On Information Rates of the Fading Wyner
Cellular Model via the Thouless Formula for

the Strip

Nathan Levy*!, Ofer Zeitouni*® and Shlomo Shamai (Shitz)
* Département de Mathématiques et Applications, Ecole Normale Supérieure,
Paris 75005, France
I Department of Electrical Engineering, Technion, Haifa 32000, Israel

! Department of Mathematics, Weizmann Institute of Science, Rehovot 76100,

Israel
% School of Mathematics, University of Minnesota, Minneapolis, MN 55455,

USA

Abstract

We apply the theory of random Schrédinger operators to the analysis of multi-users commu-
nication channels similar to the Wyner model, that are characterized by short-range intra-cell
broadcasting. With H the channel transfer matrix, HH' is a narrow-band matrix and in many
aspects is similar to a random Schrédinger operator. We relate the per-cell sum-rate capacity
of the channel to the integrated density of states of a random Schrédinger operator; the latter
is related to the top Lyapunov exponent of a random sequence of matrices via a version of the
Thouless formula. Unlike related results in classical random matrix theory, limiting results do
depend on the underlying fading distributions. We also derive several bounds on the limiting
per-cell sum-rate capacity, some based on the theory of random Schrédinger operators, and some
derived from information theoretical considerations. Finally, we get explicit results in the high-

SNR regime for some particular cases.
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I. INTRODUCTION

The growing demand for ubiquitous access to high-data rate services, has produced a
huge amount of research analyzing the performance of wireless communications systems.
Techniques for providing better service and coverage in cellular mobile communications
are currently being investigated by industry and academia. In particular, the use of joint
multi-cell processing (MCP), which allows the base-stations (BSts) to jointly process their
signals, equivalently creating a distributed antenna array, has been identified as a key tool
for enhancing system performance (see [1][2] and references therein for surveys of recent
results on multi-cell processing).

Motivated by the fact that mobile users in a cellular system “see” only a small number
of BSts, and by the desire to provide analytical results, an attractive analytically tractable
model for a multi-cell system was suggested by Wyner in [3] (see also [4] for an earlier
relevant work). In this model, the system’s cells are ordered in either an infinite linear
array, or in the familiar two-dimensional hexagonal pattern (also infinite). It is assumed that
only adjacent-cell interference is present and characterized by a single parameter, a scaling
factor a € [0,1]. Considering non-fading channels and a “wideband” (WB) transmission
scheme, where all bandwidth is available for coding (as opposed to random spreading),
the throughputs obtained with optimum and linear MMSE joint processing of the received
signals from all cell-sites are derived in [3]. Since it was first presented, “Wyner-like” models
have provided a framework for many works analyzing various transmission schemes in both
the up-link and down-link channels (see [1][5] and references therein).

In this paper we consider a generalized “Wyner-like” cellular setup and study its per-cell
sum-rate capacity. According to Wyner’s setup, the cells are arranged on a circle (or a line),
and the mobile users “see” only a fixed number of BSts which are located close to their cell’s
boundaries. All the BSts are assumed to be connected through an ideal back-haul network
to a central multi-cell processor (MCP), that can jointly process the up-link received signals
of all cell-sites, as well as pre-process the signals to be transmitted by all cell-sites in the
down-link channel. The model is characterized by short-range intra-cell broadcasting. Thus,
if we denote by H the channel transfer matrix, then HH' is in many aspects similar to a

random Schrodinger operator. More specifically, the per-cell sum-rate capacity of the channel
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is a function of the integrated density of state of HH', which in turn is related to the top
Lyapunov exponent of a random sequence of matrices via a version of the Thouless formula.
Unlike associated results in classical random matrix theory, limiting results do depend on
the underlying fading distributions.

As an application of our result and motivated by the fact that future cellular systems
implicitly assume high-SNR configurations mandatory for high data rate services, we get
explicit results in the high-SNR regime for some particular cases.

The rest of the paper is organized as follows. In Section II, we present the problem
statement. In Section I1I, we prove the convergence of the per-cell sum-rate capacity when the
number of cells and BSts goes to infinity and we express the limit in terms of the Lyapunov
exponent of a sequence of random matrices (Theorem III.1). In Section IV, we give several
reformulations of this result that yields a particularly simple expression in the high-SNR
regime. In Section V, we give different bounds on the per-cell sum-rate capacity, some of
which are based on the theory of product of random matrices, and some on information
theoretical considerations. In Section VI, we specialize the results and make them explicit in
some particular cases. Finally in Section VII we discuss some open problems using numerical
simulations. The relevant background on the theory of Lyapunov exponents is given in
Appendix Al, and the relevant background on exterior products is given in Appendix C.
Several proofs are postponed to Appendices A2, A3 and B. The per-cell sum-rate capacity

of the non-fading channels is derived in Appendix D.

II. PROBLEM STATEMENT

In this paper we consider the following setup. m + d cells with K single antenna users per
cell are arranged on a line, where the m single antenna BSts are located in the cells. Starting
with the WB transmission scheme where all bandwidth is devoted for coding and all K users
are transmitting simultaneously each with average power p, and assuming synchronized
communication, a vector baseband representation of the signals received at the system’s

BSts is given for an arbitrary time index ¢ by
Yy(i) = H(i)2(i) + 2(0), (IL1)

where @(7) is the (m + d)K complex Gaussian symbols vector, z(i) is the unitary complex

Gaussian additive noise vector. Note that the SNR is p. From now on, we omit the time
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index 7. H,, is the following m x K(m + d) channel transfer matrix, which is a d 4+ 1 block

diagonal matrix defined by

Cii G2 - Cia 0 e 0
H = 0 G2 -+ Cuar1 Cad+2 : ’
0 e 0 Cm,m (m,m—i—l o Cm,d—l—m
where (; ; are 1 x K row vectors. For s € N*, we will denote by ¢* the vector (Cs—as, - - - Cs,s)

and we denote by 7 it distribution. We assume in the rest of the paper that for n € N* and
0 <@ < d the vectors ((,—;,) are distributed according to m;. We define 2 = (¢")pen+ and
P, the probability distribution on €2 associated to the above problem. We denote by [E the
associated expectation. We also use the 2 norm for vectors and matrices. For matrices, it is
the Froebenius norm, which is a sub-multiplicative norm.

Throughout this paper, we assume a subset of the following hypotheses.

(H1) The vectors (¢?);en+ form a stationary ergodic sequence.
(H2) There exists ¢ > 0 such that for 0 < i < d, E,, |log |z]|"" < .
(H3) If (xg,...,zq) is distributed according to 7, then almost surely, x(wil #0.

For m € N* and A > 0, we set G,,, = HmHJn + M\Id,,, where Id,, is the m x m identity
matrix. Although G,, depends on A, we will not write that dependence unless there is an
ambiguity. Under the assumption that H,,(7) is ergodic with respect to the time index 4, that
the Channel State Information (CSI) is known at the receiver whereas the users know the
statistics of the CSI, and that the channel varies fast enough so as to allow each transmitted
codeword to experience a large number of fading states, we follow [1] and study the per-cell

sum-rate capacity that is given by the following formula ([6])
1 1

Capy(p) = —Elogdet (Id+pH,, H},) = log p + —E (log det G,,(N)) , (I1.2)
m m

where A\ = 1/p.
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IIT. MAIN RESULT

We set for 7 € N*

Ca(i—1)+1,di—1)+1  Cdii—D)41,di—1)+2  ° Cdii—1)+1,ds
o 0 Cd(i—1)+2,d(i-1)+2 **  Cd(i-1)+2.di
0 e 0 Cai,di
and
T T 4 . ]
Cd(z 2)+1,d(i—1)+1 Cd(z 2)+2,d(i—1)+1 Cd(zfl),d(zfl)+1
0 Cai-2+2.di-1)+2' + Cai—1)di—1)+2
Di —
0 e 0 Cagi—1).ai’

For all 7 € N*, (; are d x dK matrices and D; are dK x d matrices. We fix ¢;; with ¢ <0
or j <0 so that C1D; = Idgga.
We thereby get the following block description of H

