to parameter changes is investigated analytically. The section ends with a model
validation. We use one detailed clinical data set (reported in Wang et al., 2001) as a train-
ing set to fit the parameters. We then demonstrate that the model with the obtained fixed
parameters predicts additional clinical observations from Wang et al. (2001); a data set in
which the same patient received double dose of G-CSF and data sets of another patient
receiving two dose regimens are well described by the model without any fitting. The
conclusions section includes reflections on our methodology, a list of clinical situations in
which our model may be relevant, some predictions of the model, and a discussion of the
conditions under which the two-dimensional model does not hold and its extensions must
be considered.
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Fig. 1 G-CSF (blue) and neutrophil (red) dynamics in healthy volunteers following a single subcutaneous
injection with either 5 µg/kg (dashed line) or 10 µg/kg of G-CSF (solid line) (data adapted from Van der
Auwera et al., 2001). (Colour figure online.)

2. The axiomatic approach to GN dynamics

We postulate that the averaged concentrations of the G-CSF (G) and neutrophils (N) in
the blood may be modeled by a system of two ordinary differential equations depending
on a vector of parameters μ:

⎧
⎪⎨

⎪⎩

dG

dt
= f1(G,N;μ),

dN

dt
= f2(G,N;μ).

(1)

The G-CSF and the neutrophil blood levels are nearly constant in a healthy person3

(Table 1) (Fliedner et al., 2002; Shochat and Stemmer, 2002), and only extreme perturba-
tions in the system might prevent their complete natural restoration (Krishan et al., 1976;
Fliedner et al., 2002). Their dynamics are coupled during perturbations: in humans that re-
ceived G-CSF injections, neutrophil levels follow the increase of G-CSF in serum (Fig. 1).
In chemotherapy induced neutropenia, the initial decrease in the neutrophils is promptly
followed by an increase of intrinsic G-CSF secretion and a consequent recovery of the
neutrophils (Bonig et al., 1999) (Fig. 2).

3Some evidence suggests that haematopoiesis exhibits subtle bi-harmonic behavior with short (24 hours)
relatively low amplitude diurnal oscillations (Smaaland et al., 1992) superimposed on long (21 days) os-
cillations (Carulli et al., 2000). Although such oscillations do not appear in our simple model they may
be introduced by including explicit circadian periodicity or a delay (Bernard et al., 2003) in the neutrophil
production term, see conclusions section.



2304 Shochat et al.

Fig. 2 Natural G-CSF and neutrophil dynamics in patients following anticancer chemotherapy. Blood
neutrophils (N) and G-CSF (G) levels are labeled red and blue, respectively. Note the threshold neu-
trophil level of 500 × 103 cells/ml which triggers prompt increase in G-CSF levels. (A) Conventional
chemotherapy in lung cancer patients (data adapted from Takatani et al., 1996). (B) High dose chemother-
apy in children with hematological malignancies (data adapted from Saito et al., 1999). Note the different
scales of the G-CSF levels on the two panels. (Colour figure online.)

To formulate explicitly the known properties of the growth rate functions f1,2, it is
helpful to consider the “birth” processes B(X;μ) and “death” processes D(X;μ) sepa-
rately,4 with X = (G,N) ∈ R1+ × R1+:

fi(X;μ) = Bi(X;μ) − Di(X;μ), i = 1,2, (2)

where the terms Bi and Di denote the respective non-negative, smooth and bounded birth
and death rate functions of each variable:

∀X,μ;
{

0 ≤ Bi ≤ Bmax
i ,

0 ≤ Di ≤ Dmax
i .

(3)

Our variables represent densities of real physical entities (G = pgrams
ml and N = cells

ml )
so the variables must be non-negative and bounded by some maximal values.5 Thus, the
domain D = {(G,N) ∈ [0,Gmax] × [0,Nmax]} must be invariant under the forward dy-
namics:

Bi(X;μ) − Di(X;μ)|Xi=0 ≥ 0, (4)

and

Bi(X;μ) − Di(X;μ)|Xi=Xmax
i

≤ 0. (5)

4“Birth” includes hereafter all forms of production of the ith entity, including incoming migration and
reproduction. Similarly, “death” includes all forms of elimination including migration, consumption and
senescence.
5The maximal physical values of cell density Nmax are given by unit volume

volume/cell and are of the order of

109 cells. This should not be identified with the carrying capacity of the cell population in the blood,
which is lower due to viscosity and metabolic constraints and is of the order of 108 cells/cc (Zarkovic
and Kwaan, 2003), nor with the typical density of neutrophils which is much smaller, see Table 1. The
maximal physical values of blood G-CSF reflect the precipitation property of the molecule, and are in the
order of 80 mg/cc (Krishnan et al., 2002), again a much higher value than the typical concentrations used
in the clinic.
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Fig. 3 Conceptual model of the neutrophil dynamics. Physical transformations and transitions are denoted
by lines. The variables are coded by colors that symbolize their effects in the system. Thus lines are col-
ored red and blue respectively, if the corresponding transformations are influenced by the concentrations
(which are denoted with the same colors) of the blood G-CSF (G) and the blood neutrophils (N). Posi-
tive/negative effects are labeled +/−. To account for therapeutic perturbations we introduce the symbols
inN that denotes the transplantation of marrow cells, and inG and inX that denote the respective injection
of G-CSF and chemotherapy. Irreversible losses from the compartments are labeled with the symbol � for
the empty set. (Colour figure online.)

Next we describe the empirical observations regarding the GN dynamics. These lead
us to concrete conclusions regarding the properties of the birth (Bi(X;μ)) and death
(Di(X;μ)) processes in each of the equations of (1).

2.1. Empirical properties of the rate functions

(BG) The G-CSF production is an adaptive response of a variety of cells to adjust the
number of circulating neutrophils to a level that will clear the infectious stimulus
(Baiocchi et al., 1993). A key observation is that the magnitude of the infectious
stimulus (Kawakami et al., 1990) (Fig. 4A), is linked to the level of the neutrophils
in the blood.6 The clinical data suggests that under physiological conditions (i.e.
when the infection has not overwhelmed the immune response), G-CSF birth rate
is always a positive decreasing function7 of N and is independent of the levels of
G (Krishnaswamy et al., 1999), so BG = BG(N) > 0, and ∂BG(N)

∂N
≤ 0. We em-

phasize that by writing BG = BG(N) we do not imply that N directly inhibits the

6A detailed modeling of the G-CSF influx to the blood from first principles should include a study of a large
network in which the interactions between various cell types, bacteria and soluble factors are analyzed as
are the transfer rates of these entities between the bone marrow, blood and tissue compartments.
7See also Panetta et al. (2003).
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Fig. 4 (A) A typical example of GN dynamics following potentially infective insult of thoracic surgery
(data adapted from Noursadeghi et al., 2005). Blood neutrophils (N) and G-CSF (G) levels are labeled
red and blue, respectively. (B) G-CSF kinetics in volunteers on day 1 (dashed blue line) and day 4 (solid
blue line) of sequential G-CSF injections (data adapted from Kroger et al., 2004). Note the high G-CSF
levels at day 1 (baseline neutrophil count of ≈5 × 106 cells/ml. G-CSF lower levels on day 4 correspond
to significantly higher blood neutrophil count (≈40 × 106 cells/ml). (Colour figure online.)

production of G, and the relation here is not strictly causal.8 To adequately model
the dynamics, it is sufficient to observe that an increase in N is correlated with a
decrease in the production of G.

(DG) The elimination of G-CSF in the blood is relatively fast (Saito et al., 1999;
Pigoli et al., 1982). G-CSF has a major first order (linear with G) elimina-
tion by the kidneys (Stute et al., 1992). In addition, G-CSF is directly con-
sumed by the hematopoietic cells and the blood neutrophils (Terashi et al., 1999;
Sarkar and Lauffenburger, 2003) (Fig. 4B). It follows that the total G-CSF clear-
ance may be written in the form DG = Dr

G · G + DN
G(G,N), where Dr

G is a
constant and DN

G is a non-decreasing bounded function of G and N , satisfying
DN

G(0,N) = DN
G(G,0) = 0.

(BN ) Blood neutrophils are created at the bone marrow where the cell renewal and dif-
ferentiation are tuned by an array of signals (Ladd et al., 1997). The neutrophil flux
into the blood is regulated by G-CSF (Bronchud et al., 1988). This factor binds to
high affinity membrane receptors on marrow cells causing stimulation, expansion
and maturation of the neutrophil pool and an increase in the transition of neutrophils
to the blood (Sachs, 1992; Lord et al., 1989). Thus, BN = BN(G) is an increasing
function of G. Neutrophils are produced even without G-CSF effect (Bonilla et al.,
1989; Lieschke et al., 1994) so that BN(0) > 0.

(DN ) Once in circulation, the blood neutrophils may migrate to the extra-vascular
space or undergo senescence (elimination via aging) (Cronkite, 1979), so DN =
D

mig
N (G,N) + Dsen

N (G,N). Colotta et al. (1992) reported an in-vitro study show-
ing that the major effect of G-CSF on the blood neutrophils is to attenuate the
intravascular senescence of these cells and prolong their survival by delaying apop-
tosis,9 hence: Dsen

N = Dsen
N (G) · N where Dsen

N (G) is a decreasing function of G

8See Freedman (2004) for a recent formal discussion of causality and modeling.
9The estimated half-life of the in-vitro cells was 35 hours for untreated and 115 hours for G-CSF treated
cells.
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(Colotta et al., 1992; Mukae et al., 2000). On the other hand, it was suggested
by de Haas et al. (1994) that immediately after a G-CSF injection the most ac-
tivated neutrophils are induced to leave circulation to the extra-vascular space,
so D

mig
N (G,N) is an increasing function of G. The two opposing G-CSF effects

on the circulating neutrophils seem to balance each other: two extensive clini-
cal studies did not reveal a significant G-CSF effect on either neutrophil mar-
gination into the extravascular space or the cell’s half life (Price et al., 1996;
Lord et al., 1989). Hence, while the details of these balancing effects deserve
a separate study, we take here a constant elimination rate of the neutrophils10:
DN(G,N) = DN · N .

