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INTEGRAL CURVATURES, OSCILLATION AND
ROTATION OF SPATIAL CURVES AROUND AFFINE
SUBSPACES

D. NOVIKOV, S. YAKOVENKO

ABSTRACT. The main result of the paper is an upper bound for the
oscillation of spatial curves around geodesic subspaces of the ambient
space in terms of the integral geodesic curvatures of the curves.

Let M™ be the Euclidean space R", the projective space P", or
the sphere S™ equipped with the Riemannian metric of Gaussian cur-
vature ¢(M) = 0,1 or v~ > 0, respectively, and I" C M be a smooth
curve parametrized by the arc length s € [0, 4].

For these curves the (geodesic) Frenet curvatures s (s),...,
stp—1(8) can be defined, the last one up to the choice of sign in the
nonorientable case of P*. The generalized inflection points are defined
by the condition that the last curvature s¢,.1(s) vanishes.

We prove that the number of intersections of I with an arbitrary
affine hyperplane L,_;1 C R" (respectively, any equator of codimen-
sion 1 in the sphere or a projective hyperplane in P™) can be at most
1/7 times the sum woKn(I") + w1 Kn_1(I) + -+ + w1 K1 (') +
wn Ko(I') + wny1 K_1(I"), where
Ki(I),...,Kn—1(T") are (absolute) integral Frenet curvatures of I',
Kn(I') = 7 x (number of generalized inflection points),

Ko(I") = c}/*(M) - |I'}, where |I'| is the Riemannian length of I,
K_1(I') =0 or 7 is /2 times the number of endpoints of I',
wo =wy = 1, wa =2, w; = j — 1 for j > 3 are the universal weights.

For curves in the Euclidean case M = R" a similar estimate can
be found for properly defined rotation around affine subspaces of ar-
bitrary dimension k& between 0 and n — 2. We show that this rotation
can be at most wo K41 () +- - - +wip—1 K1 (") +wiy1 K-1(I), where
the term wy Ko (') is missing since c(R™) = 0.

The proof is based on arguments from integral geometry (also
called geometric probability) and nonoscillation theory for ordinary
linear equations.
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1. OSCILLATION AND ROTATION AROUND AFFINE SUBSPACES

The principal question posed in this paper can be formulated as follows:
given a smooth curve I" in the Euclidean space R™ with the known integral
Frenet curvatures [ |3;(s)|ds, j =1,...,n—1, find an upper bound for the
number of intersections of I" with any affine hyperplane A C R?, dim 4 =
n — 1, and, more generally, estimate from above the “rotation” of I" around
any affine subspace of codimension greater than 1 (the notion of rotation
needs yet to be defined).

This problem was studied in various settings in numerous publications
(especially the hyperplanar case). Our work was inspired by the beautiful
paper by John Milnor [1}, in which many ideas developed below were already
present.

We start with the set of definitions and list some known results concerning
oscillatory properties of curves, referring to them as Facts. One of these
facts, a theorem by Shapiro [11], [12], is a topological rather than metric
assertion that implies a metric result that we formulate as Theorem 1.

Then the main result of the paper, Theorem 2, is formulated. The proof
of Theorem 2 is given in Sec. 2. It rests on two auxiliary results from inte-
gral geometry (a multidimensional generalization of the Firy theorem and
the averaging property of the rotation index), and a variation on the theme
of the Pélya theorem. The proof of Theorem 2 is derived from these auxil-
iary results, which, in turn, are proved in Sec. 3 and Sec. 4 respectively. In
Subsec. 1.5 we formulate and in Subsec. 2.5 prove the counterpart of Theo-
rem 2 for spherical and projective curves. The last section, Sec. 5, contains
an alternative proof of Theorem 2 for curves in R® using isoperimetric in-
equalities on the sphere.

Acknowledgments. We are grateful to Askold Khovanskii for acquainting
us with the beautiful realm of integral geometry. Misha Shapiro explained
to us how their result from [11], [12] is related to the Pélya theorem. Many
other people made valuable remarks and expressed great interest concerning
the subject of our work. This paper was given its final form when we enjoyed
the hospitality and creative atmosphere of Laboratoire Pierre Fermat in
Université Paul Sabatier (Toulouse).

1.1. Settings and definitions. Everywhere below | X| means the natural
measure of the set X (the number of points if X is a discrete set, the length
of a curve, the area of a surface, etc).-

We consider a smooth curve I' in the Euclidean space R"™, parametrized
ast > z(t), t € I = (0,8, z(t) = (z1(t),...,Zn(t)) € R™. Sometimes we
assume that the parametrization is natural, i.e., the parameter is the arc
length measured along I'; in this case we denote it by s.
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1.1.1. Integral curvatures and integral inflection. We denote by vi(t), for
k=1, ..., n, the vectors of the osculating frame: by definition,

k
vg: I — R, tl—-vvk(t)=-gﬁ-z(t), k=1,...,n.

Definition 1 (regular curves, inflections, hyperconvexity). A pa-
rametrized curve I is regular if the first n—1 vectors v (t), k= 1,...,n—1,
are linearly independent for all ¢t € I, whereas the complete set {vg(t)}2_,
is linearly dependent only at isolated points of I". The points where the
osculating frame degenerates are called (generalized) inflection points, by
nalogy with the planar case. A curve without inflection points is said to be
hyperconvex.

Remark. By the Thom transversality theorem, a generic smooth curve is

regular.

For the regular curve I" parametrized by the natural parameter s (the arc
length), the osculating frame {vg(s)}} admits orthogonalization; in other
words, the tuple of smooth vector functions e;(s),...,en(s) can be con-
structed in such a way that

(1) for any k between 1 and n — 1 the vectors v(s),...,vx(s) and
e1(s),...,ex(s) span the same k-dimensional space and the angle
between ex(s) and vi(s) is always acute,

(2) all vectors e;j(s),...,en(s) taken together constitute a positively
oriented orthonormal frame for all s € I.

Since the frame {ex} is orthonormal, the vectors ex = ex(s) satisfy
the system of linear equations with the antisymmetric matrix of coeffi-
cients A(s) = {ai;(s)}¥ ;=1 The additional observation that the derivative

iek(s) must belong to the subspace spanned by e;(s),...,ex+1(s) implies

s
that a;;(s) = 0 for all 4, j such that |i — j| > 2, and the system must have
the form of the Frenet formulas

disek(s) = —st1() ens(s) + 2au(s) exsi(s), k=1,...,m, (L1)

(assuming g = s, =0, €9 = €541 = 0). The numbers s; = ;(s), defined,
in fact, by the Frenet formulas (1.1), are called Frenet curvatures. For
regular curves the first n — 2 curvatures are everywhere positive whereas
the last one, s¢,-1(s), changes sign at inflection points.
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Definition 2 (integral curvatures, integral inflection). For k = 1,
..,n — 1 we define the kth integral curvature of I" as

4

Ki(I) = / 13¢5 (s) ds
0

if the curve is parametrized by the arc length s; for an arbitrary parametriza-
tion ¢ this naturally gives the value K;(I") = fol |3¢;(t)] - lvi ()] dt. Note
that for all £ < n — 2 the Frenet curvatures s; are positive, and, hence
]xj(s)[ = xj(s).

The integral inflection is defined as

Kn(I) =K (I =7 |[{t € It 365_1(t) = 0},
where K, (I") := |{t: 3n—1(t) = 0}] is the number of inflection points on I'.

1.1.2. Oscillation and rotation around affine subspaces. Let L be a linear
subspace in R™ and A = a + L be an affine subspace of dimension dim L =
dimA =k, 0 < k € n— 1. We define the oscillation of I" around A if
dim A = n—1 and rotation around A if dim A < n —2 as the angular length
of I' as seen from the origin in the direction orthogonal to L (resp., as seen
from the point AN A+ in the direction A1). The formal definition is given
first for linear subspaces and then for affine subspaces.

Definition 3 (spherical indicatrix, angular length). If I' &€ R",
n 22, and 0 ¢ I, then the spherical indicatrix of I" is the spherical projec-
tion of I" on the unit sphere S*~! from the origin. The angular length of I"
is the (spherical) length of its indicatrix.

Definition 4 (rotation around linear subspaces). If L C R" is a
linear subspace of dimension £k = dimL € n — 2, disjoint from I', then
the rotation (I, L) of I" around L is the angular length of the orthogonal
projection of I" on L* along L.

IfdimL =n-—1 (ie., L is a linear hyperplane) and L is transversal to
I, then Q(I', L) is defined as - [I'N L|.

Definition 5 (rotation around affine subspaces). If A = L+aisan
affine subspace transversal to I", then Q(I', L + @) is defined as Q(I" — a, L},
where I' — a is the parallel translate of I'.

For an arbitrary affine subspace A ¢ R™ of positive codimension we
define Q(I', A) as the upper limit of Q(I', A;) as € — 0F, where A, is an
affine subspace parallel to A and e-close to it.