Cy | D} | Ogax | -+ | Oqaxc

Hdn = Od’dK 02 D‘I’ B ) )
. ° . ° . N . Od’dK
Odarc | *++ | Ogar | Cn DLH

where 0445 is the d X dK zero matrix.
Under the hypothesis (H2), in order to study the limit in m of Cap,,(p), it is enough to
study Capna(p) (see Remark A.13 following the proof of Lemma A.6). We get the following

block representation of Gyy,:

CLCY + DIDy + A1dy | (CoDy)' | 04 04
CyD 0
Gdn _ 2472 d
04 (OnDn)T
0g 0a | CuD, | CoCh+ DI Dy + A1dy

Note that under (H3), for all i € N*, C;D; is a d x d invertible matrix.
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For ¢ € N*, we denote by M; the following matrix

04 | Id,
—(Ciy1Di1) ™ MCD; | —(Ciy1Diyq) ™M <CiC¢T + DZT+1D¢+1 + >\Idd>

and denote N; = /\d M;. Moreover, v(N) denotes the top Lyapunov exponent associated
with {N;}, i.e.
1
A(N) £ Tim Slog [N, - N
n

n—oo

Note that by Theorem A.1, v(N) is deterministic. See Appendix Al for the definitions
concerning the Lyapunov exponents and Appendix C for the relevant background on exterior

products. Recall that (M;);en+ and (N;);en+ depend on A.

Theorem II1.1. Assume (H1), (H2) and (H3), and set A = 1/p.

1. We have
1
Capn(p) — log p + E log ‘COC:E‘ + il (N) £ Cap(p),
where the expectation is taken such that (o, . ..,Cq) is distributed according to 7.

2. As p goes to infinity,
1
Cap(p) = log p + Exlog [GoCh| + -7 (N(A = 0)) + o(1).

The theorem is proved in Appendix A.
As an alternative to deriving exact analytical results we will also be interested in extracting
parameters that characterize the channel rate in the high-SNR regime [7]; such parameters

are the high-SNR slope (also referred to as the “multiplexing gain”)
Cap(p)

Soo & lim — %

p—oo log(Kp)
and the high-SNR power offset

! 5 (10g(Kp) _ Caple) ) :

Soo
yielding the following affine capacity approximation

Soolog2
Cap(p) = N (Kplag — 3laBL) -

A direct consequence of Theorem III.1 is the following high-SNR, characterization.
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Corollary II1.2. Assume (H1), (H2) and (H3). Then S =1 and

1
— {logK — [E; log

_ il 1 _
Lo = 5 Cola| = 71 (N(A =0))

IV. REFORMULATIONS

We now derive alternative formulations for v(/V) in Subsection IV-A and for (N (A = 0))
(which characterizes the hign-SNR regime), in Subsection IV-B.

A. Non-asymptotic results

In order to study v(INV), we express it as the Lyapunov exponent of simpler matrices. For

1 > d+ 1, we define the following random matrices.

0 1 0 0
0
m; = 7
0 0 1
—gi’i_*d cee e _E@'erfl
Ciitd Ciyitd

where QN}-,Z is the coefficient in position (i,1) in Gg,, and set

d
n, = /\m,

Note that (m;);>q+1 and (n;);>4+1 depend on A. We get the following proposition, whose

proof is given in Appendix Bl1.

Proposition IV.1. Assume (H1), (H2) and (H3). Then, N; = g+ 0i_1ya41. Therefore,
for every A > 0, v(N) = dvy(n), hence,

Cap(p) = log p + Er, r, log

GG+ (m).

Note that for a given i € N, N; depends on (*-D+1 ¢+ that is, the fading
coefficients of 2d different cells. We now want to reduce the product of the N; to a product
of random matrices (that we denote by =Z;) depending on the fading coefficients of only d
cells. Then we reduce it further to a product of random matrices (that we denote by &;)
depending on the fading coefficients of only one cell.

By doing so, we achieve two goals: first, we express v(N) as the Lyapunov exponent of

simpler matrices. Second, if the fading coefficients are i.i.d for different cells, then the Z;
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and the & are i.i.d. Products of i.i.d random matrices have been studied extensively (see for
example [8]), moreover, their study can be reduced to the study of a Markov chain on an
appropriate space, which can lead to actual analytic expressions (see [5] for an example of
study of such a Markov chain).

For ¢ € N*, we denote by A, the following matrix

B (cicj n )\Idd) (D) | —CyD; + (CiCj n )\Idd) (D))" DID;
(C:D) | - (CiDy) " DI,

and define Z; = /\d A,
For i > d + 1, we denote by d; the following matrix

_ Gi—dt1,
Ci—d,i
: Idg— 041,
_ Gi—1,i
Ci—d.i . -
A+ 7;2'2 Ci_ai Ciz1
_Ll Or.a1 AZSdi L\
Ci—a,iC; Gii i
Odfl,l Od—l,d—l Od7171 Iddfl
T
S 0141 S L S
Cz‘—d,iczﬂ‘ o CJZ Cjz

and define éz = /\d 67, Note that (Ai>i€N*7 (Ei>i€N*7 (5i)i€N* and (éi)iGN* depend on .

Proposition IV.2. Assume (H1), (H2) and (H3).
1. For every A > 0, v(Z) = v(N), hence,

1
Cap(p) = log p + Er x, log ‘Cod( + 2 (2).

2. Assume K = 1. Then,

Ay =0ig Oi-1)as-

Therefore, for every A > 0, v(N) = dy(§), hence,

Cap(p) = log p + Er r, log )godl( +7(§).
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Remark IV.3. Note that for K =1, for all i € N*,
(C;D) =MDt
and therefore,
—C,D; M - NG| AT D,

Ai ==
(C,D,) 1 —CD,

Proof: Let us start by proving point 1. We define for ¢ € N*,
—~C;D; —C,C — \1d,
04 Idy

and
: Og Idg
P(i) = 1 1t iy |
;D) —(¢,D,)"M DID,
so that for all i € N*, M; = Py(i+ 1) P, (d). For i € N*, A, is defined so that A; = Py (i) Py(i).

Then, for all n € N*,

and
d

d
[Ny Nyl = ||\ Po(n+ D)E,, -+ Z5 \ Pi(1)

d

d
<A\ Paln+1) A Pu(1)

Therefore, v(N) < ~(Z). Since P;(1) and Py(n + 1) are invertible, we get the opposite

— _
12 - Za| )

inequality and point 1 is proved.

The proof of point 2 is postponed to Appendix B2. u

B. Results in high-SNR regime

Proposition IV.4. Assume (H1), (H2) and (H3). Assume moreover that K = 1.
1. Forie N*, we set W} = C;D; ' and W2 = C;''D;. Then

7 d—1
E, log ‘COC(E‘ + éorg%i <’y (/\q;l) 4+~ (/\ \112)>
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2. Foriv>d+1, we set

.|.

_ Gimdt1 _ Gi—1i
Ci—d,i Giyi

d=| | e e
S R A _ Gi—dyi

Gi—d,i Ol,d—l Giyi Ol,d—l

Then,
i d—i
_ T 1 2
Remark TV.5. 1. Recall that for a stationary ergodic sequence of complex random ma-

trices (X;);en of size d,

0 d
v (/\X) =0 and v (/\X) = Elog|det X;] .

2. Note that if for 0 < i < d, m; = m4_; and the vectors ((;)ien+ are i.i.d, then (})i>qi1
and ((¢?)");>411 have the same distribution and (¢/?);>411 and ((¢2)7);>411 have the
same Lyapunov exponents. Therefore, as p goes to infinity,

[d/2] ld/2]

Lo = g [Betogfact +7 | A vt] +9 [ A e

Proof: Using Corollary II1.2 and Proposition IV.2; in order to prove point 1, we only

have to prove that

YER =0)) = max (7 (/\ xp1> v (/_\ xp2>) . (IV.6)

Recall that v(Z) = 71 (A) + - -+ + 74(A) and that

0| 04

(CD) M | —v?

