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ON ISOMONODROMIC DEFORMATIONS OF FUCHSIAN
SYSTEMS

A.A. BOLIBRUCH

Dedicated to Professor R.V. Gamkrelidze

ABSTRACT. Isomonodromic deformations of Fuchsian systems are con-
sidered. A description of all possible forms of such isomonodromic
deformations is presented.

1. INTRODUCTION
An isomonodromic deformation of a Fuchsian system

dy _(x~_B}
2= (S

i=1

i=1

is an analytic family

of Fuchsian equations with the same monodromy as the initial one for each
fixed a and such that
Bi(a)lao = Bz(')'
Each isomonodromic deformation is completely determined by a Pfaffian
system
dy = wy
on P(C) x D(a®) (where D(a®) is a small disk with the center at a® on the

space C" of parameters) such that (Theorem 2)

n .
(i) w=3 E% dz for each fixed a € D(a®);
i=1% — G
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(i) dw = w Aw (the condition of integrability of the Pfaffian system).

In Sec. 3 we describe the general form of such a form w. It turns out that
(Theorem 3) each matrix differential 1-form w on P}(C) x D(a®)\ U {z —
a; = 0} presenting an isomonodromic deformation of the original system
has the form

w = iB(a) d(z — a;) +ii§%kl da
- T —a; ’ (z —a) k+2% Ydar,

i=1 =1 k=1t=1

where 7 .1(a), v-(a) are holomorphic in D(a%), and

m;i < max([Re(5)] — [Re(8)]),
where the maximum is taken over all differences between integer parts of
real parts of all eigenvalues 3] of BY.

The most well-known type of such deformations is the Schlesinger defor-
mation. It is defined by

i Bi a
ws = E x_(a)‘d(z—ai).
i=1 v

And condition (ii) for this form has the form
n B;(a), B;
de(a) = — Z Md(a, — aj).

This relation is called the Schlesinger equation. It was investigated by
Schlesinger [16], Jimbo and Miwa [11], B. Malgrange [13], Its and Novok-
shenov [10], Sibuya [17], and other mathematicians from different points of
view.

But Schlesinger deformations do not cover all kinds of isomonodromic
deformations. The corresponding examples are also presented in Sec. 3.

2. PRELIMINARY INFORMATION

A Fuchsian system with singular points ai,...,a, on P'(C) has the
following form:

- (‘; 2 v ()

Let oo be nonsingular for (1). This condition is equivalent to the following
one:

i B; =0. (2)
i=1
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Denote by p the size of the matrices B;. System (1) determines the mon-
odromy representation

x : 1 (PY(C)\ {a1,... ,an},z0) — GL(p,C) (3)

as follows.

Let g; be a loop with the beginning at zy going around the singular point
a; along a small circle (without going around other singular points). Denote
the homotopic class of g; again by g;. The elements gi,... ,gn, generate
71 (PY(C)\ {a1,... ,an}, o) and satisfy only one relation g - ... gn = e.

Under an analytic continuation along g; a fundamental matrix (a base of
solutions) Y (z) of system (1) goes to a fundamental matrix ¥ (z) of the same
system. Thus, Y (z) = Y(2)G; with some constant nondegenerate matrix
G;. The correspondence g; — G; generates the monodromy representation
(3) of system (1). '

Denote by E; the matrix 1/(2m¢) In G; with eigenvalues p} satisfying the
condition

0<Rep! <1. (4)

In what follows we need the following statement about the structure of
the space of solutions to a Fuchsian system (1) (see [5], [12], or [2], [1] for
details).