Finally, we introduce the characteristics Qx(I") for allk = 0,1,...,n—1,

I)= swp Q(T,4),
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where the supremum is taken over all affine subspaces of dimension k.

1.1.3. Remarks. For a plane curve the angular length is the total variation
of the argument along the curve. If I' C R? is closed, then (2r)~1Q(I}0)
gives an upper bound for the topological index of I" with respect to the
origin.

Therefore, for any subspace A of codimension 2 and a closed curve I" the
value (27)~1(I, A) majorizes the linking number between I" and A.

For hyperplanes, the definition of rotation is given separately and may
seem somewhat artificial. The reason for this is rather simple: for the “unit
sphere” {£1} = S% C R?! the geodesic distance between antipodal points is
not defined whereas for all other spheres S* ¢ R¥*1, k > 0, it is equal to 7.
If we extend the definition of the geodesic distance for the sphere S° in the
appropriate way, then the definition of Q(I', L) will become more uniform.
Similar reasons motivate the occurrence of the factor # in the definition of
the integral inflection.

Besides, in Sec. 3 we prove several results concerning average values of
integral curvatures and rotations. It turns out that they remain valid for
the last “curvature” K, and the hyperplane “rotation” (2,_; if the factor
7 is properly placed in their definitions.

1.2. Nonoscillation theorems: starting points. After all the defini-
tions are given, we list some known results in the spirit of the implication
“bounded curvatures = bounded rotation.” In order to write in a si-
milar way the inequalities concerning both closed and nonclosed curves, we
introduce the notation |0I'| for the number of endpoints of the curve I':
this number is zero if I" is closed, 2 if I" is simply connected, etc.

1.2.1. Rotation around hyperplanes. The simplest case, in fact, an elemen-
tary exercise, concerns an oscillation of plane curves I' C R? around straight
lines.

Fact 1 (see, e.g., {1]).
(D) < Ki(D)y+ Ko(I') + |01 (1.2)

The proof is based on the Rolle theorem and the following observation:
if the tangent vectors at two endpoints of the curve are parallel to the same
line, then either the integral curvature of the curve is at least =, or there
should be an inflection point.

Most other results concerning the oscillation around hyperplanes are for-
mulated on the assumption that the curve is hyperconvex. Perhaps, the
most general among them is a corollary from the theorem by Shapiro [11]
(see also {12]). The Shapiro theorem is topalogical and concerns oscil-
lating curves in R™. In an obvious way, for any curve in R™ the lower
bound Q,,—1(I") > mn is valid since there always exists a hyperplane passing
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through n arbitrary points of the curve. The curves for which Q1 (I") = 7n
are nonoscillating (for obvious reasons) and oscillating otherwise. The
Shapiro theorem asserts that if a curve is oscillating, then its osculating
frame makes, in some sense, a full turn in the flag space (see 2.2.3 below
for the exact formulation; we derive this theorem as a corollary of our main
result). Since the velocity of rotation of the osculating frame is naturally
measured by the Frenet curvatures, this observation implies the following
sufficient condition for nonoscillation.

Theorem 1. If the curve I' C R™ is hyperconvez and

/\/,;f(s) 4ot (s)ds < n%/i (1.3)

r

then the curve is nonoscillating, i.e., Qn_1(I") = 7n.

The proof of this theorem is given below in Subsec. 4.3. Since any regular
curve can be partitioned into 71K, (I"} + 1 hyperconvex pieces and any
one of these pieces can, in turn, be subdivided into sufficiently short arcs
satisfying (1.3}, we can give the following corollary.

Corollary 1.
Q1 (I) < tn+7v2n? - [Ki(D) + -+ + Kt (D)] + n Ko(T). (1.4)

This inequality, however, cannot be accurate enough since any connection
between nonoscillating arcs is lost. The main resuit of this paper, Theo-
rem 2, gives a better value (linear in n) for the coefficients (note that as
n grows, the largest coefficients on the right-hand side have the order of
magnitude of n2). Some other particular results concerning the oscillation
of hyperconvex curves around hyperplanes are mentioned in [11].

1.2.2. Rotation of subspaces of codimension > 2. This group of resulis is
less numerous. Two main examples are the Milnor theorem on a linking
number between closed curves and straight lines in R3 [1} and a theorem by
Khovanskil and the second author [6] on the rotation around points.

Fact 2 (cf. Milnor [1, Theorem 3}).
VIFcR® Q) € Ki(I) + Kp(D) + = |0I). (1.5)

In fact, Milnor writes an upper estimate for the linking number between
a closed spatial curve and any straight line in R3, but his arguments also
prove a stronger result concerning the rotation, which can be derived using
the averaging principles described below, from estimate (1.2).

The following result gives an upper bound for the rotation of I" around
any point and is valid in all dimensions.
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Fact 3 (Khovanskil and Yakovenko [6]).
VI CR® Qo) < Ki(I) + 1’25 o). (1.6)

1.3. Formulation of the main result. Inequalities (1.2) compared to
(1.5) and (1.6) suggest that in the general case an upper bound for Qx(I")
can be found in the form of a weighted sum of the integral curvatures K1(I")
through Kj41(I"), with a constant term added if the curve is nonclosed;
besides, one can hope that the weights can be chosen independently of the
dimension n of the ambient space. Our main result claims that this hope
can indeed be justified.

Let I' C R™ be a smooth regular curve with |3I'| endpoints (i.e., not
necessarily connected).

Theorem 2 (main). The oscillation of any regular curve I' satisfies the
following inequalities:

Qo(I) < %ﬂam + Ky(I),
Q. (") < 7|07 + K(I) + Ka(T),
Q(F) < Sxlr| + 2K:(1) + Ko(1) + Ka(D),

<
Q3(I) < 2m|OT| + 2K1(T") + 2K5(T) + K3(T') + Ka(I'),
and, in general, for any k< n - 1 we have

k+1
1
Q(I) < gk + 1IOT| + > w1 Ki(D), (L.7)

j=1
where the sequence of weights
wo=w1=1, w2=w3=2, wj=j—-1 for j=4,5,... (1.8)
1is universal.

The inequality for Q,_; implies the sufficient condition for nonoscillation.

Corollary 2. A hyperconvez curve whose integral Frenet curvatures are
small enough to satisfy the inequality

n—1
> wnjKi(I) <= (1.9)
j=1

is nonoscillating.
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This inequality is stronger than (1.3). In fact, one could well add to the
left-hand side the last “curvature” and drop the hyperconvexity assumption
since K,(I") 2 = for curves with inflections

1.4. Remarks. Inequalities (1.7) give an upper bound for the number of
intersections of I" with any affine hyperplane. However, most hyperplanes
intersect I" at substantially smaller number of points. In particular, a ran-
dom uniformly distributed hyperplane passing, say, through the origin (in
order to avoid noncompactness of the set of all affine hyperplanes), intersects
I' at no more than 7~ 'K (I") + 1 points.

It is interesting to observe that the estimate established by Theorem 2
is stable with respect to the dimension of the ambient space: if we fix %,
then the upper bound for Q(I") is independent of the dimension n. This
fact suggests that the analog of Theorem 2 also holds for curves in infinite-
dimensional Hilbert spaces.

Inequalities (1.7) are sharp for small k = 0,1 and perhaps for k = 2. All
the way around, inequality (1.3) is not sharp even for small n. It is clear
from Subsec. 4.3 how the latter can be improved, although at the price
of rather sophisticated computations. However, one can relatively easily
establish the implication

K\ (I + Kq(I') < ;—E = I is nonoscillating, (1.10)

for three-dimensional hyperconvex curves (see Subsec. 4.4). But even this
result is inferior to the inequality 2K, (I") + K3(I") < m guaranteeing nonos-
cillation of hyperconvex three-dimensional curves, a special case of (1.9) for
n =3 and K3(I") = 0.

The final remark concerns the choice of the weights w; in (1.8); obviously,
without discussing this matter it is not possible to analyze the sharpness
of the inequalities obtained. This choice is defined by Lemma 4 on the
roots of solutions to linear ordinary differential equations; see Sec. 4. From
a geometrical point of view the integrand appearing in (1.3) seems to be
more natural (it admits interpretation as the angular velocity of rotation
of the osculating orthogonal frame of a curve). However, reasonably sharp
estimates involving [(s2(s) + - - - + »2_,(s))!/2 ds are not yet available.

