ISRAEL JOURNAL OF MATHEMATICS 210 (2015), 147-191
DOI: 10.1007/s11856-015-1249-6

FINITENESS THEOREMS FOR VANISHING CYCLES OF
FORMAL SCHEMES

BY
V0LADIMIR G. BERKOVICH*

Department of Mathematics, The Weizmann Institute of Science
P.O.B. 26, Rehovot 76100, Israel
e-mail: vladimir.berkovich@uweizmann.ac.il

ABSTRACT

Let k be a non-Archimedean field with nontrivial valuation, and k° its
ring of integers. In this paper we prove constructibility of vanishing cycles
sheaves for arbitrary formal schemes locally finitely presented over k° as
well as special formal schemes over k° (for discretely valued k). This allows
us to extend continuity results, established earlier for locally algebraic
formal schemes, to the whole classes of formal schemes.

Introduction

Let k£ be a non-Archimedean field with nontrivial valuation, k° its ring of in-
tegers, and k its residue field. A formal scheme X over k° is said to be locally
finitely presented if it is a locally finite union of open affine subschemes of the
form Spf(A) with A isomorphic to a quotient of k°{T1,...,T,,} by a finitely
generated ideal. If the valuation on k is discrete, a formal scheme X over k° is
said to be special if it is a locally finite union of open affine subschemes Spf(A)
with A isomorphic to a quotient of k°{T1,..., Ty }[S1, ..., Sx]]- In both cases,
the generic fiber X, of X is a paracompact strictly k-analytic space, and the
closed fiber X of X is a scheme of locally finite type over k. The class of locally
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finitely presented formal schemes X is preserved under the formal completion
X,y along an open subscheme ) C X, and the class of special formal schemes
is preserved under the formal completion along an arbitrary subscheme of X.

In [Ber3] and [Ber6], we defined for both classes of formal schemes, respec-
tively, a vanishing cycles functor ¥, from the category of étale sheaves on X,, to
the category of étale sheaves on Xy = Xs @ ks provided with an action of the
Galois group of k. The comparison theorem [Ber3, 5.3] (resp. [Ber6, 3.1]) im-
plies that if X is the formal completion by sy of a scheme & of finite type over k°
along an open (resp. arbitrary) subscheme ) C X, then for any constructible
sheaf F on A, with torsion orders prime to char(E) there is a canonical iso-
morphism R\IJn(f)‘y/%“R\Iln(f/y), where ]?/y is the pullback of F on ()?/y)n.
In particular, by Deligne’s theorem on constructibility of the vanishing cycles
sheaves of schemes [SGA4 ], Th. finitude, 3.2], the sheaves Rq\IJn(]?/y) are con-
structible. It follows also that the étale cohomology groups of a quasi-algebraic
compact k-analytic space with coefficients in a locally constant sheaf of order
prime to char(E) are finite.

The purpose of this paper is to extend the latter facts to the whole classes of
compact k-analytic spaces (Theorem 1.1.1) and of locally finitely presented and
of special formal schemes (Theorems 1.1.2 and 3.1.1). We notice that, if the
characteristic of k is zero, finiteness of the cohomology groups and constructibil-
ity of the vanishing cycles sheaves for locally finitely presented formal schemes
and for formal completion of them along a subscheme of the closed fiber were
proved by Roland Huber in [Hubl] and [Hub2].

The main ingredients of our proof of the above results are Gabber’s weak
uniformization theorem [ILO, Exp. VII, 1.1] and its version, Theorem 2.1.3.
These theorems together with Deligne’s cohomological descent theory [SGAA4,
Exp. Vbis] allow one to deduce the general case of the required facts from the
particular cases considered in [Ber3] and [Ber6].

In §1, we introduce for a k-analytic space X a class of étale sheaves, called
constructible, which includes finite locally constant sheaves and the pullbacks
of constructible sheaves on a scheme X of finite type over k for every morphism
X — A?". Theorem 1.1.1 states that, if k is algebraically closed and X is
compact, then for any abelian constructible sheaf F' on X with torsion orders
prime to char(%), the groups H4(X, F) are finite. The proof is an application
of the cohomological descent theory, which is recalled in §1.2, and a uniformiza-
tion property for strictly k-analytic spaces, Theorem 1.3.1, which is a direct
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consequence of Gabber’s weak uniformization theorem. Theorem 1.1.2, which
states that for any formal scheme X locally finitely presented over k° and any
abelian constructible sheaf F' on X, with torsion orders prime to char(%) the
sheaves RV, (F') are constructible, is deduced from Theorem 1.1.1. Theorem
1.1.2 allows one to extend the continuity results [Ber3, 8.1. and 8.6] to arbitrary
formal schemes finitely presented over k° (Corollaries 1.1.3 and 1.1.4).

In §2, we prove a version of Gabber’s theorem. This version, Theorem 2.1.3,
is about quasi-excellent noetherian schemes over a complete discrete valuation
ring, and it is related to Gabber’s theorem in a similar way as de Jong’s semi-
stable reduction theorem [deJ1, 6.5] is related to his theorem [deJ1, 4.1] for
varieties over a field. The proof closely follows the proof of Gabber’s result.

In §3, we introduce for a special formal scheme X over k° a class of étale
sheaves on X,,, called X-constructible, which is more restrictive than the class of
constructible sheaves. Theorem 3.1.1 states that, for any X-constructible sheaf
F with torsion orders prime to char(k), the sheaves R, (F') are constructible,
and Theorem 3.1.5 states that the formation of those sheaves is compatible
with extensions of the ground field. We also introduce a modified version of
the vanishing cycles functor which is better than that from [Ber6] in the sense
that it takes values in the category of étale sheaves provided with a continuous
action of the Galois group of k. Theorem 3.1.6 states that the values of the high
direct images of both vanishing cycles functors on X-constructible sheaves coin-
cide. The proof of Theorems 3.1.1, 3.1.5 and 3.1.6 is based on a uniformization
property for special formal schemes, Theorem 3.2.1, which is a consequence of
the above version of Gabber’s result. Theorems 1.1.1 and 3.1.1 allow one to ex-
tend the continuity results [Ber6, 4.1 and 4.5] to arbitrary quasicompact special
formal schemes over k° (Corollaries 3.1.3 and 3.1.4).

ACKNOWLEDGEMENTS. | am very grateful to Michael Temkin for drawing my
attention to the volume [ILO] on Gabber’s work. When I was trying to deduce
the uniformization property for special formal schemes (Theorem 3.2.1) from
Gabber’s theorem, Ofer Gabber suggested using the reasoning from the proof
of his theorem rather than the result itself. This suggestion has eventually led
me to Theorem 2.1.3. T am very grateful to him for that. I am very grateful
to the referee for many corrections, suggestions and comments that helped to
significantly improve the paper.
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1. Finiteness theorem for compact analytic spaces

1.1. FORMULATION OF RESULTS. Let k be a non-Archimedean field. We say
that an étale sheaf F' on a k-analytic space X is constructible if every point of
X has a neighborhood of the form V; U--- UV, such that each V; is an affinoid
domain that contains the point x and the restriction of F' to V; = M(Ay,) is the
pullback of a constructible sheaf on the affine scheme Spec(Ay,). For example,
any finite locally constant sheaf on X is constructible. The category of abelian
constructible sheaves on X is abelian, and the inverse image F ‘Y = ¢*(F) of
a constructible sheaf F' on X with respect to a morphism ¢ : ¥ — X is a
constructible sheaf on Y.

THEOREM 1.1.1: Suppose that k is algebraically closed, and let X be a compact
k-analytic space. Then for any abelian constructible sheaf F' on X with torsion

orders prime to char(k) the groups H4(X, F), ¢ > 0, are finite.

We now recall the definition (from [Ber3]) of the nearby cycles and vanishing
cycles functors © and ¥, for a formal scheme X locally finitely presented over
k°. By [Ber3, Lemma 2.1], the correspondence 2) — 2), induces an equivalence
between the category of formal schemes étale over X and the category of schemes
étale over X5. We fix an inverse functor ), — ). Then for an étale sheaf F'
on X, and a scheme Q) étale over X, one has O(F)(2;) = F(9,,), where the
right-hand side is the global section set of the pullback of /' to 9),. Furthermore,
let X, (resp. X,) denote the closed (resp. generic) fiber of the formal scheme
X = X0 (/{Aﬁ)o over (k:AS)O One has X, = X, @1 ks and X, = %n@)klg Then
U, (F) = ©x(F), where F is the pullback of F' to X,. There is a canonical
continuous action of the Galois group G = Gal(k®/k) on ¥, (F') compatible with
the action of G on X, and, if F' is abelian, it induces a continuous action of G
on the sheaves R, (F).

For a prime integer [, we set s;(k) = dimg, (|k*|/|k*|").

THEOREM 1.1.2: Let X be a formal scheme locally finitely presented over k°,
and let F' be an abelian constructible sheaf on X,, with torsion orders prime to

char(k). Suppose that s;(k) < oo for every prime [ that divides a torsion order
of F. Then the nearby cycles sheaves R1O(F') are constructible for all ¢ > 0.
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Foe example, the assumption is satisfied if the group |k*| is finitely generated,
or if |k*| is divisible (see also Remarks 1.1.5). This implies constructibility of
the vanishing cycles sheaves R0, (F).

The following two statements were proved in [Ber3, 8.1 and 8.6] under the
assumption that all of the formal schemes considered are formal completions
of schemes of finite type over k° along their closed fiber. This assumption was
necessary because constructibility of the nearby cycles sheaves was available
only for those formal schemes. The same proof works in general due to Theorem
1.1.2.

Let T be a fixed formal scheme finitely presented over k°, and let F' be an
étale abelian sheaf on %,. Given formal schemes X and 2) finitely presented
over T, any T-morphism ¢ : Q) — X gives rise to homomorphisms of sheaves on
), and ), respectively,

0'(p. F) 0L (RIO(F|y. ) = R1O(Fly ),
03(, F) 5L (R, (Fly ) — B (Fly ).

COROLLARY 1.1.3: Let F' be an abelian constructible sheaf on ¥, with torsion
orders prime to char(E), and suppose that s;(k) < oo for every prime [ that
divides a torsion order of F. Given a formal scheme X finitely presented over ¥,
there exists a nonzero ideal a C k° such that, for any formal scheme 2) finitely
presented over ¥ and any pair of T-morphisms @,v : ) — X that coincide

modulo a, one has 0%(p, F) = 09(, F) for all ¢ > 0.

For a prime [, a constructible Z;-sheaf on a k-analytic space X is a pro-
jective system
F= (F m)mzo
of constructible Z /™1 Z-modules F,, such that, for each m > 1, the canonical
homomorphism F,,,—F;, 1 induces an isomorphism F,,,®z /m+12Z/1" Z— Fp, 1.
Furthermore, for a formal scheme X over ¥ and a nonzero ideal a C k°, we
denote by G(X/T) the group of T-automorphisms of X and by G,(X/%) its

subgroup of the automorphisms trivial modulo a.

COROLLARY 1.1.4: Let F be a constructible Z;-sheaf on %, | # char(k), and
suppose that s;(k) < oco. Given a formal scheme X finitely presented over ¥,
there exists a nonzero ideal a C k° such that the group G(X/T) acts trivially
on all of the sheaves R‘J@(Fm|xn).
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Remarks 1.1.5: (i) The assumption s;(k) < oo in Theorem 1.1.2 is necessary
since, for X = Spf(k°) with algebraically closed residue field k, the sheaf

R'©(Z/1Z)

is associated to the group H'(G,Z/IZ), which is isomorphic to |k*|/|k*|.

(ii) If s;(k) < oo, then s;(H(z)) < oo for any point = of a k-analytic space
X. Indeed, in order to show this, we may assume that X = M(A) is k-affinoid.
Furthermore, taking a closed immersion of X in a closed polydisc of dimension
n, we may assume that X is the polydisc. The latter is an affinoid domain in the
affine space A", and so we may assume that X = A™. Finally, induction reduces
the situation to the case n = 1. If x is a point of type (1) or (4), then the quotient
group |[H(z)*|/|k*| is torsion, and it is easy to see that s;(H(z)) < s;(k). If z is
of type (2) or (3), then s;(H(z)) = s;(k) or s;(H(x)) = s;(k) + 1, respectively.

1.2. COHOMOLOGICAL DESCENT ON NON-ARCHIMEDEAN ANALYTIC SPACES.
Let k be a non-Archimedean field. In this subsection we recall and apply some
definitions and facts from the cohomological descent theory ([SGA4, Exp. Vbis]
and [Del]) to k-analytic spaces. This theory introduces for a given Grothendieck
topology a stronger topology that does not change cohomology groups but al-
lows one to calculate them using hypercoverings [SGA4, Exp. V, §7] by objects
from a special class.