Theorem 1. For a fundamental matriz Y (z) of system (1) and for each
a; there exists a constant nondegenerate matriz S; such that the following
factorization holds in a neighborhood of a;:

Yi(z) = Y (2)S; = Us(z)(x — a;)™ (2 — a))P, (5)
where:

(i) Ui(z) is holomorphically invertible at a;,

(i) B! = S;'E;S; has a block diagonal form E| = diag(E},... ,EF)
with upper-triangular matrices Ef , where, in turn, each Ef has a unique
eigenvalue o from the set {p{} defined by (4) and o # of if j # s,

(iii) A; has the similar block diagonal structure A; = diag(A},... ,AF)
with diagonal integer valued matrices A{ whose entries 5)\{ satisfy the fol-
lowing inequalities:

M 2L (6)

Denote by X a space of solutions to our system at a;. Then X =
X1 ®...® X, where X, is a root subspace of dimension ds for the mon-
odromy operator g corresponding to the eigenvalue exp(2nioy). (The latter
decomposition of X implies the block diagonal forms of E; and A; mentioned
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in the theorem.) Decomposition (5) defines a weighted filtration of every
subspace X, as follows. Let

1lys __813}S __ [ 1\7 i
Az** 1)\,L--—'lp1,...731+ Se—1t+ A‘;:,,,:St)\'g_—_/l/)t

with ¥; > ... > 9. Denote by X! the space spanned by the first columns
with numbers d; + ... +ds—1+1,...dy + ... +ds_1 + 81+ ...+ 5; of the
matrix Y;(z) from (5). The spaces X! form the filtration

0CXicX?c..cXl=X, (7

with the weights ¥5,... ,%; of the space X, and this filtration is stable
under the action of the monodromy operator g; (as immediately follows
from (5)). We call such filtrations Levelt’s filtrations. The matrices S; are
called connection matrices, because they connect Y (z) with Levelt’s bases
Y; at each a;.

Remark 1. Theorem 1 means that locally each Fuchsian system is com-
pletely determined (up to a change of the dependent variable holomorphi-
cally invertible at a;) by its monodromy, and Levelt’s filtration at the point
a;.

Let us return to Theorem 1. Denote the numbers t)\{ (in order of their
appearance on the diagonal of A;) by AL ..., AP respectively. The numbers
M +p! = B! are called exponents of system (1). As immediately follows from
decomposition (5), they give asymptotics of the solutions to the Fuchsian
system at a; (see [4]). Indeed, it follows from (5) that

yj:(:c—ai)ﬂfuj—k... (8)

for the jth columns y; and u; of the matrices Y; and U; respectively. Since
u; is holomorphic at a; and does not vanish there, we obtain from (5)

yj ~ (z = a)r(a),
where for = in some neighborhood of a; one has
c; <|r] < colln(z — a;)|P™Y, €1 >0, cg >0.
It follows from (1), (5) that

T dz *

Bi = lim ((z - a)A()) = Jim ((x ~ ap) i y.~1> _
dU;

= lim |(z— az)
T—ra;

i+ (@ — )M Bi(a — ai>—Af>U;1] _
= U;(a:)(A: + ED)U; (i), )

where Adr = w, EP =limg_q, L;, L; = (x — a;)" Ei(z — a;)~%¢ is holo-
morphic at a;, because of (ii) and of the fact that E; is upper-triangular.
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Equality (9) implies that ,Gf are the eigenvalues of the matrices B;.
The important characteristic of the behavior of solutions to (1) at a; are
the numbers A = [Ref!], which are called valuations of system (1) at a;.

3. GENERAL FORM OF ISOMONODROMIC DEFORMATIONS

Consider a small disk D(a®) with the center a® = (aJ,...,a%) on the
space C”\Uﬁé]{(az——aj) = 0}. Consider the space Pl((C) x D(a®)\U  {(z—
a7) = 0}. As well as in Theorem 1 consider the loops ¢?, ... , g5 on the space

PYC)\ {af,...,al} with the beginning at the point zo. Let g¢,... , g2 be
loops on the space PY(C)\ {a1,... ,an} with the beginning at the same
point zo (where a denotes the point (a1,...,an)) and such that on the
space P1(C) x D(a”)\U?_{(z —a;) = 0} each loop t,-g¢ -t;! is homotopic
to g; (here t, is the straight line path from the point (xo,a?, ...,al) to
(zo;a1,--- ,0n).