By Proposition A.5, the sequence v;(A(A = 0)),...,7%4(A(A = 0)) is equal up to the

order to the sequence

N, 7P, 7 (P), - ya(P?).

Therefore, (IV.6) is a direct consequence of Y(Z(A = 0)) = 11 (AA=0))+- - -+7(AN = 0))
and 5 (A'W12) = 1 (12) 4y (W12),
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The proof of point 2 goes along the same lines using the fact that

where
0 0 1 0 0 1
~ ‘ ) ' — Od—1.1 ‘Od—l,d—l
vi=10o .. o|¥ o .- 0] and ¢y = . ;
tandl, | e
1 0 0 1 0 0 e
therefore, the Lyapunov exponents of 152 and 12 are the same. |

V. BOUNDS ON THE CAPACITY
A. Bounds on the top Lyapunov exponent

We use the Frobenius norm on the matrices, it is a sub-multiplicative norm, therefore, we

can apply (A.3) to the different formulations of the capacity to get the following proposition.

Proposition V.1. Assume (H1), (H2) and (H3).
1. ForA=1/p andp > 1,

Cap(p) <logp + Ery x, log

1
G|+ B los [N, MW

2. ForA=1/pandp>1,

=

1
Cap(p) < 108 p 4 Er =, Tog | CoCh] + Eog [, () -

1A

3. ForA=1/pandp>1,

1 _ _
Cap(p) < logp+ Er, », log ’Co(fg’ + @E log |IZ,(A) -+ E1 (M) |-

4. Assume K =1. For A\=1/p andp > 1,

1
Cap(p) < 108 p + Ex, =, log | oC)] + Elog () -GN

Moreover, the bounds are tight as p goes to infinity.
The bound of point 2 with p = 1 can be reformulated as follows.

Corollary V.2. For A =1/p,

Cap(p) < log p+
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1 20— 2\ [on| X
gElog <d 3 ) S Y. Cmrarenllapn + M eary| |+
1=2 |t=(1-d—1)v0

2d — 1 2
( d )(‘Cdﬂ,dﬂq,dﬂ +

The proof is postponed to Appendix B3.

)

‘Cd+1,2d+1<;d+1,2d+1

B. Other bounds

Proposition V.3. Assume (H1) and (H2). For A =1/p,

max (Eq, log (A + [ ) 0 log (A + [l )) < Cap(p) —logp <
Elog ()\ + |C1,1|2 +oet |C1,d+1|2) .

Proof: The upper bound is a consequence of Hadamard’s inequality for semi-positive

definite Hermitian matrices. Indeed,
1 1 « 2 2
—logdet Gip(A) < — Y log (A +[Ga|™+ -+ [Cis .
—logde ()_mgog( +[Gial” + e+ [Giival”)
Let us show the lower bound of point V.3 using the tools of [9].

1
Capp(p) = —1 (x, Y|(Gii)i<i<ms - - - (Giivd)1<i<m)

Z %, y| % 1<i<j <C12)1<z<m7 ceey (gi,i—&-d)lgigm)

m

Z x]? y] d‘ xz)l<z<]7 (C’L z)1<z<m7 ey (Ci,i+d)1§i§m)

m
Z 'Ij7<] djTj + 1 d|C] dj)

which is the per-cell sum-rate capacity of a single user fading channel. Therefore, the lower
bound is E., log (1 + p \CdIZ).
The role of the distributions 7y and m; can be exchanged by a right-left reflection, namely
the transformation Cl{’j = Gn—i+1,m+d—j+1. LThus, we get the lower bound. [ |
In the end of this section, we slightly modify the setting, by considering m cells with

K single antenna users per cell and m + d single antenna BSts. The communication is
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characterized by the following (m + d) x K'm channel transfer matrix H,,, which is a d 4 1

block diagonal matrix defined by,

Cl,l 0 Ce 0
G G2
0
Hpn =1 Co11 Cario G| 7
0 Cat22 Cmt1,m
0 00 Carmm

where (; ; are 1 x K row vectors.

We consider the per-cell sum-rate capacity Cap,,(p) that is given by (I1.2). We denote by
Cap(p) the limit of Cap,,(p) as m tends to infinity.

Note that in the limit, this setting is equivalent to the setting we define in Section II. In

particular, the normalization by 1/m or 1/(m + d) is equivalent.

Proposition V.4. For all n € N*,

n n+d
< < .
" dCapn( " p> < Cap(p) < Capn(p)

Moreover, the bounds are tight as n goes to infinity.

Note that taking the upper bound for n = 1, one gets the upper bound of Proposition
V.3.

Proof: Number the cells from 1 to m and the antennas from 1 to m + d.

Upper bound. Take 1 < n < m. Define the matrix H! (resp. H2) of size (m +d) x Kn
(resp. (m 4+ d) x K(m —n)) to be the matrix whose columns are the Kn first columns of
H,, (resp. the K(m —n) last columns of H,,), such that H,, = ( H} ‘ H? ) Note that H}
and H? are distributed like

H, 0n, m—n
. and _nxK(m-n) 7
O(mfn)XKn H,

respectively.
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Denote by @' (resp. x?) the vector of size Kn (resp. K(m — n)) of symbols sent by the
users of cells 1 to n (resp. the cells n+ 1 to m). Note that ! and x? are independent. Then

(omitting the time index), (II.1) is equivalent to
y=H x'+ H:x* + z,
where y and z are vectors of size m + d.
mCapy(p) = I(z', 2 y)

= I(z'y) + I(z* ylz')

< I(z'y, %) + I(x* ylx')

=I(x'ylz®) + I(z% ylz),
where in the second equality we used the chain rule for mutual information, in the inequality
we used the fact that adding x? increases the mutual information, and the last equality is
due to the independence of &', &* (and therefore, I(x'; x?) = 0). Denote by z' (resp. z?)

the n + d first coordinates (resp. the m — n last coordinates) of z. Using the fact that ',

x?, z', and 2? are independent, one gets,
I(a'yla®) = I(z'; (H,2" + z)|x?)
- I (A 1 7))
= h(H,x" +2) — h(z)
= h(H,x' + z") + h(2*) — (h(z") + h(z?))
= nCapy(p).

Therefore,

mcapm(p) < ncapn(p) + (m - n)CCme,n(p).
Take k € N*, by induction,
(nk)Capn(p) < (nk)Capn(p).

Dividing by nk and taking k to infinity in the LHS gives the upper bound.
Lower bound. Take k € N* and consider k(n + d) users and their corresponding antennas.

For every group of n + d users, silence the d last users and redistribute their power to the
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n first users so that their SNR becomes (n + d/n)p (the average SNR is still p). See Figure
1 for an illustration. Since asymptotically, the equal power distribution among the users is
optimal [10, Appendix C], we get that the new system has a lower capacity. Therefore, for
k going to infinity,

n—+d
(nk)Cap, (TP) < k(n + d)Caprmra) (p)-

Dividing by k(n + d) and taking k to infinity in the LHS gives the lower bound. u

C. Numerical comparison of the bounds

We first compare the bound of Corollary V.2 and the bounds of Proposition V.3. Note
that by the ergodic theorem, the upper-bound of Proposition V.3 grows like log d, whereas
in the bound of Corollary V.2, the part log (Qdd_l) ‘Cdﬂﬁdﬂdvd 1 ’ alone already grows like
d. Nevertheless, it is not necessarily true that the upper-bound of Proposition V.3 is better
that the one of Corollary V.2 for all d and all fading distributions.

In Figure 2, we present the bounds of Corollary V.2 and Proposition V.3 in the special case
of Rayleigh fading (real and imaginary parts are independent Gaussian random variables
with zero mean and variance 1/v/2). The curves are produced by Monte Carlo simulation
with 10% samples. We see that in this case, even for d small, the upper-bound of Proposition
V.3 is better than the one of Corollary V.2.

In Figures 3 and 4, we compare the bounds of Proposition V.1, point 1 and 3, Proposition
V.3 and Proposition V.4 in the special case of Rayleigh fading (real and imaginary parts
are independent Gaussian random variables with zero mean and variance 1/+/2). The curves
are produced by Monte Carlo simulations with 10° samples.