2.2. General model formulation

The above observations lead to equations of the following form:

dG/dt = BG(N) − [
Dr

G · G + DN
G(G,N)

]
,

dN/dt = BN(G) − DN · N,
(6)

where all the above coefficients and functions are non-negative and smooth, the variables
are in D and all the functions are monotone:

∂BG(N)

∂N
≤ 0,

∂DN
G(G,N)

∂G
≥ 0,

∂BN(G)

∂G
> 0,

∂DN
G(G,N)

∂N
≥ 0.

(7)

From these properties, we establish that:

BG

(
Nmax

)
> 0, DN

G(0,N) = 0, DN
G(G,0) = 0,

BN(0) > 0, DN > 0.
(8)

The following conditions guarantee that the domain D remains invariant:

∀N ≥ 0; BG(N) < Dr
G · Gmax + DN

G(Gmax,N),

∀G ≥ 0; BN(G) < DN · Nmax.
(9)

2.3. Stability properties of the general model

To obtain quantitative, practical results, we introduce in the next section a specific func-
tional form for the system (6) which satisfies all our axiomatic constraints. Yet, before
turning to this practical part, we will show that the monotonicity of the birth and death
functions are sufficient to guarantee, independently of the specific form of these functions,

10Theorem 2.1 is valid for the more general case DN = DN(G) · N where DN(G) is a non-increasing

function of G: ∂DN
∂G

≤ 0. Conditions under which DN(G) is non-monotone in G could be studied sepa-
rately.
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that the system (6) always has a simple asymptotic behavior: it has a fixed point in the pos-
itive quadrant11 which is unique and stable and no other recurrent behaviors are possible.
Furthermore, the structure of the null clines is monotone in the most general case.

Theorem 2.1. Consider the system (6) satisfying the constraints (7–9). Then the system
has a unique stable fixed point in the positive quadrant of the phase-plane, and there are
no other closed orbits there.

Proof: Consider the null-clines:

N1(G) = {
(G,N) ∈ R2 : f1 = BG(N) − [

Dr
G · G + DN

G(G,N)
] = 0

}
,

N2(G) = {
(G,N) ∈ R2 : f2 = BN(G) − DN · N = 0

}
.

Since ∂f1,2
∂N

	= 0 for all (G,N) ∈ intD (see (7), (8) and (10)), by the implicit function
theorem these curves may be expressed as ncG = {(G,N1(G))} and ncN = {(G,N2(G))}.
Furthermore, the monotonicity property of the birth and death rates (7) implies that for
G > 0, N1(G) is monotonically decreasing whereas N2(G) is monotonically increasing:

dN1(G)

dG
= Dr

G + ∂DN
G

(G,N)

∂G

∂BG(N)

∂N
− ∂DN

G
(G,N)

∂N

< 0; dN2(G)

dG
=

∂BN (G)

∂G

DN

≥ 0. (10)

Hence, for positive G the curves N1,2(G) may have at most one intersection point—the
fixed point (G∗,N∗). Furthermore, it follows from (8) and (9) that dG

dt
|G=0 > 0 hence,

from (10) we conclude that N1(G) → ∞ as G → 0. Since N2(0) = BN(0)/DN > 0 is
finite, there exists a small G for which N1(G) > N2(G). On the other hand, these inequal-
ities also imply that at G = Gmax, dG

dt
< 0 for all N ≥ 0, hence, N1(G

max) < 0 whereas
N2(G

max) = BN(Gmax)/DN > 0, namely N1(G
max) < N2(G

max). Thus, the two curves
must intersect, and since N2(G) > 0 for all G ∈ [0,Gmax], their intersection occurs in the
positive quadrant.

The stability of the fixed point is determined by the trace and determinant of the cor-
responding linearized matrix J = J (G∗,N∗):

J (G,N) =
[−[Dr

G + ∂
∂G

DN
G(G,N)] B ′

G(N) − ∂
∂N

DN
G(G,N)

B ′
N(G) −DN

]

.

Using (7), the sign of the trace and determinant of J is known for all (G,N) ∈ D̄:

traceJ (G,N) = −
[

Dr
G + ∂

∂G
DN

G(G,N) + DN

]

< 0,

detJ (G,N) =
[

Dr
G + ∂

∂G
DN

G(G,N)

]

DN

−
(

B ′
G(N) − ∂

∂N
DN

G(G,N)

)

B ′
N(G) > 0.

11The origin is not a fixed point in this model since there is always a positive influx of neutrophils from
the bone-marrow into the blood and of G-CSF from the tissue into the blood.
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Since

λ1,2 = traceJ

2

(

1 ±
√

1 − 4
detJ

trace2 J

)

we establish that Re{λ1,2} < 0 and thus the fixed point is stable. Furthermore, as
traceJ (G,N) < 0 for all (G,N) ∈ D, by Bendixson’s criterion (see Guckenheimer and
Holmes, 2002 and references therein) and the strictly invariance12 of D there are no closed
orbits which lie or partially lie in D̄. The fixed point may be a node or a spiral depending
on the relative size of detJ and traceJ :

κ = 4
detJ

trace2 J
;

{
κ < 1 stable node,
κ > 1 focus (stable spiral).

(11)

�

Corollary 2.2. The system (6) satisfying the constraints (7–9) is structurally stable.

Proof: By Peixoto theorem (see Guckenheimer and Holmes, 2002 and references
therein): D is compact, simply connected two-dimensional region which is strictly in-
variant, the flow is smooth and it has a unique hyperbolic attracting fixed point (hence no
heteroclinic connections). �

Notice that these results affirm that the axiomatic construction of our model is consis-
tent with the observed robust dynamics; we did not require that a stable fixed point will ap-
pear nor that the system be structurally stable. These properties appeared as a result of the
axiomatic construction, and these fit well the clinical observations that the neutrophils and
G-CSF levels are nearly constant under physiological conditions (Fliedner et al., 2002;
Shochat and Stemmer, 2002).

3. Specific model

Any set of functions which observes the constraints given by (7–9) will lead to the same
dynamical behavior. This dynamic is asymptotically simple—it corresponds to exponen-
tial convergence to a stable fixed point. Indeed, the system (6) is a robust and structurally
stable system—small changes in the functional form lead to small changes in the dynam-
ics. Thus our model is well posed and a fitting procedure to the data should lead to a
reasonable model. As our ultimate goal is to assist clinicians in the prediction and pre-
vention of chemotherapy induced neutropenia for individual patients, we need to find the
functional forms of the rate factors Bi,Di for the system (6) that best fit the available
clinical data. By choosing functional forms that are as simple as possible and depend on
as small number of parameters as possible, we may be able to identify the dependence
of the model predictions on the accompanying individual biological parameters. Finally,
we note that the range of the clinically relevant initial conditions which is of interest is
large, and cannot be modeled by the linearized dynamics alone. In particular, we will see

12It is easy to verify that the vector field points strictly inward on D′s boundary.
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that the duration and extent of the transient behavior are crucial ingredients in the model
fitting and in the predictive power of the theory.

For the present study, we have focused on variations of the familiar and venerable
Michaelis–Menten (MM) formulation as the chosen specific functional forms of the birth
and death terms. The MM formulations are often useful in pharmacodynamical calcula-
tions (Shochat and Stemmer, 2002). Notice that in the complex biological processes such
as described here, unlike the simple enzyme dynamics, these forms have no immediate
mechanistic meaning. When a large data set will be available one may attempt to refine
and modify this choice.

3.1. Closed functional form

The form of BG(N): Fig. 2 demonstrates that the G-CSF blood level surges when the
neutrophils level is decreased as expressed in (7). Thus, we postulate that N has a negative
saturable effect on the G-CSF production rate, BG:

BG(N) = Bmax
G − Bmax

G · N
kN + N

= Bmax
G · kN

kN + N
, (12)

where kN is a MM dissociation constant corresponding to the neutrophil density which
induces a half-maximal production rate of G-CSF, and Bmax

G is the maximal rate of G

influx to the blood.
The form of DG(G,N): The total G-CSF elimination is a superposition of two

processes: the G-CSF renal clearance and the consumption of G-CSF by the blood neu-
trophils. Fukuda et al., conducted an extensive study of G-CSF clearance in lung cancer
patients (Fukuda et al., 2001). Our analysis of this data suggests that G-CSF renal clear-
ance is linear with G and proportional to the square of the creatinine clearance (a surrogate
indicator of renal function). The neutrophil dependent G-CSF clearance is proportional to
a MM function13 of N , which implies that the specific clearance per cell is decreasing as
the cell density in the blood increases14 (see Section 4.1 and Fig. 7 for details). Thus,

DG(G,N) =
(

Dr
G + Dn

G · N
kN + N

)

· G, (13)

where Dr
G is a function of the renal clearance (RCL) and denotes the first order renal

elimination parameter of G-CSF (Stute et al., 1992), while Dn
G denotes the neutrophil

G-CSF elimination rate constant.
The form of BN(G): G-CSF regulates all stages of granulopoiesis, with a particular ef-

fect on late stage proliferation, neutrophil maturation and neutrophil influx to the blood.15

13It would have been natural to put a MM function of G as well, but the corresponding dissociation

constant in this term would have been large, of O(106 pcgrm/ml), so that for the physiological and medical
ranges of G, of up to O(104 pcgrm/ml), the dependence on G may be taken as linear. The asymptotic
behavior of the model does not change if such a MM function is included.
14A possible explanation for the reduced specific G-CSF clearance is the high proportion of immature
neutrophils with lower density of G-CSF receptors per cell that enter the blood from the bone marrow
(Terashi et al., 1999).
15An estimated 3–5 extra divisions during neutrophil development and a shortening of maturation from 5
to only one day (Lord et al., 1989).