Let &€ be a category that admits finite projective limits and finite sums which
are universally disjoint (in the sense of [SGA4, Exp. II, Definition 4.5]). A sim-
plicial object of £ is an object of the category A°E of contravariant functors from
A to &, where A is the category whose objects are the sets [n] = {0,1,...,n},
n > 0, and morphisms are nondecreasing maps. Such an object is denoted by
X, = (X)n>0, where X, is the image of [n], and X, (f) denotes the morphism
X, — X, that corresponds to a morphism f : [n] — [m]. If §;, 0 <i < n+ 1,
denotes the injective morphism [n] — [n + 1] that omits ¢, and s;, 0 < i < n,
denotes the surjective morphism [n + 1] — [n] with s;(i) = s;(i + 1), the cor-
responding morphisms X,, 11 — X,, and X,, — X,, 41 are denoted in the same
way.

For example, every object S of £ defines a constant simplicial object S,
which corresponds to the functor on A that takes the constant value S. An
augmentation of a simplicial object X, to S is a morphism

a = (an)n>o: X, = S,
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which is briefly denoted by a : X, — S. The functor
A°(E)S) = E/S (X, 5 8)m (X0 B 9)

from the category of simplicial objects augmented to S to the category of
morphisms X % S has right adjoint (X 5 S) — (cosk(y) — S). Here
cosk(p),, is the fiber product of n 4+ 1 copies of X over S, and morphisms
cosk(p), — cosk(p),, that correspond to morphisms [m] — [n] are defined in
the evident way.

Every simplicial k-analytic space X, defines an étale site X, as follows. Let
Et(X,) be the category whose objects are pairs (n, f) consisting of n > 0 and an
étale morphism f : U — X, and morphisms (m, g) = (n, f) with g : V — X,
are pairs consisting of morphisms [n] — [m] and V' — U compatible with the
is the Grothendieck
topology on the category Et(X.) generated by the pretopology for which the

corresponding morphism X,, — X,,. The étale site X

e ét

set of coverings of (n, f) with f: U — X, is formed by families

{(n, fi) 2 (n, /)}ier

over the identity morphism on [n] and with f; : U; — X, such that

U=JaU).
iel
The category of sheaves on X, is denoted by Xg¢ (the étale topos of
X, ). For d > 0, the category of étale Z/dZ-modules on X, is denoted by
S(X,,Z/dZ), and its derived category is denoted by D(X,,Z/dZ).

An étale sheaf on X, is nothing else than a family F*® of étale sheaves I
on X,, and a family of X, (f)-morphisms F*(f): F™ — F™ (i.e., morphisms of
sheaves X _(f)*(F™) — F™ on X,,) for all morphisms f : [n] — [m]. One also
requires that F*(f o g) = F*(f) o F*(g) for pairs of composable morphisms.
The global sections functor is the functor I' : F* — Ker(F°(Xy) = FX(X1)).
The values of its high direct images on an abelian sheaf F'® are denoted by
HI(X,,F*).

Examples 1.2.1: (i) For a simplicial k-analytic space X, the structural sheaves
Ox,, form the structural sheaf of rings on X, .

(ii) For an augmented k-analytic space X, — S, the sheaves of relative dif-
ferentials Q¢ /s form a complex of sheaves (Q}(n)nzo, the de Rham complex
of X,.
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(ili) If F* is an étale abelian sheaf on X, the flabby Godement resolutions
C (F™) (see [Ber4, §1]) form a complex of sheaves on X,. Using it, one can
construct for every complex of étale abelian sheaves F'* € Dt (X,,Z) a quasi-
isomorphism F'° — K" such that all of the sheaves K" are flabby.

(iv) A morphism of simplicial k-analytic spaces ¢ = (pp)n>0 @ Y, = X,
gives rise to a morphism of sites Y, — X,, . The adjoint functors ¢* and

v, take sheaves F'® on X, and G*® on Y, to the sheaves (¢, F™),>0 on Y, and
(pn+G™)n>0 on X, respectively. The high direct image functor

Ry, : DT(Y,,Z) - D*(X,,Z)

is calculated componentwise. Namely, if G"" is a complex of étale abelian
one can take a quasi-isomorphism G° — K as in (iii), and

one has Rp,G"" = ¢, K"". In particular, (Rp.G " )p = Rpp G ™.
(v) An étale sheaf on a constant k-analytic space S, is a cosimplicial étale

sheaves on Y.

o)

sheaf on S (i.e., a covariant functor A — Sg;). Such an abelian sheaf F'® defines
a differential complex (F",d = > .(—1)¢;) of sheaves on S. More generally,
a complex of étale abelian sheaves F~° € D*(S,,Z) defines a simple complex
(sF"")» = @D, g—n FP? with the differential

d(f77) = dp(fP1) + (=1)" Y (= 1)'6:(f*).
The functor s takes acyclic complexes to acyclic ones and, therefore, it defines
an exact functor s : D1(S,,Z) — D(S,Z).
(vi) Let a : X, — S be an augmented k-analytic space. If F is an étale
sheaf on S, then a*(F) = (a) F),>0 is an étale sheaf on X, and the functor
F +— a*(F) has a right adjoint a, defined by

a.(F*) = Ker(ag.(F°) =3 a1« (F1)),

where the two arrows are induced by d; and 7. One has a, = €.a,,, where a,

o)

is the corresponding morphism X, — S, and ¢ is the canonical augmentation
S, — S. Tt follows from (v) that Re,—s and, therefore, Ra. = sRa,,.

One says that an augmented k-analytic space a : X, — S is of Z/dZ-
cohomological descent if the adjunction morphism of functors Id — Ra.a*
from D% (S,Z/dZ) to itself is an isomorphism or, equivalently, for every
F € S(S,Z/dZ), one has = Ker(ag.ayF — a1.a;F) and Rla.(a*F) = 0 for
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all ¢ > 1. One says that a morphism of k-analytic spaces ¢ : X — S is of Z/dZ-
cohomological descent if the augmentation morphism cosk(¢) — S is. One
says that a morphism of k-analytic spaces ¢ : X — S is of universal Z/dZ-
cohomological descent, if any base change of ¢ is of Z/dZ-cohomological
descent. For example, if {U; — S}icr is a covering in the étale topology, then

the morphism [[,.;U; — S is of universal Z-cohomological descent. By the

il
cohomological descent criterion [SGA4, Exp. Vbis, 3.2.4] and the base change
theorem for cohomology with compact support [Ber2, 7.7.1], any surjective com-
pact morphism ¢ : X — S is of universal Z/dZ-cohomological descent for all
d > 1 prime to char(k).

By a general result [SGA4, Exp. Vbis, 3.3.1], the category of universal Z/dZ-
cohomological descent morphisms X — S provided with the families of mor-
phisms {X; — X}er, for which [],.; X; — X is a universal Z/dZ-cohomo-
logical descent morphism, is a Grothendieck pretopology. The Grothendieck
topology generated by it is called the étale topology of universal Z/dZ-
cohomological descent. Of course, this topology is stronger than the étale
topology, and it follows from the definition that the cohomology groups of any
étale Z/dZ-module F on S calculated in both topologies are the same. Recall
now the definition of a hypercovering.

Let A,,, m > 0, be the full subcategory of A formed by the objects [n] with
n < m. An m-truncated simplicial object of £ is an object of the category A? £.
The skeleton is the restriction functor sk,, : A°6 — A7 &, and the coskeleton
is the functor cosk,, : Ay & — A°E right adjoint to sk,,. Given an object S
in &, the same functors applied to the category £/S are denoted by sk,sn and
cosk? . If now & admits universally disjoint sums (not necessarily finite) and is
provided with a Grothendieck topology, a hypercovering of an object S is an
augmented simplicial object a : X, — S such that the morphisms ag : Xog — 5
and X1 — (coskssng.)nH for all n > 0 are coverings in the topology of £.

In [SGA4, Exp. Vbis, §5.1], one describes a general procedure for constructing
simplicial objects which is used for constructing hypercoverings with required
properties. We briefly recall it.

First of all, a simplicial object X, of £ is said to be o-split if there exists a
family of subobjects N X,, of X,,, n > 0, such that the morphism [[ NX,,, — X,,,
where the sum is taken over all morphisms [n] — [m] with m < n, is an

isomorphism.
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Suppose we are given a functor 7 : £ — B such that, for every object S € B,
the category Es (the fiber of £ at S) admits finite projective limits and arbitrary
universally disjoint sums. One introduces a property ) of an object of £ which
is stable by isomorphisms and satisfies the conditions (a)—(c) from loc. cit.,
5.1.4. One also introduces a property P of a morphism in £ over the identity
isomorphism of an object of B. This property is assumed to be stable under
isomorphisms and to satisfy the conditions (d)—(f) from loc. cit.. One says that
a simplicial object X, of £ satisfies the condition (APQ) if

(1) w(X,) is a constant simplicial object S, for some S € B;
2

(2)
(3) X, possesses the property Q;
(4)

as a simplicial object of g, X, is o-split;

for all n > 0, the morphism NX,,+; — (coskiX.)n_H possesses the
property P.

Finally, let £ 4pq) be the category of simplicial objects X, of & which satisfy
the condition (APQ) with morphisms of simplicial objects Y, — X, such that
7©(Y,) — m(X,) is the same morphism in B for all n > 0. Then there is a
canonical functor 7 : E apg) — B. Proposition 5.1.7 from loc. cit. asserts that
the functor 7 is surjective on objects and morphisms. Moreover, for any object
S of B and any pair (X,,Y,) of objects of £ 4pq),s, there exist two morphisms
Z, — X, and Z, — Y, from the same object of Eapg),s-

Examples 1.2.2: (i) Examples of the previous situation we are going to consider
are of the following type. Suppose B is a category that admits finite projective
limits and arbitrary universally disjoint unions, @’ is a family of objects in
B which is stable by isomorphisms and disjoint unions, and P’ is a family of
morphisms which is stable under isomorphisms, compositions and base change
and such that, for every object S of B, there exists a morphism X — S in P’
with X in Q’. Let £ be the category of morphisms X — S in P/ with X in @',
and 7 : & — B the canonical functor (X — S) +— S. Then the properties @ of
objects and P of morphisms in £ that correspond to the families Q' and P’ in
B satisfy the conditions (a)—(f) from loc. cit., 5.1.4, and each object of E 4pg),s
gives rise to an augmented simplicial object X, — S of B with all X,, in Q’.
(ii) Let B be the category of paracompact k-analytic spaces, )" the family of
all objects of B, and P’ the family of compact surjective morphisms. These fam-
ilies evidently satisfy the conditions of (i). The corresponding hypercoverings
will be said to be compact. Every compact hypercovering is a hypercovering in
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the étale topology of universal Z/dZ-cohomological descent for all d > 1 prime

to char(k).

1.3. A UNIFORMIZATION THEOREM FOR PARACOMPACT STRICTLY k-ANALYTIC
SPACES. Let § be a scheme. A morphism ¢ : ) — § is said to be maximally
finitely dominant if the image of the generic point y of every irreducible
component of ) is the generic point of an irreducible component of S and
the extension of residue fields k(y)/x(p(y)) is finite. One denotes by alt/S
the category of maximally finitely dominant morphisms ) — S. The alteration
topology on S is the Grothendieck topology on alt/S defined by the pretopology
which is generated by coverings in the Zariski topology and by proper surjective
and maximally finitely dominant morphisms. Notice that any covering in the
étale topology of S has a refinement in the alteration topology of S ([ILO,
Exp. II, 3.1.1]).

Gabber’s “weak” uniformization theorem [ILO, Exp. VII, Theorem 1.1] states
that, given a noetherian quasi-excellent scheme S and a nowhere dense closed
subset Z C S, there exists a finite family of morphisms {S; — S};c; which is
a covering in the alteration topology of S and such that each S; is regular and
connected and the support of the preimage of Z in §; is a divisor with strict
normal crossings. (The empty set is considered as a divisor with strict normal
crossings. )

THEOREM 1.3.1: Suppose that the field k is perfect and its valuation is non-
trivial. Then for every paracompact strictly k-analytic space X, there exists a
ser Yi — X with each Y; of the form JAJW, where
Y is an affine scheme finitely presented over k° with Y, smooth over k.

compact surjective morphism [

Proof. Since X is paracompact, it admits a locally finite covering by strictly
affinoid domains {U;};c;. If we can find, for every i € I, a surjective mor-
phism ]_[;l:1 Yi; — U; with each Yj; of the form as in the formulation, then
Hiel,lgjgni Y;; — X is a required morphism. This reduces the situation to the
case when X = M(A) is strictly k-affinoid.

By a result of Kiehl [Kiehl] (see also [Duc]), the affine scheme X = Spec(A) is
excellent. We can therefore apply Gabber’s theorem. It follows that there exists
a finite family of morphisms {X; — X'},c; which is a covering in the alteration
topology of X and such that each X; is regular and connected. By [Ber2, §2.6],
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each X; defines a good strictly k-analytic space X", and from [Ber2, 2.6.3] it
follows that all strictly affinoid subdomains of X" are regular.