Note that in the case d = 2, for K = 1, the bounds of Proposition V.1, point 3 are better
than those of point 1, whereas for K > 1, it is the opposite.

We see that in the case d = 2, for K = 4 and K = 10, the upper-bound of Proposition
V.3 is very close to the capacity and the upper-bounds of Proposition V.1.1 are getting tight
very rapidly.

In the case d = 2, we want to compare the random-fading channel with the non-fading
channel. See Appendix D for the per-cell sum-rate capacity of the non-fading channel. The
comparison is done in Figure 4; in the eight cases that we consider, the random-fading

channel is better than the non random one.
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VI. RESULTS FOR PARTICULAR CASES IN THE HIGH-SNR REGIME
A. Cased =1

As a direct application of Proposition IV.4 in the case d = 1 and K = 1, we get the

following result.
Proposition VI.1. Assume (H1), (H2) and (H3). Then

—1
L = o [2max (Bry log 6]+ Ex, 0g[G1]).

Note that a similar result was already proved by other techniques in [5] under much
stronger hypothesis, in particular, independence of the fading coefficients was assumed there.
In contrary, our result depends only on the marginal distributions of the fading coefficients
and is valid for a larger class of joint distributions.

We want to compare the per-cell sum-rate capacity of the random-fading and non-fading

channels. For a random variable ¢, by Jensen’s inequality,
Elog|¢|” < logE|¢|*.

Therefore, under the constraints E,, [¢o]> < 1 and E,, |¢1|* < 1, the non-fading channel

achieves the best per-cell sum-rate capacity in the high SNR regime.

B. Cased=2

We now assume that d = 2 and K = 1 and that the fading coefficients have the following
form; for i € N*,

Ci—?,i = aa; , Cz‘—l,z’ = [3b; and Ci,i = Gy,

where a;, b; and ¢; are random variable distributed according to 7,, m, and 7. respectively
and o and ( are parameters such that a > 0 and § > 0. Moreover, take the following

normalization that can always be achieved by modifying o and f3.
E., log|ai| = E., log |b1]| = E,, log |cy].

We use the notation of Proposition IV.4.
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Proposition VI.2. Assume that (a;, b;, ¢;)ien+ @S a stationary ergodic sequence such that
for all v € N*, almost surely, a; and c¢; are non zero and that their exist € > 0 such that
E., (log|ai])'™, E,, (log|b])' ™ and E,, (log|ei|)'™ are finite.

Then, there exist a domain D C (0, 1] x [0, 1] such that for all (z,y) € D, (0,2) x[0,y) C D
and for all (o, B) € D, as p goes to infinity,

—2
Eoo = @Eﬂ—a log |CL‘ . (VIS)

The proof is postponed to Appendix B4.

Remark VI.4. 1. The set D is not maximal in the sense that (VI.3) may hold for couples
(o, B) ¢ D.

2. Note that for («, 5) € D, in the high-SNR regime, the lower bound of Proposition V.3
is tight.

3. The proof will yield an effective construction of D, which allows us to find many
points in D. Indeed, we construct (f,)pen+ a family of functions on (0, 1] x [0, 1] with
the following property: if there exists p € N* such that f,(«, 5) <0, then (VI.3) holds.

4. Note that (VI.3) does not hold when « > 1, indeed, as it will appear in the course of
the proof, as p goes to infinity,

Cap(p) > log p + 2E,, log |a| + log a.
We conjecture that (VI.3) does not hold when [ > 1 either.

Let us apply Proposition VI.2 to the case where (a;, b;, ¢;)ien+ are independent Rayleigh
distributed coefficients. In Figure 5, we plot points for which fy is less or equal to -0.05
(Monte Carlo simulations realized with 10° samples). Therefore, (VI.3) holds for («,3) in
the stripped region and in particular for o, 5 < 0.4. Note that in this case, the power offset
1s

Lo = é,

where 7 is the Euler constant.

C. Artificial fading
In the frame of non-fading channels, we consider artificial fading, that is, every user uses a

pseudo-random fading and multiplies its signal by this artificial fading. The fading coefficients
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then have the following form, for : € N* and 0 < s < d,

Ci,i+s - aspi+37

where ag,...ay are non random positive numbers and P;,7 € N* are stationary ergodic
pseudo-random complex row vectors of size K distributed according to a law denoted by
mp. We moreover assume that for all ¢ € N*, almost surely, the coefficients of P; are non
zero and that E,, | P]|* = 1.

In [11], it is proved that in the case d = 2, the per-cell sum-rate capacity is smaller with
artificial fading. Indeed, had such a procedure helped, then it would be used in non-fading
situations to enhance capacity. It is evident then that it is deleterious, as the expression in
Proposition VI.5 exhibits.

We consider the high-SNR regime and derive the explicit influence of the artificial fading.

Proposition VI.5. Denote by L2, the power off-set without artificial fading (that is, P; =
(1,...,1) almost surely) and by L. the power off-set with artificial fading. Then,

1
Lo =L — @Eﬂp log || Py|)” .

Remark VI.6. By Jensen’s inequality, we get that £, > L2 therefore, in the high-SNR

regime, the per-cell sum-rate capacity is smaller with artificial fading.

Proof: We set until the end of the proof A\ = 0. Using Corollary I11.2 and Proposition
V.2,

1 1
Lo = ) [logK —E, log ‘ozoaj;’ —E,, log||P|* - E”y(A)} :
whereas
o - b log K —E;lo ‘aoﬁ 1 (&)
where <ﬁ1> denote the matrices without artificial fading. Therefore, we only have to
iEN*

prove that for i € N*, A; does not depend on (F);en«. In the case K =1, A; = 6iq - - - di—1)a+1
and for ¢ > d+1, ¢; does not depend on (P;);en+, therefore, A; does not depend on (F;);en--
Let us assume K > 1. Using Proposition IV.2, we only have to prove that for i € N*, A,

does not depend on (FP;);ens.
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aOPd(i—1)+1 Oélpd(z'—l)+2 s ago1 Py
0 aoBPyii-1)42 0 a2l
C. — (i—1)
0 cee 0 OZ()Pdi
and
agPyi—1' aa1Pag—nyr1’ 0 anPaginyp
0 aaPui1y2’ o Py
Di =
0 cee 0 Oédpdl'Jr

Let us define another channel transfer matrix ﬁm by K=1landforieN‘and0<s< d,
Giivs = s || Py -
In the same manner, we define éi, l~)l and fAVZ . A straight forward verification shows that for
1€ N~
Moreover, since 4; is a function of C’ZCZAT , C;D; and Dj D;, A; = &Z However, since K= 1,
we have already proved that Al does not depend on (P;);en+, therefore, A; does not depend
on (F;)ien- u

VII. NUMERICAL SIMULATIONS
A. Influence of the correlation

We assume that the fading coefficients are Rayleigh distributed (real and imaginary
parts are independent Gaussian random variables with zero mean and variance 1/4/2) and
independent for different users. We are interested in the following question, which of the non-
fading channel and the Rayleigh fading channel gives a higher per-cell sum-rate capacity.

In the case d =2, A =0.1,1 and K = 1,2,4,10, with all fading coefficients independent,
it is shown in Subsection V-C that the Rayleigh fading is beneficial.

In the case d = 1 if we assume independence between the (; ;, it is known that Rayleigh

fading is beneficial over non-fading channels in the high-SNR region already for K = 2 ([5]).
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If we assume that for ¢ € N*, (;_1,; = (;;, then, the sum-rate per-cell capacity is less than
the one of a non-fading channel (see Subsection VI-C and [11]). We investigate the following
question: what is the maximal level of correlation between ¢;,_;, and (;; that still provides
benefit over the non-fading channel. See Appendix D for the derivation of the capacity of
the non-fading channels. We denote by ¢ the correlation between the real (resp. imaginary)
part of (;; and the real (resp. imaginary) part of (;_y;

In Figure 6 we present the bounds of Proposition V.1.1 and Proposition V.4 in the
special case of Rayleigh fading. In Figure 7 we present the bounds of Proposition V.1.1 and
Proposition V.4 in the following special case: (;; is Rayleigh distributed, ¢;—1; is a € [0, 1]
times a Rayleigh distributed random variable. In both cases, the curves are produced by
Monte Carlo simulation with 10° samples.

