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Introduction

Let k be a non-Archimedean field, and let X be a formal scheme locally finitely
presented over the ring of integers k◦ (see §1). In this work we construct and
study the vanishing cycles functor from the category of étale sheaves on the
generic fibre Xη of X (which is a k-analytic space) to the category of étale sheaves
on the closed fibre Xs of X (which is a scheme over the residue field of k). We
prove that if X is the formal completion X̂ of a scheme X finitely presented over
k◦ along the closed fibre, then the vanishing cycles sheaves of X̂ are canonically
isomorphic to those of X (as defined in [SGA7], Exp. XIII). In particular, the
vanishing cycles sheaves of X depend only on X̂ , and any morphism ϕ : Ŷ → X̂
induces a homomorphism from the pullback of the vanishing cycles sheaves of X
under ϕs : Ys → Xs to those of Y. Furthermore, we prove that, for each X̂ , one
can find a nontrivial ideal of k◦ such that if two morphisms ϕ, ψ : Ŷ → X̂
coincide modulo this ideal, then the homomorphisms between the vanishing
cycles sheaves induced by ϕ and ψ coincide. These facts were conjectured by
P. Deligne.

In §1 we associate with a formal scheme X locally finitely presented over k◦
a k-analytic space Xη (in the sense of [Ber1] and [Ber2]). In §2 we find that
the morphism ϕη : Yη → Xη, which is induced by an étale morphism of formal
schemes ϕ : Y → X, possesses a certain property. Morphisms of k-analytic spaces
with this property are called quasi-étale, and they give rise to a quasi-étale site
Xqét of a k-analytic space X. There is a canonical morphism of sites Xqét → Xét,
where Xét is the étale site introduced in [Ber2]. We show that the inverse image
functor identifies the category of étale sheaves X ˜́et with a full subcategory of
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X q̃ét and preserves the cohomology groups. In §4 the quasi-étale topology is used
to define, for a formal scheme X, a left exact functor Θ : Xη̃ ét → Xs̃ét (the analog
of the specialization functor i∗j∗ for schemes) and the vanishing cycles functor
Ψη : Xη̃ ét → Xs̃ét. It is worthwhile to note that a spectral sequence connecting
the étale cohomology of the generic fibre with that of the closed fibre exists
for arbitrary formal schemes in contrast to the algebraic geometry situation
when the similar spectral sequence exists only for proper schemes. At the end
of §4 we prove that the formation of the vanishing cycles sheaves is compatible
with extensions of the ground field. In §5 we prove our first main result. It is a
comparison theorem which states that if X is a scheme locally finitely presented
over k◦, F is an étale abelian torsion sheaf on the generic fibre Xη of X , and F̂
is the induced étale sheaf on the generic fibre X̂η of X̂ , then there are canonical
isomorphisms i∗(Rqj∗F)∼→RqΘ(F̂) and RqΨη(F)∼→RqΨη(F̂). At the end of §5
we use this result to calculate the vanishing cycles sheaves for smooth formal
schemes and to show that the cohomology groups for a certain class of compact
k-analytic spaces are finite. In §6 we endow with a uniform space structure (see
[Kel], Ch. 6) the sets of morphisms of analytic spaces Mor(Y,X). In a sense
this structure depends uniformly on X. In §7 we prove our second main result.
Its particular case states the following. Let X = M(A) be a k-affinoid space,
and let f1, . . . , fn be a k-affinoid generating system of elements of A. Then for
any discrete Gal(ks/k)-module Λ and any element α ∈ Hq(X, Λ) there exist
t1, . . . , tn > 0 such that, for any pair of morphisms ϕ, ψ : Y → X over k with
max
y∈Y

|(ϕ∗fi − ψ∗fi)(y)| ≤ ti, 1 ≤ i ≤ n, one has ϕ∗(α) = ψ∗(α) in Hq(Y, Λ).

The essential ingredient of the proof is a generalization of the classical Krasner’s
Lemma. The result implies, in particular, the following fact. If a k-analytic group
G acts on a k-analytic space X, then the étale cohomology groups of X with
compact support are discrete G(k)-modules. In §8 we apply the main result
from §7 to the study of the action of the set of morphisms between the formal
completions of schemes on their vanishing cycles sheaves.

In our paper [Ber3], we develop a formalism of vanishing cycles for non-
Archimedean analytic spaces, which is an analog of the classical formalism over
C from [SGA7], Exp. XIV, and we apply Theorem 7.1 of the present paper to
establish results, similar to those established here, for the action of the set of
morphisms between the formal completions of schemes (of finite type over an
equicharacteristic Henselian discrete valuation ring) along closed points of the
closed fibres on the stalks of the vanishing cycles sheaves at these points.

This work arose, on one hand, from a suggestion of V. Drinfeld to construct a
vanishing cycles functor for formal schemes and, on the other hand, from a sug-
gestion of P. Deligne to apply the étale cohomology theory for non-Archimedean
analytic spaces developed in [Ber2] to his conjecture. I am very grateful to them
for this. I would also like to thank V. Hinich for useful discussions.

1. Analytic spaces associated with formal schemes

Let k be a non-Archimedean field, k◦ the ring of integers of k, k◦◦ the maximal
ideal of k◦, k̃ = k◦/k◦◦ the residue field of k. If the valuation on k is nontrivial, we
fix a non-zero element a ∈ k◦◦. If the valuation on k is trivial (then k̃ = k◦ = k
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and k◦◦ = 0), we set a = 0. Recall that the ring of restricted power series over
k◦ in n variables is the ring k◦{T} = k◦{T1, . . . , Tn} of the formal power series
f =

∑
ν aνT ν over k◦ such that for any m ≥ 0 the number of ν’s with an 6 |aν

is finite. One has k◦{T} = lim
←−

k◦/(am)[T ]. (The ring k◦{T} and the a-adic

topology on it don’t depend on the choice of a.) We remark that the Artin-Rees
Lemma holds for any finitely generated ideal a ⊂ k◦{T}, i.e., there exists n0

such that a ∩ ank◦{T} ⊂ an−n0a for all n ≥ n0. It follows that the quotient
ring k◦{T}/a is separated and complete in the a-adic topology. A topologically
finitely presented ring over k◦ is a ring of the form k◦{T}/a for some finitely
generated ideal a ⊂ k◦{T}. We remark that if A is such a ring, then the quotient
ring A/k◦◦A is finitely generated over the field k̃. It follows that any open subset
of the formal scheme Spf(A) is a finite union of open affine formal subschemes
of the form Spf(A{f}), f ∈ A.

Let k◦-Fsch denote the category of formal schemes locally finitely presented
over k◦, i.e., the formal schemes over Spf(k◦) that are locally isomorphic to a
formal scheme of the form Spf(A), where A is topologically finitely presented
over k◦, and such that their families of irreducible components form a locally
finite covering. A formal scheme from k◦-Fsch which is a finite union of open
affine formal subschemes of the above form is said to be finitely presented over
k◦. (If the valuation on k is trivial, then k◦-Fsch coincides with the category
of schemes of locally finite type over k.) If X ∈ k◦-Fsch, then the ringed space
(X,OX/k◦◦OX) is a scheme of locally finite type over k̃. It is called the closed
fibre of X and is denoted by Xs. We will define a functor k◦-Fsch 7→ k-An that
associates with a formal scheme X ∈ k◦-Fsch its generic fibre Xη ∈ k-An, and
we will construct a reduction map π : Xη → Xs.

If X = Spf(A), where A is topologically finitely presented over k◦, then
A = A ⊗k◦ k is a (strictly) k-affinoid algebra and Xη is the k-affinoid space
M(A). (It is clear that X 7→ Xη is a functor.) The image of A in A is con-
tained in A◦ = {f ∈ A∣∣|f(x)| ≤ 1 for all x ∈ M(A)}, and therefore a point

x ∈ Xη gives rise to a character χ̃x : Ã := A/k◦◦A → H̃(x). The kernel of χ̃x

(it is a prime ideal of Ã) is, by definition, the point π(x) ∈ Xs = Spec(Ã). The
composition of π with the canonical map Xs → Spec(Ã) is the reduction map
π′ : X = M(A) → Spec(Ã) from [Ber2], §2.4. (Recall that Ã = A◦/A◦◦, where
A◦◦ = {f ∈ A

∣∣|f(x)| < 1 for all x ∈ M(A)}.) By [Ber2], 2.4.4(i), the map π′
is surjective. We take an epimorphism k◦{T} → A. It induces epimorphisms
k̃[T ] → Ã and k{T} → A. By [BGR], 6.3.5/1, the epimorphism k{T} → A
induces a finite homomorphism k̃[T ] → Ã. It is clear that the latter homo-
morphism coincides with the composition k̃[T ] → Ã → Ã. It follows that the
homomorphism Ã → Ã is finite, and therefore the image of π is a closed subset
of Xs. Furthermore, if Y is a closed subset of Xs, then it is defined by an ideal
(f̃1, . . . , f̃n) for some fi ∈ A and π−1(Y) = {x ∈ Xη

∣∣|fi(x)| < 1, 1 ≤ i ≤ n}. Let
Y be an open subset of Xs, and let Y be the open formal subscheme of X with the
underlying space Y. If Y = Spec(Ã

[
1

f̃

]
) for some f ∈ A, then Y = Spf(A{f}),

π−1(Y) = {x ∈ Xη

∣∣|f(x)| = 1} (it is a rational domain in Xη) and Yη
∼→π−1(Y).

It follows that π−1(Y) is always a closed analytic domain in Xη for an arbi-
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trary Y. Suppose that the formal scheme Y is affine, and let {Yi}i∈I be a finite
covering of Y with Yi = Spf(A{fi}), fi ∈ A. Then the canonical morphism

Y → X identifies Yi,η with π−1(Yi), where Yi = Spec(Ã
[

1

f̃i

]
), and therefore, by

Tate’s Acyclicity Theorem, it identifies Yη with an affinoid domain in Xη which
evidently coincides with π−1(Y).

If X is arbitrary, we fix a locally finite covering {Xi}i∈I by open affine sub-
schemes of the form Spf(A), where A is topologically finitely presented over k◦.
Suppose first that X is separated. Then for any pair i, j ∈ I the intersection
Xij = Xi ∩ Xj is also of the same form, Xij,η is an affinoid domain in Xi,η, and
the canonical morphism Xij,η → Xi,η × Xj,η is a closed immersion. By [Ber2],
1.3.3, we can glue all Xi,η along Xij,η, and we get a paracompact separated k-
analytic space Xη. We remark that the correspondence X 7→ Xη is a functor that
extends the functor constructed for the affine formal schemes, and if Y is an
open formal subscheme of X, then Yη is a closed analytic domain in Xη. Fur-
thermore, the reduction maps Xi,η → Xi,s induce a reduction map π : Xη → Xs.
Finally, if X is arbitrary, then Xij = Xi ∩Xj are separated formal schemes, and
Xij,η is a compact analytic domain in the k-affinoid space Xi,η. Therefore we can
glue all Xi,η along Xij,η and get a paracompact k-analytic space Xη. We remark
that the correspondence X 7→ Xη is a functor to the category of paracompact
strictly k-analytic spaces and this functor commutes with fibre products. We
remark also that if X is finitely presented, then Xη is compact. The reduction
maps Xi,η → Xi,s induce a reduction map π : Xη → Xs. From the affine case it
follows that the image of π is a closed subset of Xs. Moreover, if Y is a closed
subset of Xs, then π−1(Y) is an open subset of Xη. If Y is an open subset of
Xs, then π−1(Y) is a closed analytic domain in Xη and, if Y is the open formal
subscheme of X with the underlying space Y, then Yη

∼→π−1(Y).
For a morphism ϕ : Y → X in k◦-Fsch we denote by ϕs and ϕη the induced

morphisms Ys → Xs and Yη → Xη, respectively. We remark that if ϕ : Y → X

is finite (resp. flat finite), then the morphisms ϕs and ϕη are also finite (resp.
flat finite).

2. Étale morphisms of formal schemes

Let X ∈ k◦-Fsch. For n ≥ 1, let Xn denote the scheme (X,OX/anOX). (It is a
scheme locally finitely presented over k◦/(an).) A morphism of formal schemes
over k◦, ϕ : Y → X, is said to be étale if Y ∈ k◦-Fsch and for all n ≥ 1
the induced morphisms of schemes ϕn : Yn → Xn are étale. The following two
lemmas are consequences of the local description of étale morphisms of schemes.

Lemma 2.1. Let X ∈ k◦-Fsch. Then the correspondence Y 7→ Ys induces an
equivalence between the category of formal schemes étale over X and the category
of schemes étale over Xs.

Proof . It is clear that the functor is fully faithful. Therefore to show that it
is essentially surjective, it suffices to construct a lifting of an étale morphism
Y → Xs locally. Thus, we may assume that X = Spf(A), where A is topologically
finitely presented over k◦, and, by the local description of étale morphisms of
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schemes, that Y = Spec(C
f̃
), where C = Ã[T ]/(P̃ ), P̃ is a monic polynomial, f̃

is an element of C such that the image of the derivative P̃ ′ in C
f̃

is invertible.

Let P be a monic polynomial in A[T ] whose image in Ã[T ] is P̃ . Then B :=
A[T ]/(P )∼→A{T}/(P ), i.e., B is topologically finitely presented over k◦ and is
free of finite rank over A, and B̃

∼→C. Furthermore, let f be an element of B

whose image in B̃ is f̃ , and let Y = Spf(B{f}). Since B̃{f}
∼→B̃

f̃
, then Y ∼→Ys.

Moreover, since B{f}/anB{f}
∼→(B/anB)f , then the image of the derivative P ′

in B{f}/anB{f} is invertible, and therefore the morphism Yn → Xn is étale. It
follows that the morphism Y → X is étale.

The statement of Lemma 2.1 for the class of finite étale morphisms follows
from [SGA1], Exp. I, 8.4. (Of course, the above proof uses the argument from
[SGA1].)

Lemma 2.2. Let ϕ : Y → X be an étale morphism. Then ϕη(Yη) =
π−1(ϕs(Ys)). In particular, ϕη(Yη) is a closed analytic domain in Xη.

Proof . Since the statement is true when Y is an open formal subscheme of X,
we can shrink X and Y and assume that X = Spf(A), where A is topologically
finitely presented over k◦, and Y = Spf(B{f}), where B is a finite free A-
module and f ∈ B. Let Tn + g1T

n−1 + . . .+ gn be the characteristic polynomial
of f over A. It is easy to see that ϕs(Ys) = ∪n

i=1{x ∈ Xs

∣∣gi(x) 6= 0} and
ϕη(Yη) = ∪n

i=1{x ∈ Xη

∣∣|gi(x)| = 1}. This gives the required equality.