G-CSF Control of Neutrophils Dynamics in the Blood 2311

Fig. 5 G-CSF and neutrophil dynamics in healthy volunteers following single iv injection with 375 µg of
G-CSF (data adapted from Wang et al., 2001). (A) Time course of blood neutrophils (N) (red) and G-CSF
(G) (blue). (B) Phase portraits of the dynamics where numbers denote the time course of the trajectory.
(Colour figure online.)

A typical GN dynamics following a single G-CSF injection is depicted in Fig. 5. To
reflect the positive saturable effect of G-CSF on hematopoiesis we propose:

BN(G) = Bmin
N + (Bmax

N − Bmin
N ) · G

kG + G
, (14)

where Bmin
N denotes the background cell flux without “activator” G-CSF effect.16 The

constant Bmax
N is the maximal activity and kG is a corresponding MM dissociation constant

(the G-CSF concentration which elicits half-maximal effect).
The form of DN(G,N): As discussed previously, we propose that the simple form:

DN(G,N) = DN · N (15)

is adequate to describe the overall balancing effects of G-CSF on neutrophil margination
on one hand and on neutrophil intravascular senescence on the other (Price et al., 1996;
Lord et al., 1989).

We arrived at the specific expression for the GN dynamics:

dG

dt
= Bmax

G

1 + N/kN

−
(

Dr
G + Dn

G · N
kN + N

)

· G,

dN

dt
= Bmin

N kG + Bmax
N · G

kG + G
− DN · N.

(16)

It can be shown that this system satisfies all the assumptions of the general model, and in

particular, the domain D is invariant for Gmax >
kN Bmax

G

Dr
G

kN
and Nmax >

Bmax
N

DN
.

16See also Panetta et al. (2003) for a different version which does not include the effect of G-CSF explicitly.
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To gain a better understanding of the nature of the dynamics, its time scales and the
role of parameters, we introduce the following dimensionless variables:

τ = t · DN, g = 100 · G
kG

, n = N

10 · kN

, (17)

where the numbers 100 and 10 are scaling factors that represent the ratios between the dis-
sociation constants kG and kN and the corresponding typical G-CSF (G∗ ≈ kG/100) and
neutrophil (N∗ ≈ 10kN ) values. This choice of dimensionless variables ensures that (g,n)

are of order one at the physiological steady state. Five dimensionless, positive parameters
emerge:

a1 = 10
Bmax

G

DNkG

, a2 = Dr
G

DN

, a3 = Dn
G

DN

,

a4 = 1

10

Bmin
N

DNkN

, a5 = Bmax
N

Bmin
N

,

(18)

and (16) becomes:

dg

dτ
= a1

n + 0.1
−

(

a2 + a3 · n
n + 0.1

)

· g,

dn

dτ
= a4 ·

(
1 + 0.01 · a5 · g

1 + 0.01 · g
)

− n.

(19)

In Section 4, we estimate the parameters and compare the behavior of this model with
clinical data. Now we analyze the general behavior of the specific model for arbitrary
values of the parameters.

3.2. Properties of the specific model

Although a closed-form analytical solution of the full non-linear system (19) is unknown,
some important features may be found by studying the null-clines and the asymptotic
form of the rate functions. In particular, we study analytically the fixed point dependence
and sensitivity on the parameters, and then, we study analytically how the characteristic
scales associated with the transient behavior depend on these parameters. The advantage
of constructing a simple model is thus apparent.

First, by elementary algebra one can show that for all positive values of the parameters,
the system (19) indeed has a unique stable fixed point in the positive quadrant (g∗, n∗)
with g∗ ∈ (0,10 a1

a2
). Provided the ai are all of O(1), the fixed point is given approximately

by

g∗ ≈ a1

a4(a2 + a3)
, n∗ ≈ a4 (20)

and under these conditions the eigenvalues are approximately {−(a2 + a3),−1} (see Ap-
pendix A.1 for derivation and conditions). Hence, under normal conditions, the neu-
trophil’s asymptotic value (its fixed point value) is mainly17 controlled by a4. This para-

17As follows from the sensitivity analysis of the fixed point, see Section 4.5.
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meter represents the background bone-marrow derived flux of neutrophils which is main-
tained when there is no infection (so g is of order one). This parameter is significantly
reduced when the bone marrow is stunned by a chemotherapy treatment (see Section 4.4
and the conclusions).

Second, the transient behavior of the system18 when the neutrophils level is of or-
der one and a sudden surge of G-CSF is introduced (e.g. by injection, so n(0) = O(1),
g(0)  1) may be easily found (see Appendix A for details):

(i) The extreme value of n at the transient stage (following the G-CSF injection) is
mainly controlled by a4 · a5.

(ii) The transient time scale for the neutrophils dynamics is of order 1
a2+a3

lng(0) +
ln(a5 − 1).

This transient time scale may be further divided into three parts:

1. An increase of n for a time interval of length O(τn(↑)) ≈ 1
a2+a3

ln[ 0.01·g(0)

max{1, 1
a5

} ] (here

g  100).
2. A slow decrease of n which is governed by a sum of exponentials for a time interval

of length O(τn(↓) − τn(↑)) = O( 2
a2+a3

ln[ 10
max{1, 1

a5
} ]) (here g = O(100)).

3. An exponential decrease of n to a4 for a time interval of order ln(a5 − 1) (here g =
O(1)).

Figure 6 gives a quick graphical representation of this structure of the solutions and of
the null-clines of (19) for a parameter set that we estimated from the literature (Table 1 and
Section 4.1). For large g, the n null-cline asymptotes the line n = a4 · a5. Thus, after an
intravenous G-CSF injection, the n approaches this asymptotic value while g(t) rapidly
decreases from its large initial value (this takes O(τn(↑)) which, for typical parameter
values, corresponds to around 16 hours). As g is further decreased, the neutrophils decay
back to their normal values.

Noteworthy, the ability to find explicit simple formulae for the transient behavior of
the system relies on the saturable form of the rate functions and not on their detailed ex-
pression. Thus, we expect similar formulae to apply to a wide variety of rate functions.
Furthermore, we see that the transient time scale is mainly sensitive to the sum a2 + a3.
These estimates for the duration of each of the systems’ phases, derived by straightfor-
ward mathematics, have interesting medical consequences that will be further discussed
towards the end of the manuscript.

4. Parameter estimation and validation

Given the prospect and the responsibility of a clinical application, the parameter estima-
tion procedures cannot be overzealous. As an act of prudence, we estimated the model
parameters by three complementary approaches: First, by a separate parameter estimation
using literature reports, second by a specific fit in which certain parts of the clinical data
(e.g. when g  1) are fitted to the right-hand side of (19) and finally by making a simulta-
neous estimation of all the parameters by fitting detailed clinical data sets with numerical

18Recall that eventually the system returns to the stable fixed point (g∗, n∗).
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Fig. 6 Phase plane structure. The null-cline dg
dt

= n1(g) = 0 is depicted in blue. The null-cline
dn
dt

= n2(g) = 0 is depicted in red. The direction field is indicated by the small black arrows. The fixed
point occurs at the intersection between the two null-clines. The intersection of the null-clines is seen to
be rather oblique, suggesting that the fixed point location is robust to parameter variations for the pre-
sented values. Several trajectories of the system in the vicinity of the fixed point are provided. Null-clines
are drawn using the representative set of the dimensionless parameters as summarized in Table 1. The
corresponding eigenvectors are depicted in green. (Colour figure online.)

solutions of the model. We end this section by examining the sensitivity of the solutions
to parameter variations and by demonstrating the predictive power of the model.

4.1. Literature derived parameters

Table 1 summarizes the literature search we have conducted for evidence of the values of
single parameters for the corresponding rate factors BG, DG, BN , and DN that appear in
the functional terms (12–15) of the model. While we were able to preset all the model’s
parameters, with the majority of them from clinical human data, occasionally we needed
to supplement the parameter estimation with in-vitro data as indicated in Table 1. A word
of caution is in place here. Biological experiments, are typically designed to answer a
specific biological question and rarely take into account the applicability of the results
to mathematical modeling of medically relevant scenarios. Here, we follow the common
practice by which when the values are not explicitly given they are calculated from the
reported data using various biological assumptions. A typical example of such a subtle
parameter is the maximal production rate of G, denoted by Bmax

G . To our knowledge, this
value has not been intentionally measured in humans. We could though, place an upper
and a lower bound for the value of Bmax

G by using the steady state values measured in
humans and deriving the parameters from the explicit form for f1(G,N;μ) (see Table 1).
Below we provide the details for the indirect parameter estimations.
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Table 1 Definition and values of model parameters used in the study. The values are estimated from the
literature (“References” column)

Parameter Meaning Units Value used Possible range Reference

Bmax
G

G max production pgrams/ml
day 7000 6 × 103–2 × 104 (Ostby et al., 2003;

rate Selig and Nothdurft, 1995)a,b

kN N dissociation cells/ml 0.5 × 106 (0.1–1) × 106 (Fukuda et al., 2001)a

constant
kG G MM constant pgrams/ml 5 × 103 (1–5) × 103 (Wang et al., 2001)d,c

Dn
G

G elimination pgramms/cell
day 6 3–10 (Fukuda et al., 2001;

(by N ) Terashi et al., 1999)c

Dr
G

G elimination day−1 2 1–5 (Stute et al., 1992;
(renal) Terashi et al., 1999)c

N∗ N normal value cells/ml 5 × 106 (1.5–7) × 106 (Fliedner et al., 2002)c

G∗ G normal value pgrams/ml 30 5–100 (Selig and Nothdurft, 1995)c

Bmin
N

N min birth rate cells/ml
day 24 × 106 (20–40) × 106 (Joyce et al., 1976;

Dancey et al., 1976)c

Bmax
N

N max birth rate cells/ml
day bmin

N
× 10 bmin

N
× (8–16) (Wang et al., 2001;

Lord et al., 1989)c

DN N death rate day−1 3 0.5–3 (Colotta et al., 1992;
Mukae et al., 2000;
Dancey et al., 1976;
Cronkite, 1979)c

aIn-vitro data
bThe value is calculated from steady state assumptions (f1(X;μ) = 0) and using G and N steady state
values (Selig and Nothdurft, 1995). Noteworthy, similar estimates for Bmax

G
where obtained by Ostby et al.

