66 THOMAS K. BOEHME.

REFERENCES.

[1] T. Boehme, “On Mikusinski operators,” Studia Math., 33 (1969)8 127-140.

[2] > “On approximate solutions to the convolution equation on the half-line,” Bull. A.M.S.
69 (1963), 847-849. ,

[3] ] Mikusinski, Operational Calculus, Pergamon Press, New York, 1959,

[4] ]. Dieudonné and L. Schwartz, “La dualite dans les espaces vectoriels topologiques,” Ann,
Inst. Fourier, 1 (1949), 61101,

[5] K. Urbanik, “Sur la structure non-topologique du corp des operateurs,” Studia Math., 14
(1954), 243-246. '

THE INVARIANCE OF MILNOR’S NUMBER IMPLIES
THE INVARIANCE OF THE TOPOLOGICAL TYPE.

By LE Dinc TrANG and C. P. RAMANUJAM.

Introduction. We are interested in analytic families of n-dimensional
hvpersurfaces having an isolated singularity at the origin. In this paper we only
consider the case when the Milnor’s number of the singularity at the origin does
not change in this family. Under this hypothesis with n=1, H. Hironaka
conjectured that the topological type of the singularity does not change. We
give a proof of this conjecture in the more general case of C* family of
n-dimensional hypersurfaces of dimension ns2. The hypothesis n2 comes
from the fact we are using h-cobordism theorem. Actually a more general
conjecture should be the following: ‘

0.1 Let F(zp,...,2,,t) be analytic in the z, and smooth (ie. C*®) in t.
Suppose that for any t,€R the complex hypersurface F(zy,...,z,,1)=0 of
C"*! has an isolated singularity at the origin. Suppose that the Milnor’s number
u,, of this singularity, say the complex dimension of C{z,...,%,}/(9F,), where
C{z....,2,) is the C-algebra of convergent series at 0 and (9F,) is the ideal
generated by the partial derivatives (3F/09z)(zy,...,2,,t,) (i=0,...,n) in this
algebra, does not depend on ¢, Then the pair composed of the smooth part of
the hypersurface F=0 in a neighborhood U of 0 in C*** xR and ({0} XR)n U
satisfies Whitney conditions at each point of ({0} XR)N U, (cf. [17] p. 540).

If such a conjecture is true we obtain easily our result by using Thom-
Mather isotopy theorem (cf. [16] and [7]).

Actually recent results of B. Teissier [14] give a numerical condition to get
Whitney conditions. Precisely let (X,x) be a germ of hypersurface in C"*! with
an isolated singularity, let E be a k-dimensional affine subspace of C**! passing
through x. If E is chosen sufficiently general the Milnor’s number of X N E at x
does not depend on E, we denote this number by p® (X,x). Then B. Teissier
proved that if in an analytic family of germs of hypersurfaces (X,,0) in C**!
defined by F(zy,...,%,,t)=0 and having an isolated singularity at the origin 0
the numbers 1®(X,,0) for 1 <k < n+1 do not depend on ¢, the smooth part of
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the hypersurface F(zg,...,2,,t)=0 in a neighborhood U of C"*ixC satisfies h

Whitney conditions along ({0} xC)n U.

When n=1 our result shows that the multiplicity of the curves of our
analytic family is constant, because in this case we know that the multiplicity of
a plane curve singularity is a topological invariant,

Actually when n=1, O. Zariski in [19] and [20] proved that if the sum of
p+m,—1, where U, is the Milnor’s number of the singularity and m, its
multiplicity, is independent of ¢ then the smooth part of the surface F(x,y,1)
=0 in a neighborhood U of 0 in C® satisfies Whitney conditions along
({0}XC)N U. In his terminology the preceding surface is equisingular along its
singular locus at 0. Then the constancy of p, implying the one of m,, Teissier’s
result is analogous to Zariski’s result.

0.2 It is then natural to conjecture, following B. Teissier (cf. [14]) that the
constancy of the u"*" implies the constancy of the p®(1<k<n), which

would imply (0.1). Recently J. Brianson and J. P. Speder disproved this
conjecture.

L. Milnor’s Results on the Topology of Hypersurfaces. In this paragraph
we first recall Milnor’s results on the topology of hypersurfaces (cf. (9)).