1.5. Spherical and projective curves. The main result admits reformu-
lation for spherical and projective curves. Recall that for any Riemannian
n-dimensional manifold M™ and any sufficiently smooth curve I": [0,£] — M
one can define the osculating frame v;(t) € T,y M, j = 1,...,n, in the same
way as for curves in a Euclidean space, and this frame can be similarly or-
thogonalized with the only exception that the last vector e,(t) is defined
modulo multiplication by 1 for the nonorientable manifold M.
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1.5.1. Geodesic curvatures. We denote by V the operator of covariant dif-
ferentiation with respect to the natural (Levi-Civita) connection compatible
with the metric on M. Then, assuming that the curve is parametrized by
the arc length, one can easily see that

Vesyes(t) = 1(Bej1(8) + % (Bejaa®) 5 =1,...,m, (L11)

with the standard convention that eg{t) = e,n+1(t) = 0. The functions 3z;(t),

defined by (1.11), are called geodesic Frenet curvatures (in the nonorientable

case only the modulus of the last curvature +3,_;(t) is defined). However,

the integral geodesic curvatures K;(I'), j = 1,...,n, relative to M, make

sense: the last one is 7 times the number of points, where 3, _; vanishes.
We will be interested in the two simplest Riemannian manifolds:

o the sphere r - S® of radius > 0 that inherits its metric from the
embedding in the Euclidean space R**!, and

o the real projective space P™ obtained as a quotient space of the
unit sphere S by identifying the opposite points +z. The spherical
metric induces the Fubini-Study metric on P": the length of each
line is equal to .

1.5.2. Oscillatory behavior on S™ and in P™. For a spherical curve it makes
sense to ask how many times it can intersect an equator, the nearest analog
of a hyperplane. For projective curves one may look for an upper bound for
the number of intersections with any projective hyperplane of codimension
1in P",

The following two corollaries of Theorem 2 giving answers to these ques-
tions are proved in Subsec. 2.5.

Theorem 3. Let I' C r-S™ be a spherical curve with the geodesic integral
curvatures K;(I'), j =1,...,n, of the spherical length Ko(I') = |I'|. Then
I' can intersect any equator (embedded sphere r - S™~1) at no more than

%n|61"| + wn Ko(I)/7r + Xn:wn_.jl?j(l“)/w (1.12)

=1
isolated points, where w; are the same as before (1.8).

The upper bound (1.12) turns into (1.17) in the limit 7 — 4-00, as one
could expect. As a natural corollary, we obtain a similar result for projective
curves.

Theorem 4. The projective curve I' C P™ of length I?o(l’) = |I| in-
tersects any projective hyperplane P"~! C P™ at no more than %n[@l"l +
> =0 Wn— ;K;(I)/n points.
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Remark. The boundary term can be incorporated into the sum of integral
curvatures without changing the law (1.8) for the weights if we set

Ko(I)=¢/"|I|,  K_y(I) = 3lor, (1.13)

where ¢ = ¢(M) > 0 is the Gaussian curvature of the ambient manifold M
in each of the three cases, M = R", r-S?, or P*. The universal relation
embracing all these cases will then have the form

7 x {number of intersections with any “hyperplane”} <

S Wap1 K_1(T) + wnKo(T) + -+ woKn(I) = Y wa;K;(I). (1.14)
j=—1

However, this relation is justified only a posteriori. It seems to be an intrigu-
ing problem to find a direct proof of (1.14) for other classes of manifolds.

2. DEMONSTRATION OF THE MAIN RESULT

This section is the core of the paper. The two main components of the
proof are the averaging lemmas for rotation and integral curvatures belong-
ing to the realm of geometric probability (also called integral geometry),
and a variation on the theme of Pélya [8] on zeros of solutions of linear or-
dinary differential equations that admits reformulation in geometric terms.
In this section we derive Theorem 2 from these results. The demonstration
of the two integral geometric lemmas is postponed until Sec. 3, and the
Pélya theorem and its generalizations are discussed in Sec. 4.

2.1. Geometric Probability. From now on we will deal with only linear
(not affine) subspaces of the ambient Euclidean space R™. By §*1 we
denote the standard unit sphere with the Lebesgue (n — 1)-dimensional
measure do,_;. For p € S"! we denote by Rp the line spanned by p; if
L C R" is a linear subspace, then L+ is its orthogonal complement, and
Pr: R — L1 is the orthogonal projection on L+ along L. If L = Rp,
then we write p* and P, instead of (Rp)* and P, respectively. Sometimes
instead of L* and p* we will write R7™* and R}, where k = dim L.

2.1.1. Averaging integral curvatures. The first main result means that each
integral curvature K;(I") can be restored by averaging the corresponding
integral curvatures of the orthogonal projections P,(I') in a random di-
rection. Note that P,(I") is a hyperplane curve and as such possesses a
complete set of integral curvatures K;(Pp(I)), j =1,...,n — 1, relative to
the hyperplane p* (as usual, the last one is the integral inflection of the
corresponding projection).
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Lemma 1.

Vi=1,...,n—1 1K’J-(1")=|—Sn1TII / K;(Pp(I)) don-1(p). (2.1)
gn—1

Here [S™~!| stands for the (n — 1)-dimensional volume of the unit sphere
Sn—-l c Rn. .

Remark. The factor m was introduced in the definition of K, to make
this relation valid for j = n — 1. However, the proof for this case requires
special considerations.

Remark. The case n = 3, j = 1 {averaging property of integral curvature
for spatial curves), is known as the Féry theorem [4]. In fact, minor modi-
fications can be made to extend the proof of Fary for any n (and j =1, as
before).

The case n = 3, j = 2 (integral torsion of spatial curves) was proved
by Milnor in [1]. The proof given by Milnor with only minor modifications
works for any nand j =n—1.

The averaging property for intermediate curvatures seems to be a new
result.

Remark. In general, the projection of a regular curve is not a regular
curve: it can even be nonsmooth, as the simplest examples already show.
However, from the Sard theorem it follows that the Lebesgue measure of
directions p € S ! corresponding to “bad” projections is zero, and, hence
one may disregard these pathologies when computing the average.

2.1.2. Averaging rotation. Let L be a linear subspace of dimension k € n—2
and p € S™"! be a vector on the unit sphere. Then, for almost all p, the
linear sum L + Rp is a (k + 1)-dimensional subspace.

Lemma 2.

QL) = TS"_;‘TI / (T, L + Rp) don—1(p). (2.2)

§n-1

Remark. The factor 7 is introduced in the definition of Q(I,-) for hy-
perplanes in order that this equality would remain valid for subspaces L of
dimension n — 2.

As before, the fact that for a metrically negligible set of directions the
subspace L + Rp degenerates does not affect the integral.
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2.2. Flags, inflections and oscillation around hyperplanes. The
second (analytic) component of the proof of Theorem 2 is introduced in this
section. The principal result of it is an inequality relating the number of
intersections of a space curve with an arbitrary-affine hyperplane, with a
number of inflection points of orthogonal projections of this curve onto a
family of (linear) subspaces of all intermediate directions.

2.2.1. Flags. Recall that a (complete) flag £ in the linear n-dimensional
space L is a chain of embedded linear subspaces of L of increasing dimen-
sions:

E:{Lj};;o, 0=LoGCL1 CLy G - CLp 1S Ly=0L, diij=j.

If v1,...,v, is any ordered tuple of vectors in n, then the flag spanned
by this tuple is the flag whose jth subspace is spanned by the first § vectors.
Any orthogonal frame ey,...,e, can be almost uniquely restored from the
flag it spans: the map

(e1,.--,en) — (Span(e;), Span(ei, e2), ...,Span(ey,...,en))

is a covering of the flag variety by the orthogonal group SO(n) with the
discrete fiber of 2"~! points.

2.2.2. Inflections relative to a flag and the Third Principal Lemma. Let
I' C R™ be a regular curve and £ = {L;}}-;, L» = R", be a complete flag.
We denote by I'; the orthogonal projection of I" on L; parallel to L;-" for all
j=1,...,n, so that I, = I'. Each I is a j-dimensional curve and as such
possesses j integral curvatures K;(I), ¢ =1,...,7. The last of them is the
(relative) integral inflection K;(Ij) = nv;, vj = v;(I, L) € Z,., where v; is
the number of inflection points of the projection I;.

Remark. We have extended the notion of an inflection point for para-
metrized “curves” in R!: by definition, the inflection point of the “curve”
t — z(t) € R! is the point where the Wronski determinant (v;) = |z’(¢)|
vanishes, in other words, the critical point of the map z(-): [0,£] — R!. The
“curve” is hyperconvex if it has no “inflections.” This convention will be
adopted from now on.

Now we can formulate the main result of this subsection. Let wg, wy,
wa,... be the sequence of weights introduced in (1.8).

Lemma 3. If I' C R™ is a regular curve and £ = {L;}}-, is a com-
plete flag such that the orthogonal projection of I' onto L; has 0 < v; =
vi(I, L) < oo inflection points, then
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(1) the curve I' intersects any affine hyperplane at no more than

1 n
ETLIBFI + J;l Wn—jV5

isolated points, so that

Qn_1(I) € mnjor| + an_j wv; (I, L), (2.3)

Jj=1
(2) the velocity curve I': [0,£) 3 t — %(t) € R intersects any linear

hyperplane at no more than §(n —1)|or| + Z?___l Wn—;V; isolated
points. i

This result is a geometric version of a theorem by Pélya (8], [9] on the
zeros of solutions of linear ordinary differential equations (1922). The proof
of Lemma 3 is given in Sec. 4 together with a discussion of related topics
and some historical notes.