(2003), from high dose chemotherapy clinical data
cIn vivo human data
dThe estimated kG values represent the parameters appropriate to the specific model (see Section 4.2) and

are of order 103 pgrams/ml. This should not be identified with the biochemical dissociation constant of
G-CSF which is of order 106 pgrams/ml (Begley et al., 1988)

Estimation of DG parameters: The rate of the G elimination by the kidneys and the
neutrophils is estimated by using data of G-CSF clearance in lung cancer patients by
Fukuda et al. (2001) (presented in Fig. 7). First we estimate the renal G-CSF clearance,
ClG, which measures the ratio between the rate of G-CSF renal elimination and the G-CSF
blood concentration19: ClG = d(GVr )

dt
/G and thus Dr

G = ClG
Vd

, where Vr and Vd are the G-
CSF volume of distribution in the renal and blood (Vd ≈ 3.8 liters Terashi et al., 1999).
Alternatively (Stute et al., 1992), given t1/2, the measured half-life of G-CSF in the blood,
for low neutrophil counts the clearance is given by ClG = ln(2)

t1/2
· Vd . The effect of neu-

trophils as given in the parameters Dn
G and kN is estimated by using a MM fit to the data

of Fukuda et al. (2001) (Fig. 7).
Estimation of BG parameters: The maximal rate of G influx is calculated from data by

Hollenstein et al. (2000), where G-CSF kinetics was measured in healthy volunteers af-
ter LPS injections.20 From Eq. (6) we take dG/dt ≈ �G/�t = BG(N) − DG. Using the

19It is identical to the volume of blood that is entirely cleared of G-CSF per unit time ( ml
hour ).

20LPS—lipopolysaccharide bacterial derived endotoxin which is a potent G-CSF secretion stimulator.
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Fig. 7 The effect of renal function and neutrophil density in the blood on G-CSF elimination (adapted
from Fukuda et al., 2001). Solid line displays the best fit while dashed lines denote 95% confidence in-
tervals. G-CSF elimination parameter (Dr

G
+ Dn

G
) calculated from the total G-CSF clearance, as a func-

tion of: (A) a fitted quadratic regression of renal activity RCL (estimated by creatinine clearance cct):
Dr

G
= 1.3 × 10−5 cct2. (B) a fitted MM function of N : Dn

G
= 0.25N

5.3 105+N
.

Fig. 8 G-CSF and neutrophil dynamics in healthy volunteers following single iv injection LPS (data
adapted from Hollenstein et al., 2000). Observe the time course of blood neutrophils (N) (red) and G-CSF
(G) (blue) following the injection. (Colour figure online.)

above calculation of Dr
G, Dn

G, kN and using the averaged steady state value N∗, we calcu-
late Bmax

G from the initial slope between hours 1 and 4 (N does not change significantly
on this time scale). This gives us a lower bound of Bmax

G = �G/�t − DG ≈ 300 pgrams/ml
hour

(see Fig. 8).
We complemented the estimation of Bmax

G by looking at a case report by Taveira da
Silva et al. (1993) about an accidental injection of very high dose of LPS. This gives an
estimate for the upper bound of BG; Bmax

G = �G/�t − DG ≈ 1000 pgrams/ml
hour .
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Estimation of BN parameters: The influx of N at steady state is calculated from data
by Dancey et al. (1976): the neutrophil kinetics was measured in normal volunteers at
steady state after injections of labeled T c (Technetium) which is incorporated into mature
neutrophils before they leave the marrow. The maximal rate of N influx is calculated
from data by Lord et al. (1989): an injection of labeled T c which is incorporated into
mature neutrophils before they leave the marrow, is followed by a G-CSF injection. The
calculations from the flow of labeled cells to the peripheral blood indicated an addition of
extra 3–4 divisions during neutrophil development.21

Estimation of DN parameters: The accepted total average t1/2 of N in the blood is
estimated as 6–8 hours (Dancey et al., 1976).

4.2. Specific parameter fit

As an independent procedure, we use the asymptotic properties of the specific model (19)
to fit its parameters. Here, and in Section 4.3, we use the experimental data of Wang et al.
(2001). In this study, G-CSF was injected to eighteen healthy volunteers, using four dif-
ferent protocols on each one of them, with a 7 day intermission between the injections.
Detailed results were reported for two healthy volunteers (Va , Vb in Table 2 and the cor-
responding figures). The first two injections were intravenous (iv), and the G-CSF dosage
was doubled on the second administration from 5 to 10 µgr/kg (which, for the averaged
weight of 75 kg, is taken here as 375 µg (iv) and 750 µg (iv), respectively). The third and
fourth injections with the same dosages as in the first two injections were subcutaneous
(a clinically preferable mode of administration) and are not used here in the specific fit
procedure since they do not produce sufficiently high peak values of g.

The (iv) clinical data sets are used to find the parameters as follows. First, we use
the pretreatment measurements (i.e. prior to any perturbations) as the normal steady state
values G∗ and N∗ (Table 1). From (19) and (A.2), we obtain that a4 ≈ n∗ = N∗

10·kN
and

a1 ≈ g∗ · a4 · (a2 + a3) ≈ 100·G∗
kG

· N∗
10·kN

· (a2 + a3). In general, one needs to verify that
the measurement of the G-CSF level is sufficiently accurate as G∗ may be below the
measurement sensitivity. In the case of Wang et al. (2001), the threshold sensitivity for G

is 80 pgr/ml while the typical G∗ values are 30 pgr/ml as in Table 1. Hence, here, we
take G∗ = 30 pgr/ml.

To fit the other parameters, we notice that after the intravenous injections, the g values
become very large,22 hence we may use the asymptotic form of (19): when n = O(1)

and g  1, dg

dτ
≈ −(a2 + a3) · g, and for g  100, dn

dτ
≈ a4a5 − n ≈ N∗

10·kN
· a5 − n. Thus,

plotting the empirical dg

dτ
and dn

dτ
from these data sets for the corresponding large g values

(Fig. 9) provides the estimates of a4 · a5 and the sum (a2 + a3). In the plot we see that
while dg

dτ
appears to depend, as predicted, linearly on g, the dependence of dn

dτ
on n (for

large g values) does not appear to be linear as expected. This discrepancy may arise due
to several different effects; first, we note that in these data sets there are only four mea-
surements of n that correspond to large g values, and for these measurements g varies

21This corresponds to 23–24 amplification in the BN parameter.
22The method takes g(0) = gmax and is appropriate if the peak concentration is achieved very fast (which
is the case for an (iv) administration). In the subcutaneous mode there is an absorption process (Wang
et al., 2001) and the system becomes non-autonomous, hence it is not used for the specific parameter fit.
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Fig. 9 Best fit (black line) of the approximated dg/dτ (only data points with g > 10) and dn/dτ (only
data points with g ≥ 500) to the experimentally derived G-CSF (blue dots) and neutrophil dynamics (red
dots) in two healthy volunteers following single 5 µgr/kg (iv) injection of G-CSF (data adapted from Wang
et al., 2001). (Colour figure online.)

between 500–3000. Computing the term a4
1+0.01·a5·g

1+0.01·g for this range of g values gives a
discrepancy of 0.13a4(a5 − 1) for the constant term, namely a shift of more than a unit
in the fitted line. Second, as with all experimental data, we expect that the measurement
errors (which here correspond to both actual measurement errors and to natural daily fluc-
tuations which are neglected in this model) are amplified when derivatives are taken.23

Finally, we did not attempt to model the dynamics in the first few hours in which strong
transition of the neutrophils to the extravascular space is observed (Wang et al., 2001).
This strong transition might be responsible for the low value of dn

dτ
at the very beginning

of the injection process. The poor fit and the above discussion shows that the estimates of
a4 · a5 from the specific fit can be taken only as indicators to the order of magnitude of
these parameters.