Proposition 2.3. Let ϕ : Y → X be an étale morphism. Then for every point
y ∈ Yη there exist affinoid domains V1, . . . , Vn ⊂ Yη such that V1 ∪ . . . ∪ Vn is
a neighborhood of y and each Vi can be identified with an affinoid domain in a
k-analytic space étale over Xη.

Proof . Consider first the case when ϕ is of the form Y = Spf(B{f}) → X =
Spf(A), where B = A[T ]/(P ) ∼→A{T}/(P ), P is a monic polynomial and f is an
element of B such that the image of P ′ in B̃

f̃
= (Ã[T ]/(P̃ ))

f̃
is invertible. If g

is the image of P ′ in B, then the latter implies that |g(z)| = 1 for all z ∈ Yη.
Furthermore, the formal scheme Z = Spf(B) is finite flat over X, and the k-
analytic space Zη is finite flat over Xη. One has Yη = {z ∈ Zη

∣∣|f(z)| = 1}. The
morphism Zη → Xη is étale at a point z ∈ Zη if and only if g(z) 6= 0. Since
|g(z)| = 1 for all z ∈ Yη, then Yη ⊂ {z ∈ Zη

∣∣g(z) 6= 0}, i.e., Yη can be identified
with an affinoid domain in a k-analytic space étale over Xη.

Consider now the general case. We can find open affine formal subschemes
X1, . . . , Xn ⊂ X and Y1, . . . , Yn ⊂ Y such that y ∈ Y1,η ∩ . . . ∩ Yn,η, Y1,η ∪
. . . ∪ Yn,η is a neighborhood of y and ϕ induces étale morphisms Yi → Xi of
the above form. By the first case, each Yi,η can be identified with an affinoid
domain in a k-analytic space étale over Xi,η. From [Ber2], 3.4.2, it follows that
we can find, for each i, an affinoid neighborhood Vi of y in Yi,η such that Vi can
be identified with an affinoid domain in a k-analytic space étale over Xη. Since
V1 ∪ . . . ∪ Vn is a neighborhood of y in Yη, the required statement follows.
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3. Quasi-étale topology on an analytic space

Let ϕ : Y → X be a morphism of k-analytic spaces. We say that ϕ is quasi-étale
if for every point y ∈ Y there exist affinoid domains V1, . . . , Vn ⊂ Y such that
V1∪ . . .∪Vn is a neighborhood of y and each Vi can be identified with an affinoid
domain in a k-analytic space étale over X. For example, étale morphisms and
the canonical embeddings of analytic domains in a k-analytic space are quasi-
étale. Furthermore, by Proposition 2.3, if Y → X is an étale morphism of formal
schemes in k◦-Fsch, then the induced morphism of their generic fibres Yη → Xη

is quasi-étale. We remark that if a morphism ϕ : Y → X is quasi-étale, then
for every point y ∈ Y there exist affinoid domains V1, . . . , Vn ⊂ Y such that
V1 ∪ . . . ∪ Vn is a neighborhood of y and each Vi can be identified over X with
an affinoid domain in a paracompact k-analytic space separated and étale over
X.

Lemma 3.1. (i) Quasi-étale morphisms are preserved under compositions, un-
der any base change functor and under any ground field extension functor.

(ii) If Y and Z are quasi-étale over X, then any X-morphism Z → Y is
quasi-étale.

Proof . All the statements easily follow from the corresponding properties of
étale morphisms and Theorem 3.4.1 from [Ber2].

For a k-analytic space X, let Qét(X) denote the category of quasi-étale mor-
phisms U → X. The quasi-étale topology on X is the Grothendieck topology on
the category Qét(X) generated by the pretopology for which the set of coverings

of (U → X) ∈ Qét(X) is formed by the families {Ui
fi−→ U}i∈I such that each

point of U has a neighborhood of the form fi1(V1) ∪ . . . ∪ fin(Vn) for some affi-
noid domains V1 ⊂ Ui1 , . . . , Vn ⊂ Uin . (It is easy to verify that the latter really
defines a pretopology on Qét(X).) We denote by Xqét the site obtained in this
way (the quasi-étale site of X) and by X q̃ét the category of sheaves of sets on
Xqét (the quasi-étale topos of X). It is clear that there is a morphism of sites
µ : Xqét → Xét. We remark that there is also a morphism of sites Xqét → XG,
where XG is defined in [Ber2], §1.3. We are going to establish the relationship
between the topoi X q̃ét and X ˜́et similar to that between the topoi XG̃ and X˜
established in [Ber2].

Recall ([God], §II.3.4) that a sheaf F on a topological space T is called soft
if for any closed subset Σ ⊂ T the map F (T ) → F (Σ) is surjective. If T is
locally compact and paracompact, then F is soft if and only if the above map is
surjective for any compact subset Σ ⊂ T . We say that an étale abelian sheaf F
on a k-analytic space X is soft if, for each point x ∈ X, Fx is a flabby GH(x)-
module and, for each paracompact U étale over X, the restriction of F to the
usual topology |U | of U is a soft sheaf. For example, any injective sheaf on X is
soft ([Ber2], 4.2.5).

Lemma 3.2. Let F be an étale abelian soft sheaf on a k-analytic space X. Then
(i) if X is paracompact, then Hq(X, F ) = 0 for q ≥ 1;
(ii) if ϕ : Y → X is a morphism of analytic spaces over k, then the sheaf

ϕ∗F is soft in any of the following cases:
(a) ϕ is a quasi-étale morphism;



Vanishing cycles for formal schemes 7

(b) ϕ is a quasi-immersion (see [Ber2], §4.3);
(c) ϕ is the canonical morphism X = X⊗̂k̂a → X.

Here ka denotes the algebraic closure of k. If the valuation on k is nontrivial,
then the separable closure ks of k is everywhere dense in ka (i.e., k̂s = k̂a).

Proof (i) Consider the spectral sequence Ep,q
2 = Hp(|X|, Rqπ∗F ) =⇒Hp+q(X, F )

of the morphism of sites π : Xét → |X| (see [Ber2], §4.2). By [Ber2], 4.2.4, for
a point x ∈ X one has (Rqπ∗F )x = Hq(GH(x), Fx). It follows that Rqπ∗F = 0
for q ≥ 1, and therefore Hq(X,F ) = Hq(|X|, π∗F ). The latter group is equal to
zero for q ≥ 1 because π∗F is a soft sheaf on the paracompact space X.

(ii) First of all, if y ∈ Y and x = ϕ(y), then in all the cases GH(y) is a closed
subgroup of GH(x), and therefore (ϕ∗F )y = Fx is a flabby GH(y)-module.

To verify the statement in the cases (a) and (b), it suffices to show that the
restriction of ϕ∗F to |Y | is a soft sheaf when ϕ : Y → X is a morphism of analytic
spaces over k, Y is paracompact and each point y ∈ Y has a neighborhood of
the form V1 ∪ . . . ∪ Vn, where Vi are affinoid domains in Y , such that for each i
there exists a quasi-immersion of Vi in a paracompact k-analytic space Ui étale
over X. Since the property of a sheaf to be soft is a local one ([God], II.3.4.1), we
may assume that Y = V1 ∪ . . .∪ Vn, where Vi are as above. The restriction of F
to |Ui| is a soft sheaf. Since |Vi| is a closed subset of |Ui|, then, by [God], II.3.4.2,
the restriction of ϕ∗F to |Vi| is a soft sheaf. It follows that the restriction of ϕ∗F
to |Y | is a soft sheaf.

Let Z → X be an étale morphism. Since the property of a sheaf to be soft is
local and Z can be defined locally over a finite separable extension of k, we may
assume that Z = Y , where Y is a paracompact k-analytic space étale over X.
Since the space Y is locally compact, it suffices to verify that for any compact
subset Σ ⊂ Y the map F (Y ) → F (Σ) is surjective. This is established in the
proof of Corollary 5.3.5 from [Ber2].

Theorem 3.3. Let f : U → X be a quasi-étale morphism, and F an étale sheaf
on X. Then

(i) (f∗F )(U)∼→(µ∗F )(U), where f∗ is the inverse image functor X ˜́et → U ˜́et;
(ii) if F is an abelian sheaf, then Hq(U, f∗F )∼→Hq(Uqét, µ

∗F ) for all q ≥ 0.

Proof . (i) The map (f∗F )(U) → (µ∗F )(U) is a composition of the evident maps

(f∗F )(U) → (µ∗Y f∗F )(U)∼→(f∗qétµ
∗F )(U) = (µ∗F )(U) .

where µY and fqét are the morphisms of sites Yqét → Yét and Yqét → Xqét,
respectively. Thus, to prove (i), it suffices to verify the following two facts:

(1) the presheaf U 7→ (f∗F )(U) is a sheaf on Xqét;

(2) for any (U
f−→ X) ∈ Qét(X), there is a covering {Ui

gi−→ U}i∈I in Xqét

such that ((fgi)∗F )(Ui)
∼→(µ∗F )(Ui)) for all i ∈ I.

(1) Let {Ui
gi−→ U}i∈I be a covering in Xqét. We have to verify that there is

an exact sequence

(∗) (f∗F )(U) −→
∏

i

(f∗i F )(Ui)
−→−→

∏

i,j

(f∗ijF )(Uij)
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where fi and fij are the morphisms Ui → U → X and Uij := Ui ×U Uj →
U → X, respectively. Consider first the case when U is k-affinoid. In this case
we can replace the covering by a finite refinement and assume that each Ui is
k-affinoid and can be identified with an affinoid domain in a k-analytic space
Vi separated and étale over U . If Ui are arbitrary open neighborhoods of Ui in
Vi, then {Ui −→ U}i∈I is a finite étale covering of U , and therefore there is an
exact sequence

(∗∗) (f∗F )(U) −→
∏

i

(f∗F )(Ui)
−→−→

∏

i,j

(f∗F )(Uij)

where Uij = Ui ×U Uj . By [Ber2], §4.3, one has (f∗i F )(Ui) = lim
−→

(f∗F )(Ui) and

(f∗ijF )(Uij) = lim
−→

(f∗F )(Uij) when all Ui tend to Ui. Hence, the sequence (∗)
being a filtered inductive limit of the exact sequences (∗∗) is exact.

By the first case and the fact that a basis of topology of a k-analytic space
is formed by open paracompact sets, it remains to verify the exactness of (∗)
when U is paracompact and {Ui}i∈I is a locally finite covering of U by affinoid
domains. In this case the exactness of (∗) follows from [Ber2], §4.3, and [God],
II.1.3.1.

Lemma 3.4. Let ϕ : Y → X be an étale morphism with Hausdorff X, and let
Σ be a compact subset of Y . Suppose that ϕ is injective on Σ and, for each
point y ∈ Σ, one has H(ϕ(y))∼→H(y). Then there is an open neighborhood V of
Σ such that ϕ induces an isomorphism V ∼→ϕ(V).

Proof . By Theorem 3.4.1 from [Ber2], ϕ is a local isomorphism at every point
y ∈ Σ. Therefore we can shrink Y and assume that ϕ is a local isomorphism
at all points Y . In particular, it suffices to find an open neighborhood V of Σ
such that ϕ is injective on V. One has Σ ⊂ V1 ∪ . . . ∪ Vn, where Vi and ϕ(Vi)
are open and Vi

∼→ϕ(Vi). By induction, to construct V it suffices to consider the
case n = 2. Since X is Hausdorff, then the image of X in X × X is closed. It
follows that the image of Y ×X Y in Y × Y is closed. Furthermore, since the
map |Y × Y | → |Y | × |Y | is compact, then the image of |Y ×X Y | in |Y | × |Y |,
that coincides with |Y | ×|X| |Y |, is closed. It follows that one can find open
neighborhoods Σ\V2 ⊂ W1 ⊂ V1 and Σ\V1 ⊂ W2 ⊂ V2 such that |W1| × |W2|
has empty intersection with |Y |×|X| |Y |. The open set V = W1 ∪W2 ∪ (V1 ∩V2)
contains Σ and ϕ is injective on V.

(2) We remark that the sheaf µ∗F is associated with the presheaf µpF for
which (µpF )(U) = lim

−→
F (Y ), where the limit is taken over all morphisms over

X from U to k-analytic spaces étale over X. Let (U
f−→ X) ∈ Qét(X). To

prove (2), it siffices to show that (f∗F )(U)∼→(µpF )(U) under the assumption
that U is k-affinoid and is identified with an affinoid domain in a Hausdorff
k-analytic space V étale over X. We know that (f∗F )(U) = lim

−→
F (V), where

V runs through open neighborhoods of U in V . It suffices to show that any
morphism over X from U to Y , which is étale over X, extends to a morphism
over X from an open neighborhood of U in V to Y . For this we remark that the
morphism U → Y ×X V

pr−→ V satisfies the conditions of Lemma 3.4. Therefore
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there exists an open neighborhoodW of U in Y ×X V for whichW ∼→V := pr(W).
It follows that the morphism U → Y extends to a morphism V → Y over X.

(ii) Since an open covering of U is a covering in the étale and the quasi-
étale topologies, then the Leray spectral sequences generated by it in the both
topologies show that it suffices to prove the statement for sufficiently small U .
In particular, we may assume that U is paracompact. Furthermore, consider
a locally finite covering of U by affinoid domains. It is a covering of U in the
quasi-étale topology, and therefore it induces a Leray spectral sequence which
is convergent to H∗(Uqét, µ

∗F ). By [Ber2], 4.3.7, it induces also a similar Leray
spectral sequence which is convergent to H∗(U, f∗F ). Therefore it suffices to
prove the statement when U is k-affinoid and can be identified with an affinoid
domain in a paracompact k-analytic space V étale over X. Finally, by (i), the
statement is true for q = 0. Therefore, by Lemma 3.2, it suffices to show that if F
is injective, then Hq(Uqét, µ

∗F ) = 0 for all q ≥ 1. We remark that any quasi-étale
covering of U can be refined to a finite covering of the form U = {Ui −→ U}i∈I ,
where each Ui is k-affinoid and can be identified with an affinoid domain in a
paracompact k-analytic space Vi étale over X. It follows that it suffices to show
that the Čech cohomology groups Ȟq(U , µ∗F ) associated with such a covering
are equal to zero for all q ≥ 1. These groups are the cohomology groups of
the Čech complex C ·(U , µ∗F ) associated with U . If Vi are open neighborhoods
of Ui in Vi, then shrinking V we may assume that V = {Vi −→ V }i∈I is an
étale covering of V . The sheaf F

∣∣
V

is injective, and therefore the Čech complex
C ·(V, F ) associated with the covering V is exact. Since the complex C ·(U , µ∗F )
is a filtered inductive limit of the complexes C ·(V, F ) (when all Ui tend to Ui),
it follows that the complex C ·(U , µ∗F ) is exact. The theorem is proved.

Corollary 3.5. For any F ∈ X ˜́et, one has F
∼→µ∗µ∗F . In particular, the functor

µ∗ : X ˜́et → X q̃ét is fully faithful.