We claim that one can find, for every ¢ € I, a finite family of strictly affinoid
domains {X;; C X} ey, such that X = {J;c; ;e 0i(Xij). Indeed, it suffices
to consider the two types of coverings that generate the alteration topology of
X. If such a covering is a proper surjective and maximally finitely dominant
morphism Y — X, then Y*" is compact and the induced map Y?" — X is
surjective, by [Ber2, 2.6.8], and this implies the required fact. Suppose that
{X; — X}ier is a covering in the Zariski topology of X. Replacing it by a
refinement, we may assume that each X; is a principal open subset D(f;) with
fi € A such that the ideal generated by all f;’s coincides with A. It follows that
L =) ,c;9:fi for some elements g; € A. We set r = max;er maxzex |g:(z)|.
Then for every point € X there exists i € I with |f;(z)| > r~!. This implies
that X = J;c; Vi for the strictly affinoid domains V; = {x € X‘|fl(:c)| >y
and the claim follows.

The above claim reduces the situation to the case when the strictly k-affinoid
space X and the scheme X are regular. Since the field & is perfect, it follows from
[Berb, §5], that X is smooth in the sense of rigid geometry (called rig-smooth
in [Ber7, §1.1]).

LEMMA 1.3.2: Let k be a non-Archimedean field with nontrivial valuation, and
let R be a local henselian subring of k° that contains a nonzero element a € k°°
and whose a-adic completion R coincides with k° (e.g., R = k°). Then every
rig-smooth k-affinoid space X = M(A) is of the form JAJW, where ) is an affine
scheme finitely presented over R with ), smooth over the fraction field of R.

The lemma implies that X is isomorphic to the intersection of the analytifi-
cation of a smooth closed subset of an affine space with the unit closed polydisc.
Indeed, if Y = Spec(B), a surjective homomorphism k°[T4,...,T,] — B gives
rise to a closed immersion of the smooth k-scheme ), = Spec(B’) in the n-
dimensional affine space, where B’ = B ®go k, such that the intersection of the
analytification Vi" with the unit closed polydisc coincides with X.

Proof. One can find a complete a-adic algebra A topologically finitely presented
and flat over k° with A ®ko k = A. By [Tem, Proposition 3.3.2] (see Remark
1.3.4), A is formally smooth over R = k° outside V(a) in the sense of [Elk,
p. 581] and, by Elkik’s theorem [Elk, Theorem 7 and Remark 2, p. 587], there
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exists a finitely presented R-algebra B which is smooth over the fraction field of
R and whose a-adic completion Bis isomorphic to A. It follows that the affine
scheme ) = Spec(B) possesses the required property.

COROLLARY 1.3.3: If the field k is perfect and its valuation is nontrivial, ev-
ery paracompact strictly k-analytic space X admits a compact hypercovering
a:Y, — X in which all Y,, are disjoint unions of strictly affinoid domains in
the analytifications of smooth affine schemes over k.

Remark 1.3.4: In [Tem, Proposition 3.3.2], the setting is assumed to be the same
as that before the formulation and, in particular, the ground field is assumed
to be discretely valued. But the proof in fact does not use this assumption.

Proof of Theorem 1.1.1. First of all, it suffices to consider the case when
X = M(A) is k-affinoid and F is a pullback of an abelian constructible sheaf
F to X = Spec(A). By [SGA4, Exp. IX, 2.14(ii)], one can find a finite family
of finite morphisms {V; % X};c; and a monomorphism

F = F = Ppi(G),

il
where G, is an abelian constant sheaf on ); = Spec(B;). If F’ is the pullback
of F' to X, then

HYX,F') =P H Y, G)),

il
where G; is the pullback of G; to Y; = M(B;). This implies validity of the
required fact for ¢ = 0 since the sets my(Y;) are finite. Furthermore, the pullback
F" of F"" = Coker(F — F') is a constructible sheaf on X and, therefore, if we
know finiteness of cohomology groups with coefficients in finite constant sheaves,
finiteness of the group H?(X, F) is reduced to that of the group H4~*(X, F").
Thus, by induction on ¢, we may assume that F' = Ax is the constant sheaf
associated with a finite abelian group A of order prime to char(%).

Furthermore, by the invariance of cohomology under extensions of the ground

field [Ber2, 7.6.1], we may assume that the valuation on k is nontrivial and X
is strictly k-affinoid. Since the finiteness statement is true for compact quasi-
algebraic k-analytic spaces ([Ber3, 5.6]), it suffices to show that X admits a
compact hypercovering a : Y, — X in which all Y;, are quasi-algebraic. But
this follows from Corollary 1.3.3.
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Proof of Theorem 1.1.2. In Step 1 we prove that the vanishing cycles sheaves
RIV,(F) are constructible and, in Step 2, we deduce constructibility of the
nearby cycles sheaves R1O(F).

STEP 1. We follow the proof of [SGA4%, Th. finitude, Theorem 3.2]. Since
the statement is local with respect to X, we may assume that X = Spf(A) is
affine with topologically finitely presented A and, in particular, that
d = dim(X,) < co. We may also assume that A is flat over k°. If d = 0,
then X is the completion of the scheme Spec(A) finite over k°, and the re-
quired fact is known. Suppose that d > 1 and that the theorem is true for
schemes whose generic fibre has dimension at most d — 1. We claim that, for
every g > 0, there exists a constructible subsheaf G? C R?¥, (F) such that the
supports of local sections of the quotient R?%¥, (F)/G, are finite. First of all,
we recall a result from [Ber3] which is an analog of Lemma 3.4 from loc. cit.
Suppose that the canonical morphism X — Spf(k°) goes through a morphism
X — A" == Spf(k°{T}). Notice that A" is the formal completion of the affine
line over k°, and 21717 is the one-dimensional unit disc over k. Let ¢ be the maximal
point of Ql}] (it corresponds to the norm of the k-affinoid algebra k{T}). Then
the image s” of ¢ under the reduction map 7 : 2[717 — Qli is the generic point of

AL, 771(s") = {t} and ’}-/[(Vt) = k(s') = k(T). We set
X' =X xqn Spf(H(t)°).

This is a formal scheme finitely presented over H(¢)°. Let X, and f{;’, denote
the closed and the generic fibres of X', and let ¥, denote the corresponding
vanishing cycles functor. The canonical morphism of formal schemes A : X’ — X
induces morphisms A, : X, =(X,)s — X, and X, : X, =(X,); — X, where
(X5)s (resp. (X,)¢) is the fibre of the morphism X, — AL (resp. X, — Ql}]) at
the point s’ (resp. t). Let F’ denote the pullback of the sheaf F' with respect
to A, and fix an embedding of fields k* — #(¢)°. It induces a morphism
As X, =(X,), — X,. By [Ber3, 4.6(ii)], there is a canonical isomorphism
N (R, (F)) = ROy (F)”,

where P = G(H(t)*/H(t)*k*) (it is a pro-p-group, where p = char(k)).

By [Ber2, 2.5.2], dim(f{;’,) = d — 1, and therefore, by the induction hypoth-
esis, the sheaf on the right-hand side is constructible. We now take a closed
immersion X — A" = Spf(k°{T1,...,T,}) to the formal affine space A". It
gives rise to a closed immersion of the affine schemes X to the affine space 2
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over k. By Lemma 3.5 from [SGA4§, Th. finitude], applied to the vanishing
cycles sheaf R, (F') on X and to the above closed immersion, there exists a
constructible subsheaf G C R?¥, (F) such that the supports of local sections
of the quotient H? = R, (F)/G, are finite, i.e., the claim is true.

It follows that HP(X,,H?) = 0 for all p > 1 and, in order to prove that
the sheaves RV, (F) are constructible, it suffices to verify that the groups
HO(X,,HY) are finite. For this we use the spectral sequence [Ber3, 4.5(iii)]

EPT = HP(X,, R\, (F)) = H"TY(X,, F).

As at the end of the proof of [SGA4§, Th. finitude, 3.2], we consider the images
of the above abelian groups in the quotient of the category of abelian groups by
the thick subcategory of finite abelian groups. By the finiteness result loc. cit.,
Corollary 1.10, one has EY? ~ HP(X,,H?) and, therefore, E5'? ~ 0 for all
p > 1. Tt follows that EY? ~ HO(X,,H?) ~ HI(X,, F). The latter group is
finite, by Theorem 1.1.1.

STEP 2 (cf. the proof of [SGA4;, Th. finitude, 3.11]). First of all, for a subfield
kE C K C K, let X, and X, denote the closed and the generic fibres of
the formal scheme Xy = f{@)kof(o over K°. (One has X5, = X, ® K and
Xpx = f{n@f( .) Let also © denote the nearby cycles functor for Xx and, for
an étale sheaf F, let Fx denote the pullback of F' to X, . It follows from [Ber3,
4.1] that the higher direct images of the functor F' — Ok (Fk) are R1Ok (Fk)
(they will be denoted by ROk (F)), and that the latter are associated with the
presheaves 9 — H(2),, Fi) (for 9 étale over X ). It follows that, for a pair
K C L of Galois extensions of k, there is a Hochschild—-Serre spectral sequence

E? = HP(Gal(L/K), R19L(F)) = RPT10k(F),

where HP(Gal(L/K), R) is the value of the p-th derived functor of the func-

tor R — RG(L/K) on the category of abelian sheaves on X, , provided with

sLo
a continuous action of the group Gal(L/K) compatible with its action on
Xs,, to the category of abelian sheaves on X,,. (Given an étale morphism
U — X,,, one has REIL/K)) = RU XX, X, )G/ E) and therefore
Ok (F) = O (F)CL/K) )

We now turn to the proof of our theorem. We may assume that the residue
field k is algebraically closed, and F' is [-torsion for a prime integer [ not divisible

by char(k). Suppose that the order of the quotient group |k*|/|k*|' is I"". Then
the quotient of the Galois group G of k by the maximal invariant subgroup P
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of profinite order prime to [ is isomorphic to Z;(1)™ (e.g., see [Ber2, 2.4.4]). It
follows that there is an increasing chain of abelian extensions

kh=kCckcC---Ck, Ck®

with Gal(k®/k,,) = P and each Gal(k;/k;_1) isomorphic to Z;(1). Applying the
above spectral sequence to the pair k,,, C k*, we get R0y, (F) = RV, (F)?.
By Step 1, the sheaves R7U, (F)) are constructible and, in particular, the group
G acts on them through a finite quotient. If oy,...,0, are representatives of
the similar quotient of the group P, then the sheaf RI¥, (F)¥ is the kernel of
the homomorphism from RV, (F) to the product of n copies of itself defined
by the element o1 — 1,...,0, — 1 and, therefore, this sheaf is constructible.
Suppose now that, for 1 < i < m, the sheaves R0y, (F) are constructible. If
o is a generator of the Galois group Gal(k;/k;_1), then for the above spectral
sequence, applied to the pair k;_1 C k;, we get qu = Ker(o — 1, R19y,(F)),
E)? = Coker(c — 1, R10y,(F)), and E?? = 0 for p # 0,1. These sheaves are
constructible and, therefore, so are the sheaves R0y, , (F).

2. A version of Gabber’s weak uniformization theorem

2.1. FORMULATION OF THE RESULT. For a scheme X', the underlying reduced
scheme is denoted by X,eq. For a discrete valuation ring R, we denote by R
its residue field, i.e., the quotient R/mp of R by its maximal ideal mp. For a
scheme & over R, the closed subscheme X = X®pR is said to be the R-special
fiber of X. Notice that every closed subset Z C X (considered as a reduced
scheme) is a union Z; U Z’, where Z; is flat over R and Z’ C (AN’)red.

Definition 2.1.1: (i) A scheme X over R is said to be an R-strict normal
crossings scheme (or, for brevity, an R-snc scheme) if X' is a separated
noetherian connected regular scheme flat over R and its R-special fiber X is a
divisor with strict normal crossings.
(ii) A pair (X, Z) consisting of scheme X over R and a closed subset Z C X
is said to be an R-snc pair if
(1) X is an R-snc scheme;
(2) Z is a divisor with strict normal crossing;
(3) if Zy = U, Zi is the decomposition of Z; into irreducible components
then, for every subset J C I, the intersection Z; =

i Zi is a disjoint

union of R-snc schemes.
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Remarks 2.1.2: (i) If X is defined over the fraction field of R or, equivalently,
X = (0, then X is an R-snc scheme if and only if it is a noetherian connected
regular scheme. (Recall that the empty subset of X is considered as a divisor
with strict normal crossing.)

(ii) If a pair (X, Z) possesses the properties (1) and (2) and Z contains
(X)rea = X, then (X, Z) also possesses the property (3), i.e., it is an R-snc
pair. Indeed, let z be a point in Z] =Z;N X. Shrinking X', we may assume
that z lies in the intersection of all of the irreducible components of Z. By the
assumption, we can find a regular system of local parameters {cy,...,cqs} at x
such that ci,..., ¢, with 1 <m < d—1 define the irreducible components of Zy
at x and ¢p41, - - -, ¢ with m+1 < n < d define the irreducible components of X
at x. Suppose also c1, ..., ¢, with 1 < k < m define the irreducible components
for the set J. Multiplying ¢,,4+1 by a function invertible in a neighborhood of
x, we may assume that m = ¢p41 -+ - ¢, is @ uniformizing element of R. Then
{Ck+1,..-,cn} is a regular system of local parameters of Z; at x, the elements
Cm+1s - -+ Cn, define the irreducible components of Z] at x, and their product is
m. This implies that Z] is a divisor in Z; with strict normal crossings.