_Consider a family of Fuchsian systems

%:(im_a) ZB(a)-—O (10)

=1

depending holomorphically on the parameter a = (ay,...,a,) € D{(a®).
Family (10) is called isomonodromic (or an isomonodromic deformation
of the initial Fuchsian system corresponding to a = a®) if for each fixed
a the corresponding system from (10) has the same monodromy as for
a = a® (with respect to the homotopic classes of the loops g¢ and 99 respec-
tively). This means that for each value a there exists a fundamental matrix
Y{(x,a) of the corresponding system from (10) such that this Y'(x,a) has
the same monodromy matrices (with respect to the corresponding g¢) for
all @ € D(a®). We call such a family of matrices an isomonodromic family
of matrices, or simply, an isomonodromic matrix.

Proposition 1. For any isomonodromic family (10) there exists an iso-
monodromic family of matrices analytic simultaneously in z and a on P1(C)

xD(a®) \ Ui {(z — a;) = 0}

Proof. Tt follows from the theorem of analytic dependence on parameters
for a system of ODE that there exists a family Y (z,a) of fundamental
matrices to system (10) analytic in a for each fixed z. Since it is also an
analytic function of z, for each fixed a, we have that Y (z,a) is an analytic
function of its both arguments. Unfortunately, this matrix function is not
necessarily isomonodromic. Its monodromy matrices G;(a) (with respect to
the corresponding ¢g¢) may depend on a. Since for every fixed a one has

Y(z,a) = Y(x,a)C(a) (11)
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for some matrix function C(a) with values in GL(p, C), the following identity
holds:

C~a)G:C(a) = Gy(a)
for the monodromy matrices G; of an isomonodromic fundamental matrix
Y (z,a). Note here that because of analyticity of ¥ (x, a) the matrices Gi(a)
are holomorphic in a.

Our goal is to show that the matrix function C'(a) can be chosen as an
analytic function of a. Then the corresponding isomonodromic fundamental
matrix Y (z, a) from (11) will be analytic in a and we are done.

Consider a map

v : GL(p,C) — GL(p,C) x ... x GL(p, C),
defined as follows:
YX) = (XT'CiX),... ,(XTIGRX).

Clearly this is the restriction of an analytic (even algebraic) action of the
Lie group GL(p,C) on GL{p,C) x ... x GL(p,C). Thus:

(i) as an analytic map, at each point v has the same rank (more precisely,
its differential at each point has the same rank); see [15];

(ii) the image Im vy is an analytic submanifold of GL(p,C) x...x GL(p, C)
(not necessarily a close submanifold); see again [15];

(iii) a centralizer H of the set Gy,...,G, is an analytic Lie subgroup
of GL(p,C) (even algebraic closed subgroup, see the same theorem in the
cited book).

Thus, the triple (GL(p, C),Im+, ) is a locally trivial holomorphic bundle
with the fiber H ( see [7]).

So, there is a covering {V;} of Im~ such that for each V; there exists a
local holomorphic section of the bundle:

¥; : Vi — GL(p, C).
We have an analytic map
x:D —Im~,

which is defined by the monodromy of the analytic matrix ¥ (z, a). Consider
a covering {D;} of D such that x(D;) C V;. Now for each ¢ we have the
map

¥ : Dy — GL(p,C)

such that ¥; = ¢} o x, and, by construction,

(i(a)) ' Givpi(a) = Gi(a)
for all j,1.

ON ISOMONODROMIC DEFORMATIONS OF FUCHSIAN SYSTEMS 595

Therefore for all D;, D; with nonempty intersections we get

Gij = hi(a)(i(a))™t € H.

Thus we have the cocycle {g;;}, which determines a principal analytic
bundle with the structure group H over D. Since each such bundle is
topologically trivial (see [8], Corollary 10.3), now by Theorem I of [6] we
get that this bundle is analytically trivial. So, for every D; there exists an
analytic map

si(a): D; —» H

such that in D; N D; one has
si(a) = gijs; = Pi(a)y; ' (a)s;(a).