For a morphism f : Y → X and an étale (resp. étale abelian) sheaf F on X we
use the notation F (Y ) (resp. Hq(Y, F ) ) instead of (f∗F )(Y ) (resp. Hq(Y, f∗F )).
The following is a generalization of the Leray spectral sequence 4.3.7 from [Ber2]
(which was used in the proof of the Theorem 3.3).

Corollary 3.6. For an étale abelian sheaf F on X and q ≥ 0, let Hq(F )
denote the presheaf V 7→ Hq(V, F ) on Xqét. Then for any quasi-étale cover-
ing V = {Vi → X}i∈I there is a spectral sequence Ep,q

2 = Ȟp(V,Hq(F )) =⇒
Hp+q(X, F ) .

The quasi-étale cohomology groups of a quasi-étale abelian sheaf F will be
denoted by Hq(X, F ). Due to Theorem 3.3, this is consistent with the notation
of étale cohomology groups if F comes from an étale sheaf.

Corollary 3.7. Let ϕ : Y → X be a compact morphism, and let F be an étale
(resp. étale abelian) sheaf on Y . Then µ∗(ϕ∗F )∼→ϕ∗(µ∗F ) (resp. µ∗(Rqϕ∗F )∼→
Rqϕ∗(µ∗F ), q ≥ 0).

Proof Let f : U → X be a quasi-étale morphism. By Theorem 3.3(i), (µ∗ϕ∗F )(U)
= (f∗ϕ∗F )(U). Since ϕ is compact, then (f∗ϕ∗F )(U)∼→(ϕ′∗f ′

∗
F )(U), where ϕ′

and f ′ are the induced morphisms Y ×X U → U and Y ×X U → Y . There-
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fore, we get (µ∗ϕ∗F )(U)∼→(f ′∗F )(Y ×X U)∼→(µ∗F )(Y ×X U) = (ϕ∗µ∗F )(U).
To prove the statement, it suffices to verify that if F is abelian injective, then
Rqϕ∗(µ∗F ) = 0 for q ≥ 1. This follows from Theorem 3.3(ii).

We note that the above statement is not true without the assumption that
the morphism is compact. Indeed, let j be the open immersion D = D(0, 1) ↪→
E = E(0, 1) and let F be a non-zero constant sheaf on D. Then the restriction
of µ∗(j∗F ) to the annulus A = E\D is a non-zero sheaf but the restriction of
j∗(µ∗F ) to A is zero.

4. The vanishing cycles functor

Let X ∈ k◦-Fsch. We fix a functor Ys 7→ Y from the category of schemes étale
over Xs to the category of formal schemes étale over X which is inverse to the
functor from Lemma 2.1. By Lemma 2.2 and Proposition 2.3, the composition
of the functor Ys 7→ Y with the functor Y 7→ Yη induces a morphism of sites
ν : Xη ét → Xsét. We get a left exact functor

Θ = ν∗µ∗ : Xη̃ ét −→ Xη̃qét −→ Xs̃ét .

(The similar functor for a bigger field K will be denoted by ΘK .)

Proposition 4.1. Let F be an étale sheaf on Xη.
(i) If Ys is étale over Xs, then Θ(F )(Ys) = F (Yη).
(ii) If F is an abelian sheaf, then RqΘ(F ) is associated with the presheaf

Ys 7→ Hq(Yη, F ).
(iii) If F is a soft abelian sheaf, then the sheaf Θ(F ) is flabby.

Proof . (i) and (ii) follow directly from Lemma 3.2 and Theorem 3.3. To prove
(iii), it suffices to verify that the Čech cohomology groups Ȟq(Ys, Θ(F )) of
an étale covering Vs = {Yi,s −→ Ys}i∈I in Xs̃ét are trivial for q ≥ 1. By
(i), these groups coincide with the Čech cohomology groups Ȟq(Vη, F ), where
Vη = {Yi,η −→ Yη}i∈I is the quasi-étale covering of Yη induced by Vs. From
Corollary 3.6 and Lemma 3.2 it follows that Ȟq(Vη, F )∼→Hq(Yη, F ). The latter
group is trivial for q ≥ 1, by the same Lemma 3.2.

Corollary 4.2. (i) For an étale morphism Y → X in k◦-Fsch and F ∈ S(Xη),
one has RqΘ(F )

∣∣
Ys

∼→RqΘ(F
∣∣
Yη

), q ≥ 0.

(ii) For a morphism ϕ : Y → X in k◦-Fsch and F · ∈ D+(Yη), one has

RΘ(Rϕη∗F
·)∼→Rϕs∗(RΘ(F ·)) .

(iii) For X ∈ k◦-Fsch and F ∈ S(Xη), there is a spectral sequence

Ep,q
2 = Hp(Xs, R

qΘ(F )) =⇒ Hp+q(Xη, F ) .

For X ∈ k◦-Fsch, let Xs (resp. Xη) denote the closed (resp. generic) fibre
of the formal scheme X := X⊗̂k◦(k̂s)◦ over (k̂s)◦. One has Xs = Xs ⊗ k̃s and
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Xη = Xη⊗̂k̂s. The vanishing cycles functor Ψη : Xη̃ ét → Xs̃ét is defined by
Ψη(F ) = Θ

k̂s(F ), where F is the pullback of F on Xη. It is clear that there is a
canonical action of the Galois group Gη := G(ks/k) on Ψη(F ) compatible with
the action of Gs := G(k̃s/k̃) on Xs. We shall see that this action is continuous
(see [SGA7], Exp. XIII, §1.1). For this (and for further use) we introduce the
following notations. Let K be a field over k with a valuation that extends the
valuation on k. We denote by XsK

and XηK
the closed and the generic fibres

of the formal scheme XK := X⊗̂k◦K̂
◦ over K̂◦. (One has XsK

= Xs ⊗ K̃ and
XηK

= Xη⊗̂K̂.) For an étale sheaf F on Xη, let FK denote the pullback of F on
XηK

.

Lemma 4.3. For an étale sheaf F on Xη, one has Ψη(F ) = lim
−→

i
∗
K(ΘK(FK)),

where K runs through finite extensions of k in ks and iK denotes the canonical
morphism Xs → XsK

. In particular, the action of Gη on Ψη(F ) is continuous.

Proof . Let Ys be a quasicompact scheme étale over Xs. Then the k-analytic space
Yη is compact and, by [Ber2], 5.3.4, one has F (Yη⊗̂k̂s) = lim

−→
F (Yη⊗̂K), where

K runs through finite extensions of k in ks. This gives the required statement
because any scheme étale over Xs has an étale covering by schemes of the form
Ys, where Ys is affine and étale over Xs.

Thus, Ψη is actually a functor from Xη̃ ét to the category of étale sheaves of
sets on Xs endowed with a continuous action of Gη compatible with the action
of Gs on Xs (Gη-sheaves). Let SGη (Xs) denote the category of étale abelian Gη-
sheaves on Xs. Then Ψη defines a left exact functor S(Xη) → SGη (Xs). Therefore
it defines right exact functors RqΨη : S(Xη) → SGη (Xs) and an exact functor
between the corresponding derived categories RΨη : D+(Xη) → D+

Gη
(Xs).

Lemma 4.4. Let F be an étale abelian sheaf on Xη. Then
(i) RqΨη(F ) = lim

−→
i
∗
K(RqΘK(FK)), where K runs through finite extensions

of k in ks;
(ii) if F is soft, then the sheaf Ψη(F ) is flabby.

Proof . (i) follows from Lemma 4.3. (ii) follows from Lemma 3.2 and Proposition
4.1(iii).

Corollary 4.5. (i) For an étale morphism Y → X in k◦-Fsch and F ∈ S(Xη),
one has RqΨη(F )

∣∣
Ys

∼→RqΨη(F
∣∣
Yη

), q ≥ 0.

(ii) For a morphism ϕ : Y → X in k◦-Fsch and F · ∈ D+(Yη), one has

RΨη(Rϕη∗F
·)∼→Rϕs∗(RΨη(F ·)) .

(iii) For X ∈ k◦-Fsch and F ∈ S(Xη), there is a spectral sequence

Ep,q
2 = Hp(Xs, R

qΨη(F )) =⇒ Hp+q(Xη, F ) .

The fact we are going to establish allows one to use induction reasoning in
the calculation of the vanishing cycles sheaves.



12 V. G. Berkovich

Let X ∈ k◦-Fsch, and suppose that the canonical morphism X → Spf(k◦)
goes through a morphism X → T := Spf(k◦{T}). We remark that T is the
formal completion of the affine line over k◦, and Tη is the one dimensional unit
disc over k. Let t be the maximal point of Tη (it corresponds to the norm of
the k-affinoid algebra k{T}). Then the image s′ of t under the reduction map
π : Tη → Ts is the generic point of Ts, π−1(s′) = {t} and H̃(t) = k(s′) = k̃(T ).
We set X′ = X ×T Spf(H(t)◦). This is a formal scheme in H(t)◦-Fsch. Let
X′s′ and X′η′ denote the closed and the generic fibres of X′, and let Θ′ and Ψη′
denote the corresponding vanishing cycles functors. The canonical morphism of
formal schemes λ : X′ → X induces morphisms λs : X′s′

∼→(Xs)s′ → Xs and
λη : X′η′

∼→(Xη)t → Xη, where (Xs)s′ (resp. (Xη)t) is the fibre of the morphism
Xs → Ts (resp. Xη → Tη) at the point s′ (resp. t). The pullback of an étale sheaf
F on Xη with respect to λη is denoted by F ′. Furthermore, we fix an embedding
of fields ks ↪→ H(t)s. It induces a morphism λs : X′

s′
∼→(Xs)s′ → Xs.

Proposition 4.6. (i) For any étale abelian sheaf F on Xη and any q ≥ 0, there
is a canonical isomorphism

λ∗s(R
qΘ(F ))∼→RqΘ′(F ′) .

(ii) For any étale abelian torsion sheaf F on Xη with torsion orders prime
to p = char(k̃) and any q ≥ 0, there is a canonical isomorphism

λ∗s(R
qΨη(F )) ∼→RqΨη′(F ′)P ,

where P = G(H(t)s/H(t)nrks) (it is a pro-p-group).

Proof . (i) Since the morphism λη : X′η′ → Xη is a quasi-immersion, from Lemma
3.2 it follows that if F is a soft sheaf, then the sheaf λ∗ηF is also soft. Therefore
it suffices to verify that λ∗s(Θ(F )) ∼→Θ′(F ′). Furthermore, since the statement is
local with respect to X, we may assume that X is affine. We remark that any
affine scheme étale over X′s′ is of the form Y′

s′ , where Y is an affine formal scheme
étale over X, and the sheaf λ∗s(Θ(F )) is associated with the presheaf λp

s(Θ(F ))
whose value at Y′

s′ as above coincides with the inductive limit lim
−→

Θ(F )(Ys×Ts

Us), where Us runs through open neighborhoods of the generic point s′ in Ts.
We have λp

s(Θ(F ))(Y′
s′) = lim

−→
F (Yη ×Tη

Uη). The k-analytic spaces Yη ×Tη

Uη are identified with analytic domains in Yη and their intersection coincides
with Y′

η′ = (Yη)t. It follows that the set considered coincides with F ((Yη)t) =
λ∗ηF (Y′

η′) = Θ′(F ′)(Y′
s′).

(ii) Let K be a Galois extension of k in ks that contains knr, the maxi-
mal unramified extension k. The residue field K̃ is a purely inseparable exten-
sion of k̃s, and there is a surjective continuous homomorphism G(K/k) → Gs.
Therefore one can define, for X ∈ k◦-Fsch, a left exact functor Ψη,K from
Xη̃ ét to the category of étale G(K/k)-sheaves on XsK

. It induces a left ex-
act functor Ψη,K : S(Xη) → SG(K/k)(XsK

) and the right derived functors
RqΨη,K : S(Xη) → SG(K/k)(XsK

). (For example, from Corollary 4.5(i) it fol-
lows that RqΨη,knr(F ) coincides with the pullback of RqΘ(F ) on Xs⊗ k̃s.) For a
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closed subgroup I of Gη which is contained in the inertia group of k, the values
of the right derived functors of the functor SGη (Xs) → SGη/I(Xs) : F 7→ F I are
denoted by H(I, F ).

Lemma 4.7. For F ∈ S(Xη) there is a spectral sequence

Ep,q
2 = H(G(ks/K), RqΨη(F )) =⇒ i

∗
K(Rp+qΨη,K(F )) .

Proof . Let Ys be a quasicompact scheme étale over Xs. Then F (Yη)G(ks/K) =
F (YηK

) and, if F is injective, then F (Yη) is a flabby Gη-module. The required
fact follows.

Corollary 4.8. Let I be the inertia group of k. Then for F ∈ S(Xη) there is a
spectral sequence Ep,q

2 = Hp(I,RqΨη(F )) =⇒ i
∗
k(Rp+qΘ(F )) .

First of all we verify that P is a pro-p-group. For this it suffices to show
that H(t)mr = H(t)nrkmr, where kmr and H(t)mr are the maximal moderately
ramified extensions of k and H(t), respectively. By [Ber2], 2.4.4, the group
G(kmr/knr) (resp. G(H(t)mr/H(t)nr) ) is isomorphic to Hom(

√
|k∗|/|k∗|, k̃s

∗
)

(resp. Hom(
√
|H(t)∗|/|H(t)∗|, H̃(t)s

∗
) ). Since |H(t)∗| = |k∗|, then

√
|H(t)∗| =√

|k∗|, and the required fact follows.
From (i) and Lemma 4.4(i) it follows that λ∗s(R

qΨη(F ))∼→i
′
K′(RqΨη′,K′(F ′)),

where K ′ = H(t)nrks and i
′
K′ is the canonical morphism X′s′ → X′s′

K′
. The

required isomorphism is obtained from Lemma 4.7 using the facts that P is a
pro-p-group and F is a torsion sheaf with torsion orders prime to p.

We will show now that the formation of vanishing cycles is compatible with
extensions of the ground field.

Let X ∈ k◦-Fsch. Let K be a non-Archimedean field over k, and let ΨηK

denote the vanishing cycles functor corresponding to the formal schemes XK

over K◦. We fix an embedding of fields ks ↪→ Ks and denote by g the canonical
morphism XsK

→ Xs.

Theorem 4.9. Let F be an étale abelian torsion sheaf on Xη with torsion orders
prime to p = char(k̃). Then for any q ≥ 0 there is a canonical isomorphism

g∗(RqΨη(F ))∼→RqΨηK
(FK) .

Proof . We may assume that X = Spf(A), where A is topologically finitely pre-
sented over k◦. The statement is proved by induction on d = dim(Xs). Suppose
first that d = 0. Since the homomorphism Ã → Ã, where A = A⊗k◦ k, is finite
(see §1), then dim(Ã) = 0. Therefore dim(Xη) = 0, and the statement easily fol-
lows. Suppose now that d ≥ 1 and that the statement is true for formal schemes
whose closed fibres have dimension at most d − 1. We remark that since the
statement is true if K is the completion of the algebraic closure of k, we may
assume that the fields k and K are algebraically closed.