We see that even with a correlation close to 1, fading still provides an advantage over
non-fading channel. Moreover, note that K large, high SNR and « close to 1 are conditions

in which the advantage of the fading is larger.

B. The asymmetric Wyner model

With the following specification, the model studied is the Rayleigh-fading Wyner model
([3]). We take d = 2 and the (; ; independent with the following distributions. For i € N*,
Giit1 i1s Rayleigh distributed (real and imaginary parts are independent Gaussian random
variables with zero mean and variance 1/v/2) and (;; (resp. Giyo) is a € [0,1] times a
Rayleigh distributed random variable. The asymmetric (Rayleigh-fading) Wyner model is
similar to Rayleigh-fading Wyner with a slight modification. For ¢« € N*, (;; is Rayleigh
distributed and (;;+1 (resp. i+2) is « times a Rayleigh distributed random variable. Note
that in Subsection VI-B we prove that in the asymmetric case, the power offset for a < 0.4
is v/ log 2.

The two models are very similar and yet, in the non-fading case, the per-cell sum-rate
capacity is notably different (see Appendix D for the derivation of the capacity of the non-
fading channels). In Figure 8 we present the capacity of the two models without fading and
the bounds of Proposition V.4 for the two models with Rayleigh fading. We study one case
in moderate SNR (A = 1) and one case in high SNR (A = 107*). The curves are produced

by Monte Carlo simulation with 10% samples.
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Note that in the high-SNR region, for the non-fading channel, the per-cell sum-rate
capacity is very different for symmetric and the asymmetric models, whereas the per-cell
sum-rate capacities for the symmetric and asymmetric Rayleigh-fading models are very close
(but not equal as shown in Figure 9 for A = 107* and o = 0.5).

To understand better the influence of fading on the difference between the two models,
we present in Figure 10 the bounds of Proposition V.4 for the capacity of the two models
(symmetric and asymmetric) with the following fading: the modulus is uniformly distributed
between 1 —¢ and 14¢ and the phase is uniformly distributed between 0 and 2e7, where ¢ is
a parameter between 0 and 1. Note that for € = 0, there is no fading and for ¢ = 1, the fading
is uniformly distributed on the disc of center 0 and of radius 2. The curves are produced by
Monte Carlo simulation with 10° samples. We notice that the difference between the two
models decreases between ¢ = 0 and £ = 0.5 and that in high-SNR, it increases slightly

between € = 0.5 and ¢ = 1.

VIII. CONCLUDING REMARKS

In this paper, we study the per-cell sum-rate capacity of a channel communication with
multiple cell processing. The main tools is a version of the Thouless formula for the strip
which we prove in the article. It allows us to prove that the per-cell sum-rate capacity
converges as the number of cells and antennas goes to infinity. We give several expressions
of the limiting capacity in terms of Lyapunov exponents and several bounds on the per-cell
sum-rate capacity.

We apply those results to several examples of communication channels and get insight
on the evolution of the capacity as a function of the key parameters of the problem. In
particular, in the high-SNR regime, some explicit formulas are derived.

Note that the model here applies verbatim to randomly varying intersymbol interference
channels.

Some of the tools of this article can be used to derive CLT-type results on the capacity

in order to study the outage-probability. Details will appear elsewhere [12].
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APPENDIX
A. Random Schrddinger operators techniques

1) Lyapunov exponents theory: We use the theory of product of random matrices. For a
general introduction to the aspects of the theory we use here, the reader may consult [8],

[13], [14], [15], [16] or [17]. See appendix C for the relevant background on exterior products.

Theorem A.1 (Furstenberg H., Kesten H. (1960)). Consider a stationary ergodic sequence of

complex random matrices (X;)ien+ of size p and any norm on the matrices. Assume moreover

that
Elog™ || X1| < oo,

then a.s, n~'log | X,, - -- Xi|| converges to a constant:
o1 A
Jim —log [, -+ X | = (X)),

We define p constants 71 (X),...,7,(X) such that for 1 <i <p,

v (/\X> =n(X) + - +%(X).

Proposition A.2.

The constants v, (X) > - -+ > ~,(X) are called the Lyapunov exponents and v(X) = v, (X)
is called the top Lyapunov exponent.

We will also use the three following properties:

1. For any sub-multiplicative norm, for p € N*
1
7(X) < SElog X -~ Xl (A.3)

and the limit of the RHS as p goes to infinity is v(X).
1
—Elog|det X;| < v(X). (A.4)
p
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3. Assume that the matrices (X;);en are i.i.d, then for all 1 <i < p, v(X) = v(XT).

Finally, we quote the following proposition [18, Proposition 1].

Proposition A.5. Consider a stationary ergodic sequence of complex random matrices

(X,)ien+ of size p and any norm on the matrices. Assume moreover that
Elog™ || X1| < oo.

Finally, assume that there exist three sequences of random matrices (X})ien<, (X?)ien,

(X3)ien+, of respective sizes k x k, (p—k) x k and (p—k) x (p—k), for1 <k <p—1, such

7

that almost surely, for all i

Then, v1(X),...,7(X) is equal up to the order to the sequence
71(X1>7 s 77/€(X1)’ 71(X3)’ s 7,7p—k(X3)'

2) Proof of Theorem II1.1.1: In order to prove point 1 of Theorem III.1, we first prove a

slightly more general lemma.

Lemma A.6. Assume (H1), (H2) and (H3). For all X € C such that X ¢ R™, almost surely,
1 1 1
- log [det Gap| —— ZZElog |det(CyDy)| + 77 (N).

Proof: For i € N*, set B; = C;C} + D! | D;;y + A\1d; and A; = C;D;. Note that the
eigenvalues of Gy, are bounded away from zero. To compute log |det Gg,|, we write the

following decomposition: Gg,Ug, = Lg,, where Uy, is the upper triangular by block matrix

Xl Xl Xl

Od X2 X2
Udn: )

Od Od Xn

the X; are d x d matrices such that Xy = 04, X; = 1dy, and for : > 1,

AiXifl + B’LXZ —|— AI+1X7J+1 - Od- (A?)
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Ly, is the lower triangular by block matrix

—A%Xz 04 o 04
A X, | —ALX,
Od - - Od ’
04 00 | AX, 1| Al X0

That decomposition allows us to write log |det G4,| as a determinant by block,

log |det G, | = Zlog |det A; 1| + Zlog |det X 11| — Zlog |det X

i=1 =1 i=1

= Zlog |det A; 41| + log |det X,41] .
i=1
Therefore

% log |det Gan| = % ;log |det A;4q| + % log |det X,41] - (A.8)
%Z?:l log |det A; 11| converges by ergodicity toward Elog|det A;|. Note that the choice of
A,4q is arbitrary, indeed, if we take another value, say Xn+1, then ZL H)N(W = AL 1 Xn41
and (A.8) stays unchanged.

We emphasize that the derivation of (A.8) is inspired by Narula’s thesis ([19]).

The X; are defined by (A.7). We can reformulate it in the following way. Set V; =

Xi1

, then (A.7) is equivalent to V;1; = M;V; and moreover,

X
Oq
Xn+1 = < Od ‘ Idd )Man
Idy
Denote f = /\d’ —~ ] For the relevant background on exterior products, see Appendix
Idy
C. We get

NuNp—q ... Ny (vf A Af).
However, v{ A -+ Av¢ = f. Therefore,

(0F
Id4 (A.9)

d d
det X1 = A\ X = A\ | (04| 14, ) Mooy

= fIN,N,_;...Nyf.
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Taking the canonical basis of /\d C?, f is the last vector of the basis and det X,,; grows
like the bottom-right coefficient of the product of the Nj;, therefore, its growth rate is bounded
above by the Lyapunov exponent of the N;.