Denote by C~1(a) = v¥;*(a)s;(a) the analytic map from the whole D
into GL(p, C). Then, by construction, ’

Yz,a)C " a)

has the same monodromy G;(ag) for all a. Thus, it can be chosen as an an-
alytic isomonodromic fundamental matrix. The proposition is proved.! O

The matrix function Y (x,a) has some monodromy which due to the
analyticity of Y(z,a) depends only on the homotopic classes of the paths
on PY(C)\ U, {(z — a;) = 0} with the beginnings at (zo,a®) (but this
monodromy, in principle, may depend on the location of this initial point).
Because of the isomonodromy condition, the monodromy matrices as the
functions of the initial point (zo,a®) for fixed zo are locally constant with
respect to a’. Due to the definition of the monodromy of a linear system of
ODE, these matrices are locally constant with respect to 2o for each fixed
al.

So Y(z,a) defines a monodromy representation

71 (PY(C) x D(a®) \ U1 {(z — a;) = 0}, (2o, a)) — GL(p;C). (12)

(Note here that the space P*(C) x D(a®) \ UL {(z — a;) = 0} can be
retracted to P1(C)\ {al, ... ,al}, so its fundamental group is generated by
the same elements g9,...,92.)

And the matrix differential 1-form w = dY (x,a)Y ~!(z, a) is single valued
and can be considered as a form on P'(C) x D(a®) \ UL, {(z — a;) = 0}.
Indeed, for all g € 1 (P*(C) x D(a®) \UL,{(x — a;) = 0}, (zo, a’)) we have

g*w = dg*Y (z,a)g"Y "M (z,a) = (dY(z,0)) GG, 'Y (z,0) = w.

1 Another version of the proof of the proposition was suggested by D.V. Anosov and
it will appear in the Preprint Series of the University of Ulm.
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By construction, the Pfaffian system
dy = wy (13)

on PY(C) x D(a®) \ U, {(z — a;) = 0} is completely integrable (this means
that dw = w A w) and for each fixed a it coincides with the corresponding
Fuchsian system from (10). As the result of the above considerations, we
get the following statement.

Theorem 2. Family (10) of Fuchsian systems is isomonodromic if and
only if there exists a matriz differential 1-form w on PY(C) x D(a®) \
U {(z — a;) = 0} such that

() w=3 % dz for each fized a € D(a®);
1T G
(il) dw=wAw.

From the theorem it follows that an isomonodromic family (10) is com-
pletely determined by the corresponding form w with properties (i), (ii).
Our goal now is to describe the general form of such w. For this purpose
consider at first some special case.

For the initial Fuchsian system

dy (v B}
dz_<zw—a? v (14)

i=1

B} = Bi(a’)
consider its isomonodromic deformation, which is described by
n
Bi(a)
= —d(z — a;). (15
Ws Zx—ai (z—a;) (15)

i=1
First of all it is necessary to prove that such a special isomonodromic de-
formation of the original system does exist. To prove this is the same as to
prove that the following problem has a solution:

dws = ws A ws,
n
B = By(a®),i=1,...,n, Y Bi(a)=0. (16)
i=1

But a straightforward calculation shows that condition (ii) for the form
w; is equivalent to the following relation:

dB;(a) = — i Md(ai — a;), 17)
etk BT

which is called the Schlesinger equation.
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Indeed,
_ "\ B;(a) R " . d(z - a;)
dws = d(; - _aid(x - az)) = ;de A o =
= ( 9Bi(a) d{aj —z + x)) A M =
; ‘—  Ja; T - a;
i=1 “j=1
= Z(Z 8?(“)) do p HE=00)
=1 \jm1 Y TG

" <~ 8B;(a d(z —aj) Nd(z — a;
“ZZ (a) d( ) A d( )

Baj T —a;