Recall that an extension of fields K/k is said to possess the property of Epp
if, in the case they are of positive characteristic p, all elements of the maximal
perfect subfield K7~ = N K P" of K are algebraic and separable over k. The
residue field of a point z of a scheme is denoted by x(x).

THEOREM 2.1.3: Let X' be a noetherian quasi-excellent scheme flat over a com-
plete discrete valuation ring R, and let Z be a nowhere dense closed subset of
X that contains (./f)red. Suppose that the residue field R is perfect and, for
every closed point x € X , the extension k(x)/ R possesses the property of Epp.
Then there exists a finite covering {X; ©% X}ier in the alteration topology
of X such that each morphism X; — Spec(R) factors through a morphism
X; — Spec(R;) that makes (Xi,gpjl(Z)md) an R;-snc pair, where R; is the
ring of integers of a finite extension of the fraction field of R.

Remarks 2.1.4: (i) Gabber’s weak uniformization theorem [ILO, Exp. VII, The-
orem 1.1] guarantees existence of a finite covering {X; £ X'};c; in the alteration
topology of X such that each X; is a regular connected scheme in which the
closed subset ¢; '(2);eq is a divisor with strict normal crossings. By Remark
2.1.2(ii), Theorem 2.1.3 actually states that one can find such a covering with
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the additional property that the R-algebra O(X;) of each X; contains the ring
of integers R; of a finite extension of R and the R;-special fiber &; ®@p, El is
reduced. Notice that for X defined over the fraction field of R, Theorem 2.1.3
follows from Gabber’s theorem.

(ii) The assumption on the property of Epp is necessary because in the case,
when X' is the spectrum of a complete discrete valuation ring, the statement
of Theorem 2.1.3 is equivalent to Epp’s theorem [Epp, 1.9] which requires that
assumption. This will in fact serve as a basis of induction on the dimension of
X in the proof. On the other hand, the assumption on perfectness of the field
R can be, probably, removed.

(iii) While restricting to R-schemes of finite type, our definitions of an R-
snc scheme and of an R-snc pair are weaker than de Jong’s definitions of a
semi-stable scheme and of a semi-stable pair over R ([deJ1, 2.16 and 6.3]).
Namely, X' is semi-stable over R if, in addition to being R-snc, the generic fiber
A&, is smooth over the fraction field of R and all of the joint intersections of
the irreducible components of X are smooth over R. His Theorem 6.5 from
loc. cit. (which does not require perfectness of }NB) implies that there exists an
alteration ¢ : X’ — X for which the pair (X, ¢ !(2),eq) is strictly semi-stable
over the ring of integers of a finite extension of the fraction field of R.

(iv) The proof of Theorem 2.1.3 follows the proof of Gabber’s theorem. We
briefly recall the setting, constructions and facts of each step from the proof of
the latter, and describe the necessary changes that should be done to get the
statement of Theorem 2.1.3.

2.2. REDUCTION TO THE LOCAL NOETHERIAN COMPLETE NORMAL CASE.

STEP 1. Suppose that Theorem 2.1.3 is true for affine schemes Spec(A), where
A is a local noetherian henselian excellent normal R-flat algebra of dimension
at most d > 1. Then Theorem 2.1.3 is true for X of dimension d. Indeed,
the canonical morphism from the disjoint union of its irreducible components
to X is a covering in the alteration topology and, therefore, we may assume
that X is integral and X # § (see Remark 2.1.4(i)). Furthermore, since X is
quasi-excellent, the canonical morphism from the normalization of X to X is
also a covering in the alteration topology and, therefore, we may assume that
X is normal. Let x be a closed point of X lying in X. By [EGAIV, 18.7.6],
the henselization X{,) of & at x is an excellent scheme. Since x is the only
closed point in the special fibre of X(,) and has the same residue field as in
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X, we can apply the assumption. It follows that there exists a finite covering
{4 X(a) bier in the alteration topology of X,) such that, for every i € I,
(Xi,go;l(Z)md) is an R;-snc pair, where R; is the ring of integers of a finite
extension of the fraction field of R. By [ILO, Exp. II, 4.1.2], this covering is the
base change of a covering {V; — U};c; in the alteration topology of an étale
neighborhood U of x in X. Since the R-algebra O(X;) is the inductive limit
of the R-algebras O(V;) taken over U’s, we can find a sufficiently small U/ such
that each O(V;) contains R;. The remaining part of the proof of [ILO, Exp. II,
4.3.3] is applicable to our case.

STEP 2. Suppose that the theorem is true for affine schemes Spec(A), where
A is a local noetherian complete normal flat R-algebra of dimension at most
d. Then Theorem 2.1.3 is true for X = Spec(A4), where A is a local noe-
therian henselian excellent normal flat R-algebra of dimension d. Indeed, let
X = Spec(A), where A is such an R-algebra, and let Z be a nowhere dense
closed subset of X' that contains (X);eq. We follow the proof of [ILO, Exp. III,
Proposition 6.2]. First of all, since A is excellent, its completion A with re-
spect to the maximal ideal m is also normal and, since A is flat over A, the
preimage Z of Z in X = Spec(A) is nowhere dense. For n > 0, one sets
X, = Spec(A/m"*1) and, for a scheme ) over X, one sets YV, = Y xx X,.
Notice that there is a canonical isomorphism Q?H/%“Xn. Two morphisms X = Yy
and X — Y are said to be n-close if their restrictions to )?n = X, coincide.
Notice also that there is a canonical closed immersion Yy, — )7

The R-algebra A is a filtered inductive limit ligAa of finitely generated A-
algebras A,, a € E. If X, = Spec(A,), there is an isomorphism of schemes
X :ﬂin X,. Recall (see [EGAIV, §8]) that every scheme Y of finite type over X
is a base change of a scheme ), of finite type over X, for some « (it is called a
model of Y over X, ). Moreover, given two models Y, and Y3 of ), there exist
v > a, B and an X,-isomorphism YV, X x,, X,—=YV3 x x5 Ay Similar facts hold for
morphisms between schemes of finite type over X. The canonical morphisms
X - X, and X, — X will be denoted by s, and t,, respectively.

By the theorem of Popescu [Pope, 1.3], the excellent henselian local ring
A possesses the Artin approximation property. This implies that, for every
o € E, the set Xo(A) = Hom(X,X,) is dense in X,(A) = Hom(X,X,)
in the m-adic topology. It follows that, for every n > 0 and a € E, there
exists a section v : X — X, of the morphism ¢, : X, — X which is n-close
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to the morphism s, : X - X,. One then defines, for a scheme ) of finite

type over X with a model Y, over X,, a scheme yw =y, Xx,u X (it is

denoted by ), in [ILO, Exp. III]). Since u is n-close to sq, it follows that

there is a canonical isomorphism y<“) (y<u>)n3yn. Similarly, any morphism

¢ : )Y — Y between schemes of finite type over X with a model Yo 1 V= Vo

gives rise to a morphlsm o Y@ 5 YW - and the induced X,,-morphisms
%u) : y,’,<“ — yn and @, : Y, = Y, are compatlble.

For a dominant morphism )’ — Y, V! denotes the closed reduced subscheme
of V" which is the union of all irreducible components of )’ that dominate an
irreducible component of ). By [ILO, Exp. III, 3.1(ii)], given a finite covering
{Vi — .5(\}1'61 in the alteration topology of )?, there exist ag € E and ng > 1
such that, for every a > ag, every n > ng, every section u : X — X, of ¢,
which is n-close to s, and every family of models V; . of V; over X, the family
composition morphism {() u)) — y§“> — X}icr is a covering in the alteration
topology of X'. Furthermore, by loc. cit. 5.4(iii), given a morphism of finite type
Y — X with r) regular (resp. of dimension m), there exist ap € F and ng > 1
such that for every a > «, every n > nyg, every section v : X — X, of ¢, which
is n-close to s, and every model ), of } over X,, the scheme Y g regular
(resp. of dimension m) in an open neighborhood of y<“).

Let now {); z )?}1-61 be a finite covering in the alteration topology of X such
that, for every i € I, (), @fl(g)red) is an R;-snc pair, where R; is the ring of in-
tegers of a finite extension of the fraction field of R. Since O(Y;) = lim OVia),
we can find ag € E such that the R-algebra O(); o) contains R; for all o > ag
and i € I. Replacing E by the subset {a|a > ap}, we may assume that
R; C O()ia) for all @ € E and i € I. Then, for every i € I, there is an iso-
IIlOI‘phlSIIl of R;-special fibers yﬁ L yl «- Let W; be the regularity locus of
yl, it is an open subscheme of )}1 Its complement Y= yz\wz, provided with
the reduced structure, is a closed subscheme of yi. Since yi is a divisor with
strict normal crossings, W; consists of the points that lie in only one irreducible
component of Y; (all of them are of dimension d; — 1, where d; = dim();)) and
dim(%;) < d; — 2. Replacing E by the subset {a‘a > agp} for ap large enough,
we may assume that W,— @WW /E\i/nd = @Eha for complementary open
and closed subschemes W; o, 2;. o C Vi, respectively. By the results stated in the
previous paragraph and the proof of [ILO, III, 6.2], there exist ag € E, ng > 1
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such that for every a > «q, every n > ny, every section v : X — X, of t,, which
is n-close to sq, and every ¢ € I, the following is true:

(1) the scheme y}“’ is regular of dimension d; in an open neighborhood of
"o

(2) the scheme Wi(u) is regular (d; — 1)-equidimensional and
dim(2{") < d; — 2

(3) the support of the preimage of Z in yf“> is a divisor with strict normal
crossings in an open neighborhood of (y}“>)0;

(4) the family {() (u)) — X}ier iIs a covering in the alteration topology of
X.

Fori € I, let {)}} e, be the connected components of an open neighborhood
of (y§“>)0 in which the above properties (1) and (3) hold. We also set R; = R;
for j € J;. By (4) and [ILO, Exp. II, 4.1.1], {y’ 21 X}jes with J = ;e Ji
is a covering in the alteration topology of X. By the construction, each yj/
is connected and regular, and the support of 7,/1]-_1(2) is a divisor with strict
normal crossings. By (2), if j € J;, the intersection WZ-(U) N )7; is dense in
)73’ and, therefore, )N)J’ is reduced at the generic points of all of its irreducible
components. Since ())J’-)md is a divisor with strict normal crossing, it follows
that )73’ is reduced (see [ILO, Exp. IV, 4.2.4]). Thus, each ( j’-,z/)j_l(Z)) is an
Rj-snc pair.

2.3. A VERSION OF THE COHEN—GABBER THEOREM. Let R be a complete
discrete valuation ring with fraction field K. An open subset U of a scheme X
over R is said to be R-dense if U is dense in X.

PROPOSITION 2.3.1: Let X = Spec(A), where A is a local noetherian complete
normal and flat R-algebra of dimension d > 1 with residue field k and such that
mpA # A. Suppose that the residue field R is perfect and the extension k/]TE
possesses the property of Epp. Then

(1) there exists a finite surjective morphism X' = Spec(A’) — X, where A’
is a Iocal normal flat R-algebra which contains a complete discrete valua-
tion ring S whose residue field coincides with that of A and mg = mpg/ S
for the ring of integers R’ of a finite extension of K in the fraction field
of S;
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(2) there exists a finite surjective morphism X" — Spec(S[[Th,...,Tu-1]])
étale at an R’-dense open subset of X’.

Proof. STEP 1. We claim that, for every prime ideal p C A, the extension L/ R,
where L is the fraction field of the local noetherian complete ring A /P, possesses
the property of Epp. Indeed, since the field Ris perfect, the residue field k of
A (which coincides with that of A) is separable and, therefore, formally smooth
over R. By [EGAIV, Ch. 0, 19.6.2], there exists a subfield k; of A that contains
R and such that the canonical homomorphism A — k induces an isomorphism
k1=k. By the assumption, the extension k;/ R possesses the property of Epp,
and by [ILO, Exp. IV, 3.2.3(iv)], the extension L/k; possesses the same property.
The claim now follows from loc. cit., 3.2.3(i).

STEP 2. By Step 1, we can apply Epp’s theorem [Epp, 1.9] to the minimal prime
ideals of A. It follows that one can find a finite extension K’ of K such that
for the integral closure R’ of R in K’ the special fiber X" of the normalization
X" = Spec(A”) of (the reduction of) X ®g R’ is reduced at the generic points
of the irreducible components. By [ILO, Exp. IV, 4.2.4], X" is reduced. The
ring A” is semi-local, and so for any connected component X’ = Spec(A’) of
X" the ring A’ is local and the canonical morphism X’ — X is finite surjective.
We choose such a connected component X”.

STEP 3. Let k' be the residue field of A’. Since the field R’ is finite over E, it is
also perfect, and so &k’ is formally smooth over R'. Tt follows from [EGAIV, Ch.
0, 19.7.2], that there exist a local noetherian complete ring S, a formally smooth
homomorphism R’ — S, and an isomorphism S ® g R/ k' (In particular, the
residue field of S is k’.) Since the maximal ideal of S is generated by the
maximal ideal of R, S is a discrete valuation field.