4.3. Simultaneous parameter fit

We use a χ2 fitting procedure (normalized least-square, see Appendix A) to find the five
parameters of the specific model (19) that best fit each of the above described individual
data sets provided by Wang et al. (2001). In the fitting procedure we model the intravenous

23We cannot quantify this effect from the available data since no error bars are supplied, and here, the
error bars should not be identified with the variance of the full data set.
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Table 2 Specific, simultaneously estimated and Literature Derived Parameter (LDV) values. Magnitude
of dimensionless parameters was estimated by fitting clinical data sets (adapted from Wang et al., 2001
and Takatani et al., 1996) to the model (19). The best fit was obtained by minimizing χ2 merit function
using SVD (for the linear specific estimates) and the Nelder–Mead simplex algorithm (for simultaneous
estimates) as implemented by Mathematica®

Specific a1 a2 + a3 a3 a4 a5 vd
b (ml) λsc

c (1/hours)
parameter fita

Va375iv 2.3 3.7 NAd 0.63 13 NAd NAd

Va750iv 3 4 NAd 0.74 12 NAd NAd

Vb375iv 2.5 3.4 NAd 0.74 7 NAd NAd

Vb750iv 1.9 2.3 NAd 0.83 9 NAd NAd

Averageiv 2.4 3.4 NAd 0.7 10 NA NAd

Simultaneous a1 a2 a3 a4 a5 vd
b λsc

c

parameter fita

Va375iv 0.5 1.52 0.5 1.26 6 1780 NAd

Va750iv 0.5 1.32 0.5 1.23 7 1528 NAd

Vb375iv 0.5 1.48 0.5 1 6 1558 NAd

Vb750iv 0.5 1.21 0.5 1.37 5 2178 NAd

Averageiv 0.5 1.38 0.5 1.21 6 1760 NAd

Va375sc 0.5 0.1 2.5 1 9 4000 0.17
Va750sc 0.5 0.1 2.62 1 9 4000 0.08
Vb375sc 0.5 0.1 3.72 1 9 3874 0.13
Vb750sc 0.5 0.1 5 1 9 1610e 0.09
Averagesc 0.5 0.1 3.46 1 9 3960e 0.11

LDV range 4–400 0.33–10 1–20 0.66–80 8–16 NAd NAd

LDV-value 4.66 0.66 2 1.6 8 1800 0.3
used (Wang et al., 2001) (Wang et al., 2001)

aThe values are rounded to the first decimal digit
bvd is the volume of G-CSF distribution following injection (ml)
cλsc is the (sc) influx parameter
dNot applicable. LDV Literature derived values are calculated by using the appropriate biological parame-
ters presented in Table 1
eThe initial G-CSF profile resembles (iv) injection rather then s.c. (excluded from average)

and the subcutaneous injections as two different types of source terms, inG(t), in the G

equation. For the intravenous injections, we take:

iniv G(t) =
{

doseG

V d
for t ∈ [0, tin],

0 otherwise.

The parameters doseG and tin are given (tin = 30 min and doseG = 375,750 µgr in the first
two sets). The volume of distribution Vd that was estimated indirectly by Wang et al. was
also fitted (as a sixth parameter) in our fitting procedure. For the subcutaneous injections,
the G-CSF is distributed to the blood by passive diffusion from the subcutaneous site
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Fig. 10 Experimental (black dots) and simulated G-CSF (blue line) and neutrophil dynamics (red line)
in healthy volunteers following single (iv) injection of G-CSF (data adapted from Wang et al., 2001). The
right figure gives the experimental (dashed) and the simulated full (blue solid) and concise (blue dashed)
phase portraits of the dynamics. Numbers denote the time course of the trajectory. (Colour figure online.)

(Wang et al., 2001; Shochat and Stemmer, 2002), so a first order kinetics influx from the
subcutaneous deposit was assumed:

inG(t) = λsc
fbGdoseG

Vd

e−λsct

where fbG ≈ 0.7 is the subcutaneous G-CSF bioavailability (Wang et al., 2001), dosei
G =

375,750 µgr are again the injected doses, and λsc is the (dimensional) influx parameter.
Thus, in this case the two additional parameters λsc and Vd are added to the fitting pro-
cedure. The results of the parameter fit (within two significant digits), using a χ2 merit
function for the G-CSF and the neutrophils data sets,24 is presented in Table 2 and by
the solid curves in Figs. 10 to 14. The resulting values of the dimensionless parameters
together with the dimensionless version of Table 1 are presented below.

From the limited data set (only two patients), we cannot conclude whether patient’s
variability is significant. We do note a significant change in the parameters corresponding
to the two different methods of G-CSF administration (and, possibly, with the number
of injections which were administered). While formally we should not observe such a
parameter dependence on the form of the administration, the actual discrepancies may
be explained by realizing that each clinical scenario embraces only a part of the possi-
ble dynamics embedded in the full model. For example, when the G-CSF is administered
directly to the blood, its influx overwhelms any potential addition that the endogenous

24As the initial values of G-CSF are below the measurement threshold (Wang et al., 2001), for the simula-
tion in all the figures these were taken at the fixed point values.
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production represented by a1 can achieve. Thus, all the simultaneous estimations are in-
sensitive to a1, and it is best estimated by the specific fit which works well only for the
intravenous protocol. Simultaneous estimation may also underestimate the neutrophil’s
clearance rate for normal neutrophil’s concentrations as G-CSF is mixed almost instan-
taneously and renal clearance acts on G-CSF prior to the neutrophil’s clearance (so a2

is three times larger than a3). On the other hand, when the G-CSF is administered by a
subcutaneous injection, it slowly diffuses to the blood, and just then to the renal region,
and thus there exists a transient period at which the neutrophils have a longer time to act,
leading to larger a3 value. Notice that in the simultaneous fit the overall value of a2 + a3

is slightly larger than its value in the subcutaneous injection case. The analysis and the
clinical implications of the form of the G-CSF administration are under current study.

4.4. Chemotherapy data set fit

So far, we modeled physiological data sets and the GN dynamics after G-CSF injec-
tions. Can our model capture the GN dynamics following a chemotherapy insult? As
Fig. 2A shows, following a chemotherapy treatment a brisk neutropenia is ensued which
is promptly followed by approximately 10 fold increase of intrinsic G-CSF and then an
eventual recovery in neutrophils. Based on the sensitivity analysis (see next subsection),
we hypothesize that a chemotherapy insult may be modeled by a temporary substantial
decrease of a single parameter: the background marrow proliferation capacity a4, which
corresponds to the background neutrophils influx to the blood (the Bmin

N parameter). We
observe that this single hypothesis is sufficient to reproduce the data (Fig. 11). The validity
and implications of this hypothesis are under current study.

4.5. Model sensitivity

Asymptotically, all the solutions of (19) converge exponentially to the unique fixed point.
The dependence of the fixed point on the parameters is studied analytically in the ap-
pendix; It is shown that both g∗ and n∗ depend monotonically on each one of the non-
dimensional parameters a1–5. Hence, the extreme values of g∗, n∗ are achieved on the
extreme points of the parameters domain. Fixing the parameters to the fitted values and
varying one parameter at a time between its minimal to its maximal value, shows that even
though g∗(ai) may vary by up to two orders of magnitude at a time, n∗(ai) is extremely
robust to variations of a1,2,3,5

25 while variations of a4 change n∗ significantly26 (see also
Fig. 12).

Indeed, it is shown in the appendix that for typical parameter values ∂n∗(a)

∂a4
≈ 1 

∂n∗(a)

∂aj
= O(0.01) for j = 1,2,3,5.

From the clinical point of view, this result emphasizes that Bmin
N and DN are the only

parameters that may significantly influence the neutrophils equilibrium point N∗. We
have seen that the transient behavior for the considered cases (n(0), g(0)) = O(1,103)

is governed by two main effects: the maximal value of n is approximately given by

a4a5 = 1
10·kN

Bmax
N

DN
and the time scale for returning to the neighborhood of the fixed point

25n∗(ai ) ∈ (1.2,3.5) for i = 1,2,3,5.
26Recall that n∗ ≈ a4.
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Fig. 11 Bone marrow regeneration dynamics following HDCT in children with hematological malignan-
cies (data as in Fig. 2B is adapted from Saito et al., 1999). (A, B) G-CSF (G) and neutrophil (N) dynamics
labeled blue and red, respectively. Note the threshold neutrophil level of 0.1 ≈ 500 × 103 cells/ml which

triggers prompt increase in G-CSF levels. (C) Best fit for time dependent a4(t) = a4(0) · (1 − e−α(t−β)4
)

where α = 10−6 and β = 50 are schedule dependant. The remaining parameters are fixed at the following
values: a1 = 2; a2 = 2; a3 = 2; a4(0) = 1; a5 = 8. (Colour figure online.)

is of order of 1
a2+a3

lng(0) + ln(a5 − 1), so the “area under curve” is proportional to

a4a5(
1

a2+a3
lng(0) + ln(a5 − 1) + C). Thus, while doubling the production of neutrophils

by a4a5 doubles this area, doubling the dose of g only increases this area by a4a5
a2+a3

ln 2
(which, for the aiv values is 2.676 7 and for the asc values is 1.75). This simple calcula-
tion explains the clinical observation that often pulsed G-CSF therapy by injection cannot
fully counteract the chemotherapy induced depletion of a4.

We note that parameter estimation is a crucial step in convergence to a clinically
applicable model. Our analysis shows that literature derived parameters may vary sig-
nificantly from the best fit parameters that are estimated simultaneously from specifi-
cally dedicated data. Literature search is a valuable process for generating ideas during
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Fig. 12 Sensitivity of the transient dynamics to variation in the individual parameters. Each
curve is a linear–log scaled dynamics of neutrophils following G-CSF injection indexed
by the parameter name and the corresponding sensitivity index SI. The sensitivity index

SI = sign(AUC(μmax
i

) − AUC(μmin
i

))
AUC(μmax

i
)/AUC(μmin

i
)

μmax
i

/μmin
i

where AUC is the area under the trajectory

curve. Note that |SI| > 1 reflects high (non-linear) sensitivity while |SI| ≈ 0 corresponds to low sensitivity.
Black points denotes experimental counts (adapted from Wang et al., 2001).

model development and for obtaining the relevant range of parameters. Since our literature
search involved many different experimental settings and indirect estimates it produced a
large range of the parameters, with no good indication on what is the appropriate set of
typical parameter values. Indeed, the best fit to the present model was achieved by using
the reported data from pharmacological experiment that was pre-designed with modeling
in mind (Wang et al., 2001).
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Fig. 13 Predicting the GN dynamics following an (iv) injection by the parameterized model. Experimen-
tal (black dots), the individual best fit curves (colored solid lines) and predicted curves (dashed lines) of
G-CSF (blue) and neutrophil (red) dynamics in two healthy volunteers following a single (iv) injection of
G-CSF (375 µg/kg and 750 µg/kg sc). The predictions (dashed lines) in all the figures were generated by
using the parameter fit for the first injection to the first patient only (upper figure ivc375a). Data adapted
from Wang et al. (2001). Black solid lines indicate simulations based on literature derived parameters.
(Colour figure online.)