On the other hand,

n

ws Awg = (Z E&_(—Z)id(m - ai)) A (i 51(2 d(z — aj)> =

:ZiBiBjd(m—ai)/\d(m_aj) )

(z - a;)(z — ay)

i=1 j=1
-y 3 B ( - 4>d(w—ai)/\d(m~aj).
=1 1 a; —a; \T — a; T — aj
Since the differentials dz, d(z — a1),... ,d(z — ay,) are linearly indepen-

dent, one gets that the equation dw, = ws A ws is equivalent to the system

8aj

ZaB"(“)=o, i=1,...,m; (18)
j=1

. . B.
0Ba) _[BuBil ;i1 n iti (19)
Oa; a; — a;
Multiplying the parts of (19) by da; and adding them for all j # 4, we get

n

0B; [Bi, Bj]
- = d(—a.).
dB; 8aida’ . E ai—a (—a;)
J=1,4#¢

Multiplying both parts of (19) by —da; and adding them for all j # 4, we
have

L, g BBl

a; — aj
j=lg#i g=Lj#i 7
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If we add the latter two equations and take into account (18), then we
get (17).

On the other hand, it is easy to see that Eqgs. (18), (19), in turn, follow
from (17). Thus, condition (ii) is really equivalent to Eq. (17).

It is well known that Eq. (17) is completely integrable (see, e.g., [13])
(the corresponding verification conmsists in checking the Frobenius condi-
tion). Thus, this special kind of isomonodromic deformations of a Fuchsian
system really exists. Let us call the isomonodromic deformations defined
by forms (15) the Schlesinger deformations (SD).

Denoting by Y*(z,a) the fundamental matrix of Pfaffian system (13)
with the form w = w,, we conclude that

Y*(0),a) = const. (20)
Indeed,
dY*(00),a)}(Y5(00);a) ™! = w,(oo,a) = 0.

Thus, relation (20) holds.
Below there follows a simple but a very useful example of a Schlesinger
isomonodromic deformation.

Example 1. The Fuchsian family

dy ([~~~ B
dz (;w—aa?)y

with constant coefficient matrices satisfying the equality > ;-., B; = 0 is the
Schlesinger isomonodromic deformation (with respect to the parameter a of
the original system for a € D(0), where D(0) is a small disk with the center
at 0 on C).

Indeed, for our case the Schlesinger equation (17) has the following form:

n
[Bi’B']
0=dB; = — Z Md(aag - aa?) =
g 3

j=1,j#i

because of the identity Y"1, B; = 0.
The following theorem presents a general form of w from Theorem 2.
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Theorem 3. Each matriz differential 1-form w on P}(C) x D(a®) \
U2 {x — a;, = 0} responsible for an isomonodromic deformation (10) (see
Theorem 2) of the original system (14) has the form

n Bz n n o my n
w= Z - —(aa) d(xvai)-FZZ %l—(g%)—tdak +Z’Yr(a)dar,(21)
i=1 ¢ I=1 k=1 t=1 l —1
where V1.1 1(a), v (a) are holomorphic on D(a®),
mi < max([Re(;)] — [Re(B7)]), (22)

and the mazximum is taken over oll differences between integer parts of real
parts of all eigenvalues of BY (in other words, the mazimum is taken over
the differences of the valuations of the original system at a;).

Proof. For Pfaffian system (13) with a given w consider an isomonodromic
fundamental matrix Y (z,a). Let Y;(z,a) be a fundamental matrix of (13)
with w = w; of form (15) such that w|, = ws|eo and Y;(z,a) has the
same monodromy as Y (z,a). Then the matrix I'(z,a) = Y (z,a)Y; ! (z,a)
is meromorphic in P*(C) x D(a®) with poles at U, {z —a; = 0} only. Since
for each fixed a it must have form (i) from Theorem 2, w has the required
form (21). So, it remains to prove inequality (22). '