STEP 4. The quotient ring A’/mp/A’" is reduced and its residue field is £'.
Since A’ is excellent and flat over R’, the quotient ring A'/mp A’ is (d — 1)-
equidimensional. By the Cohen-Gabber theorem [ILO, Exp. IV, 2.1.1], there
exist a R’—lifting k' — A'/mp A" and elements ai,...,a4—1 in the maximal
ideal of A’/mp A’ such that the induced homomorphism

/{Zl[[Tl, - ,Td—l]] — A'/mR/A' T = oa;

is finite and generically étale.
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STEP 5. The homomorphism R’ — S is formally smooth. It follows that
the composition homomorphism S — k' — A’ /mp/ A’ can be lifted to an R/-
homomorphism S — A’. Lifting the elements a;’s to A’, we get an injective
homomorphism S[[T1,...,Ty—1]] — A’ which is finite, by [Bou, Ch. III, §2
n° 11, Prop. 14], and étale over the generic point of the R’-special fiber of
Spec(S[[T4, ..., Ta-1]]), by Step 4.

2.4. PARTIAL ALGEBRAIZATION.

PROPOSITION 2.4.1: Let R be a complete discrete valuation ring, and A a
local noetherian complete normal faithfully flat R-algebra of dimension d > 2
and with residue field k. Suppose that the residue field R is perfect and the
extension k/ R possesses the property of Epp. Then there exists a local normal
finite A-algebra A’ faithfully flat over R and such that, for any finite family of
ideals {a}};er of A’, one can find a local noetherian regular complete and flat
R-algebra B of dimension d — 1 and an R-homomorphism « : C' — A’ from a
finitely generated B-algebra C' of dimension d for which

(1) n=a !(ma/) is a maximal ideal of C;

(2) « induces an isomorphism Cp =5 A’;

(3) all of the ideals a} are induced by ideals of Cy.

In geometric terms, Proposition 2.4.1 states that there exists a finite mor-
phism f : X7 = Spec(A’) — X = Spec(A) with A’ as above such that,
for any finite family {Z/};c; of closed subschemes of X', one can find mor-
phisms X" -4 Y = Spec(C) 2+ S = Spec(B) with B and C as above and
X = Spf(A’)/%/)A//y for a closed point y € Y and Z! = g7'(W;) for closed
subschemes W, C ).

Proof. Let X’ = Spec(A’) - X = Spec(A) be a finite surjective morphism
with the properties (1) and (2) of Proposition 2.3.1. It suffices to show that
the R-algebra A’ and every family a],...,a/, of primary ideals of A’ possess the
required properties. Let a be one of the ideals a;. There are the following two
cases.

(1) dim(A"/(a+ mpgrA") = d— 1. In this case the prime ideal p which
is the radical of a has height one. Since A’ is normal, it follows that
a= A'ﬂpmAiJ for some m > 1 (see Corollary of Proposition 9 in [Serre,
Ch. 111, C, §1)).



170 V. G. BERKOVICH Isr. J. Math.

(2) dim(A’/(a+ mpA") < d—1. In this case, the image of the corre-
sponding closed subset V(a) in Spec(S[[T1,...,Tq—1]]) is contained in
the closed subset V(ga) for some element g, € S[[T1,...,T4—1]], which
is not equal to zero modulo mp/, where S is from Proposition 2.3.1.

Let g be the product [] ga taken over alla € {a],...,a},} of type (2). (If there
are no such ideals, then g = 1.) Let also f be an element of S[[T4,...,T4-1]],
which is not zero modulo mp/ and such that the morphism

X' — Spec(S[[T1,...,Ti-1]])

is étale outside V(f). We set h = fg. Replacing each T; for 1 < i < d — 2
by an element of the form 7; + TdN_i1 with N; > 1 and multiplying A by an
invertible element, we may assume that i is a Ty_;-distinguished element of
S[[T1, ..., Ta-1]], 1.e., h = T571+Zé;1 piT% | for elements p; from the maximal
ideal of B = S[[T1, ..., Ti_2]] (see [Bou, Ch. VII, §3, n° 7, Lemma 3]). We notice
that in this case each g, as above is a product of a Ty;_;-distinguished element
and an invertible element.

Let B{T;_1} be the henselization of the ring B[T;_1] at the maximal ideal
(mp,Ty—1). The element h lies in the maximal ideal of B{Ty_1} and, therefore,
the pair (B{Tq-1}, (h)) is henselian, by [ILO, Ch. V, 1.2.3]. Since h is a Tg_1-
distinguished element, the Weierstrass preparation theorem [Bou, Ch. VII, §3,
n° 8, Prop. 5] implies that the h-adic completion of B{Ty_1} coincides with
B([Ty-1]] = S[[T1, ..., Ti-1]] (see [ILO, Ch. V, 1.1.3]). Since X" is finite over
Spec(B[[T4-1]]) and étale outside V'(h), it follows from Elkik’s theorem [Elk,
Theorem 5] that A'=C’ @pr, .1 B[[T4-1]] for a finite local B{T;_1}-algebra
C’ étale outside V(h). Tt follows that the local ring C” is henselian and of
dimension d, the preimage of its maximal ideal m¢e/ in A’ coincides with m 4.,
and A’ coincides with the mer-adic completion of C’. (Notice that residue fields
of A" and C’ coincide with that of S.)

By [ILO, Exp. V, 2.2.4], each ideal a of type (1) comes from an ideal of C’.
If a is of type (2), then g, is a product of a Ty_1-distinguished element and an
invertible element and, by the Weierstrass preparation theorem, B[[Ty_1]]/(ga)
is finite over B. This implies that A’/a is also finite over B and, by [ILO,
Exp. V, 2.2.6], a comes from an ideal of C".

Recall now that the henselisation B{T;_1} is a filtered inductive limit of
finitely generated étale B[Ty_1]-algebras D with a unique maximal ideal m
over the zero ideal of B[Ty_1] and B[[Ty—1]]=5Dm. Notice that the dimension
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of every such D is equal to d. By [EGAIV, Theorem 8.8.2], we can find such D
and a finite D-algebra C for which there is an isomorphism C' ® p B{T;—1}—C"’
and all of the ideals a} are induced by ideals of C. It follows that C' is of
dimension d, and the preimage of m 4/ with respect to induced homomorphism
C — A’ is a maximal ideal n with CA'HQ/A’.

Proof of Theorem 2.1.3. STEP 1. Suppose we are in the situation of Theorem
2.1.3. Since X is quasi-compact, it suffices to show that every closed point x € X
has an open neighborhood ¢ which admits a finite covering {X; — U}, in the
alteration topology of U with the properties stated in the theorem. If z ¢ X ,
this follows from Gabber’s theorem [ILO, Exp. VII, Theorem 1.1]. Suppose
therefore that = € X. We may assume that & is of dimension d > 1 and that
the statement is true for schemes of dimension at most d — 1. By §2.2, one may
assume that X = Spec(A), where A is a local noetherian normal complete flat
R-algebra of dimension d. If d = 1, the required statement follows from Epp’s
theorem [Epp 1.9]. Suppose therefore that d > 2.

STEP 2. Consider a morphism of schemes f : X’ — X that possesses the
properties of Proposition 2.4.1. Since it is an alteration, we can replace X by
X', Z by f7Y(2)req and x by the closed point of X’, and so we may assume
that there are morphisms of schemes X % V = Spec(C) % S = Spec(B) with
the properties of that proposmon for the closed subscheme Z. In partlcular
g induces an isomorphism X = Spf( )—>Ji/y for a closed point y € Y and
Z =g 1(W) for a closed subset (y)md cwc).

Suppose there is a finite covering {); ¥ Y}ier in the alteration topology of
Y such that, for every i € I, (;, W;) with W; = w;l(W)red is an R;-snc pair,
where R; is the ring of integers of a finite extension of the fraction field of R.
Since the morphism g is flat, it follows that {X; = X};cr with X; = Y, xy X
is a finite covering in the alteration topology of X (see [ILO, Exp. II, 2.3.4]).
Let Z; be the preimage of W; in X; (it coincides with the preimage of Z in X;).
We claim that each (X;, Z;) is an R;-snc pair. Indeed, since ) is an excellent
scheme, the morphism ¢ is regular, and from [EGAIV, 6.8.3] it follows that the
morphisms X; — ) are regular. Hence, by [EGAIV, 6.5.2(ii)], regularity of
Y; implies regularity of X;. For the same reason, the preimage of any regular
subscheme of ); in &; is regular. This implies that the support of Z; is a divisor
with strict normal crossings. Since the R;-special fiber X; of X; is the preimage
of the R;-special fiber )N)l of );, it follows also that the support of )?Z of X; is
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a divisor with strict normal crossings, and it is regular at the generic points of
all of its irreducible components. Then X, is reduced, by [ILO, Exp. IV, 4.2.4].
This implies that 2?1 is a divisor with strict normal crossings, and the claim
follows.

Thus, replacing X by ), we may assume that X is an integral scheme of
dimension d provided with a dominant morphism of finite type of relative di-
mension one ¢ : X = & = Spec(B) and z is a closed point in X. We can
compactify the morphism ¢ and assume that it is proper. Finally, replacing X
by a blow-up, we may assume that Z is a divisor.

STEP 3. By de Jong’s theorem [deJ2, 2.4], there exists a commutative diagram

X =S
A A
I’ f

X! ‘Pl>8/

where f and f’ are alterations, ¢’ is a projective semi-stable family of curves
with smooth irreducible generic fiber, and f'~1(Z)eq € DU ¢ ~1(T )red, where
D is a divisor of X’ étale over &’ which lies in the smoothness locus of ¢/, and T
is a nowhere dense closed subset of S’ that contains (g' Jred- We can therefore
replace S and X by &’ and X’, respectively, and assume that ¢ is a projective
semi-stable family of curves with smooth irreducible generic fiber. Of course,
the scheme S is not necessarily regular. Notice also that the above property of
@ is preserved by any base change. By the induction hypothesis, there exists
a finite covering {S; s tier in the alteration topology of S such that each
(Si ¥ Y(T)ied) is an R;-snc pair for the ring of integers R; of a finite extension
of the fraction field of R. We can therefore replace R by R;, S by S;, X by
X ®s S;, Z by its preimage in the latter, and x by a closed point of the latter
over it, and assume that (S,7) is an R-snc pair. It follows that, if the point x
lies in the smooth locus of the morphism ¢, it has an open neighborhood U for
which (U, Z NU) is an R-snc pair. Assume therefore that = does not lie in the
smoothness locus of . Since the divisor D lies in the latter set, we can shrink
X and assume that D = (. (In particular, ¢ is already not projective.) Since
Z is a divisor, we may increase it so that Z = o= 1(T).

STEP 4. Shrinking S, we may assume that S = Spec(C) is affine, T has n irre-
ducible components for 1 < n < d — 1, each of them is generated by a function
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from a regular system of parameters of C, and the point ¢(x) lies in the intersec-
tion of all of them. Shrinking S again and replacing &’ by an étale neighborhood
of the point z, we may assume that X = Spec(A) is affine and that it admits
an étale morphism to an affine scheme of the form Spec(C[u,v]/(uv —c¢)) for an
element ¢ € C invertible at S\ 7. Since = does not lie in the smoothness locus
of ¢, we have u(x) = v(z) = 0. To finish the proof, we apply Kato’s results
[Kato] on resolution of toric singularities which are briefly recalled below.

The schemes S and X are provided with fine saturated logarithmic structures
(S, Ns) and (X, My ) which are log-regular in the sense of [Kato, (2.1)]. Recall
(see [ILO, Exp. VI, §1]) that Ns and My are the subsheaves (in the Zariski
topology) of the multiplicative submonoids of Os and Oy consisting of functions
invertible outside 7 and Z, respectively. In our case, the support of Z coincides
with the set F(X) consisting of the points y € X such that the maximal ideal
m, of Oy, is generated by non-invertible elements of My ,. The set F(X)
provided with the induced topology and the inverse image of the sheaf Mx/O%
is monoidal space which is an affine fan in the sense of [Kato, (9.3) and (10.1)].

If F¥ — F(X) is a proper subdivision [Kato, (9.6) and (9.7)], then the loga-
rithmic scheme (X', My/) = (X, Mx) X p(xy F' is also log-regular, I is identi-
fied with the fan F(X”) of (X', M) (and with the support Z’ of the preimage
of Z in X’), and the morphism X’ — X is proper birational [Kato, (10.3)].
Moreover, the scheme X’ is regular at a point 3’ € Z’ if and only if the quo-
tient MX/ﬁy//O},’y, is isomorphic to a power of N, the additive monoid of
non-negative integers {0,1,2,...}. In this case, the intersection of Z’ with an
open neighborhood of 3’ is a divisor with strict normal crossings, and repre-
sentatives of the free generators of the stalk in My, define the irreducible
components of Z’ that pass through v/. If, in addition, y’ € X’ and the product
of those of the representatives that define the irreducible components of X’ that
pass through 3 is equal to a uniformizing element of R, then X' is a divisor
with strict normal crossings in an open neighborhood of ¢’ in X, i.e., (X', Z2')
is an R-snc pair at y’. We are going to construct a required finite covering in
the alteration topology of X, which is a composition of such proper birational
morphisms and open coverings and which consists of log regular schemes with
the above properties.

