DIFFERING AVERAGED AND QUENCHED LARGE DEVIATIONS FOR RANDOM
WALKS IN RANDOM ENVIRONMENTS IN DIMENSIONS TWO AND THREE

ATILLA YILMAZ AND OFER ZEITOUNI

ABSTRACT. We consider the quenched and averaged (or annealed) large deviation rate functions I, and I,
for space-time and (the usual) space-only RWRE on Z%. By Jensen’s inequality, I, < 1.

In the space-time case, when d > 3 4 1, I; and I, are known to be equal on an open set containing the
typical velocity £&,. When d = 141, we prove that I; and I, are equal only at &. Similarly, when d = 2+1,
we show that I, < I; on a punctured neighborhood of &,.

In the space-only case, we provide a class of non-nestling walks on Z% with d = 2 or 3, and prove that
I4 and I, are not identically equal on any open set containing £, whenever the walk is in that class. This
is very different from the known results for non-nestling walks on Z¢ with d > 4.

1. INTRODUCTION

1.1. The models. Consider a discrete time Markov chain on the d-dimensional integer lattice Z¢ with d > 1.
For any z, z € Z¢, denote the transition probability from x to = + z by 7(x, z + 2). Refer to the transition
vector wy := (m(x,x + 2)),cza as the environment at x. If the environment w := (w;),eza is sampled from
a probability space (€2, B,P), then this process is called random walk in a random environment (RWRE).
Here, B is the Borel g-algebra corresponding to the product topology.

For every y € Z%, define the shift 7, on Q by (Tyw),, := W4y Inorder to have some statistical homogeneity
in the environment, P is generally assumed to be stationary and ergodic with respect to (7}),eza. In this
paper, we will make the stronger assumption that P is a product measure with equal marginals. In other
words, w = (wy),ez¢ 18 a collection of independent and identically distributed (i.i.d.) random vectors.

The set R := {z € Z¢ : P(7(0,z) > 0) > 0} of allowed steps of the walk is called the range of the walk.
We will assume that there exists a x > 0 such that P(7(0,%) > k) = 1 for every z € R. This condition is
known as uniform ellipticity.

Let (e;)%_, denote the canonical basis for Z¢. The walk is said to be space-time if

(1.1) R =R :={(21,...,2a) €Z%: 21|+ +|2a-1]| = 1,24 = ea},
and it is said to be space-only if
(1.2) R =Ry = {+e;}0 ;.

Space-time is a natural term since, under (1.1), the walk decomposes into two parts. Its projection on the
eq-axis is deterministic and can be identified with time. The motion in the span of (ei)f:_f can be thought
of as a variation of space-only RWRE where the environment is freshly sampled at each time step. To
emphasize this decomposition, we will write the dimension as d = (d — 1) + 1. For example, when d = 3, we
will say that the dimension is 2 4 1.

For every x € Z? and w € €, the Markov chain with environment w induces a probability measure
P¥ on the space of paths starting at z. Statements about P that hold for P-a.e. w are referred to as
quenched. Statements about the semi-direct product P, := P x P¥ are referred to as averaged (or annealed).
Expectations under P, P and P, are denoted by E, E¥ and E,, respectively.

See [23] for a survey of results and open problems on RWRE.

It is clear that no model satisfies both (1.1) and (1.2). Nevertheless, it turns out that many of the results
that hold for space-only RWRE are valid under also the space-time assumption, and it is fair to say that
space-time RWRE is easier to analyze than space-only RWRE because (1.1) ensures that the walk never
visits the same point more than once.
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1.2. Regeneration times. In the next subsection, we will give a brief survey of the previous results on
large deviations for RWRE in order to put the present work in context. Some of these results involve certain
random times which are introduced below for convenience.

Let (X,),,>o denote the path of a space-only RWRE. Consider a unit vector ¢ € S971. Define a sequence
(Tm),n>0 Of random times, which are referred to as regeneration times (relative to @), by 7, := 0 and

T =10 {§ > e 1 (X, 0) < (X, 0) < (X, @) for all ¢,k with ¢ < j < k}

for every m > 1. (Regeneration times were introduced in this context by Sznitman and Zerner, see [16].)
Because we assumed the environment w = (wy)zeze to be an i.i.d. collection, if the walk is directionally
transient relative to 4, i.e., if P, (limy—00(Xpn,4) = 00) = 1, then P, (7, < 00) =1 for every m > 1. In this
setup, as noted in [16], the significance of (7,,),,~; is due to the fact that

(X‘rm+1 - erv X‘rm+2 - X‘rmv oo vX'rm+1 - XT'/n)

m>1

is an i.i.d. sequence under P,.
The walk is said to satisfy Sznitman’s transience condition (T') if

E, { sup exp{c |Xl|}] < oo for some ¢; > 0.
1<i<n
When d > 2, Sznitman [15] proves that (1.2) and (T) imply a ballistic law of large numbers (LLN), an
averaged central limit theorem and certain large deviation estimates.
Condition (T) holds as soon as the walk is non-nestling relative to 4, i.e., when the random drift vector

(1.3) v(w) = Z 7(0,2)z satisfies essi%f@(-),a} > 0.
zER
The walk is said to be non-nestling if it is non-nestling relative to some unit vector. Otherwise, it is referred
to as nestling. In the latter case, the convex hull of the support of the law of v(-) contains the origin.
In the case of space-time RWRE, regeneration times are defined naturally by taking & = e4 and 7,,, = m
for every m > 1.

1.3. Previous results on large deviations for RWRE. Recall that a sequence (Qy),~; of probability
measures on a topological space X satisfies the large deviation principle (LDP) with rate function I : X — R
if I is non-negative, lower semicontinuous and for any measurable set G,
1 1
— inf I(z) <liminf —log @, (G) < limsup —log @,(G) < — inf I(x).
eGP n—oo N n—oo N x€G
Here, G is the interior of G, and G its closure. See [3] for general background regarding large deviations.
We will focus on the following large deviation principles.