Each isomonodromic deformation preserves the eigenvalues 3! of the ma-
trices B;(a) from (10). Indeed, by definition, each isomonodromic deforma-
tion must preserve the numbers p] (the logarithms of the eigenvalues of the
monodromy matrices normalized due to (4)). But due to the continuity of
B;(a), the integer numbers A} = 87 — p! (the valuations of the systems, see
Sec. 2) are also preserved by the deformations. So, the two systems under
consideration have the same valuations with the same multiplicities for each
fixed a. But their Levelt’s filtrations can be different. Let Levelt’s filtrations
for the systems (mmore precisely, for the given fundamental matrices of the
systems) be defined by the matrices Ay,...,A, and by Ri(a),...,Ry,(a)
and Si,...,S, respectively. Due to [3], the matrices Sy,...,S, are inde-
pendent of a, while the matrices R;, in principle, depend on a. We omit
here the proof of the fact that this dependence is holomorphic (this can be
deduced from an analog of Sauvage’s lemma (see [9]) with a parameter).

Recall here that due to the definition of the connection matrices for each
fixed a we have Levelt’s decompositions (5)

Y (x,a)R; (a) = Uiz, a)(z — a;)M(z — a;) %@,
Ys(af,a)Si_] =Uf(z,a)(x — ai)Ai (z — a,)Es,

where E/(a) and E? have a block diagonal structure and R;Y(a)E(a)R;(a)
= S;7'E!S; = E,; because the monodromies of the matrices Y (z,a) and
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Y,(z,a) are equal by the construction. This means that at each {z— di =0}
the matrix I'(z, a) has the form

Nz,a) = Ui(z,a)(z — ai)AiRiS{I(x - ai)_Ai(Uf’(x, a))7t,

where the matrix R(a) = R;S; ! has the same block diagonal structure as
both Ej(a) and Ef.
So,

Y(z,a) =T(z,a)Ys(z,a) = Ui(z, a)(z — a;) R(a)(z — a;) %

and
w=dY(z,a)Y 1(z,a) = w; + wo,
where

Wy =
U; ) _ .
= dUiUfl + ;.—_? (Az + (LL — ai)AlRiEiRi I(ZL‘ - G,i)_A") Ui_ld(.’lf - a,—) =
= ws + holomorphic form,

because w has a logarithmic singularity at a; for each fixed a; by the con-
dition of the theorem. And

wy = Ui(z — a;)Mdg RR™Y(z — a;) MU ! (23)
has at most a pole of order max,¢(A] — A{) at {z —a; =0}. O

Corollary 1. Let a form w define an isomonodromic deformation (10).
Then the Pfaffian system (13) with the indicated w has regular singularities
at the divisor Up_;{z — a; = 0}.

In this sense, all isomonodromic deformations of a Fuchsian system are
regular deformations (RD).

Corollary 2. Assume that each monodromy matriz of system (14) can
be transformed to a Jordan normal form consisting of one Jordan block only.
Then for each isomonodromic deformation of this system there exists a form
w which defines this deformation and has the form

n

w=3ZD 4 o) 4 (0)da (24)

. T — a;

i=1

Proof. Let isomonodromic deformation (10) of system (14) be determined
by a form w from (21). For each fixed a; consider the Jordan filtration
(unique for the case under the consideration) for the space of solutions of
(10). But any Levelt’s filtration, as a filtration, preserved by the mon-
odromy operator g must be obtained from the Jordan filtration by the
union of some of its subspaces. Since the transformation I" defined by the
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theorem must preserve the weights, in our case it must also preserve the
whole Levelt’s filtrations. Therefore the matrices R;(a) can be chosen equal
to the corresponding S;. So the matrix I'(z, a) is holomorphically invertible
in P}(C) x D(a®), and, thus, it depends only on a. Therefore

w=dY(z,a)Y " }(z,a) = d'(a)[""(a) + Lw, !

has form (24). Let us call the isomonodromic deformations determined by
form (24) unnormalized Schlesinger deformations (USD). O

Corollary 3. If for each i the matriz B; of system (14) is nonresonant
(this means that there are no nonzero integer differences between eigenvalues
of B;), then each form w defining an isomonodromic deformation of (14)
has the form (24).