4.6. Model validation

To assess the ability of the fully parameterized model to predict possible manifestations
of the GN dynamics we use the parameter fits of the first (iv) (intravenous) injection and
first (sc) (subcutaneous) injection to predict the behavior of all other cases (i.e. to predict
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Fig. 14 Predicting the GN dynamics after a (sc) injection by the parameterized model. Experimental
(black dots), the individual best fit curves (colored solid lines) and predicted curves (dashed lines) of
G-CSF (blue) and neutrophil (red) dynamics in two healthy volunteers following a single (sc) injection
of G-CSF (375 µg/kg and 750 µg/kg sc). The predictions (dashed lines) in all figures were generated by
using the parameter fit for the first injection to the first patient only (upper figure sc375a). Data adapted
from Wang et al. (2001). Black solid lines indicate simulations based on literature derived parameters.
(Colour figure online.)

the GN dynamics of the first volunteer after doubling the dosage and to predict the GN

dynamics of the other volunteer after each one of the two injections). The results of the
predictions are shown as the dashed lines in Fig. 13 for the (iv) case, and in Fig. 14 for
the (sc) case. We stress that these dashed lines are drawn with no parameter fitting at all.
In particular, our prediction, that at these values of g, doubling the dosage of g hardly
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changes the dynamics in n are thus confirmed. Although the preliminary results appear
promising, clearly, a large cohort of patients data is needed to better asses both the validity
of the specific functional form and whether a dedicated fitting in individual patients is in
place.

Furthermore, notice that the results in Table 2 support the assertion that our model
captures the essential features of the GN dynamics. Indeed, the parameter values found
for the four distinct injections for the two different patients and the fitting of a different
patient undergoing chemotherapy are all very similar (thus, choosing a different training
set in Figs. 13 and 14 produces similar results). Notice that a5 is the only parameter which
is changing to leading order under subsequent injections. These changes in a5 may reflect
the saturable effect of multiple G-CSF injections on the bone marrow proliferation which
can be clinically observed (Pollmacher et al., 1996).

5. Conclusion

We constructed a two-dimensional system describing the G-CSF neutrophil dynamics.
The model is defined by generic biological properties (7–9) that are deduced from clinical
observations. We proved that this general model has the observed asymptotic behavior—
a robust, stable, positive equilibrium point. The existence and the stability of the fixed
point emerged as a consequence of the axiomatic construction of the model rather then
an a priory assumption (such as introducing a logistic term). We concluded that since this
behavior is structurally stable, our model will be robust to small inaccuracies in the exact
modeling procedure. The structural stability of the mathematical model fits well the clini-
cally observed robustness of the GN dynamics. We provided explicit functional form for
the model, containing five dimensionless parameters. We demonstrated that these para-
meters may be fitted from data set of a response to a single G-CSF injection. We demon-
strated that the fitted model supplies good predictions for subsequent G-CSF injections.
Finally, we demonstrated that the current model suffices for predicting the neutrophils
dynamics on a time scale of several days. The intentional restriction to this limited time
scale allows to construct a simple model with a low number of parameters that may be
directly estimated from relatively limited clinical data. Thus, the clinical approximation
that relegates a dominant role to G-CSF is expected to be valid only on the several days
time scale in which the model’s parameters may be considered as constant. Noteworthy,
this intermediate time scale appears to be relevant in treating neutropenia (see Figs. 4,
2B).

6. Discussion

6.1. Methodology

A possible criticism of low dimensional models is that these intentionally neglect some
effects of other variables that may influence the dynamics in an uncontrolled fashion.
Here, the axiomatic construction of the GN system leads to a structurally stable dynam-
ics (which reflects, admittedly, that the underlying dynamics is rather simple and low
dimensional). Furthermore, the intentionally neglected variables (i.e. the bone marrow
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and the bacteria) typically vary on time scales that are well separated from the GN typ-
ical time scales; the bone marrow varies much slower than the GN (Fig. 2B), whereas
the bacteria varies much faster (Fig. 8). Hence, for time scales on which the bone marrow
dynamics may be taken as constant (3–5 days under normal conditions) and under the
assumption that the infectious stimulus quickly adjusts to a bounded (as is the case in a
healthy person) quasi-steady state, our model still applies. One issue which we have not
addressed explicitly is the interaction between the tissue and the blood concentrations of
the neutrophils and the G-CSF. Indeed, we have seen that with the current model the fitted
value of the sum of the renal and neutrophil clearance rate a2 +a3 and their ratio a2/a3 ap-
pears to depend on the G-CSF administration procedure (see Section 4.3). Furthermore,
in formulating the axiomatic observations regarding the form of DN(G) (which has a
component of migration of the neutrophils from the blood to the tissue) we encountered
conflicting phenomenon which may potentially be resolved by a compartmental model
(see Fig. 9). Thus, understanding the role of the neutrophils consumption of G-CSF in the
tissue versus its consumption in the blood, which is especially relevant for the infection
related time scales of the first few hours following an infection, requires additional study.

This conclusion demonstrates the ability of the axiomatically constructed model to de-
tect inconsistencies in some working hypotheses regarding the GN dynamics, and enables
us to examine at which instances the biological hypothesis that are put into the model fail.
Such examples appear when one attempts to apply the GN model to situations, such as
cyclical neutropenia, where the neutrophil level oscillates on a time scale of about 21–28
days. This rare behavior, of stable large amplitude periodic motion, cannot appear in the
two-dimensional system defined by the hypothesis listed in Section 2. Thus, either the
system is not two-dimensional or the assumptions on the form of the rate functions are
not exact. To the best of our knowledge, in this condition, the assumptions on the form of
the rate functions still hold. Thus, we can suggest that in the case of cyclic neutropenia,
higher dimensional model must be introduced. For example, to get a periodic solution in
our model, we may introduce periodic a4, which reflects periodic dynamics in the bone
marrow. Noteworthy, the extensive studies of cyclic neutropenia in the last three decades
using delayed differential equations models27 (Bernard et al., 2003; Foley et al., 2006;
Haurie et al., 2000), concluded that a disorder in the bone marrow compartment (an addi-
tional variable in our framework) must be introduced to obtain cyclic behavior.

Such effects of the long term dynamics can be introduced by extensions to higher
dimensional models.28 The time scales involved in these phenomena are well separated
from the GN dynamics studied here. Hence, we expect that the stable fixed point that is
obtained in the current two-dimensional model will appear as an attracting sub-manifold
of the higher dimensional system, and that on this sub-manifold slower dynamics will
develop. From the biological perspective, while in our model the parameters that govern
the production of the neutrophils in the bone marrow are fixed, in reality, these parameters

27In these models the G-CSF effects are implicitly introduced as a delayed negative feedback on the
neutrophil production and the bone marrow activity is introduced as a periodic forcing (Haurie et al.,
2000) or as an additional variable (Foley et al., 2006).
28A numerical investigation of high ODE dimensional system (60 ODE equations), which encompassed
many of these effects, indeed tracks the long term behavior (several months) of the bone marrow following
transplant, and of the properties of very early stem cells (Shochat and Stemmer, 2002). In contrast, the
two-dimensional system models transient dynamics on time scales of several days only.
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may vary slowly via complex (indirect) and sometimes poorly understood mechanisms
that depend on the chemotherapy effects, G-CSF levels, and other cytokines that were
not explicitly introduced and that act through intermediate progenitors of the neutrophils
(Ratajczak and Gewirtz, 1995; Bronchud et al., 1988; Moore, 1991). In particular, some
of the G-CSF activity has a delayed effect that surfaces several days and even weeks after
the actual administration29 (Pollmacher et al., 1996).

Next, we outline some possible applications of the present model to specific clinical
situations.

6.2. Medical implications

We propose to apply the simple two-dimensional model presented here to clinical situa-
tions in which the parameters of the production and death rates of the neutrophils and the
G-CSF are approximately constant or change very slowly relative to our typical scale of 3–
5 days. First, we suggest to view the normal physiology as corresponding to the behavior
of the system with typical parameters near the normal stable fixed point. In this context,
the various clinical situations (i.e. a disease or a drug treatment) will correspond to either
a perturbation in the initial conditions, a change in the parameter values, a modulation
of these parameters in time or a combination of all these effects. Consider the parameter
list as given in Table 1 and the possible (positive and negative) alterations in their values.
We identified a list of clinical situations where specific alterations of parameters may in-
deed take place (Table 3). We then looked at the effect of parameter perturbation on the
G∗, N∗ steady state values as predicted by the model (by looking at the sign of ∂x∗(a)

∂aj

for x = G,N and j = 1 − 5) and compared them with the G∗, N∗ values reported for
these conditions.30 The trend that is observed in the clinic regarding the changes in the
normal fixed point values matches the model predictions when the appropriate trend of
the parameters is entered.