Let f:UcCC"*!1»C be an analytic function on an open neighborhood U of
0in C**1 We denote

B.={zlz€C"*!; | z|| <e}
Se=0B ={z[zeC"*!; llzll=¢}.
Then:

Taeorem 1.1. For €>0 small enough the mapping g, :S, ~ {f=0}-s!
defined by ®(2)=f(2)/| f(2)] is a smooth fibration.

TueorEM  1.2. For €>0 small enough and €>»1>0 the mapping
xp(_n:Limf“l(é)D,,)~>S1 defined by Ven(2)=f(2)/|f(2)], where aD, ={z|zE€
C:lz|=7n}, is a smooth fibration isomorphic to @by an isomorphism which
preserves the arguments. We call the fibrations of Theorems 1.1 and 1.2 the
Milnor’s fibrations of F at 0.

CoroLLarRY  1.3. The fibers of @, have the homotopy type of a n-
dimensional finite C W-complex.

Tueorem 14. For € >0 small enough, S, transversally cuts the smooth
part of the algebraic set H, defined by f=0. If 0 is an isolated critical point of
f, then the pairs (S,,S,N Hy) for any € small enough are diffeomorphic and
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BB, N H,) is homeomorphic to (B,,C(S,N Hy)), where C(S,N Hy) is the real
c.‘o:ie.(ttnion of segments with vertices at 0 and at a point of S.N H,,.

Theorem 1.4 says that, when 0 is an isolated critical point of f, for eh>0
small enough, the topology of the pair (B,, B,N Hy) .does not depend ohn €. Then
if g is another analytic function defined in a neighborhood of O/, anlli {a)n
isolated critical point at 0, we say that the hypersurfaces H, and H, define })i
f=0 and g=0 have the same topological type at 0 if for ¢ >0 small enoug
there is a homeomorphism (B,, B,N Hy) =5 (B,, BN Hy).

From [9] and [11] we have:

Tueorem “1.5. If 0 is an isolated critical point of f, for €>0 small
enough, the fibers of @, have the homotopy type of a bouquet of p. spheres of
dimension n with

p=dime(C{zy,...,2,}/(9f/ 3z,,...,0f/ 3z,)).

(A bouquet of spheres is the topological space union of spheres having a single

oint in common.) N .
b We call the number of spheres the Milnor’s number of the critical point 0

of F or the number of vanishing cycles of F at 0.
Actually we have:

ProposiTION 1.6. The germ of morphism :(C"*1,0)—(C"**,0) whose
components are the partial derivatives of f is an analytic covenznél lof de'gree M.
On another hand, for € >0 small enough, the mapping . : S,—$ defined by

U (2) = (3f/ 02o(2). ..., 8f / 8z, (2)) / \/Eolaf/az;(z)lg

has the degree p.
Finally recall a well-known result of P. Samuel (cf. [12}):

Tueorem 1.7. Let f:UcC**'»C be an analytic function on a neigh-
borhood U of 0 in C**!. Suppose f(0)=0 and 0 is an isolate’(? .crztzca{ point.
Then there exists a polynomial f,: C"*'—C with an isolated crmcal’ point at 0
and an analytic isomorphism of a neighborhood U, of 0 onto a neighborhood
U, of 0 which sends the points of f=0 on points of f,=0.

2. The Main Theorem. We prove the following theorem:

Tueorem 2.1. Let F(t,z) be a polynomial in z=(z,,...,z,) with
coefficients which are smooth complex valued functions of t€1=[0,1] such
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that F(t,0)

=0 and such that for each t I, th l ] 7/ Az
have an iso » the polynomials (OF / 3z)(t,z)

lated zero at 0. Assume moreover that the integer

y,=dimcC{z}/(%(t,z),..., (,;)Tf(t,z))

n

is independent of t. Then the monodrom ibrati ;
ons of th s
F(0,2)=0 and F(1,z)=0 at 0 are v/ f the singularities of

' of the same fiber homotopy. If further n+2
these fibrations are even differentiably isomorphic and the topological types o];

the singularities are the same.