2.2.3. Digression: Shapiro theorem. As a corollary of Lemma 3 we obtain
a condition describing oscillating (i.e., nonnonoscillating) curves.

Corollary 3. If I’ C R™ is oscillating, then, for any complete flag L,
the projections I'; C L; cannot be all hyperconvez:

n(LL)+ -+ va(l, L) > 0. (2.4)

In fact, the assertion of Corollary 3 can be formulated more naturally,
using the notions of an osculating flag and the transversality of flags.

Definition 6. Two flags £ and £’ = {L’} in the same space are transver-
sal if, for any pair of indices i, j such that ¢ + j > n, the subspaces L; and
L; are transversal.

The flag £’ is said to be orthogonal to the flag £ if its subspaces are or-
thogonal complements of the subspaces of £ (naturally, taken in the reverse
order): L} = L ;, j = 1,...,n. The flag orthogonal to L is denoted by
Lt.

If L =R" and an orthogonal coordinate system is fixed by specifying an
orthogonal frame ey, ..., €y, then the standard flag £ = {E; }3=0 is spanned
by the basis vectors. The orthogonal flag £ is sometimes referred to as the
antipodal flag.

Definition 7. The osculating flag L (t) of the regular hyperconvex curve
I’ is a (variable) flag spanned by the osculating frame.
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Remark. If a curve has inflection points, then at these points the oscu-
lating frame does not span a flag (or, more precisely, the flag spanned by
the frame is not complete) since the vectors from the osculating frame are
linearly dependent. However, since we have assumed regularity of the curve,
all k-dimensional subspaces of the osculating flag are well defined for k < n,
and for k = n we assume that the last subspace is always R™.

From these definitions it is almost obvious that if 2 € I" is a point on the
curve, which becomes an inflection point of the projection I}, then the jth
subspace of the osculating flag £~(z) is nontransversal to the subspace Lj-“ of
the orthogonal flag £. Thus we arrive at the reformulation of Corollary 3.

Corollary 4 (Shapiro theorem [11], [12]). If the hyperconvez regu-
lar curve I' C R™ is oscillating, then, for any complete flag L, there exists
at least one point x € I" such that Lr(z) th L.

In fact, this theorem is valid also for projective curves. It should be
pointed out that the Shapiro theorem generalizes, to a certain extent, the
Rolle theorem (consider the case of plane convex curves). There are some
other Rolle-type theorems; see [6], [7]. In addition, the (classical) Rolle
theorem is the key tool in the demonstration of Lemma 3; see Sec 4.

2.8. Demonstration of Theorem 2 for hyperplanes. To prove Theo-
rem 2 for hyperplanes and estimate $2,,_;(I"), we construct a flag £ =
{Lj}}<1 in such a way that the weighted sum of integral curvatures for the
projection I; of I' = I, on each subspace Lj, 1 < j < n, is bounded in
terms of the weighted sum of curvatures of the original curve. This auto-
matically provides upper bounds for the corresponding integral inflections
of the projections, and therefore it remains to apply Lemma 3 in order to
estimate the number of intersections.

The construction of the flag £ is carried out by induction on the codi-
mension of the subspaces. Let wg, w1, ..., wn-1 be the weights (1.8) and

T(F) = wn_.lKl(F) 4 -+ un K, _1(F) +’w0Kn(F)
= 'w,,..lKl(I’) + e +1U1K _1(1_') -+ TWoln

be the weighted sum of the integral curvatures, where v, is the number of
inflection points of I".

The sum of the first n — 1 terms admits averaging: by Lemma 1 the
value Z;:ll wn—;K;(I") is equal to the average value of the function x(p) =

Z;:ll Wy K;(Pp(I")) on the sphere S*~1, where F,(I') is the orthogonal
projection of I" onto the hyperplane p parallel to a random vector p € S*~1.

The function x(p): S*~! — R does not exceed its average value at some
point p € S*~1. We denote the corresponding normal hyperplane by L,,—1 =

pt (it will play the role of the (n — 1)-dimensional subspace of the flag L),
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the projection of I" onto L,_; by I'—1, and the number of inflections of
this projection by v,—;. Then

wn_lKl(I‘ 1)+t '(Uan_z(F _1) + WiV 1 + FWeVp < T(F).

The procedure of averaging can be repeated once again, this time applied
to the truncated sum E;‘__—_lz Wp—jKj(I'n-1), and a subspace Lp—2 C Ln_1
of codimension 1 in L,,_; and, hence, of codimension 2 in R™, can be found

such that for the projection I, of I" onto L,_2 one has the inequality

Wn—1K1(Tn-2) + -+ - + w3Ky_3(In—2) + Twovpn_2 +
+ mwyVn—1 + wwovn < T(I),

where, obviously, ¥p,—» is the number of inflections of the curve I'y_3 C
Lp_».

Iterating these arguments n times, we construct all subspaces Ln_i,
Lp—2, ..., L2, L1 of the flag L, and for the number of inflection points
of the corresponding projections we have the inequality

T(Wnoy¥y + - -+ witn_1 + wovn) < T(I).

Applying the first assertion of Lemma 3, we infer that the number of points
of intersection of I' with any affine hyperplane does not exceed n|8I'|/2 +
T(I')/w, and, hence the oscillation satisfies the inequality

1 . "
Qn-1(F) < Zr0IOT] +T(T) = %wn\@l“\ +3 wa K (D).
i=1

The proof for the codimension 1 case is complete.

2.4. Demonstration of Theorem 2 in the general case. The proof in
the general case is carried out by induction on the codimension of subspaces,
the hyperplane case being the base of induction.

Suppose that the inequalities of Theorem 2 are already established for
all codimension ¢ subspaces and any dimension of the ambient space (¢ = 1
corresponds to hyperplanes). Take a linear subspace L of dimension k ~ 1
and codimension ¢+ 1, so that n = ¢+ k. Now let p be a variable vector on
the unit sphere in S*~! and P, be the corresponding orthogonal projection
onto H, := p'. Then for almost all p the projection L, := P,(L) C
H, has dimension k — 1, and, hence, codimension ¢, and therefore, for
the projection I, = Pp(I") we know by the induction assumption that the
oscillation (relative to Hy,) satisfies the inequality

k
1
Ve St QI Ly Hp) < gmklolpl + Y wi—i K;(Iy; Hp), (2.5)
j=1
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where Q(-,-; Hy) is the oscillation around k — 1-dimensional subspace L, C
H), and w; are the weights introduced in (1.8).
Note that

(I, Ly; Hy) = Q(T, L + Rp; R™) (2.6)

since both sides are, by definition, the angular lengths of the same curve in
L} nH, = (L+Rp)*.

The number of endpoints || is the same as |0I'| for almost all p. After
averaging inequality (2.5), we infer from (2.6) and (2.2) that the left-hand
side turns into Q(I, L) by Lemma 2, and the average of the right-hand side
by Lemma 1 and the linearity is the weighted sum of integral curvatures of
the original curve I". Thus the inequality

k
(T, L) < =7kjor] + 3 wesKy(D)
2 P

is established for subspaces of codimension ¢ + 1 as well, and, hence, by
induction, Theorem 2 is proved in full generality. [0

2.5. Oscillation of spherical and projective curves: proof of The-
orems 3 and 4. The basic case is that of curves on the unit sphere S™~1.
Consider a regular curve I" parametrized by the arc length. Its velocity

curve I': t = E(t) = %z(t) belongs to the unit sphere S*~! c R™. If at

the end of the proof of Theorem 2 (the hyperplane case, Subsec. 2.3) we
replace the reference to the first claim of Lemma 3 by the second one, we
shall obtain an upper bound for the oscillation of I" in terms of the integral
curvatures of the primitive curve I". To obtain the proof of Theorem 3, it
remains to recompute the integral curvatures of I' in terms of the geodesic
curvatures of I'.

If ei(t),...,eq(t) is the Frenet frame for I', then €1(¢) = ea(t), ...,
&n—1(t) = en(t) is the Frenet frame for I" considered as a spherical curve; to
obtain the full Frenet frame for the same curve considered as a space curve,
one needs to add €,(t) = e (t), the (unitary) radius-vector of I'. However,
the parameter ¢ is not the natural parameter on I” since

Edt-“'(t) - %el(t) = s (B)es(t) = (D)L (2).