Step 1. The homomorphism g∗(RqΨη(F )) → RqΨηK
(FK) induces an isomor-

phism at geometric points over any nonclosed point x ∈ Xs.
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We can find a morphism X → T = Spf(k◦{T}) such that the image s′ of the
point x is the generic point of Ts. Let XK → TK = Spf(K◦{T}) be the induced
morphism, and let s′K be the generic point of TsK

. Furthermore, let t and tK be
the maximal points of Tη and TηK

, respectively. We set X′ = X×T Spf(H(t)◦)
and X′K = XK ×TK

Spf(H(tK)◦). Finally, let X′s′ and X′η′ (resp. X′s′
K

and X′η′
K

)

denote the closed and the generic fibres of X′ (resp X′K). We fix a embedding of
fields H(t)s ↪→ H(tK)s over the canonical embedding H(t) ↪→ H(tK). It induces
a commutative diagram

X′s′
λs−→ Xsxg

xg

X′s′
K

λsK−→ XsK

To prove the statement of Step 1, it suffices to show that λ∗sK
g∗(RqΨη(F ))∼→

λ∗sK
(RqΨηK

(FK)). By Proposition 4.6(ii), we have

λ∗sK
g∗(RqΨη(F )) = g∗λ∗s(R

qΨη(F )) ∼→g∗(RqΨη′(F ′))P ,

where P = G(H(t)s/H(t)nr), and

λ∗sK
(RqΨηK

(FK))∼→RqΨη′
K

(F ′K)Q ,

where Q = G(H(tK)s/H(tK)nr). On the other hand, by the induction hypothesis,
we have

g∗(RqΨη′(F ′))
∼→RqΨη′

K
(F ′K) .

Therefore our statement follows from the following lemma.

Lemma 4.10. The canonical homomorphism Q → P is surjective.

Proof . It suffices to show that for any finite extension L of H(t)nr in H(t)s one
has [L′ : H(tK)nr] = [L : H(t)nr], where L′ = LH(tK)nr. We remark that the
fields H(t) and H(tK) are the completions of the fraction fields of k{T} and
K{T}, respectively. By Grauert-Remmert-Gruson Theorem ([BGR], 5.3.2/1),
the latter fields are stable (see [BGR], §3.6). Therefore the fields H(t) and H(tK)
are stable. It follows that the fields H(tK)nr and H(tK)nr are also stable. Since
H̃(t) = k̃(T ) and H̃(tK) = K̃(T ), it follows that

[L′ : H(tK)nr] = [L̃′ : K̃(T )s] and [L : H(t)nr] = [L̃ : k̃(T )s] .

The field L̃′ contains the compositum L̃K̃(T )s, and therefore

[L′ : H(tK)nr] ≤ [L̃K̃(T )s : K̃(T )s] .

Since the field K̃(T )s is separable over k̃(T )s, the latter number is equal to
[L̃ : k̃(T )s] = [L : H(t)nr]. The required statement follows.

Step 2. g∗(RqΨη(F )) → RqΨηK
(FK) is an isomorphism.

Let ∆· be defined by the exact triangle in D(XsK
)

−→ g∗(RΨη(F )) −→ RΨηK
(FK) −→ ∆· −→
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We have to show that ∆· is quasi-isomorphic to zero. By Step 1, the co-
homology sheaves of ∆· are concentrated at closed points of XsK

. Therefore
it suffices to show that RΓ (XsK

,∆·) = 0, i.e., that RΓ (XsK
, g∗(RΨη(F ))) ∼→

RΓ (XsK
, RΨηK

(FK)). By the invariance of étale cohomology of schemes under
separably closed extensions of the ground field, the first complex is isomorphic
to RΓ (Xs, RΨη(F )). By Corollary 4.5(ii), we have

RΓ (Xs, RΨη(F )) = RΓ (Xη, F ) and RΓ (XsK
, RΨηK

(FK)) = RΓ (XηK
, FK) .

Therefore the required statement follows from the invariance of étale cohomol-
ogy of analytic spaces under algebraically closed extensions of the ground field
([Ber2], 7.6.1).

5. The comparison theorem for vanishing cycles

First of all we recall the definition of the vanishing cycles functor for schemes
(see [SGA7], Exp. XIII). Let S be the spectrum of a local Henselian ring which
is the ring of integers k◦ of a field k with a valuation. (Usually one considers the
case when the valuation is discrete and nontrivial, but everything works in the
more general situation.) The scheme S consists of the closed point s = Spec(k̃)
and the generic point η = Spec(k). (If the valuation is trivial, then s = η.) Since
the ring k◦ is Henselian, then the field k is quasicomplete (see [Ber2], §2.4). This
means that the valuation on k extends uniquely to the separable closure ks,
and therefore the integral closure of k◦ in ks is also a local Henselian ring that
coincides with (ks)◦. We set S = Spec((ks)◦) = {s, η}. For a scheme X over S,
let Xs and Xη (resp. Xs and Xη) be the closed and the generic fibres of X (resp.
X := X ×S S). One has canonical morphisms

Xη
j

↪→ X i←− Xsx x x

Xη
j

↪→ X i←− Xs

The vanishing cycles functor Ψη : X η̃ ét → X s̃ét is defined by Ψη(F) = i
∗
(j∗F),

where F is the pullback of a sheaf F ∈ X η̃ ét on Xη. The functor Ψη takes values
in the category of étale sheaves on Xs that are endowed with a continuous action
of Gη := G(ks/k) compatible with the action of Gs := G(k̃s/k̃) on Xs. (If the
valuation on k is trivial, then Ψη(F) = F .)

Furthermore, if the valuation on k is nontrivial, we fix a non-zero element a
in the maximal ideal k◦◦ of k◦. If the valuation on k is trivial, we set a = 0. The
completion k̂ of k with respect to the valuation is a non-Archimedean field, and
one has k̂◦ := (k̂)◦ = lim

←−
k◦/(an).

Let now X be a scheme locally finitely presented over k◦. Then the formal
completion X̂ of X along the subscheme (X ,OX /aOX ) is a formal scheme from
k̂◦-Fsch, and one has the generic fibre X̂η. One the other hand, one can consider
the k̂-analytic space X an

η := (Xη ⊗k k̂)an. From the construction of these two



16 V. G. Berkovich

spaces it follows that there is a canonical morphism X̂η → X an
η . We claim that

if X is separated and finitely presented over k◦, then this morphism identifies
X̂η with a closed analytic domain in X an

η . Indeed, if X = Spec(A), where A is
finitely presented over k◦, and f1, . . . , fn generate A over k◦, then X̂η is identified
with the affinoid domain {x ∈ X an

η

∣∣|fi(x)| ≤ 1, 1 ≤ i ≤ n}. If X is arbitrary, we
take a finite covering {Xi}i∈I of X by open affine subschemes of the above form.
Then for any pair i, j ∈ I the intersection Xij = Xi ∩Xj is also an affine scheme
and the canonical morphism Xij → Xi × Xj is a closed immersion. It follows
that if f1, . . . , fn and g1, . . . , gm generate the rings O(Xi) and O(Xj) over k◦,
respectively, then f1, . . . , fn, g1, . . . , gm generate O(Xij) over k◦. It follows that
X̂ij,η is identified with the intersection X̂i,η ∩ X̂j,η, and therefore X̂η is identified
with a closed analytic domain in X an

η . We claim that a proper morphism ϕ :
Y → X induces an isomorphism Ŷη

∼→Yan
η ×Xan

η
X̂η. (In particular, the induced

morphism ϕ̂η : Ŷη → X̂η is proper, and if X is proper over k◦, then X̂η
∼→X an

η .)
Indeed, since the statement is local with respect to X , we may assume that
X = Spec(A), where A is finitely presented over k◦. Then Ŷη and Yan

η ×Xan
η
X̂η are

closed analytic domains in Yan
η . Therefore it suffices to verify that the morphism

considered is surjective. This is easily seen if Y is the projective space over X
or a closed subscheme of X and, therefore, if ϕ is a projective morphism. If ϕ is
arbitrary, this is obtained by applying Chow’s Lemma that tells that there exist
a projective X -scheme Z and a projective surjective X -morphism Z → Y.

We remark that there are canonical morphisms of sites X̂ η ét → X an
η ét

→
Xη ét. The pullbacks of a sheaf F ∈ X η̃ ét on X an

η and X̂η will be denoted by Fan

and F̂ , respectively. For any étale sheaf F on Xη there is a canonical morphism
of sheaves on Xs, i∗(j∗F) → Θ(F̂). Indeed, the first sheaf is associated with the
presheaf ip(j∗F) that assigns to a scheme Z étale over Xs the inductive limit
lim
−→

F(Yη) over all morphisms Z → Ys over Xs, where Y is a scheme étale over

X . If Z is the formal scheme étale over X̂ with Zs = Z, then such a morphism
Z → Ys induces a morphism of formal schemes Z → Ŷ over X̂ , and therefore it
induces a map F(Yη) → F̂(Zη) = Θ(F̂)(Z). These maps define a morphism of
presheaves ip(j∗F) → Θ(F̂) that, in its turn, defines the required morphism of
sheaves. It follows that there is a canonical morphism of sheaves Ψη(F) → Ψη(F̂).

Theorem 5.1. Let F be an étale abelian torsion sheaf on Xη. Then for any
q ≥ 0 there is a canonical isomorphism

i∗(Rqj∗F)∼→RqΘ(F̂) .

Proof . We prove the statement by induction on d = dim(Xη). (Since the state-
ment is local with respect to X , we may assume that X is finitely presented and,
in particular, that d < ∞.) Suppose that d ≥ 1 and that the theorem is true for
schemes whose generic fibre has dimension at most d− 1.

Step 1. The homomorphism i∗(Rqj∗F) → RqΘ(F̂) induces an isomorphism
at geometric points over any nonclosed point x ∈ Xs.
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We may assume that X is a closed subscheme of the affine scheme Am
S over

S. Then there exists a projection X → T := A1
S such that the image of the

point x in Ts is the generic point s′ of Ts. To prove the statement, it suffices to
show that the homomorphism i∗(Rqj∗F) → RqΘ(F̂) induces an isomorphism
between the pullbacks of the sheaves on (Xs)s′ .

Let S ′ = {s′, η′} be the spectrum of the Henselization Oh
T ,s′ of the local

ring OT ,s′ , and we set X ′ = X ×T S ′. The canonical morphism λ : X ′ →
X induces morphisms λs : X ′s′

∼→(Xs)s′ → Xs and λη : X ′η′ → Xη. One has
λ∗s(i

∗(Rqj∗F)) ∼→i′∗(Rqj′∗(λ
∗
ηF)). By induction, the latter sheaf is canonically

isomorphic to RqΘ′(λ̂∗ηF). Therefore there is a canonical isomorphism

λ∗s(i
∗(Rqj∗F)) ∼→RqΘ′(λ̂∗ηF) .

On the other hand, let us consider the similar procedure for formal schemes.
Let t be the maximal point of T̂η. There is a canonical embedding of rings
OT ,s′ ↪→ H(t)◦, and it induces an isomorphism of the completion of OT ,s′ with
H(t)◦. In particular, it gives rise to a canonical embedding of rings Oh

T ,s′ ↪→
H(t)◦, and one has Ŝ ′ = Spf(H(t)◦). Furthermore, there is an isomorphism of
formal schemes X̂ ′ ∼→X̂ ×Ŝ Ŝ ′. If λ̂ denotes the induced morphism X̂ ′ → X̂ , then,
by Proposition 4.6(i), there is a canonical isomorphism

λ̂∗s(R
qΘ(F̂))∼→RqΘ′(λ̂∗ηF̂) .

Since λ̂s = λs and λ̂∗ηF̂ = λ̂∗ηF , the required statement follows.

Step 2. i∗(Rqj∗F) → RqΘ(F̂) is an isomorphism.
Since the statement is local with respect to X , we may assume that X is

affine, and after that we may assume that X is projective over S. Let ∆· be
defined by the exact triangle in D(Xs)

−→ i∗(Rj∗F) −→ RΘ(F̂) −→ ∆· −→

We have to show that ∆· is quasi-isomorphic to zero. By Step 1, the cohomology
sheaves of ∆· are concentrated at closed points of Xs. Therefore it suffices to
show that RΓ (Xs ⊗k̃

k̃′,∆·) = 0 for any finite unramified extension k′ of k.
Replacing k by k′, we see that our problem is to show that RΓ (Xs,∆

·) = 0, i.e.,
that RΓ (Xs, i

∗(Rj∗F)) ∼→RΓ (Xs, RΘ(F̂)).
Since X is proper over S, there are canonical isomorphisms RΓ (Xs, i

∗(Rj∗F))
∼→RΓ (Xη,F) and RΓ (Xs, RΘ(F̂)) ∼→RΓ (X an

η ,Fan). Thus, the required fact fol-
lows from the following lemma.

Lemma 5.2. Let X be a compactifiable scheme over a quasicomplete field k,
and let F be an abelian torsion sheaf on X . Then for any q ≥ 0 there is a
canonical isomorphism

Hq
c (X ,F)∼→Hq

c (X an,Fan) .
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Proof . By the Comparison Theorem 7.1.1 from [Ber2], the statement is true if k is
complete. Therefore it suffices to verify that Hq

c (X ,F)∼→Hq
c (X⊗k k̂,F). We know

that this is true if k is separably closed (in this case k̂ is also separably closed).
The general case is obtained using the Hochschield-Serre spectral sequence and
the fact that the Galois groups of k and k̂ are isomorphic ([Ber2], 2.4.2).

Corollary 5.3. For any étale abelian torsion sheaf F on Xη and any q ≥ 0
there is a canonical isomorphism

RqΨη(F)∼→RqΨη(F̂) .

Let k be a non-Archimedean field. A morphism ϕ : Y → X in k◦-Fsch is said
to be smooth if locally it goes through an étale morphism from Y to the formal
affine space Ad

X
over X. A formal scheme X ∈ k◦-Fsch is said to be smooth if

the canonical morphism X → Spf(k◦) is smooth.

Corollary 5.4. Let X be a smooth formal scheme in k◦-Fsch, and let n be an in-
teger prime to char(k̃). Then Ψη(Z/nZ)Xη

= (Z/nZ)Xs
and RqΨη(Z/nZ)Xη

= 0
for q ≥ 1.

Proof . Corollary 4.5(i) reduces a situation to the case when X is the formal
completion of the affine space Ad

k◦ . Therefore the statement follows from Corol-
lary 5.3 and the known fact on the triviality of the vanishing cycles sheaves for
smooth schemes.

Corollary 5.5. Suppose that k is algebraically closed, and let X be a scheme
of finite type over k and F a constructible sheaf on X with torsion orders
prime to char(k̃). Then for any compact analytic domain X in X an the groups
Hq(X,Fan), q ≥ 0, are finite.