STEP 5. We fix elements ¢y, ..., ¢, € C that define the irreducible components
of 7. Multiplying one of them by an invertible element of C, we may assume
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that the product of ¢;’s that define the irreducible components of S is a uni-
formizing element 7 of R. Multiplying the element ¢ by an invertible element of
C, we may assume that ¢ lies in the submonoid P C C generated by c1, ..., Cy.
Since the latter are a part of a regular system of parameters of C', the monoid
P is isomorphic to N™. Let @ be the submonoid of A generated by P and the
elements u and v. Then P and @ are finitely generated saturated monoids, and
the canonical homomorphisms P — C and Q — A are charts of the logarithmic
structures Ng and M.

STEP 6. Let c=¢f' -+l with 1 <m < nand r; > 1 for 1 <i<m. Suppose
the elements c¢1,...,¢c, and ¢py1,-. .y Cpmypr for 0 <k <mand 0 <l <n-—m
define the irreducible components of S. By Step 5, one has

T=2C]" " Ck .chrl...chrl'
(The scheme S is not used anymore in what follows.) The elements
Cly.-+yCnyCpy1 = U

are free generators of the abelian group 9", and the submonoid Q C Q9" is
generated by the elements ¢y, ..., cn, Cpy1,c- c;il. Let L be the dual abelian
group Hom(Q9",Z) whose operation is written additively. Its basis is formed
by the elements eq,...,ep,enq41 for which (e;,¢;) = 0;;. If o is a strongly
convex rational cone in Lr = L ®z R, the intersection of each one-dimensional
face of o with L is isomorphic to N, i.e., it is generated by a unique element,
and we denote by £(o) the set of such generators. Notice that the monoid
ot ={y € QU|(t,y) > 0 for all £ € o} is isomorphic to N"*1 if and only if
elements of £(0) are free generators of the abelian group L.

STEP 7. Let o be the strongly convex rational cone in Ly dual to @, i.e.,
o=Q" ={leLr|(l,y) >0 forall y € Q}.
Then
E(o)={e1,...,en €1+ T1€nt1y. . €m + TmEni1}.
The cone o can be represented as a union o1 U --- U o, with
E(o;) ={e1+m1ent1y i+ Ti€ni1,€iy.enynte

We claim that, for 1 <4, j < m, the intersection o; No; is a face in both o; and

;. Indeed, suppose that i < j, and set d = ¢}™" -+~ ¢? " cipq - - -cj_lc;f_l €QI".

Then the number (¢, d) is zero for ¢ € £(0;)NE(0;), positive for £ € E(o;)\E(0;),
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and negative for ¢ € £(0;)\E(0;). This implies that every element from o; No;
is a linear combination of elements from &(o;) N E(c;) and, therefore,

S(Ui ﬁoj) = E(O‘i) ﬂE(Uj).

Since any subset of £(o;) (resp. £(0;)) generates a face of o; (resp. o;), the
claim follows.

The claim implies that o1, ..., 0, are the cones of maximal dimension n + 1
in the subdivision of o formed by their joint intersections. Let F’ be the corre-
sponding proper subdivision of FI(X), and let (X, Mx/) = (X, Mx) X pxy F'.
The scheme X’ admits an open covering by the affine schemes X; = Spec(A4;)
for A; = A ®z1q) Z[Q:], where Q; is the submonoid of Q9" dual to ¢;. It
suffices therefore to construct a proper subdivision of each cone o; so that
the corresponding proper birational morphism &; — &; possesses the required
properties.

STEP 8. For 1 < i < m, the cone o; can be represented as a union o;; U- - - U0y,
with

E(Uij) = {61+7"1€n+1, N L S [ €i+(j*1)€n+1, €itJent1, ity s €n}-

Notice that the latter elements form a basis of L. The reasoning from Step 7
shows that the intersection o;; N oy is a face in both o;; and o;. Namely,
suppose that 1 < j < 1 < 7. Ifl = j+1 (vesp. I > j+ 1), we set

d=ctci eyt (vesp. it - c?fflcfjﬂc;il). Then the number (¢, d)
is zero for ¢ € E(o;;) N E(0y), positive for £ € E(0;;)\E(0u), and negative
for ¢ € E(ou)\E(045). It follows that oyi,...,04, are the cones of maxi-

mal dimension n + 1 in the subdivision of ¢; formed by their joint inter-
sections. Let F! be the corresponding proper subdivision of F(X;). We set
(X], Mxs) = (Xi, Mx,) Xpx,) F and denote by Z; the preimage of Z in A},
We claim that (X7, Z]) is an R-snc pair.

Indeed, the monoid Q;; = 0‘ is generated by the n + 1 elements

1 Ti—1 —1 —ry —ri—1 1—
Clyeny Gty el el et e T e et it - G

which form the basis of the abelian group Q9" dual to the above basis of L.
Let X;; = Spec(A;;) be the open subscheme of X that corresponds to the
cone o;;. (One has Aj; = A; ®z(0,) Z[Q4j].) It is a regular affine scheme,
and the canonical homomorphism @;; — A;; is a chart of the logarithmic
structure M x; on Xi;. If ¢ > k4 1, the irreducible components of /E-j are
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defined by the elements ci,..., ¢k, Cmy1y---yCmyr. If @ < k, the irreducible
components of X;; are defined, in addition, by the elements ¢}* - -- ¢ ¢! Cri1
and ¢;™ - ¢, 7'¢; 7¢nq1. In both cases, 7 is the product of all of these
elements. This implies that the pair (X7, Z!) possesses the required properties

(from Step 4), i.e., it is an R-snc pair.

3. Finiteness theorem for special formal schemes

3.1. FORMULATION OF RESULTS. Let k be a non-Archimedean field with non-
trivial discrete valuation. The nearby cycles and vanishing cycles functors ©
and WU, for a special formal scheme X are defined in the same way as for locally
finitely presented formal schemes (see [Ber6, §2]). There is also a canonical
action of the Galois group G = Gal(k®/k) on the vanishing cycles sheaves com-
patible with the action of G on X4, but this action is not necessarily continuous
(see [Ber6, Remark 2.6(i)] and Corollary 3.1.2 below).

We say that an étale sheaf F' on the generic fiber X, of a special formal
scheme X over k° is X-constructible if every point of X has an open affine
neighborhood X" = Spf(A) such that the restriction of F' to X is the pullback
of an étale constructible sheaf on Spec(A ®yo k). For example, any locally
constant sheaf on X;, which is induced by a finite discrete G-module, is X-
constructible. The category of abelian X-constructible sheaves on X,, is abelian,
and the inverse image F ’QJT, =y (F') of an X-constructible sheaf F" on X, with

respect to a morphism ¢ : ) — X is an 9-constructible sheaf on ), .

THEOREM 3.1.1: Let X be a special formal scheme over k°, and F' an abelian

X-constructible sheaf on X,, with torsion orders prime to char(k). Then

(i) the sheaves RV, (F') are constructible;
(ii) if the residue field k is perfect, the sheaves R1©(F) are constructible.

COROLLARY 3.1.2: In the situation of Theorem 3.1.1, if X is quasicompact, the
étale cohomology groups H(X,,, F) are finite discrete G-modules. In particular,
the action of G on the sheaves RIV, (F) is discrete.

Proof. By [Ber6, Corollary 2.3(ii)], there is a spectral sequence

qu - Hp(xSqu\IJU(F)) = Hp+q(x777F)
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and, therefore, the finiteness statement follows from constructibility of the
sheaves RV, (F) and Deligne’s finiteness theorem [SGA4}, Th. finitude, 1.1].
To prove the discreteness statement, we notice that there is an increasing se-
quence X; C Xy C --- of compact analytic subdomains of X,, such that each
X; lies in the topological interior of X;41 of X, and X,, = [J;=; X;. By [Ber2,
6.3.12] (see also [Ber8, 4.2]), there is a canonical isomorphism

HY(X,, F)™ lim H9(X,;, F).

By the above, the group on the left-hand side is finite and, by Theorem 3.1.1, the
groups on the right-hand side are finite. It follows that there exists a sufficiently
large ¢ > 1 such that the homomorphism H?(X,, F) — H9(X;, F') is injective.
Since X; is compact, H4(X,, F') is a discrete G-module and, therefore, the same
is true for HI(X,, F).

The following two statements were proved in [Ber6, 4.1 and 4.5] under the
assumption that all of the formal schemes considered are formal completions
of schemes of finite type over k£° along subschemes of their closed fibers. This
assumption was necessary because constructibility of the nearby and vanishing
cycles sheaves and finiteness of the étale cohomology groups of compact analytic
spaces were not available in general. The same proof works in the general case
due to Theorems 3.1.1 and 1.1.1.

Let ¥ be a fixed quasicompact special formal scheme over k°, and let F' be an
abelian étale sheaf on ¥,. Asin §1.1, given special formal schemes X and ) over
%, any T-morphism ¢ : Y — X gives rise to homomorphisms 09(¢p, F') between
sheaves of nearby cycles on ), and 9;17(@, F) between sheaves of vanishing cycles
on 9),, respectively.

COROLLARY 3.1.3: Given quasicompact special formal schemes X and ) over
% and an abelian T-constructible sheaf F' on %, with torsion orders prime to
char(%), there exists an ideal of definition J of Q) such that, for any pair of
morphisms ¢,v : Y — X that coincide modulo J, one has (o, F') = 01(¢, F)
for all ¢ > 0. If the field k is perfect, the same fact holds for homomorphisms

between sheaves of nearby cycles.

For a prime [, a T-constructible Z;-sheaf on ¥, is a projective system

F= (Fm)mZO
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of T-constructible Z/I™ ' Z-modules F}, such that, for each m > 1, the canon-

ical homomorphism induces an isomorphism
F, Rz im+17 Z/lmZ,;mel.

Furthermore, for a special formal scheme X over ¥ and an ideal of defini-
tion Z of X, we denote by Gz(X/%) the subgroup of the group G(X/¥) of
T-automorphisms of X consisting of the automorphisms trivial modulo Z.

COROLLARY 3.1.4: Let F' be an T-constructible Z;-sheaf on T, with [ # char(k).
Given a quasicompact formal scheme X over ¥, there exists an ideal of defini-
tion T of X such that the group Gz(X/%) acts trivially on all of the sheaves
RIV,(F,, ’xn) If the field k is perfect, the same statement holds for the nearby
cycles sheaves.

The following theorem is an extension to special formal schemes and X-
constructible sheaves of the property of formal schemes locally finitely presented
over k°, established in [Ber3, Theorem 4.9] (see also [Ber6, Remark 2.6(i)]).

Let K be a discretely valued non-Archimedean field over k. For a special
formal scheme X over k°, we denote by X,, and X,, the generic and closed
fibers of the special formal scheme X g = X®p0 K° over K°, and denote by W
the vanishing cycles functor for Xx. We fix an embedding of fields £° — K*
and denote by ¢ the induced morphism X, — X;.

THEOREM 3.1.5: In the above situation, let F' be an abelian X-constructible

sheaf on X, with torsion orders prime to char(k). Then there is a canonical
isomorphism g*(RY,(F))—=RY,, (Fk), where Fi is the pullback of F' to X, .

The last Theorem 3.1.6 is a refinement of Corollary 3.1.2 in the case when the
field k is perfect. For a finite extension K of k in k?, let ©F denote the nearby
cycles functor for the formal scheme Xx = X R0 K° and, for an étale sheaf on
Xy, we set W (F) = ligi*K(GK(FK)), where K runs through finite extensions
of kin k?, ix is the morphism Xy — X, , and Fi is the pullback of F' on X,
The correspondence I+ W; (F') is a functor to the category of étale sheaves on
X, provided with a continuous action of the Galois group G compatible with
its action on X;. There is a canonical morphism of functors W; — W, which is
an isomorphism if X is of locally finite type over k° (see [Ber3, Lemma 4.3]).
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THEOREM 3.1.6: Suppose that the residue field k is perfect, and let F' be an

abelian X-constructible sheaf on X,, with torsion orders prime to char(k). Then

(i) if X is quasicompact, then thq(% F)=HY(X,,F) for all ¢ > 0;

NK»

(ii) the homomorphism RV (F) — R, (F) is an isomorphism.

Remark 3.1.7: Let @ be an étale sheaf on X, provided with a continuous ac-
tion of the group G which is compatible with the action of G on Xs. If I
is the inertia subgroup of G, then Q! is an étale sheaf on X, provided with
an action of Galois group of k and, therefore, it is the pullback of an étale
sheaf on X,. Let Z¢(Q) denote the latter sheaf. By the definition of the func-
tor W, there is a canonical isomorphism of functors 0=16C o ;. It follows
that, for any abelian étale sheaf F' on X,,, there is a canonical isomorphism
R@(F):RIG(R\IJ%(F)). Thus, in the situation of Theorem 3.1.6, there is a
canonical isomorphism RO(F)=RI®(RV,(F)) and, in particular, there is a
Hochschild—Serre spectral sequence E5'? = HP (G, R1V, (F)) = RPTIO(F).