A detailed discussion of the dynamics in each of these cases and the specific corre-
spondence to the clinical data may be the scope of further studies. We briefly discuss two
of the interesting observations that emerge from the analysis:

1. The first observation concerns a possible mechanism of highly increased value of neu-
trophils steady state N∗ observed in chronic myeloid leukemia (CML) (Thiele and
Kvasnicka, 2002). We have previously shown that under plausible conditions

g∗ ≈ a1

a4(a2 + a3)
, n∗ ≈ a4. (21)

It follows that the increased N∗ values in CML may correspond to a significantly
increased a4, which can be achieved by either an increase in Bmin

N OR a decrease in31

DN , and both phenomena can be observed in the clinic (Table 3). Indeed, the recent
dramatic success in CML treatment with the drug Glivec (Imatinib) is contributed to
the very strong inhibition of stem cell proliferation by the drug (Marley and Gordon,
2005).

29This may explain the change in a5 in the consequent injections as observed in Table 2.
30The estimates (20) for the fixed points were performed under the conditions derived in (A.1) in Appen-
dix A.1.
31Notice that the latter changes a1,2,3 as well, but the sensitivity to these is small.
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Table 3 Parameters perturbation and the plausible corresponding clinical conditions

Parameter Model prediction Clinical condition Observationa,b

Bmax
G

↓ ∂G∗
∂Bmax

G
> 0 � Septic shock G∗ ↓ (Weiss et al., 2003)

Dr
G

↓ ∂G∗
∂Dr

G
< 0 � Renal failure G∗ ↑c (Wen et al., 2001)

Dr
G

& Dn
G

↓ ∂G∗
∂Dn

G
< 0 � Pegfilgrastim G∗ ↑ (Molineux, 2003;

Kotto-Kome et al., 2004)

Bmin
N

(ετ) ↓ ∂G∗
∂Bmin

N

< 0, ∂N∗
∂Bmin

N

> 0 � Neutropenia G∗(ετ ) ↑ N∗(ετ ) ↓
Bmax

N

Bmin
N

(ετ) ↓ ∂G∗
∂a5

< 0, ∂N∗
∂a5

> 0 � (Chemotherapy induced) (Fliedner et al., 2002;
Shochat and Stemmer, 2002;
Takatani et al., 1996)

Bmin
N

↑ ∂N∗
∂Bmin

N

> 0 � CMLd N∗ ↑ (Thiele and Kvasnicka, 2002)

kg ↑ ∂N∗
∂kG

< 0 � Myelodysplastic syndrome N∗ ↓ (Kimura and Sultana, 2004)

DN ↓ ∂N∗
∂DN

≈ − ∂n∗
∂a4

< 0 � CML N∗ ↑ (Gisslinger et al., 1997)

G(0) ↑ � G-CSF external injection G ↑ & N ↑ (Wang et al., 2001)

N(0) ↑ � Neutrophil infusionse N ↑ (Price et al., 2000)

aMeasurable effect on G∗ and N∗ relative to the normal values provided in Table 1
bReferences quote the articles that suggest a relevance of the parameter alteration in question to the clinical
problem
cThe G∗ ≈ 380 value predicted by solving the steady state model are comparable with G-CSF provided in
(Wen et al., 2001) (G ≈ 560)
dCML = Chronic myeloid leukemia
eMostly applicable in hematological setting of stem cell transplantation. The perturbations of parameters
that are analyzed in this study are marked in bold. See Appendix A for the derivatives computation

2. The second observation concerns a potential enhancement of G-CSF activity, by keep-
ing (a2 + a3) � 1. Then, it follows that g∗ ≈ a1

0.1a2+a4a5(a2+a3)
+ O(1) and n∗ ≈ a4a5,

hence, a significant increase of the neutrophils levels may be achieved when both con-
sumptions rates (Dr

G and Dn
G)32 are kept low. Notice that a decrease in a2 + a3 also

increases the transient time of the decay of g(0), and thus the “area under curve” which
is proportional to a4a5(

1
a2+a3

lng(0)+ ln(a5 −1)+C). In particular, we see that chang-
ing the parameters a2 + a3 is significantly more efficient than increasing the dosage of
the G-CSF and thereby altering g(0). Indeed, with this motivation in mind, a new form
of therapeutic G-CSF (pegilated G-CSF) with double the molecular weight of the reg-
ular version, was developed and has been recently put into clinical use (Table 3).

Finally, our motivation to study GN dynamics stems from a practical need to explore
new potential utilization of G-CSF to reduce the nadir duration and subsequently the
risk of neutropenic fever in cancer patients. We have shown that neutrophil dynamics
can be effectively represented by two-dimensional model in cases in which the model’s

32An alternative route is an increase in DN with a corresponding increase in Bmax
N

which, to our knowl-
edge, does not correspond to any known biological feature.



2330 Shochat et al.

parameters are relatively constant. Our analysis suggests that the chemotherapy effect
is accompanied by a significant time dependent changes in a4 parameter (Fig. 11). The
next challenge may be to look for the minimal expansion that will adequately introduce
a chemotherapeutic effect into the model while maintaining the effective simplicity of
representation. Such a model that takes into consideration the trade off between the details
and the clinical applicability is currently being developed.
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Appendix A

A.1 Fixed point analysis

Computing the null-clines explicitly for (19) we get:

n1(g) = 1

g

a1

a2 + a3
− 0.1 a2

a2 + a3
, n2(g) = a4

1 + a5 · 0.01 · g
1 + 0.01 g

. (A.1)

In particular, we see that for sufficiently small g, n1(g) > n2(g), whereas at g =
10 a1

a2
, n1(g) = 0 < n2(g), hence, by Theorem 2.1, the system always has a stable fixed

point (n∗, g∗) with g∗ ∈ (0,10 a1
a2

). Indeed, the explicit solution of the quadratic equation
for g∗, which is found from the null-cline intersection point: n1(g

∗) = n2(g
∗), shows that

the equation has only one solution in the positive quadrant:

g∗ = −100(a4(a2 + a3) + 0.1a2 − 0.01a1)

2(a4a5(a2 + a3) + 0.1a2)

+ 100

√
(a4(a2 + a3) + 0.1a2 − 0.01a1)2 + 0.04(a4 · a5(a2 + a3) + 0.1a2)a1

2(a4a5(a2 + a3) + 0.1a2)

= 50

a5

(

−1 +
√

1 + 0.04 · a5a1

a4(a2 + a3)
+ O

(
0.1a2 + 0.01a1

a4a5(a2 + a3)

))

= a1

a4(a2 + a3)

(

1 + O

(
1

a2
5

))

.

The trace and determinant of the linearized matrix, and thus the eigenvalues, are simi-
larly approximated (with the additional assumption 0.1 � a4):

trace(J) = −
(

a2 + a3 · n∗

n∗ + 0.1

)

− 1 ≈ −(a2 + a3) − 1,
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detJ = 1

g

a1

n + 0.1
+ a4

(a2 + a3) · g
n + 0.1

0.01 · (a5 − 1)

(1 + 0.01g)2
≈ (a2 + a3),

κ = 4
det(J )

trace2(J )
≈ 4

a2 + a3

((a2 + a3) + 1)2
,

λ = trace(J )

2

(
1 ± √

1 − k
) ≈ {−(a2 + a3),−1

}
,

where the approximations are valid provided:

0.1a2 + 0.01a1

a4(a2 + a3)
,

0.04 · a5a1

a4(a2 + a3)
,

1

a2
5

� 1.

Hence, under these conditions we see that

g∗ ≈ a1

a4(a2 + a3)
, n∗ ≈ a4, (A.2)

and the eigenvalues are approximately {−(a2 + a3),−1}. These conditions are satisfied
under normal physiological circumstances. On the other hand, if (a2 + a3) � 1 then
g∗ ≈ a1

0.1a2+a4a5(a2+a3)
+ O(1) and n∗ ≈ a4a5, hence, a significant enhancement of the

neutrophils may be achieved provided both consumption rates are kept law.
More generally, we see that the null-cline n1(g) becomes nearly parallel to the g axis

for large g and to the n axis for small33 g. It follows that the robustness in n is lost if for
some parameter values g∗ � 1 and the robustness in g is lost if g∗  1. The conditions
under which these two extreme possibilities may be realized and their clinical interpreta-
tion will be a subject of future study (see also discussion section).

A.2 Asymptotic form

For large g values and n values that are not too small (e.g. following an injection of G-CSF
in healthy volunteers), the transient behavior of the system may be estimated analytically;
if n  0.1 and g  1

(a2+a3)
, it follows from (19) that g may be approximated by

gas(τ ) = g(0)e−(a2+a3)τ . (A.3)

The corresponding n behavior is extracted from (19) by integrating dn
dτ

≈ a4
1+0.01a5·gas (τ )

1+0.01gas (τ )
−

n. For large g values (g  100 max{1, 1
a5

}) this yields dn
dτ

≈ a4a5 − n so that

n(τ) ≈ a4 · a5
(
1 − e−τ

) + n(0) · e−τ , (A.4)

33Note that for g � 1, | dn1(g)
dg

|  1 and dn2(g)
dg

≈ 0.01 · a4 · a5 while for large g, both | dn1(g)
dg

| and

| dn2(g)
dg

| � 1.
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Table A.1 Sensitivity of the fixed point
(g∗, n∗) to fluctuations in the parameters. Min-
imal and maximal values of g,n∗

amin
j

–g,n∗
amax
j

for each varied dimensionless parameter aj

(while fixing all others to an average value) are
presented. The parameter range is reported in
Table 2

g∗
amin
j

–g∗
amax
j

n∗
amin
j

–n∗
amax
j

a1 0.20–60 1.22–3.48
a2 0.47–0.04 1.24–1.21
a3 0.2–0.02 1.22–1.21
a4 0.35–0.003 0.67–80.0
a5 0.205–0.201 1.22–1.24

and in particular, if n(0) < a4 · a5, n increases exponentially (denoted as n(⇑)) till the
nullcline (g,n2(g)) is reached. For relevant clinical values of the parameters,34 this expo-
nential increase of n lasts for τn(↑) ≈ 1

a2+a3
ln[ 0.01·g(0)

max{1, 1
a5

} ] (about 16 hours).