Proof . If {Vi}i∈I is a finite covering of X by closed analytic domains, then the
spectral sequence of Corollary 3.6 implies that to prove the statement it suffices
to show that all of the groups Hq(Vi1 ∩ . . . ∩ Vim ,Fan) are finite. Therefore we
may assume that X = Spec(A) is affine and X is affinoid. Furthermore, since
the cohomology groups are preserved under algebraically closed extensions of
the ground field ([Ber2], 7.6.1), we can increase the field k and assume that
the valuation on k is nontrivial and X is strictly k-affinoid. Furthermore, let
f1, . . . , fn be generators of A over k such that X ⊂ V := {x ∈ X an

∣∣|fi(x)| ≤
1, 1 ≤ i ≤ n}. By Gerritzen-Grauert Theorem ([BGR], 7.3.5/1), X is a finite
union of rational domains in V . Therefore we may assume that X is a rational
domain in V , i.e., there exist elements h, g1, . . . , gm ∈ A without common zeros in
V such that X = {x ∈ V

∣∣|gi(x)| ≤ |h(x)|, 1 ≤ i ≤ m}. Replacing A by A[ 1
h ], we

may assume that X is a Weierstrass domain in V . Thus, we can find generators
f1, . . . , fn of A over k such that X = {x ∈ X an

∣∣|fi(x)| ≤ 1, 1 ≤ i ≤ n}.
Let a be the kernel of the surjective homomorphism k[T1, . . . , Tn] → A : Ti 7→

fi. It is an ideal of k[T1, . . . , Tn] generated by polynomials g1, . . . , gm. Multiplying
all gi by a constant, we may assume that gi ∈ k◦[T1, . . . , Tn]. Let b be the ideal
of k◦[T1, . . . , Tn] generated by g1, . . . , gm, and we set B = k◦[T1, . . . , Tn]/b. We
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get an affine scheme Y = Spec(B) finitely presented over k◦ with Yη = X and
Ŷη

∼→X. By Deligne’s Theorem 3.2 from [SGA4 1
2 ], Th. finitude, the vanishing

cycles sheaves RqΨη(F) are constructible. (In the proof of Deligne’s Theorem one
assumed that k◦ is a discrete valuation ring, but the proof works for arbitrary k◦.)
Furthermore, by loc. cit., 1.10, the cohomology groups of Ys with coefficients in
a constructible sheaf are finite. Applying Corollary 5.3 and the spectral sequence
4.5(iii), we get the required statement.

Corollary 5.6. Suppose that k is algebraically closed, and let X be a compact k-
analytic space such that each point of X has a neighborhood of the form V1∪. . .∪
Vn, where each Vi is a closed analytic domain admitting a quasi-étale morphism
to the analytification of a scheme of finite type over k. Then for any finite locally
constant sheaf F on X with torsion orders prime to char(k̃) the groups Hq(X, F ),
q ≥ 0, are finite.

Proof . By the reasoning from the beginning of the proof of Corollary 5.5, the
situation is reduced to the case when X is k-affinoid and connected. Furthermore,
we can find a finite étale Galois covering ϕ : Y → X such that the sheaf ϕ∗F
is constant. Applying the Hochschield-Serre spectral sequence for this covering,
we see that the situation is reduced to the case when F = (Z/nZ)X for some
n prime to char(k̃). Finally, shrinking X, we may assume that X is an affinoid
domain in a k-analytic space Y for which there exists a separated étale morphism
ϕ : Y → X an, where X is an affine scheme of finite type over k.

Let y ∈ X and let x be the image of the point x = ϕ(y) in X . The field k(x)
is everywhere dense in H(x), and H(y) is a finite separable extension of H(x).
Therefore we can find a finite separable extension K of k(x) which embeds in
H(y) and is everywhere dense in it. Take an arbitrary étale morphism of finite
type between affine schemes g : Y → X for which there exists a point y ∈ Y with
g(y) = x and k(y) = K. The embedding of K in H(y) defines a point y′ ∈ Yan.
Since K is everywhere dense inH(y), thenH(y) = H(y′). By Theorem 3.4.1 from
[Ber2], the k-germs (Y, y) and (Yan, y′) are isomorphic. Thus, we may assume
that X is an affinoid domain in X an, where X = Spec(A) is an affine scheme of
finite type over k. In this case the statement follows from Corollary 5.5.

Remark 5.7. The natural conjecture is that, for any formal scheme X ∈ k◦-
Fsch and any finite locally constant sheaf F on Xη with torsion orders prime to
char(k̃), the vanishing cycles sheaves RqΨη(F ) are constructible. To prove this,
it would be enough to show that the statement of Corollary 5.6 is true for any
compact k-analytic space X.

6. A uniform topology on the set of morphisms of analytic spaces

All the analytic spaces considered in this section are assumed to be Hausdorff.
Let F be a prime non-Archimedean field. (This means that the subfield gen-

erated by the image of Z is everywhere dense in F, i.e., F is the field Qp with
the p-adic valuation or the field Q or Fp with the trivial valuation.) Recall that
an analytic space over F is a pair (k, X), where k is a non-Archimedean field
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over F and X is a k-analytic space, and a morphism (K,Y ) → (k, X) is a pair
consisting of an isometric embedding k ↪→ K and a morphism of K-analytic
spaces Y → X⊗̂kK (see [Ber2], §1.4). For brevity the pair (k,X) is denoted by
X and is called an analytic space. Given an analytic function f on an analytic
space X, we set ρ(f) = max

x∈X
|f(x)|. For a morphism ϕ : Y → X, we denote by ϕ∗

the induced homomorphism O(X) → O(Y ). Furthermore, given analytic spaces
X and Y , we denote by Mor(Y, X) the set of morphisms Y → X. If X and Y are
over an analytic space T , then MorT (Y, X) denotes the subset of T -morphisms.
Finally, let G(X) denote the group of automorphisms of X. (If X is k-analytic,
then such an automorphism induces an isometric automorphism of the field k.)
If X is over T , then GT (X) := G(X) ∩ MorT (X, X). Our purpose is to endow
the set Mor(Y,X) with a uniform space structure.

Let X be an analytic space. We introduce a set E(X) as follows. An element
ε of E(X) consists of a finite family s(ε) = {Ui}i∈I of compact analytic domains
in X and, for each i ∈ I, of finite sets of analytic functions {fij}j∈Ji

on Ui and of
positive numbers {tij}j∈Ji

. Such an element ε defines, for each analytic space Y ,
a relation on the set Mor(Y,X) as follows. Given two morphisms ϕ,ψ : Y → X,
we write d(ϕ,ψ) < ε if ϕ−1(Ui) = ψ−1(Ui) and ρ(ϕ∗i fij − ψ∗i fij) ≤ tij for all
i ∈ I and j ∈ Ji, where ϕi and ψi are the induced morphisms ϕ−1(Ui) → Ui

(if ϕ−1(Ui) is empty, the above inequality is assumed to hold). The relations
d(ϕ,ψ) < ε define a uniform space structure and, in particular, a topology on
Mor(Y, X). (If Y is reduced, then Mor(Y,X) is Hausdorff.) We endow the group
G(X) with the topology induced from Mor(X, X). It is easy to see that G(X) is
really a topological group (not necessarily Hausdorff), and its topology is defined
by the system of the subgroups Gε(X) = {σ ∈ G(X)

∣∣σ(Ui) = Ui, ρ(σ∗i fij−fij) ≤
tij} for ε ∈ E(X) as above.

For example, if K/k is an extension of non-Archimedean fields, then we get
a topological group Gk(K) (= GM(k)(M(K))). If K = k̂a, it is canonically
isomorphic to the Galois group Gal(ks/k).

Furthermore, we introduce a partial ordering on E(X) as follows. Given ε, δ ∈
E(X), we write ε ≤ δ if, for any pair of morphisms ϕ,ψ : Y → X, the relation
d(ϕ,ψ) < ε implies d(ϕ,ψ) < δ. For example, given ε, δ ∈ E(X), let inf(ε, δ)
denote the element of E(X) for which the families of analytic domains, of analytic
functions and of positive numbers are unions of those for ε and δ. Then inf(ε, δ) ≤
ε, δ and γ ≤ inf(ε, δ) for any γ ∈ E(X) with γ ≤ ε, δ. We remark also that for
each ε ∈ E(X) there exists δ ≤ ε such that δ is the infimum of elements defined
by the triples (U, f, t), where U is an affinoid domain in X, f ∈ O(U) and t > 0.
Finally, for a finite family U = {Ui}i∈I of compact analytic domains in X, we
set |U| = ∪i∈IUi.

Proposition 6.1. Let U = {Ui}i∈I be a finite family of affinoid domains in X.
Then for any ε ∈ E(X) with |s(ε)| ⊂ |U| there exists δ ∈ E(X) with δ ≤ ε and
s(δ) = U .

Proof . The situation is easily reduced to the case when X = M(A) is affinoid
and U = {X}. We may also assume that ε is defined by a triple (U, h, t) with
ρU (h) 6= 0. Suppose first that U is a rational domain, i.e., U = X(r−1

i
fi
g ) = {x ∈

X
∣∣|fi(x)| ≤ ri|g(x)|}, where f1, . . . , fn, g are elements of A without common

zeroes in X and r1, . . . , rn > 0. It is easy to see that if a pair ϕ,ψ : Y → X
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satisfies the conditions ρ(ϕ∗fi − ψ∗fi) ≤ αri, ρ(ϕ∗g − ψ∗g) ≤ α/2, where α =
min
x∈U

|g(x)|, then ϕ−1(U) = ψ−1(U). Furthermore, we can replace the element

h by a sufficiently close element of the form h′/gm, where h′ ∈ A and m ≥ 0.
If the pair ϕ,ψ satisfies, in addition, the conditions ρ(ϕ∗h′ − ψ∗h′) ≤ tαm and
ρ(ϕ∗gm − ψ∗gm) ≤ tα2mρU (h′)−1, then ρ(ϕ∗h− ψ∗h) ≤ t, i.e., d(ϕ,ψ) < ε.

If U is a finite union of rational domains, then the statement easily fol-
lows from the first case. Suppose now that U is arbitrary, and let X be k-
affinoid. Then we can find a field of the form Kr = {∑

ν
λνT ν

∣∣λν ∈ F, |λν |rν →
0 as |ν| → ∞} such that kr := k⊗̂FKr is a field and the spaces X⊗̂kr = X⊗̂FKr

and U⊗̂kr are strictly kr-affinoid (see [Ber1], §2). There are canonical maps
Mor(Y, X) → Mor(Y ⊗̂FKr, X⊗̂kr) : ϕ 7→ ϕ′ and E(X) 7→ E(X⊗̂kr) : ε 7→ ε′.
We remark that if d(ϕ′, ψ′) < ε′, then d(ϕ,ψ) < ε. By Gerritzen-Grauert Theo-
rem ([BGR],7.3.5/3), U⊗̂kr is a finite union of rational domains in X⊗̂kr. Apply-
ing the previous case, we can find an element γ ∈ E(X⊗̂kr) with s(γ) = {X⊗̂kr}
and γ ≤ ε′. Therefore the required statement follows from the following lemma.

Lemma 6.2. For any γ ∈ E(X⊗̂kr) with s(γ) = {X⊗̂kr} there exists δ ∈ E(X)
with s(δ) = {X} such that, for any pair ϕ,ψ ∈ Mor(Y, X) with d(ϕ, ψ) < δ, one
has d(ϕ′, ψ′) < γ.

Proof . We may assume that γ is defined by a function g =
∑

ν fνT ν ∈ A⊗̂kr,
fν ∈ A, and a positive number t. If ϕ,ψ ∈ Mor(Y, X), then ρ(ϕ′∗g − ψ′∗g) =
max

ν
ρ(ϕ∗fν − ψ∗fν)rν . Since ||fν ||rν → 0 as |ν| → ∞, we can find N such

that, for any ν with |ν| > N , one has ρ(fν)rν ≤ t. It follows that if the pair ϕ,ψ
satisfies the conditions ρ(ϕ∗fν−ψ∗fν) ≤ tr−ν for |ν| ≤ N , then ρ(ϕ′∗g−ψ′∗g) ≤
t.

Corollary 6.3. Suppose that X = M(A) is k-affinoid, and let f1, . . . , fn be
a k-affinoid generating system of elements of A. Then for any ε ∈ E(X) there
exist fn+1, . . . , fm ∈ k and t1, . . . , tm > 0 such that, for the element δ ∈ E(X)
defined by (X, {fi}, {ti}), one has δ ≤ ε.

Proof . By Proposition 6.1, we may assume that ε is defined by a triple
of the form (X, g, t), g ∈ A. Let P ∈ k[T1, . . . , Tn] be a polynomial with
ρ(g − P (f1, . . . , fn)) ≤ t, and let fn+1, . . . , fm be the nonzero coefficients
of P . It is clear that we can find t1, . . . , tm > 0 such that, for any pair
ϕ,ψ : Y → X with ρ(ϕ∗fi−ψ∗fi) ≤ ti, 1 ≤ i ≤ m, one has ρ(ϕ∗(P (f1, . . . , fn))−
ψ∗(P (f1, . . . , fn))) ≤ t. For such a pair (ϕ,ψ), one has ρ(ϕ∗g − ψ∗g) ≤ t.

Proposition 6.4. Let a k-analytic group G act on a k-analytic space X, and
let X = X⊗̂k̂a. Then the canonical homomorphisms G(k) → Gk(X) and G(k)×
Gal(ks/k) → Gk(X) are continuous.

Lemma 6.5. A k-point x of a k-analytic space X is contained in the topological
interior of any affinoid domain U that contains x.

Proof . We may assume that X is compact and there are affinoid domains
U1, . . . , Un ∈ X such that x ∈ U1 ∩ . . . ∩ Un and X = U1 ∪ . . . ∪ Un. For
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each i, one has U ∩Ui = V1 ∪ . . .∪ Vm for some affinoid domains Vj ⊂ Ui. Since
x is contained in the topological interior in Ui of each Vj that contains x, then
x is contained in the topological interior of U ∩ Ui in Ui. It follows that x is
contained in the topological interior of U in X.

Lemma 6.6. (i) If X is k-analytic, then the space Mork(k, X) is homeomorphic
to its image X(k) in X.

(ii) Let ϕ : Y → X be a compact morphism. Then for any ε ∈ E(X) there
exists δ ∈ E(Y ) such that, for any analytic space Z and any pair of morphisms
ψ, ψ′ : Z → Y with d(ψ, ψ′) < δ, one has d(ϕψ,ϕψ′) < ε.

(iii) Let ψ : Z → Y be a morphism. Then for any analytic space X, any
ε ∈ E(X) and any pair of morphisms ϕ,ϕ′ : Y → X with d(ϕ,ϕ′) < ε, one has
d(ϕψ, ϕ′ψ) < ε.