1
lim sup —E log |det X,, 41| < v(N). (A.10)
n

n—oo

Using (A.8), it is enough to prove the opposite inequality to conclude the proof. The end of
the proof is inspired by [20].

Lemma A.11. If there exist a basis of /\d C*, say (g:)ic1, such that for alli,j € I, almost

surely,

1 1
lim inf — log g}Nn -+ Nyg;| < liminf —log |det X,, 1], (A.12)
n—oo n

n—oo M

then, almost surely,

1
v(N) < liminf — log |det X414
n—oo M

Let us first prove the lemma.

Proof: For any finite basis S; and S5 in a vector space, we have for all A

sup ‘aTAm > c||A|l
a€ES1,B€82

for some universal c. Thus, (A.12) shows that, almost surely,
1

7(N) < liminf — log |det X, 11] .
n—oo n

To finish the proof of Lemma A.6, we denote by {ei,..., e} the canonical basis of C

and we apply the lemma with the following spanning system of /\d C%
S £ {(61 +g1> VANEIIEIVAN (ed +gd) , 51, . ,gd € V€Ct(€d+1, . 7€2d)}-

For a choice of ef, e 76(1#7 such that for 1 < j < d, efﬁ = Zle i j€qii, we define E# the
d x d matrix of the «; ;. We get

d
1d,
glé(el*‘ef)A"'/\(@dﬂL@#):/\ E#
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In the same way, for a choice of €} ... e} € vect(egy1, ..., e24), we define E°, a d x d matrix,

such that

d
ldy
ggé(el—l—eI{)A---/\(ed—l—eZ):/\ o

We define two new sequences (A;) and (B;) such that

° FOI‘ZSZSTL—LBZ:B’H
° ForlSZSn,sz:Au

° B/l - —A;E#7
° En - An (Eb)T,
° Avn_i_l = —AL

We also define @dn, ]\A/fi, NZ and )Af, using (&) and (§,> . Then,
iEN*

1eN*

d

d
fTNnanlﬁlf:fT/\ AT Od ‘ Idd

N,_i...N.
1 2/\ —TlT{lT ‘ B

= g;Nn—l C Nggl.
Therefore, to prove the condition (A.12), it is enough to prove that, almost surely,

1 -
lim sup (— log ‘det Gan
n

n—oo

1
— —log|det Gdn|) <0.
n

We now use perturbation theory techniques. Indeed, we denote by p the spectral radius of
a matrix, i.e. its largest eigenvalue in absolute value. Recall that for a matrix S, p(S) <
\/m and that \/p(TST) is a sub-multiplicative norm. As a consequence, for positive
Hermitian matrices, the spectral radius is sub-multiplicative. Moreover, we denote by ||-||
the Frobenius norm. Recall that /p(SST) < |5, We will also use the fact that the
eigenvalues of Gy, are bounded away from 0 by g = A if A > 0 or g = [SA] if A ¢ R.

Moreover, we define Uy, = édn — G4, which has rank less than or equal to 2d.

1 ~ 1 1 1
—log )det Gan| — — log|det Gy, | = — log |det(Gap, + Uan)| — — log |det G gy, |
n n n n

1
= —log |det(Idg, +G, Uan)| -
n
G 1Uy, has rank at most 2d, therefore,

1 ~ 1 2d
— log ’det Gan| — —log|det Gg,| < —log ‘1 + p(G’;ﬁUdnﬂ
n n n
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2d
“log |1 WUl G
—log +\/p UUL G

2d T
—log |1+ \/p(GdiTGdi)\/p(UdnUJn)

n

IN

IN

2 1
“log |1+ —\/p(UsnUL)
n 1

IN

2d 1

IN

Moreover,

Sy + A d, +T§E#)E +[| S0 + A Tda +TTE| .,

2
1Uanl = |

1+e
hence, with the integrability condition, sup,, E log ’1 + % | Uan |l F‘ < 00. By Tchebicheff

inequality, for a given 1 > 0,
1+e
. 11 suanlog‘l—l—%HUdnﬂF‘
— >
(n % 77) (nm)'+

The RHS is a summable series, therefore, by Borel-Cantelli Lemma, almost surely,

1
L+ 2 Uil

1 -
lim sup (— log ‘det Gan
n

n—0o0

1
— —log |det Gdn|) <0.
n
This finishes the proof of Lemma A.6. |

Remark A.13. By the same kind of perturbation theory techniques, we can show that in
order to study the limit in m of Cap,,(p), it is enough to study the sequence every d steps.

For a hermitian matrix h whose ordered eigenvalues are «,...,a,, we denote by the

spectral distribution of h, the measure

1 n
E;éa“

where 9, is a Dirac measure at x.

The following technical lemma will be used several times to prove domination properties.

Lemma A.14. Denote by p, the spectral distribution of HdnHjln. Consider the following

diagonal by blocks matriz:

2B1| 04 |-+ | 04
0 2B
Fdn é ‘ & ;
04
Og | --- | 04 | 2B,

July 2, 2008 DRAFT



28

and denote by i, its spectral distribution. Then, for any non-decreasing function f,

[ fua < [ s

Proof: Denote

4 —D§ Oddr | -+ | Oddr
o e i e |
. t. t. t. 0d7dK
Oqarc | -+ |Ogax | Co | =DI

then Fy, = Hy, H gn + I:Ian:I;n. Since I:[dnl:lgn is a non-negative Hermitian matrix, by Weyl’s
inequalities, for all 1 <7 < dn, the i-th eigenvalue of Hy, H ;n is less or equal than the i-th
eigenvalue of F,. [ ]

First note that (1/d)Elog |det(CyDs)| = E, log ’COC;’. From Lemma A.14, we deduce that

for A > 0,

1 1

— log |det Ggn| <log2+ — ) log|det By .

-~ log|det Gn| < log +n;0g| et B;|
Therefore by (H2) and Hadamard’s inequality, (1/dn)log|det Gg,| is a uniformly integrable
sequence and the almost sure convergence of Lemma A.6 implies point 1 of Theorem III.1.

3) Proof of Theorem III1.1.2: We begin by a few notations. For A ¢ R set

1
FN) = Tim — log|det (Ha HY, + A1)

n—oo dn

?

which exists by Lemma A.6. The existence of the weak limit of i, and the fact that it is
non random is a classical fact of the random Schrédinger operators theory, see for example

[16, Theorem 4.4]. For A € C, we set (if it exists)

g(n) = / log |z + A| dyu(z).

We emphasize that since log is not a bounded function, we cannot directly deduce from
Lemma A.6 and the weak convergence of the u, to pu that for A ¢ R, f(\) = g(\).
Finally, for A € C, define

1
h(\) = E, log ‘cocj,‘ + -7 (N).

The following lemma is a generalization of the Thouless formula for the strip proved in [20].
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Lemma A.15. Assume (H1), (H2) and (H3). For all A € C, g(\) = h()).

The proof of this result is done in the frame of channel transfer matrices but one does
not need to assume that the A; and the B; are upper triangular by blocks, one just need
instead of (H3) the hypothesis that almost surely, A;B; is invertible.

Proof: The proof goes along the following lines, we first prove that for A ¢ R, g(})
exists and equals to h(\), then, following [21] we argue that g and h are two subharmonic
functions equal everywhere except a set of 0 measure, therefore they are equal everywhere.

Step 1: Let us first prove that for A ¢ R, g()\) is well defined. log |z + A| is bounded
away from —oo, therefore, g(\) exists although it may be co. For R > 0, let us denote
by logp the function ¢ — log(t) A R. By monotone convergence, it is enough to prove
that [logg |z + Al dp(z) is bounded uniformly in R. Since  — logg |z + A| is a bounded

continuous function,
/10gR |z + A du(x) = Jirglo/logR |z + A| dpn ().
By Lemma A.14, and using that [logg |z + A du,(x) < [log |z + A dun(z),
T}Lrgo/logR |z + A dp(z) < T}Lrgo/log |z + A dfi,(z) = Elog |det B;| < oo,

where the last inequality comes from (H2) and Hadamard’s inequality. Finally, we get that
for A ¢ R,
g(A) < Elog|det By| < 0.