3.2. A UNIFORMIZATION THEOREM FOR SPECIAL FORMAL SCHEMES. A mor-
phism ¢ : Q) — X between special formal schemes over k° is said to be of locally
finite type if the preimage of every open affine subscheme Spf(A) of X is a
union of open affine subschemes Spf(B) with B isomorphic to a quotient of the
adic A-algebra A{T1,...,T,,}, m > 0. It is equivalent to the property that the
subsheaf of ideals of Ogy generated by an ideal of definition of X is an ideal of
definition of ). If such a morphism is quasi-compact, it is said to be of finite

type.

THEOREM 3.2.1: Let X be a special formal scheme over k°, and suppose that
the residue field k is perfect. Then there exists a morphism of finite type
[1;cr i — X with induced surjective map [[;c;9);, — Xy and each 9); of the
form X sy, where X is a strictly semi-stable affine scheme over k'° for a finite
extension of k and ) is a union of irreducible components of Xj.

Let k be an arbitrary non-Archimedean field with nontrivial discrete valua-
tion, and A be a special k°-algebra. We set X = Spf(4) and X = Spec(A4),
and denote by J a subsheaf of ideals of Oy which corresponds to a fixed ideal
of definition of X. Recall that A is an excellent ring by results of P. Valabrega
[Vall, Proposition 7] (in the equicharacteristic case) and [Val2, Theorem 9] (in
the mixed characteristic case). It follows that any scheme of locally finite type
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over A is also excellent. It follows also that A is regular if and only if the com-
pletion 6%::: of O%,m (which coincides with the completion @X@ of Ox ) is
regular for each closed point x € X5. (This allows one to define in the evident
way the notion of a regular special formal scheme over k°.)

A scheme of locally finite type over X is a scheme ) over X’ which is a
locally finite union of affine schemes of finite type over . The completion y
of Y with respect to the ideal JOy is a special formal scheme over k°, and the
correspondence ) — JA) is a well defined functor. For example, X = X. The
generic fiber 3777 of JA} is a paracompact (and, in particular, Hausdorff) strictly
k-analytic space, and the closed fiber Y, of Y is a scheme of locally finite type
over k which coincides with Vs = Y Xx X5. There is a canonical morphism
of locally ringed spaces )AJ — Y and, for any closed point y € )A/S = Y, this
morphism induces an isomorphism of completions of local rings @yﬁy:@\yﬁy.
In particular, if the scheme ) is regular, then so is the formal scheme j}\ To
establish properties of the functor ) — JA),,, we describe JAJW in terms of another
k-analytic space closely related to it.

Recall (see [Ber6, §1]) that the k-analytic space X,, is a union of an increasing
sequence of affinoid subdomains V4 C Vo C --- such that V; = M(Ay,) is a
Weierstrass subdomain of ;41 and lies in the topological interior of Vi in X,,.
Any scheme Y of locally finite type over X,, = Spec(A®jyo k) defines a sequence
of schemes V; = Y ®x, Vi, where V; = Spec(Ay,). By [Ber2, §2.6], one can
associate with each ); a k-analytic space Y2". It is easy to see that the canonical
morphism i — V2, identifies Y7 with a closed analytic domain in Y}, We
can therefore glue all of them and get a k-analytic space Y** = J:=, V. For
example, X" = X,).

The properties of the functor ) — V", established in [Ber2, §2.6] in the
particular case when X is locally finitely presented (and the valuation on k
is not necessarily discrete) are easily extended to our case. We only mention
that there is a canonical surjective and flat morphism of locally ringed spaces
Yy — Y, and that a morphism ¢ : Z — ) between schemes of locally finite type
over &, is surjective (resp. separated; resp. proper; resp. finite; resp. a closed
immersion; resp. étale; resp. smooth) if and only if the morphism of k-analytic
spaces " : Z2" — Y possesses the corresponding property. In particular, the
above morphism Y*" — ) gives rise to a morphism between the corresponding
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étale sites. (The particular case of this morphism for Y = Spec(A ®o k) was
used in the definition of an X-constructible sheaf.)

Suppose now that ) is a scheme of locally finite type over X. If Y = Spec(B) is
affine, then Yp" coincides with the set of all multiplicative semi-norms
| | : B — R4 which extend the valuation on k, take values at most one at
all elements of A, and are strictly less than one at all elements of an ideal of
definition of X. The k-analytic space 3777 coincides with the subset of the latter
which consists of the multiplicative seminorms that take values at most one at
all elements of B. In general, there is a canonical morphism JAJW — Yy which, in
the case when ) is separated, identifies )A)n with a closed analytic subdomain of
Yyt If Y is proper over X, then JAJW/—TJ)S“ (it is a particular case of (ii) below).

LEMMA 3.2.2: Let ¢ : Z — )Y be a morphism between schemes of locally ﬁnite
type over X, and let o3 and @y be the induced morphisms zZ = Vit a
Z — yn, respectively. Then

(1) if ¢ is of finite type, o, is a compact map;

(i) if ¢ is proper, the following commutative diagram is cartesian

oon

zan T yan
n n
A A
-~ 5~
Zy >y

(ili) if ¢ is proper surjective, &, is a compact surjective map.

Proof. (i) It suffices to consider the case when ) = Spec(B) and Z = Spec(C)
are affine. In this case B is isomorphic to a quotient of the ring of polynomials
A[Ty, ..., T,] by an ideal. It follows that Z is a Zariski closed formal subscheme
of the direct product of )A) and the n-dimensional formal affine space A" =
Spf(k°{Ty,...,T,}) and, therefore, ZAW is a closed analytic subspace of the
direct product of 3777 and the n-dimensional closed unit polydisc. This implies
that the map @, is compact.

(ii) and (iii) follow from the valuative criterion of properness and the above
description of the spaces )A)n and ZAn.

COROLLARY 3.2.3: Let ) be a scheme of finite type over X. If {yl z Vhier is
a covering in the alteration topology of Y, then )}n =Uier %n(ym)
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Proof. If it is a proper surjective and maximally finitely dominant morphism
Z — Y, the required property follows from Lemma 3.2.2(iii). If it is a cov-
ering in the Zariski topology of ), it gives rise to a Zariski topology covering
{371 L )A)}le 1 of the special formal scheme )Ai, and the required property follows
from [Ber6, 2.1(ii)].

THEOREM 3.2.4: Let A be a special k°-algebra, and let X be a scheme of finite
type over A flat over k°. Suppose that the residue field k is perfect. Then there
exists a finite covermg {X; A x }ier in the alteration topology of X' such that,
for every i € 1, Xi is isomorphic to a formal scheme of the form y )z, where Y
is a strictly semi-stable scheme over k'° for a finite extension k' of k and Z is a
union of irreducible components of Vs.

First of all, notice that Theorem 3.2.4 implies Theorem 3.2.1. Indeed, in
order to prove the latter we may assume that X = Spf(A) is affine. Replacing
A by the quotient by its k°-torsion (which does not change X,,), we may assume
that X is flat over k°. Then the required fact follows from Theorem 3.2.4 and
Corollary 3.2.3 applied to the affine scheme X = Spec(A).

Proof. STEP 1. Since the statement is local in the alteration topology of the
affine scheme X', we can replace X by an open affine subscheme of a blow-up of
X, and so we may assume that the closed subscheme X is a Cartier divisor in
X. We now apply Theorem 2.1.3 to the pair (X, X). It follows that there is a
finite covering {X; A x }ier in the alteration topology of X such that, for every
1 € I, X; is an affine k7 -snc scheme, where k; is a finite extension of k. Replacing
X by any of the affine schemes &; and the field k by k;, we may assume that
X = Spec(B) is an k°-snc scheme. Replacing X by its support, we may assume
that it is reduced and a union of irreducible components of X. Notice that if ¢/
is an open subset of X which has empty intersection with X5, then U is empty,
and so it trivially possesses the required property. Thus, it suffices to find a
required covering in the alteration topology of an open neighborhood in X of
every closed point x € X,. Shrinking X', we may assume that x lies in the
intersection of all irreducible components Z, ..., Z, of X.

STEP 2. Let t1,...,tq be a regular system of parameters of Ox x such that
each t; for 1 < i < n < d defines Z; in an open neighborhood of x. Shrinking
X, we may assume that t1,...,t; € B and, multiplying ¢; by an invertible
element of B, we may assume that m = ¢;---¢, is a uniformizing element
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of k°. Suppose also that the irreducible components of X are Zi,..., 2,
with 1 < m < n. Then the elements ¢,,+1,...,t, define the other irreducible
components of X , and the element ¢ -- - ¢, generates the ideal b that defines
the reduced closed subscheme X;. The formal completion of X is the affine
formal scheme X = Spf(ﬁ), where B is the b-adic completion of B. We set
X' = Spec(B') for B = k°[Th,...,Tq]/(Ty--- T, — 7) and denote by b’ the
ideal of B generated by the element T} - - - Ty, and by B’ the b’-adic completion
of B’. We claim that one can shrink X’ so that the morphism of special formal
schemes X — X" that corresponds to the homomorphism B’ — B : T; — t; is
étale.

LEMMA 3.2.5: Let X = Spec(A) be a reduced affine scheme of finite type
over a perfect field K, and x a closed point of X. Suppose there are ele-
ments ty,...,tqg € A such that ty---t,, = 0 with 1 < m < d and, for every
1 <@ < 'm, the elements t1,...,t;—1,tiy1,...,tq form a regular system of pa-
rameters of the closed subscheme X; = Spec(A/(t;)) at x. Then the morphism
X = X’ = Spec(A’) induced by the homomorphism

A/:K[Tl,...,Td]/(Tl"'Tm)*>A5T%'_>ti
is étale at x.

Proof. Let 2’ be the image of z in X”. Since the morphism considered is of finite
type, it suffices to show that the induced homomorphism between completions
of local rings (5;(/@/ — (5;(@ is étale. The assumptions (that include perfectness
of K) imply that the closed subscheme Y = Spec(A/(t1,...,tm)) is smooth at

x and, therefore, the complete local ring B = 63}@ = 6;{,1/(1?1, vy tm) 18

formally smooth over K. It follows that the canonical surjection Oy , — B has
a section B — Oy . We claim that the induced homomorphism

a:C=B[T,....Tn)l/(Ty- - Tpn) = Ox o : Ty > t;

is a bijection. Indeed, since the schemes X; are smooth at the point z, «
induces bijections C/(Tl)géxm/(tl) and, since C' embeds in the direct prod-
uct of C;’s, «a is injective. That it is surjective follows from [Bou, Ch. III,
§2, n° 11, Prop. 14]. Since ) is smooth at z, the canonical homomorphism
K[[Tm+1,-..,T4]] — B is étale. This implies étaleness of the homomorphism
@X’,x’ — @X,:c-
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By Lemma 3.2.5, we can shrink X and assume that the induced morphism
X, — X! = Spec(k[Ty,...,T4)/(Ty---T,,)) is étale. By [Ber6, 2.1(i)], there
exists an ¢tale morphism ) = Spf(C) — X’ with 9,~5X, over X!. Since
C' is formally étale over E’, the latter isomorphism is induced by a unique
homomorphism C' — B over B’ (JEGAIV, Ch. 0, 19.3.10]). From [Bou, Ch. III,
§2, n° 11, Prop. 14] it follows that the homomorphism C' — B is surjective.
Since both rings are regular of the same dimension, we get ng, and the

claim follows.

STEP 3. For a special k°-algebra D, let Dy denote its quotient by the Ja-
cobson radical (which coincides with the maximal ideal of definition of D, see
[Ber6, §1]) and, for an element f € D and a polynomial P € D[S], let fs
and P, denote their images in D, and D,[S], respectively. By the local de-
scription of étale morphisms of schemes, we can shrink X and assume that
B, = (65)]«5, where C' = B'[S]/(P) for a monic polynomial P € B'[S], C is
the b’C-adic completion of C, and an element f € C is such that the image
of the derivative P’ is invertible in (Cy)s.. Then B = é{f}, i.e., B coin-
cides with the b’C-adic completion of C'y. By the construction, the morphism
Y = Spec(Cy) — X' = Spec(B’) is étale at the point x. We can therefore
shrink X and Y so that Xs = Spec(Cf/b’'Cy) and Y is étale over A”. In partic-
ular, ) is strictly semi-stable over k°. Thus, if Z is the union of the irreducible
components of Vs = Spec(Cy /(7)) which are the preimages of the irreducible
components of X! = Spec(B’/(r)) defined by the elements T7, ..., T, we get
X=Ysz.

Remark 3.2.6: In what follows, we use a consequence of Theorem 3.2.1 which
tells that in its situation there exists a morphism of finite type 2) — X such
that the map %), — X, is surjective and 2 is locally algebraic in the sense
that locally in the étale topology it is isomorphic to a formal scheme of the form
X /v, where X' is a scheme of finite type over k° and ) is a subscheme of Xs.