The covariant derivative on a submanifold of the Euclidean space
(equipped with the induced metric) admits the following simple descrip-
tion (see [2, Ch. 2, 3.1]): one should take the (usual) derivative with respect
to the ambient Euclidean space and project the result orthogonally onto
the space tangent to the submanifold. Since the Frenet formulas have to be
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written with respect to the arc length parameter s on f‘, we arrive at the
set of relations

~ d dt ]
V2,98 (9) =1'I(a—te,-+1(t)) T d=lon-l,

where IT = II, stands for the orthogonal projection onto the tangent sub-
space to the sphere S®~! (at the corresponding point Z(t)). The Frenet for-

mulas (3.15) for the derivatives %ej (t) together with the identity dt/ds =
1/3¢1(s) immediately yield

Vv~

el(s)gj(s) = K]__I(S)H(—%jgn_l + }tj‘é:i.;.]_), i=1,...,n—-1,

where €y(s) = Z(s) is the radius-vector of I' and &, = 0 by definition.
In fact, the projection II leaves all right-hand sides unchanged, except for
j = 1, where II kills the term proportional to Z(s), normal to the sphere.
Comparing the remainder with equalities {1.11), we infer that the geodesic

curvatures ki, ..., #,—2 can be expressed as
- w(t) - 3(t) ~ #n_1(t)
n (t) = —=, t) = y een Mpo2(t) = ——=. 2.7
1( ) n (t) %2( ) xl(t) x, 2( ) X]_(t) ( )

Since the arc length element is ds = 3 (t) dt, we finally arrive at the iden-
tities relating K;(I") to the integral characteristics of I" expressed in terms
of the induced spherical metric on S*~1:

K(D) =1,  EKi(D)=K;ju(l), j=2....n (2-8)

(recall that |I'| is the length of I'). The last equality K,(I") = Kna ()
expresses the fact that the vanishing points of s5,—1(%) and 3,_2(t) are the
same. The reference to the formula (1.7) completes the proof for spherical
curves on the unit sphere since any such curve t — Z(t) is the velocity curve
of any of its vector primitives t + z(t) = [ Z(t) dt (note that the primitive
curve needs not be closed).

If r # 1, then the obvious rescaling z + z/r brings the sphere r - sn-1
into the unit sphere. After this rescaling the length is multiplied by 1/r,
while the other curvatures K j remain unchanged.

Finally, if I' ¢ P*! is a projective curve, then we can consider the
canonical S*~1 — P"~1 which is an isometric two-sheet covering. For the
preimage of I' on S™~! everything will be doubled, namely, the length,
integral curvatures, the number of endpoints etc., but the number of inter-
sections with the equators (hyperplanes) will also be. Thus one arrives at
the same formula for P*~! as for the unit sphere. [
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3. DEMONSTRATION OF AVERAGING PROPERTIES FOR CURVATURES AND
ROTATIONS

3.1. The principal formula of geometric probability. The proof of
the two key lemmas, 2 and 1, is based on the main principle of geometric
probability: the k-dimensional measure of a smooth k-dimensional sub-
manifold M C S™~! can be obtained by averaging the (k — 1)-dimensional
measures of its slices. More precisely, the following identity holds for any
smooth submanifold:

ox(M) _ / ax-1(M NS;~2)
IS*| S"-1| |S¥1]

don-1(p), 3.1)

where Sp~ =2 = p+NS"~1 is the (n—2)-dimensional equator orthogonal to the
dlrectlon p, ok(M) is the Lebesgue k-measure of M, and o¢_1 (M NSPE~2)
is the (k — 1)-measure of the slice cut from M by S""2

The general discussion of this fact can be found in [10] We will need this
formula in two special cases, where it can be justified by one-line arguments.

Proposition 1. The length |y| of the spherical curve v C S*! is
times the average number of intersections with the random equator S;,“‘z:

™ —
M= 15 / by N3 7% don-1(p), (32)
§gn—1

which, taking into account the definitions of rotation around the origin and
the hyperplane p™-, is the same as the identity

n<r,0)=I§TLT / (T, p*) don-1(p). (3.3)
§n~1

Sketch of the proof. The proof of (3.1) for k = 1, which coincides with (3.2),
is obvious if vy is a piece of a large circle: then the integrand on the right-hand
side is a function equal to 1 in the spherical sector between two medians
with the opening proportional to the length of 4. Hence this result is valid
for spherical polygons, and the case of a general smooth curve is obtained
by approximation. [

Proposition 2. For any measurable function x : S*~! — R we have

ls_nl-Tl / x() dan_l(ﬂ =

- IS"“II | s iz [ X drna@)- (30)

Sn—ﬁ
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Sketch of the proof. The formula (3.4) coincides with (3.1) for x being the
indicator function of a full-dimensional submanifold and ¥k = n — 1. To
justify (3.1) in this extreme case, it is sufficient to note that the measure
given by the right-hand side of (3.1) is (n — 1)-dimensional and rotation
invariant. Thus it must coincide with the Lebesgue area o,_1(-) modulo a
constant factor. By taking M = S$"~1, one can easily check that this factor
isin factequal to 1. [J

3.2. Rotation around random subspaces and the proof of Lemma 2.
We start with elementary properties of rotation. In order to avoid confu-
sion, we use the extended notation Q(I, L; L') for the rotation of I' C L'
around L C L'.

3.2.1. Rotation and projections. Rotation of I" along any subspace L is
equal to the rotation around P~!(P(L)) for any projection P = P,. This
follows from the following identity.

Proposition 3. If L C R™ is a linear subspace, p € L is a direction
(as usual, identified with a point on the sphere S"~1),and P = P, is the
orthogonal projection from R™ onto R;"'l =pL, then

Q(T, L;R") = (P(T), (L) R ™). (35)
Remark. This construction can be iterated as many times as necessary,
so that for any pair of subspaces L C L' C R™ we have
QI L';R™) = Q(P(I), PL(L)); LY). (3.6)
Assertion (3.6) in the case L = L’ coincides with the definition of Q(I', L).
Proof. Indeed, both parts of (3.5) are the angular (spherical) length of the
projection of I onto L+ C ]Rz,‘1 since P, = Pp(z)yoP (recall that Pr: R™ —
L* stands for the orthogonal projection along L). [
3.2.2. Random one-dimensional extensions of subspaces. There are two
equivalent ways to parametrize (k+1)-dimensional linear subspaces contain-

ing the given k-dimensional subspace L. This implies an integral identity
that will be used later.

Proposition 4. Forany I’ CR® and any LCR*, dimL=k<n-—1,

1
T / QI L + Rp) don—1(p) =

gn—1
1
= §RT) / QL e Rg)don—k-1(g), (3.7)

n—k—1
SL

where, as usual, Sp*"1 =S"-1nL*L.



176 D. NOVIKOV, S. YAKOVENKO

Proof. Note first that for almost all p € 8"~ the subspace L + Rp is (k +
1)-dimensional, while L @ Rq is always (k + 1)-dimensional for ¢ € L+
Obviously, L+Rp = L&R-(PL(p)) for p ¢ L, and for p uniformly distributed
over S';' 11 the normalized projection Pr(p)/||PL(p)|| is uniformly distributed
inST™ O

3.2.3. Proof of Lemma 2 for zero-dimensional subspaces. Let L = {0} be a
zero-dimensional subspace. Then the assertion of Lemma 2 can be formu-

lated as follows:

n(no>=,—§-,-,1:1—I / (I, Rp) don-1(p). (38)

§n—1

Substitute into (3.4) the function x{r) = Q(I',r*), the oscillation around
the hyperplane r+. Then, by virtue of (3.3), the left-hand side is just
Q(I,0). On the other hand, denoting P = P,, we have

QI Rp) = QP(I),0R;™) by (3.5)
1

= [S"-len‘_/z Q(P(I), " NRE,RE ) don2(g) by (3.3)
1

= I—S:.:-{ls ,[2 L, ¢ R™) don—2(q) by (3.5),

which, after integration over all p € S®~!, yields the right-hand side of (3.4).
The proof in the case dim L = 0 is complete.

3.2.4. Proof of Lemma 2 in the general case. Consider the orthogonal pro-
jection Py, : R* — R} ™% = L1, We have

QI L;R™) = Q(P(T),0; L*) by definition
1
= [Se—F~1] QPL(T),Rp; L) don—s-1(p) by (3.8)
gn—5k—1
1
= SR / U, L & Rp; R™) doy—x—1(p) by (3.6)
§n-—~k-1
1
Y / I, L +Rp;R") dor 1 (p) by (3.7).
s—n—l

Thus the assertion of Lemma 2 is proved in full generality. [
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3.3. Integral curvature of a random projection and the proof
of Lemma 1. Let I' be a curve with an arbitrary (not necessary natural)
parametrization [0, £] 3 ¢t — z(t) € R™. We start with an analytic expression
for Frenet curvatures.

3.3.1. Analytic ezpression for curvatures. Let v1(t),...,vn(t) be successive

vector derivatives v, (t) = Z(t), va(t) = E(t), ..., va(t) = E;x(t). Taken
together, they constitute the osculating frame.
We denote by Vi(t) = (vi(t),...,vk(t)), for k = 1,...,n, the k-dimen-

sional volume of the tuple vy, ..., vg:

(1) = all, (v1,v2) = det'/? [g;zg g’;:zzg} ,

and, in general, for any k= 1,2,...,n,
(vi,v1) (v1,v2) ---  (v1,v%)

( ) = det? (v2,v1)  (v2,v2) -+ (v2, %)
Viyeoos Uk} = . - .