A crucial step in the proof of the theorem is the following lemma:

Lemma 2.2. Let fE€Clz...,5,), f(0)=0, and R >0, €>0 such that

(i) (IimcC{z}/(af/azo,...,E)f/az,,)=u<oo;

(u) for any z with 0<||z|| < R and [ f(2)] <€, we have df#0,

<f“> for any z€ Sp = (2|2 =R} with |f(2)|<e, d(f|Sg) is t;f rank 2;

(iv)  for some w, with 0<|w,| < ¢, Foo={zllI2]| <R, f(2)=1w,) is of tht;
homotopy type of a bouquet of p n-spheres.

Then the map

(alllzll < R, | f(2)| =) st (A)

is a fibration fiber homotopy e

Sinaary quivalent to the monodromy fibration of the

of f='0 at 0. If further n2, it is even diffeomorphic to the
monodromy fibration, and there is a homeomorphism of the set

{z]llz]| < R, tf(z){=e} U {2l llz|=R, If ()< €}

with the sphere {z|||z|| = 8} (6 small)

hich _ _
onto the set {z|||z|| =§, f(2)=0). which maps the set {z| Izl =R, f(z)=0)

Proof. 1t is clear from (i) and (iif) that the map

f+ (#1121 < R 0< | £(2)] < €)= (w]0 < o] < ¢} ()

is a locally trivial differentiable fibration, hence so is

A). Choose §, i
0<8<R, 0<n<e such that W % it

A< 8, [ f(2)] =) 8" (©)

is the monodromy fibration of the singularity. This fibration is contained in the

inz
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fibration

F/U (R < R, f(2) = m) S, (D)

and (A) and (D) are diffeomorphic fibrations since (B) has been shown to be a
fibration. Thus it suffices to show that the inclusion of (C) in (D) is a fiber
homotopy equivalence. By the theorem of Dold ([4] Theorem 6.3) and the
homotopy sequence of a fibration, it suffices to show that the inclusion of the
fiber G, over 1 of (C) in the fiber F, over 1 of (D) is a homotopy equivalence.
Now, since the spheres S, and S; of radii R and § respectively are transversal to
the manifold f(z) =1, for all z, close enough to the origin, the pair of manifolds
with boundaries (F,, G,) is diffeomorphic to the pair

((2lf () =m llz= 2o <R}, {z/f(z)=m. lla— 2]l < 8 }).

Choose such z, such that the distance function ||z — z,|| has only nondegenerate
critical points on f(z)=n. Since the indices of this function at these critical
points are < n, it follows that F, is obtained from G,, up to homotopy type, by
attaching cells of dimension <n. Now, it follows from (iv) that F, is of the
homotopy type of the wedge p. n-spheres, and the same holds of G,, by [9]. It
clearly follows that for n=1, the inclusion G,\s F, is a homotopy equivalence.
For n>1, both spaces are simply connected, and it suffices to show that
H,(G,,Z)— H,(F,,Z) is an isomorphism for all i. This is clearly so for i # n and it
also holds for i=n since H,_,(F;,G;;Z)=0, H,(G,,Z) and H,(F,,Z) are both
free of rank p and H,(F,, G; Z) is torsion-free. ’

We have thus shown that the inclusion of (C) in (D) is a homotopy
equivalence. We have yet to establish the stronger assertions of the lemma for
n#2. First notice that if X={z|6 <||z|| <R, |f(2)|<n), then f:X—{w||w|
<7} is a differentiable fibration. This follows from (ii), (iii) and the fact that
d(f1Ss) is of rank 2 on X N Sg. It follows that X is diffeomorphic to a product of
the disc {w||w]<n} and the fiber X, of X over any point w of this disc, in
particular X, =F, —IntG,. Now, H\(F},G;Z)=H«(X,,0G,;Z)=(0). So that
Hy(9G,,Z)—>H(X,;Z) is an isomorphism. For n=1, it follows from this and the
classification of surfaces with boundary that X, is diffeomorphic to I X 9G,. For
n>2, 3G, is simply connected ([9]) and the inclusion 3G, C X, is a homotopy
equivalence. Further, by considering the Morse function —||z— z,|| with z,
close to the origin, and noticing that its indices at critical points on F; are > n,
([1]) we see that #,(0F,)—>m(F,) is injective, so that 9F, is also simply
connected. If we can show that H,(X,,dF,;Z)=(0), it would follow that the
inclusion 9F; X, is a homotopy equivalence. From the homology exact
sequence of the triple (Fj,X,,0F,), it suffices to show that H,(F,,dF))
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—»II*(FI,)(?) is an isomorphism, or passing to cohomology, that HY(IntG))
—>H}(IntF)) is an isomorphism, where H} denotes cohomology with compact
support. By Poincaré duality, this is the same as saying that I ,(G,,2)
—H,(F\,Z) is an isomorphism, which is certainly true.