(iv) Suppose that either X and Y are k-analytic and Z is over k or X
and Y are over k and Z is k-analytic. Then the canonical map Mork(Y, X) →
Mork(Y ×k Z, X×k Z) induces a uniform homeomorphism between the first space
and its image in the second one.

Proof . (i) From Lemma 6.5 it follows that a basis of topology on X(k) is formed
by sets of the form U(k) for affinoid domains U ⊂ X. Therefore the bijection
Mork(k, X) → X(k) is continuous. On the other hand, a basis of the topology on
X(k) induced from Mork(k,X) is formed by sets of the form {x ∈ U(k)

∣∣|f(x)−
α| ≤ t}, where f ∈ O(O), α ∈ k and t > 0. The latter set is V (k) for the affinoid
domain V = {x ∈ U

∣∣|(f − α)(x)| ≤ t}, and the required statement follows.
(ii) For ε ∈ E(X) defined by a triple (U, f, t), we define δ ∈ E(Y ) by the triple

(ϕ−1(U), ϕ∗f, t). It is easy to see that if d(ψ,ψ′) < δ, then d(ϕψ, ϕψ′) < ε.
(iii) is trivial.
(iv) By Proposition 6.1, to show that the map is uniformly continuous, it

suffices to verify that for any element ε ∈ E(X ×k Z) defined by a triple of the
form (U ×k W, g, t), where U ⊂ X and W ⊂ Z are affinoid domains, there exists
δ ∈ E(X) such that if d(ϕ, ψ) < δ, then d(ϕ × id, ψ × id) < ε. We may assume
that g =

∑n
i=1 fi⊗hi for fi ∈ O(U) and hi ∈ O(W ), hi 6= 0. Then the necessary

property is satisfied for δ defined by the affinoid domain U and the systems of
functions {fi} and of positive numbers {t/||hi||}.

Furthermore, if δ ∈ E(X) is defined by a triple (U, f, t), then we take an
arbitrary compact analytic domain W ⊂ Z and define ε ∈ E(X ×k Z) by the
triple (U ×k W, f ⊗ 1, t). It is easy to see that if d(ϕ × id, ψ × id) < ε, then
d(ϕ,ψ) < δ.

Proof of Proposition 6.4. Since Gk(X) and Gk(X) are homeomorphic to their
images in Mork(X, X) and Mork(X, X), respectively, and a basis of topology on
G(k) is formed by the sets V (k), where V is a compact analytic domain in G, then
it suffices to verify that the maps V (k) → Mork(X, X) and V (k)×Gal(ks/k) →
Mork(X, X) are continuous. The first map is the composition of continuous maps

V (k) = Mork(k, X) → Mork(X,V ×X) → Mork(X, X) .

(The latter map is induced by the action morphism G × X → X, and the
morphism V × X → X is evidently compact.) From Lemma 6.6(iv) it follows
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now that the maps V (k) → Mork(X, X) and Gal(ks/k) → Mork(X, X) are
continuous.

Corollary 6.7. Let G be a k-analytic group. Then for any compact analytic
domain U ⊂ G the subgroup G(k)U := {g ∈ G(k)

∣∣gU = U} is open in G(k).
Furthermore, the topology on G(k) is defined by the system of subgroups G(k)U ,
where U runs through affinoid neighborhoods of the unity. Finally, the homo-
morphism G(k) → Gk(G) defined by the left action of G on itself induces a
topological isomorphism of G(k) with its image in Gk(G).

7. The action of the set of morphisms on the étale cohomology groups

As in §6, all the analytic spaces considered are assumed to be Hausdorff.

Theorem 7.1. Let T be an analytic space, and let F be a quasi-étale abelian
sheaf on T . Then for any compact analytic space X over T and any element
α ∈ Hq(X, F ) there exists ε ∈ E(X) such that, for any analytic space Y over
T and any pair of T -morphisms ϕ, ψ : Y → X with d(ϕ,ψ) < ε, one has
ϕ∗(α) = ψ∗(α) in Hq(Y, F ).

Key Lemma 7.2. Let X be an analytic space, and let f : U → X be a quasi-
étale morphism with compact U . Then there exists ε0 ∈ E(U) with the following
property. For any ε ≤ ε0 there exists δ ∈ E(X) such that, for any cartesian
(resp. commutative) diagram

(∗)
Y

ϕ−→ Xxg
xf

V
ψ−→ U

and any morphism ϕ′ : Y → X with d(ϕ,ϕ′) < δ, there exists a unique morphism
ψ′ : V → U with d(ψ, ψ′) < ε for which the following diagram is also cartesian
(resp. commutative)

(∗′)
Y

ϕ′−→ Xxg
xf

V
ψ′−→ U

Proof . First of all we remark that the validity of the statement for commutative
diagrams is easily deduced (using Lemma 6.6(iii)) from its validity for cartesian
diagrams. And so we assume that the diagram (∗) is cartesian.

Step 1. The statement is true if the spaces X = M(A) and U = M(B)
are affinoid, the morphism f is finite étale and B = A[T ]/(P ), where P =
Tn + a1T

n−1 + . . . + an ∈ A[T ].

Lemma 7.3. (Generalized Krasner’s Lemma) Let f : U = M(B) → M(A)
be a finite étale morphism of affinoid spaces such that B = A[T ]/(P ), where
P = Tn + a1T

n−1 + . . . + an ∈ A[T ], and let α be the image of T in B. Then
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there exist positive numbers r1, . . . , rn, t and a series Φ ∈ B{r−1
1 S1, . . . , r

−1
n Sn}

with Φ(0) = α such that, for any cartesian diagram (∗) with affinoid Y = M(C)
and V = M(D) and for any polynomial Q = Tn + c1T

n−1 + . . .+ cn ∈ C[T ] with
ρ(ci − ϕ∗ai) ≤ ri, 1 ≤ i ≤ n, the element β = (ψ∗Φ)(c1 − ϕ∗a1, . . . , cn − ϕ∗an)
is a unique root of Q in D with ρ(β − ψ∗α) < t and the homomorphism C[T ] →
D : T 7→ β induces an isomorphism C[T ]/(Q)∼→D.

Recall (see [Ray], Ch. XI) that if I is an ideal in a commutative ring A, then
the pair (A, I) is called Henselian if it satisfies to any of the following equivalent
conditions:

(a) I ⊂ rad(A) (the Jacobson radical of A) and for any monic polynomial
P ∈ A[T ] such that its image P in A[T ] (A = A/I) is of the form QR, where Q
and R are relatively prime monic polynomials in A[T ], one has P = QR for some
monic polynomials Q,R ∈ A[T ] whose images in A[T ] are Q and R, respectively;

(b) if B is a finite free A-algebra, then Idem(B)∼→Idem(B/IB), where
Idem(B) is the Boolean algebra of idempotent elements of B.

The following lemma is a generalization of Theorem 2.1.5 from [Ber2].

Lemma 7.4. Let Σ be a closed subset of a paracompact analytic space X, and
let O(Σ) be the algebra of functions analytic in a neighborhood of Σ. We set
I(Σ) = {f ∈ O(Σ)

∣∣f(x) = 0 for all x ∈ Σ}. Then the pair (O(Σ), I(Σ)) is
Henselian.

Proof . Let Idem(Σ) denote the Boolean algebra of open-closed subsets of Σ.
We claim that for any ideal I ⊂ I(Σ) there are canonical isomorphisms

Idem(O(Σ)) ∼→Idem(O(Σ)/I)∼→Idem(Σ) ,

where the second map takes an idempotent f ∈ O(Σ)/I to the set of x ∈ Σ with
f(x) = 1. Since a paracompact space is normal, it follows that the map from the
first set to the third one is surjective. Therefore it suffices to verify that the both
maps are injective. For this it suffices to show that I(Σ) ⊂ rad(O(Σ)). Suppose
that an element f ∈ I(Σ) is not contained in a maximal ideal m ⊂ O(Σ). Then
1 = ff ′ + gg′ for some g ∈ m and f ′, g′ ∈ O(Σ). This implies that g(x) 6= 0 for
all x ∈ Σ, i.e., g is invertible in O(Σ).

To prove the lemma, we verify the condition (b). Let B be a finite free
O(Σ)-algebra. Then we can shrink X and assume that there is a finite free
O(X)-algebra C such that B = C ⊗O(X) O(Σ). The algebra C gives rise to
a finite morphism of analytic space ϕ : Y → X with C = O(Y ). The space Y
is also paracompact, and one has B = O(π−1(Σ)). Since IB ⊂ I(π−1(Σ)),
then Idem(B)∼→Idem(B/IB)∼→Idem(π−1(Σ)), and therefore the condition (b)
is satisfied.

Proof of Lemma 7.3. Of course, we may assume that n > 1. Let D(S1, . . . , Sn) =∑
ν dνSν be the discriminant of the polynomial P = Tn +(a1 +S1)Tn−1 + . . .+

(an + Sn) ∈ A[S1, . . . , Sn][T ]. Since d0 = D(0) is the discriminant of P , then d0

is invertible in A. Let t be a positive number with

t2|P |n2−n−2
sp < min

x∈X
|d0(x)| ,
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where |P |sp = max
i

ρ(ai)
1
i (the spectral norm of P ). Then we can find r1, . . . , rn >

0 such that ||dν ||rν < t for all ν 6= 0 and ri < |P |isp for all 1 ≤ i ≤ n.

Furthermore, let Z × E(0; r1, . . . , rn) ⊂ An, where E(0; r1, . . . , rn) is the
closed disc in An, i.e., Z = M(B{r−1

1 S1, . . . , r
−1
n Sn}), let Σ = U×{0} ⊂ Z, and

let I be the ideal ofO(Σ) generated by the coordinate functions S1, . . . , Sn. Then
I ⊂ I(Σ), and therefore the pair (O(Σ), I) is Henselian. We apply the condition
(a) to the polynomial P ∈ O(Σ)[T ]. One hasO(Σ)/I = B and P = P = (T−α)R
for some monic polynomial R ∈ B[T ]. Since B = A[T ]/(P ) is finite étale over
A, then the polynomials T − α and R are relatively prime in B[T ]. Therefore
P = (T −Φ)R, where Φ ∈ O(Σ) with Φ(0) = α and R is a monic polynomial in
O(Σ)[T ] with R = R. We now can replace r1, . . . , rn by smaller positive numbers
and assume that Φ ∈ B{r−1

1 S1, . . . , r
−1
n Sn}, R ∈ B{r−1

1 S1, . . . , r
−1
n Sn}[T ], and

the norm of the element Φ−α in B{r−1
1 S1, . . . , r

−1
n Sn} is strictly less than t. We

claim that the required properties hold for the constructed r1, . . . , rn, t and Φ.
Suppose we have a diagram (∗) and a polynomial Q as in the formulation.

By the construction, the element β is a root of Q with ρ(β − ψ∗α) < t and the
discriminant of Q is invertible in C. In particular, the homomorphism C[T ] →
D : T 7→ β induces a finite étale homomorphism C[T ]/(Q) → D over C. Since the
both algebras are free C-modules of the same rank n, it follows that C[T ]/(Q)∼→D.
It remains to show that if γ is a root of Q different from β, then ρ(γ−ψ∗α) ≥ t.
For this we take an arbitrary bounded character χ : D → K to an algebraically
closed non-Archimedean field K. The discriminant of the polynomial χ(Q) is
equal to

∏
i<j

(γi− γj)2, where the product is taken over all pairs of roots of χ(Q)

in K. Since |γi| ≤ |Q|sp ≤ |P |sp, our choice of t guarantees that |γi − γj | > t for
all i 6= j. Since |χ(β − ψ∗α)| < t, it follows that |χ(γ − ψ∗α)| > t. Lemma 7.3 is
proved.

We apply Lemma 7.3 to the morphism f : U → X. Let r1, . . . , rn, t and Φ be
given by the lemma, and let α be the image of T in B. Replacing ri by smaller
numbers, we may assume that the norm of Φ − α in B{r−1

1 S1, . . . , r
−1
n Sn} is

less than t. We claim that the statement is true for ε0 = (U,α, t). Indeed, by
Proposition 6.1, it suffices to assume that ε is the infimum of ε0 and of an
element ε1 of the form (U, h, q), where h ∈ B and q > 0. The required element δ
is defined as the infimum of the following families (1)-(3) of elements of E(X).

(1) δi = (X, ai, ri), 1 ≤ i ≤ n.
Before continuing we remark that the conditions δ ≤ δi, 1 ≤ i ≤ n, are

enough to construct, for any cartesian diagram (∗) and any morphism ϕ′ : Y →
X with d(ϕ,ϕ′) < δ, a unique morphism ψ′ : V → U with d(ψ, ψ′) < ε0 for which
the diagram (∗′) is also cartesian. Indeed, to see this it suffices to assume that
Y = M(C) and V = M(D) are affinoid. If d(ϕ,ϕ′) < δ, then ρ(ϕ′∗ai−ϕ∗ai) ≤ ri,
1 ≤ i ≤ n, and therefore the element β′ := (ψ∗Φ)(ϕ′∗a1−ϕ∗a1, . . . , ϕ

′∗an−ϕ∗an)
is a root of the polynomial ϕ′∗P . The homomorphism ψ′∗ : B → D that extends
ϕ′∗ : A → C and takes α to β′ is well defined and is a unique extension of ϕ′∗

with ρ(ψ′∗α− ψ∗α) < t. It is also clear that the diagram (∗′) is cartesian.
Furthermore, let h = b1α

n−1 + . . . + bn, where bi ∈ A.
(2) δ′i = (X, bi, qρ(α)i−n), 1 ≤ i ≤ n.
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Finally, we can find 0 < r′i < ri, 1 ≤ i ≤ n, such that the norm of the series
Φ− α in B{r′−1

1 S1, . . . , r
′−1
n Sn} is at most q max{ρ(bi)−1ρ(α)1+i−n}, where the

maximum is taken over all 1 ≤ i ≤ n with ρ(bi) 6= 0.
(3) δ′′i = (X, ai, r

′
i), 1 ≤ i ≤ n.

Let δ be the infimum of all the elements from (1)-(3). It suffices to verify
that if d(ϕ,ψ) < δ, then d(ϕ′, ψ′) < ε1, i.e., ρ(ψ′∗h− ψ∗h) ≤ q. One has

ρ(ψ′∗h−ψ∗h) ≤ max
1≤i≤n

(
ρ(α)n−iρ(ϕ′∗bi − ϕ∗bi), ρ(bi)ρ(ψ′∗(α)n−i − ψ∗(α)n−i)

)
.

By (2), the first number under the maximum is at most q. Since ρ(ψ′∗(α)n−i −
ψ∗(α)n−i) ≤ ρ(ψ′∗α−ψ∗α)ρ(α)n−i−1, then (3) implies that the second number
is also at most q.