3.3. SIMPLICIAL FORMAL SCHEMES. Let k be a non-Archimedean field with
nontrivial discrete valuation, and let X, be a simplicial object in the category
of special formal schemes over k° (for brevity, it will be called a simplicial formal
scheme over k°). Its generic fiber is the simplicial object X, , of the category
of paracompact strictly k-analytic spaces, and its closed fiber is the simplicial
object X, s of the category of schemes of locally finite type over k.
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The nearby cycles and vanishing cycles functors © : (X, ,)e — (X, s)é
and ¥, : (X, 5)ec — (X, s)ée extend the corresponding functors from [Ber6)
componentwise. Namely, if F'® = (F"),,>( is an étale sheaf on X ,), then

O(F*)" =O(F") and U,(F*)" = W, (F").

If F* is a complex of étale abelian sheaves on X, , and F* — G**® is a reso-
lution by flabby sheaves, then RO(F*) = O(G*) and RV, (F*) = ¥, (G"°)
and, in particular, RO(F*)" = RO(F"") and RV, (F"*)" = RV, (F""). The
following statement follows straightforwardly from [Ber6, 2.3(ii)].

ProposITION 3.3.1: Given a morphism ¢ : ), — X, of simplicial formal
schemes, one has

RO(Rpy. F ") SR (ROF ") and RU,(RpyF ) SRpe(RU,F)

forall F** € DY, ,,Z).

.7"7’

PROPOSITION 3.3.2: Leta : X, — G be an augmented simplicial formal scheme
over k° such that X, ,, — &, Is a hypercovering in the étale topology of universal
7/ dZ-cohomological descent for d > 1 prime to char(k). Then for any étale
Z/dZ-module F on &,, there are canonical isomorphisms

RO(F)—=Ras«(RO(ap F)) and RV, (F)=Ras(RY,(a)F)).

Proof. The assumption implies that F'— Ray.(a;F). By Example 1.2.1(vi),
one has Ray. = sRaey« and Ras. = sRaes«. Since the functor RV, on simpli-
cial formal schemes is calculated componentwise and, by Example 1.2.1(v), the
functor preserves quasi-isomorphisms, one has RV, (sG"*)=sR¥,(G*) for all
complexes of Z/dZ-modules G~* on the constant simplicial formal scheme &;
Proposition 3.3.1 applied to the morphism ae : X, — &, implies that

RV, (F)=sRV, (Raeys(a, F))=sRaes: (RYy(a, )= Ras.(RY,(a; F)).
The same reasoning is applicable to the nearby cycles functor ©.

We say that an augmented simplicial formal scheme a : 9, — X over k°
is locally algebraic (resp. strictly semi-stable) if each 2),, is locally alge-
braic (resp. is a disjoint union of special formal schemes of the form by 7y, where
X is a strictly semi-stable scheme over k' for a finite extension k&’ of k and
Y is a union of irreducible components of X;). Furthermore, we say that an
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augmented simplicial formal scheme a : ), — X over k° is a compact hy-
percovering of X if all of the morphisms ¥),, — X are of finite type and the
augmented k-analytic space 9, , — X, is a compact hypercovering of X,,. The
uniformization Theorem 3.2.1 implies that, if the field k is perfect, then every
special formal scheme over k° admits a strictly semi-stable (and, in particular,
locally algebraic) compact hypercovering.

3.4. PROOF OF THEOREMS 3.1.1 AND 3.1.5. First of all, we notice that The-
orem 3.1.5 holds if the residue field K is purely inseparable over k. Indeed,
this follows from the facts that the categories of schemes étale over X4 and
over X;, are equivalent, the sheaf R?¥, (F') is associated with the presheaf
Y, = HI(Y,, F') ([Ber6, 2.2(ii)]), and the étale cohomology groups are invari-
ant under algebraically closed extensions of the ground field ([Ber2, 7.6.1]).
Furthermore, if the field k is not perfect, let k' be a subfield of k* which is
maximal with respect to the properties that K is purely inseparable over k and
|k'| = |k|. Then the field & is perfect. (Indeed, if this is not so, then for an

element o € k’° whose residue is not contained in (k)P the extension k" of &’
generated by a root of the polynomial TP + 7T — «, where p = char(%) and
7 is a nonzero element of k’°°, is a separable extension of &’ for which &” is
purely inseparable over k' and |k”| = |k’|.) By the above remark, in order to
prove Theorem 3.1.1(i) and Theorem 3.1.5, we can replace the field k by the
completion of £/, and so we may assume that the residue field k is perfect.

Since the statements are local with respect to X, we may always assume
that X = Spf(A) is affine. We set X = Spec(A4) and X,, = Spec(A), where
A=A Rpo k.

Casg 1: The sheaf F' is constant, i.e., ' = Ay for a finite abelian group
n

A of order prime to char(k). Let a : ), — X be a locally algebraic compact
hypercovering.

Theorem 3.1.1: By [Ber6, 3.1] and [SGA4}, Th. finitude, 3.2 (resp. 3.11)],
the cohomology sheaves of the complexes R\IJU(AQJ" n) (resp. R@(Aﬁjn n)) for all
n > 0 are constructible. Deligne’s finiteness theorerﬁ [SGA4%, Th. ﬁn{tude, 1.1]
then implies that the cohomology sheaves of the complexes Ra, (R\If,,(AQJ )
(resp. Rans*(RG(A@nm))) for all n > 0 are constructible, and constructib?ﬁty
of the sheaves Rq‘pn(A%n) (resp. RQG(A%n)) follows from Proposition 3.3.2.
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Theorem 3.1.5: By Proposition 3.3.2, one has
R\I/n(A%n) = Ras*(R\IJn(AQJm))

and
R\IJUK (A%W( ) = Ragy« (R\IJUK (A@ ))

oK

Since the formation of vanishing cycles sheaves of schemes is compatible with
the changes of henselian discrete valuation rings [SGA4;, Th. finitude, 3.7], we
have

e (R\Pn (A@. . ))3R\IJ77K (A@. - )s

and the required statement follows from the fact that the morphism of schemes
Spec(K®) — Spec(k?) is universally acyclic.

CASE 2: F is the pullback of a sheaf of the form f,(Ay), where f is a
finite morphism ) = Spec(B) — &, with integral B. We claim that the ho-
momorphism A — B is induced by a homomorphism of special k°-algebras
A — B with B = B ®po k for a special k°-algebra B. Indeed, the image
f() is a Zariski closed subset of &;. Let Z be the schematic closure of f())
in X. Then Z = Spec(C) for a quotient C of A by a prime ideal. The
canonical homomorphism C = C ®jo k — B is injective and finite. Since
the special k°-algebra C' is excellent, it is a Japanese ring. It follows that
the integral closure B of C' in B is finite over C and, in particular, B is a
special k°-algebra, and the claim follows. Thus, the morphism f is induced
by the finite morphism of special formal schemes h : ) = Spf(B) — X,
and one has F = hn*(Agj ). By [Ber6, Corollary 2.3(ii)], it follows that
RO(F) = hy.(RO(Ag )) and RY,(F) = he(R¥,(Ag) ) and, by the previ-
ous case, the sheaves RIO(F') and R?¥, (F') are constructible (Theorem 3.1.1).
For the same reason, one has R¥,, (Fx) = hgy+(RYy, (A@n )) and, by the
previous case, g'*(R\If,,(AQJn))ZR\DnK (Aﬁjnx)' Again, since the morphism
Spec(K®) — Spec(k?) is universally acyclic, we get 9" (RY,(F))=RY,, (Fk),
where F is the pullback of F' to X, (Theorem 3.1.5).

CASE 3: F'is arbitrary. Shrinking X, we may assume that F' is the pullback
of an abelian constructible sheaf F on X,. By [SGA4, Exp. IX, 2.14(ii)], one
can find a finite family of finite morphisms {); 2 X, }ier and a monomorphism
F — @,c; pi«(Gi), where G; is an abelian constant sheaf on ); = Spec(B;).
Replacing each ); by its family of irreducible components provided with the
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reduced structure, we may assume that all );’s are integral (in order to use
Case 2). In this way we get a long exact sequence 0 — F — Fo — F1 — -+ of
constructible sheaves on A}, such that, for every n > 0, the nearby cycles sheaves
RIO(F},) and vanishing cycles sheaves R1V, (F,,) of the pullback F;, of F,, to X,
are constructible, and the latter are preserved by extensions of the ground field.
The statements of Theorems 3.1.1 and 3.1.5 are now easily obtained from the
spectral sequence that relates the nearby cycles and vanishing cycles sheaves of
F and Fy with those of F,,’s and (F),)’s, respectively.

3.5. PROOF OF THEOREM 3.1.6. As in [Ber6, §2], we fix a functor 9, — 9
from the category of schemes étale over X, to the category of formal schemes
étale over X®po (k*)°. Suppose 2), is quasicompact. Then 9 = '@ (k*)°
for a finite (unramified) extension K of k in k* and a special formal scheme 2)’
over K° étale over Xg.

LEMMA 3.5.1: In the above situation, let F' be an étale sheaf on X,,. Then

(i) there is a canonical bijection hﬂF(Q)%W )= (F)(Q,), where the in-
ductive limit is taken over finite extensions K’ of K in k?;
(ii) if F' is abelian soft, then the sheaf W; (F') is labby;
(iii) if F' is abelian, R7W; (F') is associated to the presheaf

9, - lim H(2), . F)
on the family of quasicompact 2),.

Proof. (i) Let FI(9),) denote the set on the left-hand side. By the construction,
W7 (F) is the sheaf associated to the presheaf 9, F(9),). Hence it suffices
to show that the latter is a sheaf on the family of quasicompact 2),. Given an
étale covering {2); , — 2, }ier, we have to verify that the following sequence of
sets is exact,

ﬁ(@s) — Hﬁ(@1,5> :> Hﬁ(ﬁjz,s X@S @j,s)'
i .7

Since ), is quasicompact, we may assume that the covering is finite and all
9); s are also quasicompact. We can therefore find a finite extension K of k in
k* such that 9 and all 9); come from special formal schemes %) and 9); over
K°. By [Ber3, Theorem 3.3(i)], for every finite extension K’ of K in k* there
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is an exact sequence

F@,.) — T TF®i00) — TP

(2]

oy D)
Since the set I is finite, exactness of the required sequence follows.

(ii) Tt suffices to verify that the Cech cohomology groups of the sheaf v (F)
associated to an étale covering of ), (which is étale over X;) are trivial. For
this we may assume that all of the schemes from the covering are quasicompact.
We then can use (i) and the reasoning from the proof of the similar statement
[Ber3, 4.1(iii)].

The statement (iii) is now easy.

COROLLARY 3.5.2: (i) For an étale morphism ) — X and an étale abelian sheaf
F on X,,, the natural arrow R\I/%(F)’@ — R\II;I(F’QJ”) is an isomorphism.

(ii) For a morphism ¢ : Q) — X and an étale abelian sheaf F* € D*(9),,,Z),
there is a canonical isomorphism RV} (R (F"))— Rps« (R (F7)).

For an étale abelian sheaf F' on a k-analytic space X, we set
"HY(X,F) = lim HI(X®K, F),

where the inductive limit is taken over finite extensions of k in £*. It is a discrete
G-module which corresponds to the high direct image R?f.(F) of F' with respect
to the canonical morphism f : X — M(k). Applying Corollary 3.5.2(ii) and
Lemma 3.5.1(iii) to the canonical morphism X — Spf(k°) for quasicompact X,
we get for an étale abelian sheaf I on X,, a spectral sequence

EPT = HP(X,, RV (F)) = "HPH(X,, F).

By [Ber6, 2.3(ii)], there is a similar spectral sequence for the functor ¥, that
converges to the groups H?*4(X,,, F'). Thus, the statement (ii) of Theorem 3.1.6
implies (i).

We also notice that the functor \I/;7 extends to simplicial formal schemes as in
§3.3 and, due to the above results, the analogs of Propositions 3.3.1 and 3.3.2 are
valid for it as well. Therefore the reasoning from the proof of Theorems 3.1.1 and
3.1.4 can be used here if we verify the required statement (ii) in the particular
case when the sheaf F is constant and X is of the form X 7y, where X is a scheme
of finite type over k° and ) is a subscheme of X5. We may even assume that
F = F*", where F is an abelian constructible sheaf on &), with torsion orders

prime to char(k). By the comparison theorem [Ber6, 3.1], there are canonical
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isomorphisms (ROK (Fr)) |yN =S ROK(Fk) for all finite extensions K of k in k?,
K

where Fi is the pullback of F on &y, Since lim i (RO (Fi)) =RV, (F) and,
by the same comparison theorem, (R\I/n(}'))‘y —RY,(F), we get the required
isomorphism RV, (F)= RV, (F).

Remark 3.5.3: The assumption on perfectness of the residue field K is used in
order to apply the uniformization Theorem 3.2.1 which reduces the situation
to the case when X is locally algebraic and F' comes from constructible sheaves
on the corresponding schemes (e.g., F' = Affn’ where A is a finite G-module of

order prime to char(E)). In that case, perfectness of k is not necessary, and it
is very likely this assumption is not necessary at all.
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