Thus, the inclusions G, C X, and 9F; C X, are homotopy equivalences, the
spaces are simply connected and we are in real dimensions > 6. It follows from
the h-cobordism. theorem [8] that X, is diffeomorphic to I X 0G,. Thus, the
fibration (D) is obtained from the fibration (C) (which restricted to the
boundary of the total space of (C) is trivial) by attaching S'X collar. Hence the
two fibrations are diffeomorphic by a diffeomorphism . Further, if we fix a

diffeomorphism X ~ D X IX 3G, over D, where D denotes the disc {w]|w|
< 7}, we may assume that the points A(w,0,x) and A(w, 1,x) correspond to each
other under @. But now, the canonical diffeomorphism of D X0X 3G, and
D X1X 3G, goes over by A into a diffeomorphism of {z}|lz]| =8, If(z)] <n)
onto {z|||z]l=R, | f(2)] < n} such that ¢ and Y are equal at points where both
are defined and y carries the zero set of f (ie,, A(OX0X3G,))) in its domain
onto the zero set of f (.., A(O0X1Xx 9G))) in its range. Now, by [9] there is a
homeomorphism of (z]||zl| <8, |f(z)|=n}u{x|llsll =5, |f(z)<n) onto S,
which is the identity on the second of these sets. This establishes the last
assertion of the lemma, except for the fact that e is replaced by 7. But this

clearly does not matter, in view of assumptions (i) and (ii). Q.ED.
We need another simple lemma:
LEmMMA 2.3. Let K be a compact convex set in C"*! gnd - STONY S

holomorphic functions in a neighborhood of K such that on BdK, 3| g,[>>0.
Orient BAK (which is homeomorphic to $*"*1Y) such that a radial projection
onto an interior sphere has degree +1. Then the g, have only finitely many
common zeros in K, and the degree p of the map IK—S>*! given by
2> (2lg(x)H 12 (81(2),...,8 0 41(2)) equals 2 pcghty, where

lip=dimc®cn+1_,/(g1~--’gn+1)-

Proof.  Since the g, have no common zeros on BdK, their common zeros
in K form an analytic set in C**!, and K being compact, they must be a finite
set. We proceed by induction on the number N of these common zeros. If
N=1], let P€IntK be the unique common zero, B a small around P contained
in IntK and S the boundary of B. The map BdK—>$2"*! is then homotopic to

the composite BAK > S=BdB—$2"*! where « is radial projection and the

map BdB—S$>**! is the map defined above with K replaced by S. The result
then follows from [9].

he
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If N>1, choose a hyperplane H such that there are no common zeros of
the g; on H and such that if H* and H ~ are the closed half-spaces defined on
H,H*NK and H™ N K each contain at least one common zero of the g;. Since
we may assume by induction that the result holds for each of the compact
convex sets H* N K and H ™ N K, we have only to show that the degree of
BdK—5%"*! equals the sum of the degrees of Bd(K N H *)—$2"*! and
BA(K N H™)—S$*"*1, Since the intersection Bd(K N H*)NBd(K N H ™) is con-
tractible on each of these boundaries, the assertion reduces to the standard and |

easy fact that if f,g:5%"* 52" *! are maps preserving some base point,

h:S2n+1_,g2n+1y yg2n+1 4o pinching map, the composite §2r+! ~’—1> §2n+ly,
gner L) $2"*1 has degree equal to the sum of the degrees of fand g. Q.E.D.

Proof of Theorem 2.1. We set f(R)=F(t,2). It is clearly enough to prove
the theorem with I replaced by some smaller interval [0,8] with 8 >0. Denote
by p the constant value of t, tE€ 1. Choose R and € such that the conditions (ii),
{iii) and (iv) hold with f replaced by f,, and also such that 21191,/ 822> 0 on
'zi = R. By continuity, one sees that there is a & > 0" such that for any t (0,61,
(iii) holds and also 27*'[3f,/0%/2>0 on |jz]|=R. The maps Sp—S2"*1 gre
defined by ||gradf,|~% (8f,/0z,...,9f,/ 9z, ,) for various ¢ are all homotopic,
hence all of degree p. On the other hand, we know that at the origin,
dimcC{z} /(3f,/9z,,...,9f,/ 9z, ,,) = p. It follows from Lemma 2.3 that (ii) is
also fulfilled by f,, R and € if te[0,8]=1,.