Step 2. The statement is true if f identifies U with an analytic domain in
X.

In this case the statement is true even for arbitrary ε ∈ E(U). Indeed, let ε
be the infimum of the two elements of E(X) defined by the triple (U, 0, 1) and by
the same families of affinoid domains, analytic functions and positive numbers
as ε. It is easy to see that the necessary properties are satisfied for δ = ε.

Step 3. The statement is true in the general case.

Lemma 7.5. (i) If the statement is true for U → X and U ′ → U , then it is
also true for the composition U ′ → X.

(ii) Let {Xi}i∈I and {Ui}i∈I be finite systems of closed analytic domains in
X and U with U = ∪i∈IUi and f(Ui) ⊂ Xi. If the statement is true for all the
induced morphisms fi : Ui → Xi, then it is also true for f .

Proof . (i) is trivial.
(ii) By (i) and Step 2, we may assume that X is compact and Xi = X for all

i ∈ I. It follows also that the statement is true for all the induced morphisms
fij : Ui ∩ Uj → X. Let εi,0 and εij,0 be the elements of E(Ui) and E(Ui ∩ Uj)
for the morphisms fi and fij . We claim that the statement is true for ε0 :=
inf{εi,0, εij,0}, where εi,0 is the extension of εi,0 to U (as in Step 2). Indeed,
let ε ≤ ε0, and let δi and δij be the elements of E(X) which correspond to
the pairs (fi, ε

∣∣
Ui

) and (fij , ε
∣∣
Ui∩Uj

), where ε
∣∣
Ui

is the restriction of ε to Ui

(defined in the evident way). Suppose we are given a cartesian diagram (∗)
and a morphism ψ : Y → X with d(ϕ,ϕ) < δ := inf{δi, δij}. Then (∗) induces
diagrams (∗i) and (∗ij) with (fi, ψi, Vi) and (fij , ψij , Vi∩Vj), respectively, instead
of (f, ψ, V ). By the assumptions, there exist unique morphisms ψ′i : Vi → Ui

and ψ′ij : Vi ∩ Vj → Ui ∩ Uj with d(ψi, ψ
′
i) < ε

∣∣
Ui

and d(ψij , ψ
′
ij) < ε

∣∣
Ui∩Uj

for

which the corresponding diagrams (∗′i) and (∗′ij) are cartesian. It follows that ψ′ij
coincide with the restrictions of ψi and ψ′i to Vi∩Vj , and therefore the morphisms
ψ′i are glued together to a morphism ψ′ : V → U for which d(ψ, ψ′) < ε and the
diagram (∗′) is cartesian.

We can find finite systems of affinoid domains {Xi}i∈I in X and {Ui}i∈I in U
such that U = ∪i∈IUi and, for each i ∈ I, Ui is identified with an affinoid domain
in an affinoid space finite and étale over Xi. Applying Lemma 7.5, we reduce
the situation to the case when f : U = M(B) → X = M(A) is a finite étale
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morphism of affinoid spaces. Then f induces a finite étale morphism of affine
schemes Spec(B) → Spec(A). From the local description of étale morphisms of
schemes it follows that we can find, for each point u ∈ U , affinoid neighborhoods
U ′ of u and X ′ of f(u) such that f induces a finite étale morphism U ′ → X ′ for
which BU ′ = AX′ [T ]/(P ), where P is a monic polynomial in AX′ [T ]. Applying
Step 1 and Lemma 7.5, we get the required fact.

Proof of Theorem 7.1. First of all we verify the statement for q = 0. Let α ∈
F (X). Then there is a finite quasi-étale covering {Ui

fi→ X}i∈I with compact Ui

and, for each i, a commutative diagram

X −→ Txfi

xhi

Ui
µi−→ Si

with quasi-étale hi and compact Si such that f∗i (α) = µ∗i (βi) for some βi ∈
F (Si). We apply Key Lemma 7.2 to the morphisms fi : Ui → X (for cartesian
diagrams) and hi : Si → T (for commutative diagram). Let εi ∈ E(Ui) and
ε′i ∈ E(Si) be given by the theorem. Furthermore, applying Lemma 6.6(ii) to the
compact morphism µi : Ui → Si and the element ε′i ∈ E(Si), we get an element
δi ∈ E(Ui). By Key Lemma 7.2, we can find ε ∈ E(X) such that for any system
of cartesian diagrams

Y
ϕ−→ Xxgi

xfi

Vi
ϕi−→ Ui

and any morphism ψ : Y → X with d(ϕ,ψ) < ε there exists a unique system of
morphisms ψi : Vi → Ui with d(ϕi, ψi) < inf{εi, δi} for which the diagrams

Y
ψ−→ Xxgi

xfi

Vi
ψi−→ Ui

are also cartesian. We claim that ϕ∗(α) = ψ∗(α) in F (Y ). Indeed, since {Vi
gi→

Y }i∈I is a quasi-étale covering, it suffices to verify that g∗i (ϕ∗(α)) = g∗i (ψ∗(α))
for all i ∈ I. One has g∗i (ϕ∗(α)) = ϕ∗i (f

∗
i (α)) = ϕ∗i (µ

∗
i (βi)) = ν∗i (βi), where

νi = µiϕi : Vi → Si. Similarly, one has g∗i (ψ∗(α)) = ν′i
∗(βi), where ν′i = µiψi :

Vi → Si. Therefore it suffices to verify that νi = ν′i. Since d(ϕi, ψi) < δi then,
by Lemma 6.6(ii), d(νi, ν

′
i) < ε′i. Key Lemma 7.2 applied to the morphism hi :

Ti → Si and the canonical morphism Y → T implies that νi = ν′i.
To verify the statement for q ≥ 1, we use the modified Čech procedure

for calculation of the cohomology groups from [SGA4], Exp. V, §7. By loc. cit.,
7.4.1, the group Hq(X, F ) is isomorphic to the inductive limit of the cohomology
groups Hq(K·, F ) over the category HRq+1 of hypercoverings of X of type q +1
up to homotopy.

Lemma 7.6. The family of the hypercoverings K·, such that all the components
Kn, n ≥ 0, are representable by compact analytic spaces quasi-étale over X, is
cofinal in HRq+1.
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Proof . Let L· be a hypercovering of X from HRq+1. We construct K· that
refines L· inductively. First of all, since L0 → X is a quasi-étale covering and X
is compact, we can find a quasi-étale covering K0 → X that refines L0 and such
that K0 is representable by an affinoid space quasi-étale over X. Suppose now
that, for some 0 ≤ n ≤ q, we have already constructed a morphism K

(n)
· → i∗nL·,

where K
(n)
· is an object of ∆◦[n]X q̂ét (we use the notations from loc.cit.; X q̂ét

is the category of presheaves of sets on Xqét) such that all K
(n)
p , 0 ≤ p ≤

n, are representable by affinoid spaces quasi-étale over X and the canonical
morphisms K

(n)
p+1 → (ip∗K

(n)
· )p+1, 0 ≤ p ≤ n− 1, and K

(n)
0 → X are quasi-étale

coverings. The morphism K
(n)
· → i∗nL· induces a morphism (in∗K

(n)
· )n+1 →

(coskn(L·))n+1. Consider the cartesian diagram in X q̂ét

Ln+1 −→ (coskn(L·))n+1x x
K ′

n+1 −→ (in∗K
(n)
· )n+1

We remark that the category of compact analytic spaces quasi-étale over X

admits finite projective limits. In particular, (in∗K
(n)
· )n+1 is representable by a

compact analytic space quasi-étale over X. Furthermore, since the upper arrow
is a quasi-étale covering, the lower arrow is a quasi-étale covering too. Therefore,
we can find a commutative diagram in X q̂ét

K ′
n+1 −→ (in∗K

(n)
· )n+1x ↗

Kn+1

where Kn+1 is representable by an affinoid space quasi-étale over X and Kn+1 →
(in∗K

(n)
· )n+1 is a quasi-étale covering. We define an object K

(n+1)
· ∈ ∆◦[n +

1]X q̂ét by K
(n+1)
p = K

(n)
p for 0 ≤ p ≤ n and K

(n+1)
n+1 = Kn+1. In this way

we get a morphism K
(q+1)
· → i∗q+1L·, where K

(q+1)
· ∈ ∆◦[q + 1]X q̂ét is such

that all K
(q+1)
p , 0 ≤ p ≤ q + 1, are representable by affinoid spaces quasi-étale

over X and the canonical morphisms K
(q+1)
p+1 → (ip∗K

(q+1)
· )p+1, 0 ≤ p ≤ q, and

K
(q+1)
0 → X are quasi-étale coverings. This morphism induces a morphism K· :=

iq+1∗K
(q+1)
· → coskq+1(L·)

∼→L·. It remains to note that all the components Kn

of K· are representable by compact analytic spaces quasi-étale over X.

Let K· be a hypercovering as in Lemma 7.6 such that α comes from the group
Hq(K·, F ), i.e., α comes from an element β ∈ F (Kq). By Key Lemma 7.2 and the
case q = 0, we can find ε ∈ E(X) such that for any pair of T -morphisms ϕ,ψ :
Y → X with d(ϕ,ψ) < ε there is a canonical isomorphism of hypercoverings of
Y , θ· : L

(ϕ)
· := K· ×X,ϕ Y

∼→L
(ψ)
· := K· ×X,ψ Y with ϕ∗q(β) = θ∗q (ψ∗q (β)), where

ϕq : L
(ϕ)
q → Kq and ψq : L

(ψ)
q → Kq. It follows that ϕ∗(α) = ψ∗(α) in Hq(Y, F ).

The theorem is proved.

Corollary 7.7. Let T be an analytic space, and let F be an étale abelian sheaf
on T . Then for any k-analytic space X over T and any element α ∈ Hq

c (X, F )
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there exists ε ∈ E(X) such that, for any pair of proper T -morphisms of k-analytic
spaces ϕ, ψ : Y → X with d(ϕ,ψ) < ε, one has ϕ∗(α) = ψ∗(α) in Hq

c (Y, F ).

Proof . By [Ber2], 5.2.8, one has

Hq
c (X, F ) = lim−→

U

Hq
c (U , F ) ,

where U runs through compact analytic domains in X and U is the topological
interior of U in X. Suppose that α comes from an element β ∈ Hq

c (U , F ) for
some U . We remark that, for any proper morphism ϕ : Y → X, ϕ−1(U) is the
topological interior of ϕ−1(U) in Y ([Ber2], 1.5.5). Let ε1 ∈ E(X) be defined by
the triple (U, 0, 1). Then for any pair of proper morphisms ϕ,ψ : Y → X with
d(ϕ,ψ) < ε1 one has ϕ−1(U) = ψ−1(U) and, by the above remark, ϕ−1(U) =
ψ−1(U). Furthermore, by [Ber2], 5.2.5, one has Hq

c (U , F )∼→Hq(U, j!(F
∣∣
U )), where

j is the open embedding U ↪→ U . Let K· be a hypercovering of U as in Lemma
7.6 such that β comes from the group Hq(K·, j!(F

∣∣
U )), i.e., β comes from an

element γ ∈ (j!(F
∣∣
U ))(Kq) ⊂ F (Kq). By Key Lemma 7.2 and the case q = 0 of

Theorem 7.1, we can find ε ≤ ε1 such that for any pair of proper T -morphisms
ϕ,ψ : Y → X with d(ϕ,ψ) < ε there is a canonical isomorphism θ· : L

(ϕ)
· :=

K·×X,ϕY
∼→L

(ψ)
· := K·×X,ψY of hypercoverings of V := ϕ−1(U) = ψ−1(U) with

ϕ∗q(γ) = θ∗q (ψ∗q (γ)) in F (L(ϕ)
q ) (ϕq and ψq are the morphisms L

(ϕ)
q → Kq and

L
(ψ)
q → Kq, respectively). Since V := ϕ−1(U) = ψ∗(U), then the latter equality

is in fact an equality in the subgroup (j′!(F
∣∣
U ))(L(ϕ)

q ), where j′ is the open
embedding V ↪→ V . It follows that ϕ∗(β) = ψ∗(β) in Hq

c (V, F ), and therefore
ϕ∗(α) = ψ∗(α) in Hq

c (Y, F ).

Corollary 7.8. Let a k-analytic group G act on a k-analytic space X, and let
Λ be a discrete Gal(ks/k)-module. Then the cohomology groups Hq

c (X,Λ) (resp.
Hq

c (X, Λ)) are discrete G(k) (resp. G(k)×Gal(ks/k)) modules.

Remark 7.9. (i) The fact that Hq
c (X, F ) are discrete Gal(ks/k)-modules for

arbitrary étale abelian sheaves F on X follows from [Ber2], 5.3.5.
(ii) Given an analytic space X and an abelian quasi-étale sheaf F on X, one

can endow the cohomology groups Hq(X, F ) with the topology with respect to
which a basis of open subgroups is formed by the kernels of the homomorphisms
Hq(X, F ) → Hq(U,F ), where U runs through compact analytic domains in X.
From Theorem 7.1 it follows that in the situation of Corollary 7.8 the group G(k)
(resp. G(k)×Gal(ks/k)) acts continuously on the cohomology groups Hq(X, Λ)
(resp. Hq(X, Λ)).

(iii) Using the same reasoning as in the proof of Theorem 7.1 and Corollary
7.7, one can prove the following fact. Let F be an étale abelian sheaf on an
analytic space T , and let X and Y be analytic spaces over T . Then for any
element α ∈ Hq(Y, F ) and any finite flat T -morphism ϕ : Y → X there exists
ε ∈ E(X) such that, for any finite flat T -morphism ψ : Y → X with d(ϕ,ψ) < ε,
one has Trϕ(α) = Trψ(α) in Hq(X, F ).
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8. The action of the set of morphisms of formal schemes on vanishing
cycles

Let k be a quasicomplete field with nontrivial valuation, and let a be a fixed
non-zero element of the maximal ideal k◦◦ of the ring of integers k◦. All the
schemes considered below are assumed to be finitely presented over k◦. We fix
such a scheme T (for example, T = Spec(k◦)), and let F be an étale abelian
torsion sheaf on Tη. From Comparison Theorem 5.1 it follows that if X and Y
are schemes over T , then any morphism of formal schemes ϕ : Ŷ → X̂ over T̂
induces homomorphisms of sheaves on Ys and Ys, respectively,

θq(ϕ,F) : ϕ∗s(i
∗(Rqj∗(F

∣∣
Xη

))) −→ i∗(Rqj∗(F
∣∣
Yη

)) ,

θq
η(ϕ,F) : ϕ∗s(R

qΨη(F∣∣
Xη

)) −→ RqΨη(F∣∣
Yη

) .

For a prime integer l, we set sl(k) = dimFl
(|k∗|/|k∗|l).