Step 2: Let us prove that for A ¢ R, f(A) = g()\). Applying Lemma A.14 one shows that

for A ¢ C, the sequence ([log|z + Al dun(aﬁ))n is uniformly integrable and therefore,

N~
f(A) = lim E/log|x+)\|d,un(x).

By Lemma A.14, for R > 0,

IE/ log |z + \| dpn () SE/ log |z + A| dfin, ()
>R >R

_ E/ log | + \| djis ().
>R
Therefore, for n € N* and R > 0,

'E/10g|x+ A () —g()\)’ < ’]E/

log | + Al dfir ()
>R
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+ ‘E/logRM—i-)\\d,un(x) —E/logR|x+)\|du(x)

+

E/ log |z + A| dp(x)
>R

We first fix R > 0 such that the first and the third terms are arbitrary small and then, by

weak convergence, the second term goes to 0 as n goes to infinity. Therefore, for A ¢ R,
f(A) = g(\) and by Lemma A.6, g(A) = h(A).

Step 3: Let us prove that g and h are subharmonic on C. See [21] for the relevant
definitions. Since for i € N*, N;(\) is an entire function of A, h is subharmonic ([21]).

Let us prove that g is subharmonic. For R > 0, set

9r(N) 2 [ (log [+ | v ~R) du(a).

By Lemma A.14, gr a continuous function. As R goes to infinity, g is a decreasing sequence
of functions converging point wise to g, therefore, g is subharmonic.

The functions g and A are subharmonic on C and equal on C — R, therefore, g and h are
equal on C. |

To finish the proof of point 2 of Theorem III.1, let us prove that h(\) converges to h(0)
when A goes to 0 in RT. Note that Elog|det M;| = 0, therefore, Elog|det N;| = 0. By
(A.4), h(0) > E,log ‘COC;’, therefore, using Lemma A.14 and the fact that for A,z € RT,
log |x + A| > log |z|, we get the desired result.

B. Other proofs

1) Proof of Proposition IV.1: We use the notation of Subsection A2. We define ZE; for
i € Nand 1 < j < d such that the the element at the position (s,t) of X; is xii_l)d“.
Recall that G4,Ug, = Lg,. Therefore, for a given j such that 1 < 7 < d, we get the following
characterization of the sequence (x;)l x; =0for —d+1<i<0, x; =6;;for 1 <i<dand

fore>d+1,

i+d
Z = ol
I=i—d
Therefore,
i—d+1 i—d
Lj Lj
i+d itd—1
Lj Lj
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Moreover,
xgi—l)dﬂ x((ii—l)d—i-l
V;+1 =
xgi-i-l)d xg-i-l)d
x§i72)d+1 xﬁ;q)dﬂ

= Myg - Mi—1)d+1

id id

Therefore, together with A.7, it proves Proposition IV.1.
2) Proof of Proposition IV.2.2: In order to prove point 2 of Proposition IV.2, we first

prove the following lemma:

Lemma A.17. For alli > d+ 1, there exist matrices p(i), p5(i) for 1 < s < d and 6°(i) for
1 <s<d+1 such that 6'(i) = p(i), 0°(i) = 8°(¢",..., =), pi(i) = pi(C7, ..., ¢7F7°)
and p3(i) = p3 (¢4, where 8%, p? and pS are deterministic functions. We have moreover

the two relationships

6°(4) = p5(i + 1)pj (4). (A.18)
5" (i) = pi(i)p5(3). (A.19)

Finally, fori > d+1, 6; = 0971(i)

Proof: For i > d+ 1 and 1 < s < d, define

o for s <[ < 2d,
(I—s)A(d—s)

i, __ i
ay = _)‘1(l=d+8) - E : Ci7i+tci+lfdfs,i+t’
t=(l—s—d)VO0

i—5 _ T T
e for 1 <1 <d, oy = —( i1 ivas/Clidmsitds
o for1l < [ < S, b;‘_s = _gi—s+l,i+d—s/Ci—s,i+d—s7

B GsitasCliasira s

July 2, 2008 DRAFT



32

Then
Idsfl Osfl,2dfs+1
S(q — 7;,8 ’i,S
pl(z) 0173*1 Qg a’2d
02dfs,s Idefs
and
i—S
bl
i—S
bs 1
. Idag—1
ps(i) =
02d—sJ
1—S i—S i—S
B 01,01 Q ay
Finally, for 2 < s < d,
i—s+1
by
Ids—2 05—22d—5+1
7—s+1
bs—l CI,Z"S ai,s
) s od
60°(i) = :
OQd—sl
' 02d—s+2,s—2 Ogd_&l Idgd_s
ﬁi75+1
i—s+1 i—s+1
O1d—sy1 | ol

d
A (straight forward yet tedious) verification shows that (A.18) and (A.19) are satisfied.
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Note that in the proof, we make a choice of particular p;, p; and ¢°. Point 2 of Proposition

IV.2 is a direct consequence of the following lemma
Lemma A.20. For all i € N¥,

Aj = 0ig - Ofi—1)d+1-
Therefore,

i =&a §-1)dr1

Proof: With the matrices of Lemma A.17, we can transform the product of the p; using

alternatively (A.18) and (A.19).

— Py(i+ DAG) (Po(i) 7"

fia* * Hi-1)d+1
= §'(id) - 6" ((i — 1)d + 1)

= py(id + Dy (id)py(id)py (id — 1) - pa((i — 1)d + 2)py((i — 1)d + 1)
= pi(id + 1)0%(id) - -- 82((i — 1)d + 1) (py((i = 1)d + 1))

= p(id + 1) -+ - p3(id + 1)6" (id) - - - 6" ((i — 1)d + 1) [py((i — 1)d + 1) -+ - p§((i — 1)d + 1)}‘1 ,

where the last equality is proved by induction.

Therefore
Pyi+ DAG) (Pa(i) " =
ph(id + 1) - pl((id + 1)) -~ S-nyasr (P3((i — 1)d + 1) -~ pi((i — 1)d + 1))
and
[p3(id + 1) -+ p3((id + 1))] Pi+1) =

. ‘ -1 . -
Gia -+~ -nar1 [py(( = 1)d +1)---p5((i = 1)d + 1)) Po(i) (A@) ™
At this point, we emphasize that their exist a deterministic matrix valued function A such

that for all i € N*, A; = A (¢%0=DF . (%) In the same way, we define P, and P,. The

(A.21)
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RHS of (A.21) is a function of (¢—1d+1 (i whereas the LHS is a matrix valued function
of (**1 . ¢+ thus, both functions are constant. Therefore, there exist a matrix Z such
that for all ¢+ € N*

Py(i+1) = py(id + 1) - - - pi((id + 1))T. (A.22)

Therefore

A =T "0 O(i—1)d+1Z.

Note that (A.22) can be rephrased in the following way. P, and B; e gg are equal up to
multiplication by a constant to Z. Therefore, to prove that Z = Idyy; for the choice for ;s
p, and ¢° that we have made in Lemma A.17, it is enough to prove that for one given value
of (', ..., (%,

Py (¢h ¢ = py(¢h) - pa(¢h).