Let X={(t,2) €, XC" | ||z]l < R, 0<|F(t,z)|= €}, and define ®:X
-1 X {w|0<jw| < €}, D(t,2)=(t,F(t,2)). Then ® has compact fibers, and is of
maximal rank on the sets {(t,z)€ X]| izl <R} as well as when restricted
XNI;XSg"*. Thus, ® is a differentiable fibration. Similarly, if Y: {(t,z) €I, X
SallF(t,2)| < €}, the map ¢: Y1, X {wl|w] <€}, ¥(t,2)=(t,F (t,2)) is a smooth
fibration. It follows that y is differentiably a trivial fibration, and that d|X N
(OXC™™1): X N(OXC** N {w|0< |w|< ¢} and DX N(EXCH: X N (6 x
C"* N {wl0<|w|< €} are smoothly isomorphic fibrations such that this iso-
morphism is compatible with the chosen trivialisation of Y.

The theorem now follows from Lemmmna 1. Q.E.D.

We now deduce some corollaries. In order to shorten statements we
introduce the following definition. We say that the isolated hypersurface
singularities at 0 in C"*! defined by the equations f=0 and g=0 are of the
same type if (i) their monodromy fibrations are fiber homotopic, and (ii), for
n#2, these fibrations are differentiably isomorphic, and there is a homeo-
morphism of $2"*! onto itself carrying the zero set of f on $2"*! onto that of g
this implies in particular that the matrices of the monodromy transformations
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on the n-th homology of the fiber of the Milnor’s fibrations of f and g are inner f&

conjugate in SL(p,Z), p being the number of vanishing cycles.

CororLarY 2.4. Let f€C[zy,...,3,41], and p,€Z, p,>0(1<i<n+1) be
weights for the variables z, f=fy+fy, + - .
quasi-homogeneous polynomials f, of weight p with fy#0, suppose 0 is an

isolated critical point of fy=0. Then the same holds for f=0, and the

singularities f=0 and fy=0 at 0 are of the same type.

Proof. Put F(t,z)=fy+tfyr+ tfyso+ -, so that for t#0, F(t2)
=t~ M (tPz,...,t"+1z, ). Choose R so that (dfy),#0 for 0<||z]| <R, and let
p=dimcC{z}/(8fy/ 0%y, ...,0fy/ 9%,.). Then for t close enough to 0, d F(t,2)
#0 on ||z||= R, so that F(¢,2) has only isolated critical points in ||z]} < R. Since
F (t,z) derives from f(2) by a trivial coordinate transformation, f(z) has 0 for an

isolated critical point. Now choose R;>0 such that both f and fy have 0 as | i
their only critical point in ||z]] < R;. Then the same is true of F(t,z) for &

0 < t < 1. Further for all t€[0,1], the maps SR—->SZ"Jrl given by

3, of,
zHHgTasz(t’z)ll'](g‘zj ‘a:;)

are homotopic, hence have the same degree. It follows from Lemma 2.3 that

p=dimcC{z}/(3f,/9%,,...,0f,/ 0z, ,) is independent of t. Now appeal to the
theorem. Q.ED.

Remark 2.5. It is in fact possible to make a stronger statement. There isa
diffeomorphism @:S;—S; (8 small) isotopic to the identity which maps K
={z€ S| f(z)=0} onto K,={2€ Ss| fy(2)=0} and such that for z& S;—K,

@)/ f@)]=fule@)/| fule2))], ie, @|Ss—K is a fiber preserving diffeo- &

morphism of the monodromy fibration of f onto that of fy. This holds for al
n > 1 without exception. This is a consequence of the fact that if we define
f.(z)=F (t,2) as above, there is a 6 >0 such that, for any with 0 <||z||=3§, and
any t€[0,1], gradlogf,=\. z with A complex implies that |argA|<w /4 and
Izl =8, f,(z)=0 imply that d (f,|S;), is of rank 2.