(vk;vl) (”k;"-’Z) (Uk;vk)

(obviously, (-,-) is the Euclidean scalar product in R™).
The Frenet curvatures s;(t), originally defined via the orthogonalization
of the osculating frame, admit the following representation:

(01, k1) (01,005 0k41) _ Vi1 (8) Ve (8)
(v1,...,v8) (v1) VEWi(t) T (3.9)
v; = v;(t), k=1,...,n—1

x(t) =

Indeed, let Ly = Li(t) = Span (v1,...,v%) = Span(ey,...,ex) be the kth
subspace of the osculating flag. Since the frame {ex} is obtained from the

k ex mod L. Differentiating

frame {vx} by orthogonalization, vx =

k—1
this equality and denoting the natural parameter by s, we obtain, from the
Frenet formulas (3.15),

_ d _ Vk dek ds _ Vk
V1l = Uk = Vi ds & mod L = Vs Mgegyq [v1] mod Ly.

Vi1

On the other hand, we should have vi41 = ex+1 mod Lg. This im-

Vier . Vi
Vi V-1

mediately implies that Visg = lvilsg = , which coincides

with (3.9).
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After integration, identity (3.9) takes the form independent of the choice
of the parametrization:

4
Kk([,)=/(’01,...,'vk_]_) ('U]_,«Z..,‘Uk_,*_l) dt =
(v1y---,UK)
0
£
= [ Yeo1(8) Vi (t)

e o (3.10)

IfP=PF :R" — R;‘l = pl is the orthogonal projection along the
direction p € S™!, then, by linearity, the osculating frame of P(I") is the
frame P(v;), ..., P(vs), and this identity yields explicit formulas for Frenet
curvatures of the projected curve. If we denote by Lr(t) = {L; (t)};‘;‘ll the
osculating flag of I" spanned by the frame {v;}, then, forany k = 1,...,n—1,
we have

(P(v1),..., P(vg)) = sin(p, Li) - (01, .., vk} »

P = Py, v =v;(t), Lx = Le(t) = Span (n1(t), ..., vk(t)), (3.11)

and sin(p, Li) is the sine of the angle between p and Ly defined as the
Euclidean angle in R™ between p and its orthogonal projection on L.

3.3.2. Demonstration of Lemma 1 for k < n — 1. Substituting (3.11) into
(3.10) for any k between 1 and n — 2, we obtain

[ VeV (d) sin, Lina () sin(p, L (8) ,
V2(t) sin®(p, Lk(t)) )

Kx(P(I)) =
0
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Denoting s = Viy1Vie—1/V2 = ||v1]| - 5 and averaging this equality over
p € S*1, we obtain

g | KB o=
gn—1
£
_ 1! _sin(p, Le41(t)) - sin(p, Le—1(2)) , | _
- 'S"‘I's,.fl d""‘l(”){of =) sin® (0, Le(1) ‘”}‘

¢
_ 1 sin(p, Li+1(t)) - sin(p, Lx-1(t)) 0]
- 0/ i (£) db { |S"‘1|s"[1 sin®(p, Li(t)) dan_l(p)} B

14

0) 1 sin(p, Ex41) - sin(p, Ex-1) _
_o/ nk(t)dt{ls"‘llsé sl By (T

- 1 sin(p, Ex+1) - sin(p, Ex—1) - fn _
B (IS"‘IIS/ sin®(p, Ex) d "—I(P)) X ( /0 k(t) dt) =

n—1

= constg,n—1 -Ki(I"), (3.12)

where E; are subspaces of the standard flag & = {E;}7"!. The transfor-
mation marked by (!), the key point of all the computation, holds by the
rotation symmetry: any three subspaces of the flag L can be simultane-
ously transformed into three subspaces of any other flag by an appropriate
rotation of R"™.

In order to carry out the proof, it remains to show that the constant
factor, denoted by consty, n— in (3.12), converges and is, in fact, equal to 1.
This is done by a straightforward computation in the spherical coordinates
on R*1. For convenience, we replace the sphere S*~! c R by S" c R"*+!
endowed with the Euclidean coordinates p = (p1,...,Pn+1). Our goal is to
prove the identity

constk,n = in. / Sm(p7 Ekl-l']é) : Sln(pJ Ek—l) do,n(p) (3‘13)
5™y, sin”(p, Ex)
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The sphere can be parametrized by the angles ¢1,...,¢, as
p1 = singy,
P2 = cos @1 Sin @2,
P3 = cOSs @7 cos ¢o sin @3,

Pn = COS @1 - - - COS Pn_1 Sin Py,
Pn+1 = COS @1 - + - COS (o, 1 COS Py,
¢i € (—m/2,n[2) Vi=1...,n—1, ¢n€(—mm)

so that the n-volume element on the sphere has the form

don(p) = cos™ 1 @y cos™ 2 by - - - cOS 1 A1 - + - dP—1dPn.

Introducing the notation

n/2
r(3+})
— k — 2 T3
By [2cos 0do \/7?1_‘(%_‘_1),
-

where I is the Euler gamma-function, we have the identity

1= %Z{T Bn-1Bp_2--- BBy, (3.14)
following from the definition fg. don(p) = |S"|.

The angle between the point p and the coordinate plane E, c R™+1
spanned by the first k coordinate vectors can be easily measured: the
squared sine of this angle is equal to the squared length of the projection of
p onto the remaining (complementary) coordinate subspace E,'cL In other
words, we have

sin’(p, Ey) = cos” ¢1 - - - cos® g, X
x (sin? @r41 + cos® Prp1 8in® Pryn + -+ - + cos? Pryq - -cos® 92) =

= cos? ¢y - - - COS> Py

Since k € n — 1 (the case we are interested in), all cosines are positive in
the domain of parametrization, and, hence, for the integral (3.13) we have
the expression

_ 1 [ (cos¢y---cosdi_1)(cos - --cospiy1) _
consty, j = IS"|/ (cos 6 - 008 1 )2 do,(p) =
o
=2 / %-cos""lmmcos:ﬁ —1ddy - dn_y.
1S”| Co8 P " "

—n/2€p; < /2
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Now it is immediately clear that the integral convergesforn—1 > k£ > 1 and
is equal to the same product (3.14) with the terms By and By transposed.
Hence we have proved the identity const,x = 1, so that the assertion of
Lemma 1 is proved for all integral curvatures Ky, except for the last one,
the integral inflection.

3.3.3. Averaging integral inflection. The idea of the proof is the same as
in [1].

Let e1(s),...,en(s) be the orthogonal osculating frame of the naturally
parametrized regular curve I' C R™ obtained by the orthogonalization of
the frame vy, ...,v,. The last Frenet formula takes the form

én(s) = —sn_1(3) en—1(s). (3.15)

Consider the curve I'*, parametrized as s — en(s). Since [len(s)|| = 1,
I is a spherical curve, and from (3.15) it follows that

¢
|0 = / |56n-1(8)| ds = K-y (). (3.16)
0
Applying the formula (3.2), we conclude that

s

Kna(l) = =]

-\ npt| don—1(p)-

Now it remains only to note that if the vector e,(s) is orthogonal to the
vector p € S*! at some point s € [0, £], then the curve Pp(I') CR2~! =pt
has an inflection point at Pp(z(s)) since the projection P, restricted to
the subspace L, of the osculating flag L is degenerate (the rank is not
full). Therefore |I™* Np*| = K,_1(P,(I")), and, taking the coefficient 7 into
account, we obtain the equality

KntD) = iy [ Kas(Bo) dens ).

gn—1

The proof of Lemma 1 is ¢complete. [

4. POLYA THEOREM AND DEMONSTRATION OF LEMMA 3

4.1. Roots of linear combinations. We start with a seemingly irrelevant
question. Given a tuple of sufficiently smooth functions f;(%),..., fa(t), all
defined on the common interval I = [a, 3] C R!, how many isolated zeros
can the (nontrivial) linear combination A; fy 4+ - -+, f, have on that interval
for an arbitrary choice of the coefficients A; € R? We shall formulate this
problem in periodic and nonperiodic contexts, the former meaning that all
f; extend as a (8 — a)-periodic functions on R!. To formulate the results
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in the uniform way, we introduce the number § € {0,1} equal to 0 if the
functions are periodic and to 1 otherwise. The periodic context corresponds,
in fact, to functions defined on the circle S! = I/(a ~ B) rather than on the
interval I. Thus, in some sense, 26 = |0I| is the number of endpoints of I.

We fix the order of functions f; and introduce (following Pélya (8], [9])
n + 1 functions Wy: I — R as the Wronski determinants of the first &
functions fi,..., fx!