Proof. Under the conditions of the corollary matrices R(a), d,R(a) from
(23) commute with A;. Indeed, by construction, both R(a) and A; have the
same block diagonal structure and due to the conditions of the corollary
each block A] is a scalar matrix (see decompositions (5)). Thus, R(a),
doR(a) commute with A;; and we get from (23) that

wy = Uyd,RRIU;?

is holomorphic at {x — a; = 0}. Since the same is true for all 7, we does not
depend on z. [J

a
The corollary shows that the term > 7., 7, S %
-

pression (21) for w responsible for the isomonodromic deformation appears
only in the resonant case.

Consider the following example of a regular, but not Schlesinger (neither
normalized, nor unnormalized), deformation.

day in ex-

Example 2. The family

1 0
1 — 1
Z_y - —— 0 + + <g _6(111> ;+
Z CL% 1 T ai
2 3 + 3@1 1 —3 —3 -+ 30.1 1
+ 1 + L Y
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of Fuchsian equations is isomonodromic, and it is determined by the follow-
ing completely integrable form:

1 0

. %4 d(z +a;) L (0 —ba dz N
-3 0] z+a 0 -1/ 2z
af —1
2 34 3a; _ -3 -3+ 3ay ;
4 1 . d(z 11) . 1 ) d(z +1)
1+4+a; - a; —1 z+1
0 0
d
{2 4 (26)
a% 1 z+a;

This w is of form (21), but it is not of form (24). Since the term v(a)da is
absent here, this example presents the so-called normalized regular defor-
mation (NRD).

Every differential form w responsible for an isomonodromic deformation
(14) has the form w = w, + 37 9i(z, a)da; (see (21), (15)). Is the
part Yo, 9;(z,a)da; determined uniquely by the “principal part” w, =
Yo sz(c;) d(z — a;) (we call it “principal,” because for every fixed a it
coincides with the coefficient form of our Fuchsian family)? The answer to
this question is negative.

The freedom in choosing Y77 ; v;(z, a)da; is the following: one can re-
place the isomonodromic matrix Y (z,a) (see above), describing our defor-
mation by Y (z,a)R(a), where R(a) belongs to the centralizer of the mon-
odromy matrices G1,... ,G, of our system (more precisely, of the matrix
Y (z,a)). Clearly this change does not influence w;, but it probably changes
Z?:l ¥;da;. Nevertheless the following statement holds.

Proposition 2. Let the monodromy of isomonodromic Fuchsian Sfamily
(10) be irreducible. Then the corresponding differential form w responsible
for the deformation (see Theorem 3) is determined uniquely by (10) up to
addition of a term df (a)f~'(a)l, where f(a) is an analytic function.

Proof. Let Y(z,a) be an isomonodromic matrix of our family. Then due to
conditions of the proposition and due to Shur’s lemma, any other isomon-
odromic matrix Y’(z,a) must have the form Y'(z,a) = Y(z,a)R(a) with
R(a) = f(a)I for some scalar function f(a). Thus,

W' =dY'(z,a)(Y) z,a) = dY(z,a)Y Yz, a)+

+Y (2,0)dR(a)R " (a)Y "\ (z,0) = w + df(a) f " (a)I.

ON ISOMONODROMIC DEFORMATIONS OF FUCHSIAN SYSTEMS 603

If the monodromy of system (10) is reducible, it may have nontrivial
symmetries of the form I'(z,a) = Y (z,a)C(a)Y ~}(z,a) with C{a) from
the centralizer of the monodromy matrices of Y (z,a) (even for the case
where the equation itself is irreducible). This leads to different differential
forms responsible for the deformation (10). Some of these forms can be
simple (for example, Schlesinger forms), others can have additional poles at
U, {x — a; = 0} (of orders which are not greater than Theorem 3 says).

For the resonant case an interesting question is how to get the simplest
possible form of w for a given system (10).
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