To state the next corollary, we need a few definitions and facts from
commutative algebra. Let A be a noetherian normal local domain of dimension
n+ 1 with maximal ideal 9, and @ an 9N -primary ideal. An element fEA is

said to be integral over @ if it satisfies an equation
fm+a fr 4 +4a,=0, gqed@.

The set @ of elements of A integral over @ form an ideal containing @, called

the decomposition of f into §&
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the integral closure of & . (See [13], Appendix 4 and [10] for all properties made
wse of ) If e(d) is the multiplicity of @, we have e(d)= e(@) ([10], Theorem
1+ Further, if R runs through all the discrete valuation rings containing A and
having the same quotient field as A, we have @ = R- @ ({13], Appendix 4,
Theorem 3). Finally, let o;(1<i<k) be elements of A generating an 9N -
primary ideal €. Then there exists a finite set of polynomials P,(x;) over the
residue field in the variables x,(1<i<k, 1<.j<n+1) such that if v=(n,)€
A¥*Tandd, =Sk mya,..., 3k, , a); then @ is integral over @, (i.e.,
4 cd,)if and only if P, (7,)%0 for some a, where fl; denotes the image of ny
i the residue field. (See [10], Sec. 5, Theorem 1.)

Lesya 2.6, Let A be a regular local ring of dimension n + 1 containing a
field k of characteristic 0 which gets mapped onto the residue field of A.
Suppose Di(1<i<n+1) is a system of k-derivations of A such that the
induced maps D;: M/ M*—>A/ M form a basis of the dual of M /M2
Then if f € M such that the ideal (D, fooees Doy f) is primary for the maximal
ideal, f belongs to the integral closure of (DyfoooisDyy s f)-

Proof. 1t suffices to show that if A C R, where R is a discrete valuation
ring. fEZTT'R-D,f, we may further assume that the maximal ideal of A is
contained in that of R, since otherwise 27*'R-D,f=R and the assertion is
trivial. We may further suppose R complete. We can then find a subfield L, of
R such that LD k and R is the formal power series ring L{[T]] over L in some T
generating the maximal ideal of R. Let D denote the L-derivation d /dt of R, so
that clearly Rf C R-Df. It suffices to show that R-Df CS*'R-D,f. Let Der,
A.R)be the R-module of k-derivations of A into R continuous for the
X -adic topology, so that D|A €Der,(A,R). We will be done if we show that
Der, (A, R) is generated by the D, (1< i< n+1) choose a basis n(1<i<n+1)
of "N such that D,x = §,(mod I). The homomorphism Der,(A,R)—R"*!
which sends D to (Dx,,...,Dx,, ) is clearly injective. It is also surjective and
the images of the D, generate R"*! by Nakayama, since it is so when we pass to
the quotient modulo the maximal ideal of R. This proves the lemma. Q.ED.

We are now ready for the next corollary. For any f €Clz,,...,Z,_,] with
an isolated singular point at (0), define

n+1 3

& (f)= ; C{z} —a£ = { Df|D a continuous C — derivation of C{z}},

do(f)=C{z) f+ @y (f),
ds(f)= &,(f) =integral closure of @,(f).
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It follows from Lemma (2.6) that @,(f) C @y( f) C @4 f). Further, it is clear. tl'lat
for any C-automorphism ¢ of C{z}, &, (p(f))=¢(&,(f)). Define the artinian
local rings A,(f) by A,(f)=C(z)/ &, (/).

CoroLLARY 2.7.  Suppose f, g € C[z] and that for some i (1< 1 < 3) we are
given an isomorphism over C, XA: A,(f)=A,(g). Then the singularities of f=0
and g=0 at 0 are of the same type.