Wo(t) =1, Wa(t) = filt), Wa(t) = fi(®)f2(t) — filt) f2(8), .-

f(t) f(t) e fi(t)
f(2) fa(t) e fil®)
Wi (t) = det . . S ,
£ g0 - ] Y
k=12,...,n.

4.1.1. Chebyshev systems and Pdélya theorem. In the simplest case the non-
vanishing of the Wronskians implies the Chebyshev property (nonoscilla-
tion) of the linear spaces of functions.

Theorem 5 (Pdlya theorem [8]). If all Wronskians Wh,..., W, are
nonvanishing on I, then any linear combination Z?=1 Anfn can have at
most n — 1 isolated root on I, counting with multiplicities.

4.1.2. The general case. If the Wronskians W; have zeros on I, not vanish-
ing identically, then Theorem 5 does not hold any longer. However, in this
case one can find an upper bound for the number of isolated zeros occurring
in linear combinations. We denote by v; > 0 the number of zeros of W; on
I

The simplest way is to consider the partition of I by the roots of Wron-
skians into & + Z?=1 v; subintervals. Then Theorem 5 can be applied to
each of them, yielding an upper bound of (n — 1)(§+ }_ v;) for the number
of zeros outside the partition points. Adding the number of zeros eventually
occurring at these points, we arrive at the upper bound (n ~1)é +n ) v;.
However, this estimate can be substantially improved. The idea of such im-
provement was given in (7], where a result, though inferior to the inequality
below, but still sufficient for the purposes of [7], was obtained.

Lemma 4. Ifv; is the number of zeros of W; on the interval I, then the
number of isolated zeros occurring in ‘any nontrivial linear combination of
the functions fi,..., fn, does not exceed

(n-1)-6+ iwn_jl/j, (4.2)

j=1
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where the sequence of w; is the same as in (1.8).

Note that if v; = .-+ = v, = 0, then the assertion of Lemma 4 coincides
with that of Theorem 5.

Proof. The proof is based on the fact that all linear combinations satisfy
the following nth order linear ordinary differential equation with variable
coefficients:
W Wia d
D,y Dyy= D, = : —_— = — 4.
D'n. n—1 1Y 07 i Wi—la m ’ 0 dt ( 3)

(this form is due to Frobenius, and a simple proof of this fact can be found
in [7]). Equation (4.3) can be transformed as

1 1

1
. cAp_g2- A3 — Ay — - Ayy=const-W,_sW,,
Wos n—2 3 Wi 2 Wo 1Y n—2 1;(4.4)

An—- 1

where A; = W2 .0 - (W;)~! is the differential operator transforming the
function ¢ into Wj2 (¢/W;Y, and, without loss of generality, one can assume
that const # 0 (otherwise the order of the equation can be further reduced).
‘We need first to modify the Rolle theorem to allow for functions with poles
and differential operators other than 3.

If g: I — R is a smooth function and N(g) < oo is the number of its
zeros on I, then A;g is also smooth, and

N(g) < N(Ajg) +v; +6, (4.5)

where § is 0 or 1, depending on whether g is periodic or not. Indeed, g/W;
is a function that is smooth on v; 4 § intervals between zeros of W;. The
application of & can decrease the number of zeros on each interval at most by
one (Rolle theorem), and the multiplication by Wf restores the smoothness.

If the function g itself has p poles {(e.g., g is a fraction whose denominator
has p isolated zeros), then (4.5) should be replaced by

N(g) < N(Ajg) +vi+p+6 (4.6)

since the number of intervals of continuity will in this case be v; +p + 4.

Let f = Z?=1 Ajfi be a nontrivial linear combination of functions f;.
Consider the sequence of functions occurring in the evaluation of the left-
band side of (4.4):

Fo=f, Fy = A\Fy, Fo = AW R, F3 = AW Fy, ...,
Foo= An—2W1:j4Fn—3a Foo1= An—IW,:_13Fn—2 = const - Wy_oW,.

The number of poles of Fj, is at most v,_g + Vp—-3 + Vpn—4a + - - -, assuming
that yy=v_1=---=0.
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Iterating inequalities (4.6), we obtain the chain of (n — 1) inequalities

N(Fy) 2 N(Fo) —v1 =6,
N(F)Z2N(F)—-va—1 — 6,

N(F3) 2 N(Fy) —v3— (o +11) — 6,
N(Fy) 2 N(F3) —va — (vo + 11 +12) — 6,

and so on. Adding up all these inequalities, we arrive at the estimate

NWaWy2) =N(Fn-1) ZN(f)—(n—1)6— (1 +v2+ -+ Vn1) -
—(n—Z)Vo—(n—3)V1—-"— NUn—-3.

The left-hand side of this inequality is equal to v, + v, by (4.4), while
1o = 0. Therefore the number of zeros N(f) is estimated from above by the
combination

Un+Vp1+20p o0+ 20 3+3peg+--++
+ (n -3z + (n — 2)1; + (n —1)é.

The proof is complete. [

. Remark. In the above proof we assumed that the roots of W; are disjoint
from the roots of the corresponding factor, so that each division by W;
increases the number of intervals of continuity by v; but does not change
the number of zeros. As a matter of fact, the coincidence may happen,
so that cancellation occurs, but then the number of intervals of continuity
will be smaller on each step from that moment on. One can easily check
that the overall estimate in this case will be even better. Alternatively, one
can use a small perturbation to move zeros of W; away and then use the
semicontinuity arguments for the number of zeros.

4.2. Demonstration of Lemma 3. Let £ = {L;}7., be a complete flag
and v; = v;(I', L) < oo be the number of inflection points of the orthogonal
projection of I" onto Lj;.

We choose the orthogonal coordinate system such that the frame spans
the flag £ (this choice is essentially unique, modulo change of signs of the
coordinates). Then the curve I" corresponds to the smooth vector function

t > 2(t) = (21(6), .., n(t)). We denote f;(t) = %zj(t) and consider the

Wronskians corresponding to the ordered tuple fi,..., fa.

Then the vanishing of the jth Wronskian W; corresponds to the inflection
point of the projection of I" onto L; (the first j coordinates); see 3.3.1. Note
that the velocity curve I is closed if and only if the functions f; are periodic.
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By Lemma 4, the number of isolated roots of any linear combination

1 .
> 5=1 i fi(t) can be at most N = —2-(n-— |8+ Y5~ Wn—jv;. In geomet-
ric terms, this means that the velocity vector z(t) = (£1(t), ..., Zn(t)) inter-

sects any linear hyperplane {3 A\jz; = 0} C R™ at most at N points. This
is exactly the second claim of Lemma 3. But then, by the Rolle theorem,

1.
the curve I itself can intersect any affine hyperplane at most at N + 5[6[’ |

points, which is the inequality asserted by the Lemma since |or| < |8r]
(the velocity curve I’ may be closed whereas I' may not, but the inverse is
impossible).

An alternative (direct) way to prove the second assertion of Lemma 3 is
to consider a system of n + 1 functions 1,z,(t),..., z,(t) and expand the
corresponding Wronskians by the elements of the first row, thus proving an
upper bound for the number of intersections of I" with any affine hyperplane
Ao + E /\j.’L‘ = 0. d

4.3. Demonstration of Theorem 1. The idea of demonstration is
straightforward: if the hyperconvex curve I" parametrized by the arc length
t € [0,4] is oscillating, then its osculating flag £r(t) must become non-
transversal to any other flag, in particular, to £ = Lr(0)t. But £r(0) is
in some sense “maximally transversal” to £, and to take a nontransversal
position, £ (t) should go a sufficiently long way in the flag variety. On the
other hand, the velocity of the “curve” ¢t ~s Lp(2) in this variety is con-
trolled by the instant curvatures s;(t), j = 1,...,n — 1, which means that
the integral curvatures cannot be too small.

For practical reasons it is more convenient to work not in the flag variety,
but rather in its covering space identified with the orthogonal group.

Let & : I = [0,4] — SO (n), t — E(t) be the associated curve: the point
t is mapped into the orthogonal matrix whose columns are the vectors e;(t)
of the orthogonalized Frenet frame. Then the Frenet formulas take the form
E(t) = A(t)E(t), where A(t) is an antisymmetric matrix function with the
entries +;(t), 7 = 1,...,n — 1, occurring on the principal sub- (resp.,
super-) diagonal. Without loss of generality, we can assume that E(0) is an
identity matrix (the corresponding flag is the coordinate one £).

We embed the orthogonal group SO(n) into the Euclidean space R" of
square matrices with the norm [ X||? = 3°7';_, #%;, where z;; are the entries
of X.

By the Cauchy-Bunyakovskii inequality, ||AX]| < ||A]l - | X]|. Evidently,
JADI? = 252(t) + - - - + 232_1(t), and || E(t)]|* = n since E(t) is an or-
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thogonal matrix. Therefore

£
IE@I < VEn-/Sols2(), 18] < Von- / ‘/E?;’lz’g(t)dtiu)
/ .

where |®| is the length of & in R™.