Theorem 8.1. Let F be a constructible sheaf on Tη with torsion orders prime
to char(k̃), and suppose that sl(k) < ∞ for each prime l dividing a torsion order
of F . Given X̂ , where X is a scheme over T , there exists n ≥ 1 such that, for
any scheme Y over T and any pair of T̂ -morphisms ϕ,ψ : Ŷ → X̂ that coincide
modulo an, one has θq(ϕ,F) = θq(ψ,F) for all q ≥ 0.

Proof . First of all we verify that the sheaves considered are constructible.

Lemma 8.2. Let l be a prime integer with l 6= char(k̃) and sl(k) < ∞. Then for
any constructible l-torsion sheaf G on Xη the sheaves i∗(Rqj∗G) are constructible
and equal to zero for q > sl(k) + 2 dim(Xη).

Proof . By Deligne’s Theorem 3.2 from [SGA4 1
2 ], Th. finitude, the vanishing

cycles sheaves RqΨη(G) are constructible. (In the proof of Deligne’s Theorem one
assumed that k◦ is a discrete valuation ring, but the proof works for arbitrary
k◦.) It is clear that RqΨη(G) = 0 for q > 2 dim(Xη). Let I be the inertia group
of k. Then there is a spectral sequence Hp(I,RqΨη(G)) =⇒ i

∗
(Rp+qj∗G), where

i : Xs → Xs, and therefore it suffices to show that the sheaves Hp(I, RqΨη(G))
are constructible and are equal to zero for p > s := sl(k). Let Q be the minimal
closed invariant subgroup of I such that M := I/Q is a pro-l-group. Then the
indices of all open subgroups of Q are prime to l and M

∼→Zs
l (see [Ber2], 2.4.4).

It follows that Hp(I, RqΨη(G)) = Hp(M,RqΨη(G)Q). Thus, our statement is
reduced to the verification of the following simple fact. Let G be a constructible
sheaf (on a scheme) endowed with a continuous action of the group M

∼→Zs
l . Then

all the groups Hp(M,G) are constructible and are equal to zero for p > s. By
induction, it suffices to consider the case s = 1. Let σ be a generator of Zl. Then
H0(Zl,G) = Ker(G σ−1−→ G), H1(Zl,G) = Coker(G σ−1−→ G) and Hp(Zl,G) = 0 for
p > 1.

We fix a functor Us 7→ U from the category of schemes étale over Xs to the
category of formal schemes étale over X̂ which is inverse to the functor from
Lemma 2.1.
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Corollary 8.3. In the situation of Lemma 8.2 suppose that the residue field
k̃ is separably closed. Then for any étale morphism of finite type Us → Xs the
groups Hq(Uη, Ĝ) are finite.

Proof . By Comparison Theorem 5.1 and Corollary 4.2, there is a spectral
sequence Ep,q

2 = Hp(Us, i
∗(Rqj∗G)) =⇒ Hp+q(Uη, Ĝ). By Lemma 8.2 and

[SGA4 1
2 ], Th. finitude, 1.10, the groups Ep,q

2 are finite. The required statement
follows.

Lemma 8.4. Let X be a formal scheme finitely presented over k̂◦. Then for any
ε ∈ E(Xη) there exists n ≥ 1 such that, for any formal scheme Y locally finitely
presented over k̂◦ and any pair of morphisms ϕ, ψ : Y → X that coincide modulo
an, one has d(ϕη, ψη) < ε.

Proof . Suppose first that X = Spf(A), where A is topologically finitely presented
over k̂◦, and let elements f1, . . . , fm be the images of the coordinate functions
under some surjective homomorphism k̂◦{T1, . . . , Tm} → A. By Corollary 6.3, we
may assume that ε is defined by the triple (Xη, {fi}, {ti}) for some t1, . . . , tm > 0.
We claim that any n ≥ 1 such that |a|n ≤ ti for all 1 ≤ i ≤ m possesses the
necessary property. Indeed, let ϕ, ψ : Y → X be a pair of morphisms that coincide
modulo an. We may assume that Y = Spf(B), where B is topologically finitely
presented over k̂◦. Then ϕ∗fi−ψ∗fi = angi for some gi ∈ B. Since the image of
B in B := B⊗

k̂◦ k̂ is contained in B◦, it follows that ρ(ϕ∗ηfi−ψ∗ηfi) ≤ |a|n ≤ ti,
1 ≤ i ≤ m.

If X is arbitrary, we take a finite covering {Xi}i∈I of X by open affine formal
subschemes of the above form. Then {Xi,η}i∈I is a finite affinoid covering Xη. By
Proposition 6.1, we may assume that ε is the infimum of εi with s(εi) = {Xi,η}.
The previous case applied to Xi and εi gives integers ni ≥ 1, i ∈ I. It is easy to
see that n := max

i∈I
ni satisfies the necessary property.

We are now ready to prove the theorem. First of all, we can replace k by its
maximal unramified extension and assume that the residue field k̃ is separably
closed. Let 0 ≤ q ≤ sl(k) + 2 dim(Xη). Since the sheaf i∗(Rqj∗(F

∣∣
Xη

)) is con-

structible and is associated with the presheaf Us 7→ Hq(Uη, F̂), we can find a

finite étale covering {Uν,s
fν→ Xs} by separated schemes of finite type over k̃ such

that if Gν denotes the constant sheaf on Uν,s associated with the finite group
Hq(Uν,η, F̂), then the canonical homomorphism ⊕νfν !(Gν) → i∗(Rqj∗(F

∣∣
Xη

)) is
surjective. By Theorem 7.1 and Lemma 8.4, we can find n ≥ 1 such that, for
each ν and any pair of morphisms of formal schemes ϕ,ψ : Y → Uν that coincide
modulo an, the homomorphisms Hq(Uν,η, F̂) → Hq(Yη, F̂) induced by ϕ and ψ
coincide. We claim that this n satisfies the required property (for the chosen q).

Indeed, let ϕ,ψ : Ŷ → X̂ be a pair of T̂ -morphisms that coincide modulo
an. We set Vν = Ŷ ×X̂ ,ϕ

Uν and denote by ϕν and gν the induced morphisms

Vν → Uν and Vν → Ŷ, respectively. Since ϕ and ψ coincide modulo an, there
is a canonical isomorphism Vν,n

∼→(Ŷ ×X̂ ,ψ
Uν)n. By Lemma 2.1, it induces an
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isomorphism Vν
∼→Ŷ ×X̂ ,ψ

Uν . Let ψν denote the composition of the latter iso-

morphism with the canonical morphism Ŷ ×X̂ ,ψ
Uν → Uν . Thus, we get two

morphisms ϕν , ψν : Vν → Uν that coincide modulo an and extend the mor-
phisms ϕ,ψ : Ŷ → X̂ , respectively. By our choice of n, the homomorphisms
Hq(Uν,η, F̂) → Hq(Vν,η, F̂) induced by ϕν and ψν coincide. If Hν denotes the
constant sheaf on Vν,s associated with the group Hq(Vν,η, F̂), then the latter
means that the homomorphisms of sheaves ϕ∗ν,s(Gν) = ψ∗ν,s(Gν) → Hν induced
by ϕν and ψν coincide. Furthermore, for each ν there is a commutative diagram

ϕ∗s(fν !(Gν)) = ψ∗s (fν !(Gν)) −→ ϕ∗s(i
∗(Rqj∗(F

∣∣
Xη

))) = ψ∗s (i∗(Rqj∗(F
∣∣
Xη

)))

θν,ϕ

y
yθν,ψ θq(ϕ,F)

y
yθq(ψ,F)

gν !(Hν) −→ i∗(Rqj∗(F
∣∣
Yη

))

where θν,ϕ : ϕ∗s(fν !(Gν)) = gν !(ϕ∗ν,sGν) → gν !(Hν) and θν,ψ : ψ∗s (fν !(Gν)) =
gν !(ψ∗ν,sGν) → gν !(Hν). Since θν,ϕ = θν,ψ for all ν, it follows that θq(ϕ,F) =
θq(ψ,F). The theorem is proved.

Corollary 8.5. Let F be a constructible sheaf on Tη with torsion orders prime
to char(k̃). Given X̂ , where X is a scheme over T , there exists n ≥ 1 such that,
for any scheme Y over T and any pair of T̂ -morphisms ϕ,ψ : Ŷ → X̂ that
coincide modulo an, one has θq

η(ϕ,F) = θq
η(ψ,F) for all q ≥ 0.

For a scheme X over T , we denote by G(X̂/T̂ ) the group of T̂ -automorphisms
of X̂ and by Gn(X̂/T̂ ) its subgroup consisting of the automorphisms trivial
modulo an. Furthermore, recall that a Zl-sheaf on a Noetherian scheme is a
projective system of étale constructible Z/lm+1Z-modules Fm, m ≥ 0, such
that, for each m ≥ 1, the canonical homomorphism Fm → Fm−1 induces an
isomorphism Fm ⊗Z/lm+1Z Z/lmZ∼→Fm−1 (see [SGA4 1

2 ], Rapport, §2).

Theorem 8.6. Let F be a Zl-sheaf on Tη, l 6= char(k̃), and suppose that
sl(k) < ∞. Given X̂ , where X is a scheme over T , there exists n ≥ 1 such
that the group Gn(X̂/T̂ ) acts trivially on all of the sheaves i∗(Rqj∗Fm), q ≥ 0,
m ≥ 0.

Lemma 8.7. Let R be a commutative ring, A a commutative R-algebra com-
plete in the a-adic topology for some ideal a ⊂ A, G(A/R) the group of the
automorphisms σ of A over R with σ(a) = a, Gn(A/R) the subgroup of auto-
morphisms trivial modulo an. If a prime number l is invertible in A, then for
any n ≥ 2 (resp. n ≥ 1 if a is generated by elements of R) the group Gn(A/R)
is uniquely l-divisible.

Proof . Let E be the ring of the endomorphisms ϕ of the R-module A with
ϕ(am) ⊂ am for all m ≥ 0. For ϕ 6= 0, let w(ϕ) denote the maximal integer
ν such that ϕ(am) ⊂ am+ν for all m ≥ 0. We also set w(0) = ∞. One has
w(ϕ+ψ) ≥ inf{w(ϕ), w(ψ)} and w(ϕψ) ≥ w(ϕ)+w(ψ), i.e., w is a filtration on
E. In particular, Em := {ϕ ∈ E

∣∣w(ϕ) ≥ m} are two sided ideals in E. Since A
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is a-adic, the ring E is separated and complete in the topology defined by the
ideals Em. It follows that Um := 1 + Em, m ≥ 1, are subgroups of E∗. One has
Gn(A/R) ⊂ Un−1 (resp. Gn(A/R) ⊂ Un).

We claim that, for any n ≥ 1, the group Un is uniquely l-divisible. Indeed,

if ϕ ∈ En, then the series l
√

1 + ϕ =
∑∞

q=0

(
1
l
q

)
ϕq is convergent in E, and

therefore Un is l-divisible. Suppose that (1 + ϕ)l = (1 + ψ)l for some ϕ 6= ψ in
E1. Then w(ϕ) = w(ψ) and l(ϕ − ψ) = l(l−1)

2 (ψ2 − ϕ2) + . . . + (ψl − ϕl). For
each i ≥ 2, one has w(ψi−ϕi) ≥ (i− 1)w(ϕ)+w(ϕ−ψ) > w(ϕ−ψ). The latter
contradicts to the above equality.

It remains to verify that if σ ∈ U1 ∩ G(A/R), then τ := l
√

σ ∈ G(A/R), i.e.,
τ(ab) = τ(a)τ(b) for all a, b ∈ A. If σ = 1 + ϕ, where ϕ ∈ E1, then the latter is
equivalent to the equality

(?)
∞∑

q=0

(
1
l
q

)
ϕq(ab) =

∞∑

i,j=0

(
1
l
i

)(
1
l
j

)
ϕi(a)ϕj(b) .

Since σm(ab) = σm(a)σm(b), m ≥ 0, then there are equalities

(∗)
m∑

q=0

(
m
q

)
ϕq(ab) =

m∑

i,j=0

(
m
i

) (
m
j

)
ϕi(a)ϕj(b) .

We introduce inductively by m ≥ 0 polynomials fm ∈ Z[X0, . . . , Xm, Y0, . . . , Ym]
by the equalities

(∗′)
m∑

q=0

(
m
q

)
fq =

m∑

i,j=0

(
m
i

)(
m
j

)
XiYj .

Then ϕm(ab) = fm(a, . . . , ϕm(a), b, . . . , ϕm(b)). Let B be the ring of polynomials
Z[ 1l ][X0, X1, . . . , Y0, Y1 . . .] graduated by deg(Xi) = deg(Yi) = i. For a polyno-
mial f ∈ B, let e(f) denote the minimal degree of a monomial that enters in f .

For example, e(fm) = m (since fm =
∑m

i=0

∑m−i
j=0

(
m
i

)(
m− i

j

)
Xi+jYm−j).

Let B̂ be the completion lim←−
m

B/bm, where bm is the ideal {f ∈ B
∣∣e(f) ≥ m}.

The equality (?) follows from the following equality in B̂

(?′)
∞∑

q=0

(
1
l
q

)
fq =

∞∑

i,j=0

(
1
l
i

) (
1
l
j

)
XiYj .

Let p be a prime number different from l, and let m be the integer with ml ≡
1(mod p) and 1 ≤ m ≤ p− 1. Then

(
1
l
i

)
≡

(
m
i

)
(mod p) for all 0 ≤ i ≤ p− 1,

and therefore the equality (?′) is congruent to the equality (∗′) modulo the ideal
generated by p and bm+1. Note that m ≥ [

p+1
l

]
, and therefore m → ∞ when

p →∞. It follows that (?′) is true.
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Proof of Theorem 8.6. There is an exact sequence of Zl-sheaves 0 → F ′ →
F → F ′′ → 0 such that lνF ′ = 0 for some ν ≥ 0 and F ′′ is without torsion
(see [SGA4 1

2 ], Rapport, 2.8). It induces, for each m ≥ 0, an exact sequence
0 → F ′m → Fm → F ′′m → 0. We also remark that F ′m ∼→F ′ν for m ≥ ν and that,
for each m ≥ 1, there exists an exact sequence 0 → F ′′m−1 → F ′′m → F ′′1 → 0. By
Theorem 8.1, we can find n ≥ 1 such that the group Gn(X̂/T̂ ) acts trivially on
all of the sheaves i∗(Rqj∗F ′m), 0 ≤ m ≤ ν, and i∗(Rqj∗F ′′1 ). By Lemma 8.7, this
group is uniquely l-divisible. It follows that it acts trivially on all of the sheaves
i∗(Rqj∗Fm), q ≥ 0, m ≥ 0.

Corollary 8.8. Let F be a Zl-sheaf on Tη, l 6= char(k̃). Given X̂ , where X is
a scheme over T , there exists n ≥ 1 such that the group Gn(X̂/T̂ ) acts trivially
on all of the sheaves RqΨη(Fm), q ≥ 0, m ≥ 0.
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