We will prove it for ¢! =--- = (% = (1,0,...,0,1). Indeed,
0 Id
Py((1,0,...,0,1),...,(1,0,...,0,1) = [ © ¢
Id; —1Idy4
For 1 < s <d,
O2q-1,1 Idog—4
p;((LO, 70;1)) = ’
1 Ol,d*l _1 ‘ Ol,d*l

Hence, by induction on 1 <t <d, p}((1,0,...,0,1))---p!((1,0,...,0,1)) =

O2d—t.t Idag—+

Ot a—t

di | O |14,

Therefore, Z = Idyy. [ |
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3) Proof of Corollary V.2: Let us compute E log ||ng1||. To that extent, we define (ey, . .., €2q)
the canonical basis of C?*? and we take (e;; A« - Aey |l <ip < -+ < ig < 2d) as a basis
of (C(Qdd). For given 1 < i1 < - < iy <2dand 1 < j; < --- < jg < 2d the coefficient of
ngr1(e, A---Aeiy) inej;, A--- Aej, (we denote by a its absolute value) is the determinant
of the d x d sub-matrix of 4.1 obtained by taking the lines 1 < j; < --- < j; < 2d and the
columns 1 < 7; < -+ < 1g < 2d; we denote the latter sub-matrix by D. Denote by Zz‘,l the
coefficient at position (i,1) of Gg,.

e If1 <y < - <jg<2d—1,

— ifforall 1 <s<d, ig=js+1, then a =1;
— otherwise, there exists a line of zeros in D, therefore, a = 0.

e f1<ji< - <jsq<2d—1, and j; = 2d,

— if there exists 1 < sy < d — 1 such that for all 1 < s < s¢, 15 = js + 1, for all
s0<8<d, iy=je1+1and jo, =& {ji, . ja1}, then a = |Cop11/Carrzar;
— otherwise, there exists a line of zeros in D, therefore, a = 0.

We now count how many times each value appears as the absolute value of a coefficient

of ngyq.

o To pick 1, one needs to pick d lines among the first 2d — 1 lines of u4.1 and then, one

2d—1

4 ) choices.

has no choice for the columns: (

, one needs to pick d—1 lines among the first 2d—1 lines of j411

o To pick ‘Cd+171/Cd+1,2d+1
and then, one has no choice for the remaining line and the columns: (2;1:11) = (ngl)
choices.

for a given 2 <[ < 2d, one needs to pick d — 1 lines among

o To pick ‘Cd+1,l/Cd+1,2d+1

the first 2d — 1 lines of 14,1 and one cannot pick the (k — 1)-th line. Then one has no

2d—2

) ) choices.

choice for the remaining line and the columns: (

, whose log-expectation cancels out with E -, log ‘(ng‘

We factorize the term 1/ ‘ZdJrLgdH
and get the claimed bound.

4) Proof of Proposition VI.2: According to Proposition 1V.4,
—1
Lo = —[longElog ‘Coé}i‘ -
log 2

max (Elog ‘det wﬂ : Elog }det wﬂ (W) + (%)) } :
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where
Bb 4 _ﬁ_bj _O‘az
1 T aa; 2 el of
Y; = ‘ and 17 = ‘ ’
. Lo
Therefore,
-1
Lo = —— max (2Elog |a1| ; 2Elog |ai| + 2log

log 2

2E log |a1| + log o +v(¥") +v(¥?)).

Since o < 1, log v < 0, therefore

Lo = Togg <2Elog |a1| ; 2Elog |ay| + v (¢ ) + v )) , (A.23)
where
Bb;
Pl=apl=| = "
_ % 0

In order to finish the proof, we will construct of family of functions (f,)yen+ from (0, 1] x [0, 1]
to R such that for all p € N*, f,(«a, ) is non-decreasing in @ and in # and such that for all
p € N* and for all (a, 8) € (0,1] x [0, 1],

7 (8) + 9@ < fiola,B)

We define D in the following way:
D2 [ J{(e.9) € (0.1 x[0.1] ; fyler, 3) <0}
peN*
Since for all p € N*, f,(a, ) is non-decreasing in « and in (3, we get that for all (z,y) € D,
(0,2) x [0,y) C D. Moreover, by (A.23), if (a, 3) € D, then (V1.3) is verified.
Fix p € N*. First note that by (A.3),

7(@1) +A(y?) < % (Elog‘%---%

+E10gu¢g...¢gu) .

Recall that we use the Frébenius norm on matrices. Denote ¢'(a, ) = @f/;;@f/;} and
¢*(o, ) = 92 ---97. Note that the coefficients of ¢'(a, §) and ¢*(a, 3) are polynomials in
a and 3. The function 1/p (Elog ||¢'(a, 8)|| + Elog ||¢*(c, 8)||) would be a good candidate

for f, but it is not non-decreasing in o and (3, therefore, we have to modify it slightly.
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Consider P a polynomial in v and (3,

P(a,B)=> ;0’3

1,j=1

Define the polynomial |P| in the following way

P (e, 8) =) |05l ',

ij=1

37

By the triangle inequality, for all (o, 3) € (0,1] x [0,1], |P(c, B)| < |P| (e, 3). Moreover,
|P| (v, B) is non decreasing for (a, 8) € (0,1] x [0, 1].

Define the matrices |¢'| (o, 8) and |¢?| (v, §) in the following way.
For 7,7,k = 1,2, set ’¢k| ;= ’¢fj| Then,

i,

16" (. )| < [[[6*] (. B)|| and [|¢*(ev, )| < [ €] (v, B)]] -

Moreover || |¢!] (o, )| and || |¢?| (o, B)|| are non decreasing for («, 3) € (0,1] x [0, 1]. Thus,

we conclude the proof by defining

fp:_
P

Remark A.24. Note that if we define

_ Blbi|
o)

then
fy=1/p (Elog

We use that fact in the numerical computation of the functions f,.

C. Ezterior product

Jl

a
0

..‘J%

and ‘wﬂ =

B1bi

leil

1

~ (Elog || [6] (o, B)]| + Elog | |67 (. B)]))

ala;]
|eil

0

‘+]ElogH p] - [¥1] H)

In this section we give the material on exterior products. We provide only the properties

relevant to the article, see [22, Chapter XVI.6-7] and [13, Chapter A.IIL.5] for more details.

Proposition A.25. For 0 < k < p, the exterior product of k vectors in CP, vy,..., v 18

denoted by vy N\ -+ - Avy. Is is a vector of the exterior product of degree k of CP that we denote

by N"CP. N*C? is a C-vector space of dimension (];)
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The exterior product vy, ..., v is a multi-linear (i.e. linear in every v;, 1 < i < k) and
anti-symmetric (i.e. vyq) A Vo = €(0) for o permutation of {1,...,k} and (o) its
signature) function.

Ifey,... e, is a basis of CP, then (e;, N---Nej |1 < iy < --- < i <p)is a basis of/\k(Cp.
The later is called the canonical basis of /\k CPif e, ..., e, is the canonical basis of CP.

If M is a matrix of size p X q, the exterior product of M that we denote by /\]c M is a map
from N\"C? to \* CP such that

k
/\M(Ul/\~~~/\vk) = Muvi A N Muy,.
Finally, for two matrices M and N, N* (MN) = A" (M) A" (N).
Proposition A.26. If X is a square matriz of size p, then
p
/\X = det X.

Moreover

p
det/\X = (det X)?

D. Capacity of the non-fading channels

In this Section, we give expressions of the limiting sum-rate per-cell capacity for the Soft-
Handoff model and the Wyner model (both symmetric and asymmetric) for the non-fading
channels. Those expressions are consequences of results on Toeplitz matrices [23]. See [3] for
an example of derivation.

1) The Soft-Handoff model: We assume that d = 1, and for i € N*, (;,41 = a € [0, 1] and

Gii = 1. Then, the limiting per-cell sum-rate capacity is

1+Kp(1+oz2)+\/1+2K,0(1+042)+K2p2(1—042)2
2

Cap(p) = log

2) The Wyner model:
The symmetric setting: We assume that d = 2, and for i € N*, (40 = (;; = a € [0, 1]

and ;41 = 1. Then, the limiting per-cell sum-rate capacity is

Cap(p) = /0 log (14 Kp (14 2a cos(27rf))2) df.
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The asymmetric setting: We assume that d = 2, and for i € N*, (40 = (41 = @ €

0,1] and ¢;; = 1. Then, the limiting per-cell sum-rate capacity is

1]

2]

3]

[4]

[5]

[6]

7]

8]

[9]

(10]

(11]

(12]
(13]

(14]

(15]

Cap(p) = /01 log (14 Kp (1420 + 2a(1 + «) cos(2m f) + 2a cos(4n f))) df.
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Comparison of the symmetric and asymmetric channels with Rayleigh fading for A = 10™* and a = 0.5.

Comparison of the symmetric and asymmetric channels with uniform fading for A = 1,10™* and o = 0.5 in
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