When g(τ) is of order one (g � 100 · max{1, 1
a5

}, so τ ≈ τn(↓) = 1
a2+a3

logg(0)), the

equation for n becomes dn
dτ

≈ a4 − n, so n decreases exponentially from its approximate
maximal value of a4 · a5 as a4 + a4(a5 − 1)e−(τ−τn(↓)) (recall that these approximations are
valid as long as n  0.1,

a1
(a2+a3)g

, i.e. as long as a4  0.1).

It follows that the transient time, at which n slowly decreases from its near maximal
value to the region at which it decreases exponentially is given by:

τn(↓) − τn(↑) ≈ 1

a2 + a3
logg(0) − 1

a2 + a3
ln

[
0.01 · g(0)

max{1, 1
a5

}
]

≈ 2

a2 + a3
ln

[
10

max{1, 1
a5

}
]

.

A.3 Sensitivity indices

The sensitivity of the fixed point to the various parameters may be studied analytically.
Indeed, the equation which is satisfied by g∗ is:

F(g, a) = n2(g, a4,5) − n1(g, a1,2,3) = 0

hence the partial derivatives may be directly estimated (below we assume a5 ≥ 1, and
indeed Table A.1 suggests that a5 ≥ 6)

∂F

∂g
= ∂n2

∂g
− ∂n1

∂g
= 0.01a4

a5 − 1

(1 + 0.01g)2
+ 1

g2

a1

a2 + a3
> 0,

34From clinical data we observe that a2 + a3 > 1 and a1 = O(1) so that a1
n(τ)(a2+a3)

� 100. Taking

4000 < g(0) < 8000 and a2 + a3 = 2 we find 1.8 < τ < 2.1 which is similar to what is observed clinically
(see Fig. 10).
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∂F

∂g
≈ (a4)

2(a2 + a3)

a1
+ 0.01a4(a5 − 1),

∇ag
∗ = −∇aF

∂F
∂g

= 1
∂n2
∂g

− ∂n1
∂g

(
∂n1

∂a1
,
∂n1

∂a2
,
∂n1

∂a3
,−∂n2

∂a4
,−∂n2

∂a5

)

= 1
∂F
∂g

(
1

g

1

a2 + a3
,
−( 1

g
a1 + 0.1a3)

(a2 + a3)2
,−

1
g
a1 − 0.1a2

(a2 + a3)2
,

− 1 + 0.01 · a5 · g
1 + 0.01g

,− 0.01a4g

1 + 0.01g

)

= (> 0,< 0,< 0,< 0,< 0)

≈ a1

a4(a2 + a3)

(
1

a1
,

−1

a2 + a3
,

−1

a2 + a3
,
−1

a4
,

−0.01a1

a4(a2 + a3)

)

.

We see that g∗ is monotone in ai for all i (recall that g∗ < 10 a1
a2

), and that for typical
parameter values (for which g∗ = O(1)) the sensitivity to all the a′s except a5 is of order
one, whereas the sensitivity to a5 is hundred folds smaller. Similarly, we can analyze the
dependence of n∗ on the parameters. From n∗ = n1(g

∗) we establish that:

∂

∂a4,5
n∗ = ∂n1

∂g

∂

∂a4,5
g∗ = −1

∂n2
∂g

/
∂n1
∂g

− 1

∂n2

∂a4,5

= 1

− ∂n2
∂g

/
∂n1
∂g

+ 1

1 + 0.01 · a5 · g
1 + 0.01g

(

1,
0.01a4g

1 + 0.01a5g

)

,

whereas n∗ = n2(g
∗) implies similarly that

∂

∂a1,2,3
n∗ = 1

1 − ∂n1
∂g

/
∂n2
∂g

∂n1

∂a1,2,3

= 1

1 − ∂n1
∂g

/
∂n2
∂g

(
1

g

1

a2 + a3
,
−( 1

g
a1 + 0.1a3)

(a2 + a3)2
,−

1
g
a1 − 0.1a2

(a2 + a3)2

)

hence n∗ is monotone in the parameters as well. Notice that the value of r :

r =
( ∂n1

∂g

∂n2
∂g

< 0

)

≈ − 100

(g∗)2

a1

a4(a2 + a3)(a5 − 1)
≈ − 100

a5 − 1

a4(a2 + a3)

a1

changes the relative significance of a1,2,3 and a4,5 for n∗:

∇an
∗ = ∂n2

∂g

(
∂g∗

∂a1,2,3
, r

∂g∗

∂a4,5

)

= (> 0,< 0,< 0,> 0,> 0)

≈ 0.01

(
a5 − 1

a2 + a3
,
−a1(a5 − 1)

(a2 + a3)2
,
−a1(a5 − 1)

(a2 + a3)2
,100,

a1

a2 + a3

)

.

Namely, the only significant effector of n∗ is a4.
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To complete Table 3 we use the definitions of the parameters ai , G and N to find:

∂G∗

∂Bmax
G

= kG

100

∂g∗

∂Bmax
G

= kG

100

∂g∗

∂a1

∂a1

∂Bmax
G

> 0,

∂G∗

∂dr
G

= kG

100

∂g∗

∂D
r,n
G

= kG

100

∂g∗

∂a2,3

∂a2,3

∂D
r,n
G

< 0,

∂G∗

∂Bmax
N

= kG

100

∂g∗

∂a5

∂a5

∂Bmax
N

< 0,

∂N∗

∂Bmax
N

= 10kN

∂n∗

∂a5

∂a5

∂Bmax
N

> 0,

∂G∗

∂Bmin
N

= kG

100

(
∂g∗

∂a4

∂a4

∂Bmin
N

+ ∂g∗

∂a5

∂a5

∂Bmin
N

)

= kG

100Bmin
N

a4
∂g∗

∂a4

(

1 − 0.01a5g
∗

1 + 0.01a5g∗

)

≈
⎧
⎨

⎩

kG

100Bmin
N

a4
∂g∗

∂a4
< 0 for a5g

∗ � 100,

→ 0 for a5g
∗  100,

∂N∗

∂Bmin
N

= 10kN

Bmin
N

(

a4
∂n∗

∂a4
− a5

∂n∗

∂a5

)

≈ 10kN

Bmin
N

a4
∂n∗

∂a4
> 0 for g∗ � 100,

∂G∗

∂kG

= g∗

100
− a1

100

∂g∗

∂a1
,

∂N∗

∂DN

≈ −10kN

DN

4∑

i=1

ai

∂n∗

∂ai

≈ −10kN

DN

a4
∂n∗

∂a4
< 0.

For the typical parameter values of Table A.1 aiv = (0.5,1.38,0.5,1.21,6) we find that
(g∗, n∗) = (0.2,1.22) (similarly, for asc = (0.5,0.1,3.46,1,9), (g∗, n∗) = (0.14,1.0)).
The partial derivatives are

∇ag
∗ ≈ (0.40 −0.11 −0.10 −0.16 −0.0004 ),

∇an
∗ ≈ (0.024 −0.0066 −0.006 1.0007 0.0024550 ).

Thus, we see that indeed for these typical parameters n∗ is hardly sensitive to a1,2,3,5 and
is most sensitive to a4. For these parameters, it follows that

∂G∗

∂Bmin
N

= kG

100Bmin
N

(−0.16 + 0.0036) < 0,

∂N∗

∂Bmin
N

= 10kN

Bmin
N

(1 − 0.018) > 0,

∂G∗

∂kG

= g∗

100
− a1

100

∂g∗

∂a1
= 0.01(0.2 − 0.2) = 0.

To gain intuition on the dependence of the dimensional variables on the dimensional
parameters, let M denote such a parameter, and let us represent it by M = mM typ, where
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M typ is a fixed quantity (see Table 2). Then, we say that N∗ is sensitive to changes in M

if:
∣
∣
∣
∣
N∗(Mmax) − N∗(Mmin)

N∗(M typ)

∣
∣
∣
∣ 

∣
∣
∣
∣
Mmax − Mmin

M typ

∣
∣
∣
∣

so we define

SI(M) =
∣
∣
∣
∣
N∗(Mmax) − N∗(Mmin)

N∗(M typ)

∣
∣
∣
∣

/∣
∣
∣
∣
Mmax − Mmin

M typ

∣
∣
∣
∣

≈
∣
∣
∣
∣
N∗′(M typ)M typ

N∗(M typ)

∣
∣
∣
∣ =

∣
∣
∣
∣
( ∂

∂M
N∗ + ∇aN

∗ ∂a
∂M

)M typM typ

N(M typ)

∣
∣
∣
∣.

Since n = N
10kN

, a4 = 1
10

Bmin
N

DN kN
and ∂n∗(a)

∂a4
= 1  ∂n∗(a)

∂aj
for j = 1,2,3,5, it follows that:

SI(kN) ≈
∣
∣
∣
∣n

∗ − Bmin
N

10DNkN

∣
∣
∣
∣ = ∣

∣n∗ − a4

∣
∣ ≈ 0,

SI(Bmin
N ) ≈ SI(DN) ≈ a4

and all other parameters do not change much the fixed point.
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