On the other hand, all matrices sufficiently close to the identity matrix
correspond to the flags transversal to the antipodal flag £1. More precisely,
if all upper-left (k x k)-minors of E(t) are nonzero, then the above transver-
sality holds. In particular, if || X|| < 1/y/n, then E(0) + X corresponds to
the flag still transversal to £1. Indeed, in this case, forany i = 1,...,n, we
have (37, Iz,J[) < n) i, x5 < nf|X|* < 1 and any row of the matrix
E(0)+ X has a domma.nt diagonal element. Thus all minors are nonzero,
and the required transversality holds.

In other words, we have proved that the ball {E(0) + X € R™: | X|| <
1/+/n} of radius 1/4/n centered at E(0) consists of matrices that span flags
transversal to £1. If the curve I' is oscillating, then, by the Shapiro theorem,
the associated curve & should leave this ball, and, hence, its length should
be at least 1//n. Taking into account the inequality (4.7), we arrive at the
final estimate (1.3). O

It is clear that the measuring of lengths in R™ rather than in the group
SO(n) results in the loss of sharpness. To get the best results from this
approach, one should use a left-invariant metric on SO(n) and estimate
the distance from E(0) to the nearest non-transversal matrix in this metric.
However, we do not want to discuss the general case, but will rather consider
three-dimensional curves, where a similar computation is relatively easy.

4.4. Nonoscillating curves in R3? via the Shapiro theorem. As an il-
lustration of the Shapiro theorem (Corollary 4), we prove that a hyperconvex
(nonclosed) curve with K;(I") + K(I') < g is nonoscillating, Q2(I") < 37
Consider the osculating flag £(s) = £L(s). Without loss of generality,
we can assume that £(0) = £ (the standard flag). If the curve is oscillating,
then £(s) should become nontransversal to the antipodal flag £+ at some
point, by virtue of Corollary 4. This may happen in one of the two possible

scenarios:
e either the tangent e;(s) intersects the plane spanned by ez(0) and

€3 (0)7
e or the vector e3(s) intersects the plane spanned by e1(0) and e3(0).

In both cases the length of the path made by the corresponding vector on
the sphere before the intersection occurs is at least ) (the spherical distance
from the north pole to the equator).
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On the other hand, from the Frenet formulas é;(s) = sr1(s)ea(s), és(s) =
—35(s)ea(s) it follows that the path made by ey (s) for s € [0, ] is exactly
K, (I') and that made by e3(s) is K2(I"). Therefore the inequality K;+ Kz <
-g— excludes both possibilities, and the contradiction obtained proves that

the curve I is nonoscillating.

5. ISOPERIMETRIC INEQUALITIES ON S? AND NONOSCILLATION

In this section we consider three-dimensional hyperconvex curves, pri-
marily the closed ones, and prove inequality (1.7) for Q2(I") based on a
completely different set of arguments. We will always assume that I" is
parametrized by the arc length s € [0, ], so that the velocity curve (hodo-
graph) I': s — Z(s) is a spherical curve. We also return locally to the
classical terminology, referring to s(s) = 37,(s) > 0 as the curvature and to
0(3) = 3e3(s) as the torsion.

As follows from identities (2.7), the arc length element on I is »(s)ds
and the (first and unique) geodesic curvature of I" is 3¢(s) = 0(s)/x(s). If
T is hyperconvex (without inflection points), then I" is geodesically convex.

5.1. Isoperimetric inequalities on a sphere. First we consider hemi-
spheric convex lobes, closed piecewise smooth curves formed by a piece A
of a smooth geodesically convex curve and an arc of a large circle (equator)
E, entirely belonging to one hemisphere. We denote by o and o' the exte-
rior angles at the vertices of the lobe and let K{A) be the integral geodesic
curvature of the arc A (the integral of the geodesic curvature k(s) against
the arc length). Our local aim is to prove the inequality

a+a + K(A)+2|4| > 2. (5.1)

Note that a+a’ + K (A) is the integral of the geodesic curvature of the entire
lobe since K(E) = 0. To prove (5.1), we first note that by the spherical
excess theorem (Gauss-Bonnet formula),

a+d +K(A)=2r-38, (5.2)

where S is the area of the lobe [2, Ch. 1, 2.7]. Now the problem is to
majorize S in terms of |A|.

The standard isoperimetric inequality between the length || of a simple
closed spherical curve and S, the area bounded by this curve, has the form

Ivf? > 4nS - 82, (5.3)

the equality being attained only if v has a constant geodesic curvature. In a
similar way the Dido problem of finding the shortest curve with endpoints on
the equator, bounding together with the piece of equator the largest possible



188 D. NOVIKOV, S. YAKOVENKO

area, has only constant curvature solutions, normally crossing the equator.
For the corresponding solution A one has the isoperimetric inequality

|A]? > 275 — S2, (5.4)
where S is now the area bounded by the curve and the equator taken to-
gether. From (5.4) it follows that within the range 0 < S € grr the length
and the area are related by the inequality

> 15, 0<S<em (5.5)
Unfortunately, without additional considerations (5.4) does not imply any
lower bound for |A4] if S approaches the area of the hemisphere 2x. In order
to analyze the region of large areas, we apply inequality (5.3) to the closed
arc formed by A and E taken together: since S < 27 (the lobe belongs to
a hemisphere), the inequality (JA| + |E|)? > 4nS - S? implies
A+ |E| > = + -;-s, -52;1 <s<o (5.6)
Now it remains to point out that for a convex lobe |E| < 7. Indeed, if
we rotate a half-equator inside the lobe while keeping its endpoints fixed,
we can obtain an inner tangency between |A| and a geodesic curve, which
is impossible. Substituting this into (5.6), we conclude that the inequality
|A| > S holds on two overlapping intervals, [0, -8—7r] and [gw, 21r], cover-
ing the entire range of admissible areas [0,27]. Together with (5.2) this
proves (5.1).

Our next aim is to extend inequality (5.1) for geodesically convex hemi-
spheric curves with endpoints on an equator, but eventually self-intersecting.
It turns out to be even easier.

If the curve A is self-intersecting, forming a number of “petals,” then
one can break A into (oriented) smooth pieces and reconnect them in such
a way that together with the arc E of the equator they will form v > 1
closed curves, only one of them containing E (the case v = 1 corresponds
to simple A). The domains bounded by these curves may overlap, but in
any case their areas S; will not exceed 2w, and at least one of them will be
convex disjoint from E.

The spherical excess theorem can be applied to each domain; if we add
the corresponding relations together, then the resulting relation will take
the form

o+o +K(A) =2rv—(S1+---+5,).

For each domain with the area S; and bounded by the arc of the length
|A;| (except for one of them whose boundary has the length |A;| +|E|), the



CURVATURES AND OSCILLATION 189

isoperimetric inequality (5.3) gives the inequality |A;|* > 47S; — 57 which,
since all S; are less than 27, implies that [A;| > S; (for the exceptional
domain the latter takes the form |A;|+|E| > S;). Adding these inequalities
together and noting that |A1| + -+« +|Au| = | A], we arrive at the inequality
a+ o + K(A) + |A| + |E| 2 2rv. It remains to observe that |E| < 27 and
v > 1 and to conclude that

a+ao +K(A)+|A] > 2r(v - 1) > 2n,

which is even stronger than asserted by (5.1).

5.2. Length-curvature inequality for geodesically convex spherical
curves oscillating around an equator. Now assume that A is a geodesi-
cally convex spherical curve intersecting some equator at n > 2 points. We
show that in this case

K(A) +2|A]| > n(n — |0A)). (5.7)

To prove this, we break A into smooth pieces between subsequent intersec-
tions with the equator; their number is n if A is closed and n — 1 otherwise.
We denote by o; and o the exterior angles of the lobes formed by A; to-
gether with the corresponding arcs of the equator. Then, as one can easily
see,

iy t+ai=r i=1,...,n-1

(if A is closed, then the subscript ¢ is cyclical modulo n).

We apply the inequality (5.1) to each of these lobes and add the results
together. Then, since all curvatures K (A;) are of the same sign, the resulting
inequality takes the form

mn+ K(A) + 2|4] > 2mn, if A is closed,
ay+ap,_ +m(n—2)+ K(A) +2|A] > 2n(n ~1), otherwise.

Since both a;,al,_, are less than m, we arrive at inequality (5.7).

5.3. Hyperconvex curves in R?® and on $?. Inequality (5.7) is, in
fact, the upper bound for oscillation of spherical curves that coincides
with (1.12) for n = 2 and r = 1. To prove the inequality Qa(I") <

2K (I + Kao(T) + g-]al"l, which is a special case of Theorem 2 for three-
dimensional hyperconvex curves, we apply once again the Rolle theorem to
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the spherical curve A = I, as in the proof of Theorem 2 for hyperplanes:
the resulting estimate will then be

ks

Q') < =0T + 7|00} + 2|I"| + K(I') <

N

by virtue of relations (2.8). [
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