. First we start with proving weaker statements. Suppose @,(f)

D Q{;OO{:nd g—fe MmN+ Thei (9g/3z) — (3f/ 9z) € MN*1C DM @,(f),
which shows that @,(f)= @(g). Hence for any ¢, if ht=’tg+(1~ Hf, él’l(fz
= @,(h,), and it follows from the theorem that the singularities of f and g are o

me type. (Compare to [15].)
e SIE:Iext :fppése (pIzs a C-automorphism of C{z} and @(f)=g. We want }tlo
say that the singularities of f and g are of the same type. Fet J(p) be t_ Ie
Jacobian matrix of ¢, y(¢) a smooth path in GL{n+1,C) conn‘ectmg Eto](p)™",
and @, the automorphism of C{z} induced by y(#). Applying tl?e theore.:m }:0
the family h, = ®, > ¢(f), we see that we may assume ¢ }}as ]a.coblan matrix the
identity, so that we have @(z)=z +{,(z), where y;, begms ’w1th second degree
terms. By what we said at the beginning of the proof, if Y denotes the power
series obtained from y; by leaving out from y; all terms of delgree N (I\L lafge)
and ¢’ the automorphism of C{z} defined by ¢'(z,)=2z+y|(z), (fH=g'(f)
(mod IMY) so that @(f) and ¢'(f) have the same monodron‘]y. Thus we may
assume that the y; are polynomials. Now define an automorphism (,Pt of C{z} by
©,(%) =2+ t{,(z) and apply the theorem to h,= i . Ouf assertion follow}sl.

Suppose now that we have a C-isomorphism )\:Ai.( f)>A;(g). We can then
find a C-automorphism A of C{z} which makes the diagram

C{z) 5 C{z}
l !
X

C{z}/a(f) —> C{z}/d(g)

commutative, the vertical arrows being the naturfl maps. It follow§ thla‘t
M@, (g)= @, (g). On the other hand, we have A i(%/i(f))= @; ()\(f)).‘ Fma:hy,
since @, (f)= @y(f), we deduce that @,(A(f))= @,(g). But now, smceh 'e
singularities of f and A(f) are of the same type, we may assume tha’;l W}(: afve
@4(f)= @4(g). But now, there is a finite set SCC, 0&ZS, 1S, such that (;r
t€C—§, the integral closure of the ideal (£(3f/9z,)+ (1 - .t).ag/azi) als? eqt;ass
@3(f). Join 0 and 1 in € by a smooth path y(¢) not containing any point of §,
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and apply the theorem to the family h, = y(1) S+ =v(1))-g. Note that t,
=dimcC(z} /(0h,/ 3z,)) = e(@4(f)) is constant. Q.E.D.

3. Plane Curve Case. Let us show that our main theorem implies the
conjecture 0.1 of the introduction when n=1. Because of Zariski’s results in
{19]. it is sufficient to prove that the multiplicity m, of the curve F (20,21, 8) =0
of C? at 0 is independent of ¢.

But O. Zariski in [21] and M, Lejeune in [6] proved that:

THEOREM 3.1. The topological type of a plane curve singularity at a
singular point is determined by the topological type of each analytically
imreductible component of this curve at the singular point and the intersection
numbers of any pairs of distinct branches.

Then consider two plane curves defined by f=0 and g=0 and having an
tsolated singular point at 0. Suppose that these curves have the same topological
tvpe at 0. Then there is a one-to-one correspondence ¢ between their analyti-
cally irreductible branches, such that the branch y, of f=0 at 0 has the same
topological type as the branch ?(v,) of g=0 at 0. Thus, as the multiplicity at 0 is
the sum of the multiplicities of each branch, it suffices to prove that the
multiplicity is a topological invariant of an analytically irreductible plane curve
at its singular point.

More generally using results of K. Brauner in (2], W. Burau in (3] and O.
Zariski in [18] we have:

TueoREM 3.2,  Puiseux pairs (cf. [3]) of an analytically irreductible plane
curce singularity depends only on the topology of the singularity.

If (m,n)),....( 4» 1) are the Puiseux pairs, one knows that n, ... n, is the
multiplicity of the singularity (cf. {5])
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0. Introduction. Let K be a finite simplicial complex. Eckmann (see [3])

observed that any inner product in real cochain spaces of K gives rise to a
combinatorial Hodge theory. We show that if K is a smooth triangulation of a
compact oriented, Riemannian manifold X, then the combinatorial Hod e
theory (for a suitable choice of inner product) is an approximation of the H dg
theory of forms on X. T
Before giving a more detailed description of our results we introduce some

notation and formulas. Thus let X be a compact, oriented, C*

! Riemannian
manifold of dimension

N, whose boundary consists of two disjoi
: joint closed
submanifolds M; and M,. We do not exclude the possibility that M,, M, or both

are empty. The Riemannian metric provides the space A=3 A9 of C* differen-
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