Theorem 1 (Quenched LDP). For P-a.e. w, (P‘“ (% € '))n>1 satisfies the LDP with a deterministic and

o
convez rate function I.

Theorem 2 (Averaged LDP). (PO (% € )) satisfies the LDP with a convex rate function I,.

n>1

There are many works on large deviations for space-only RWRE. We briefly mention them in chronological
order. Greven and den Hollander [6] prove Theorem 1 for walks on Z under the i.i.d. environment assumption.
They provide a formula for I, and show that its graph typically has flat pieces. Zerner [24] establishes
Theorem 1 for nestling walks on Z¢ in i.i.d. environments. Comets, Gantert and Zeitouni [2] generalize the
result of [6] to walks on Z in stationary and ergodic environments. Also, they prove Theorem 2 for walks on
Z in ii.d. environments and give a formula that links I, to I,. Varadhan [18] generalizes Zerner’s result to
stationary and ergodic environments without any nestling assumption. He also proves Theorem 2 for walks
on Z% in i.i.d. environments and gives a variational formula for I,. Rassoul-Agha [10] generalizes the latter
result of [18] to certain mixing environments. Rosenbluth [13] gives an alternative proof of Theorem 1 for
walks on Z% in stationary and ergodic environments, and provides a variational formula for I,. Yilmaz [22]
generalizes the result of [13] to a so-called level-2 LDP. Berger [1], Peterson and Zeitouni [9], and Yilmaz
[19] obtain certain qualitative properties of I,. Rassoul-Agha and Seppéléinen [12] generalize the result of
[13] to a so-called level-3 LDP.

In the case of space-time RWRE, Rassoul-Agha and Seppéldinen [11] prove Theorem 1 by adapting the
quenched argument in [18]. Theorem 2 does not require any work. Indeed, Assumption (1.1) implies that
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the walk under P, is a sum of i.i.d. increments. The common distribution of these increments is (¢(z)).er
where ¢(z) := E[n(0, z)] for every z € R. Therefore, Theorem 2 is simply Cramér’s theorem, cf. [3].

In addition to the works mentioned in the last two paragraphs, there are two more results on large
deviations for RWRE that are relevant to this paper. We state them in detail.

Theorem 3 (Yilmaz [20]). Assume (1.1). If d > 3+ 1, then I; = I, on a set Ay x {eq} containing the
LLN welocity &,, where Ag; is an open subset of R4™1.

Theorem 4 (Yilmaz [21]). Assume (1.2), d > 4, and that Sznitman’s (T) condition holds for some i € S¢1.

(a) If the walk is non-nestling, then I, = I, on an open set Ay, containing the LLN velocity &,.
(b) If the walk is nestling, then
(i) I, = I, on an open set A},
(ii) there exists a (d — 1)-dimensional smooth surface patch A%, such that &, € A%, C OAL,,
(iif) the unit vector n, normal to A%, (and pointing inside A%)) at &, satisfies (n,,&) > 0, and

(iv) I,(t€) = tI,(&) = t1,(€) = I, (L) for every & € A, and t € [0,1].

It is worthwhile to emphasize that the equality I, = I, does not extend, in the setup of Theorems 3 and
4, to the whole space, see the discussion in [21].

1.4. Our results. For space-time RWRE, it is natural to ask whether Theorem 3 can be generalized to
d>1+1or 2+ 1. The answer turns out to be no.

Theorem 5. Assume (1.1). If d =1+ 1, then I4(§) = 1,(§) < oo if and only if £ = &,, the LLN wvelocity.

Theorem 6. Assume (1.1). If d =2+ 1, then I, < I, on a set (Gt x {ea}) \ {&}, where Gsx C R? is open
and Gst x {eq} contains &,.

In the case of space-only RWRE on Z, Comets et al. [2] show that I,(§) = 1,(¢) < oo if and only if £ =0
or I,(¢§) = 0. In particular, Theorem 4 cannot be generalized to d > 1. Our next result shows that its
conclusion is false also for a class of space-only RWRE’s in dimensions d = 2, 3.

Definition 7. Assume d > 2, and fix a triple p = (p™,p°,p~) of positive real numbers such that p~ < pT
and p* +p° +p~ = 1. For any € > 0, a probability measure P on (Q, B) is said to be in class M(d,p) if
(a) P is a product measure with equal marginals,
(b) (1.2) holds,
(c) P(n(0,ea) = p*, m(0,—ea) =p~) =1,
(d) P(e/2 < |m(0,€e1) — %| <e€)=1, and

(e) P is invariant under the rotations of Z< that preserve eq. (We will refer to this as isotropy.)

Theorem 8. Assume d = 2 or 3. Fix a triple p = (pT,p°,p~) as in Definition 7. Then there exists an
€0 = €o(p) such that if € < eg and P is in class Mc(d,p), then the quenched and averaged rate functions I,
and I, are not identically equal on any open set containing the LLN wvelocity &,.

The proofs of our results are based on a technique that combines the so-called fractional moment method
with a certain change of measure (which we will refer to as tilting the environment). This technique has
been developed for analyzing the so-called polymer pinning model, cf. [4, 17, 5], and it has been recently
refined by Lacoin [8] for obtaining certain lower bounds for the free energy of directed polymers in random
environments. Comparing with the polymer setup, an extra complication occurs in the RWRE model due
to the dependence of the transition probabilities of the walk in the environment. (In the polymer model
discussed above, the walk is a simple random walk, and the environment only appears in the evaluation of
exponential moments with respect to the random walk.) The difficulty in the RWRE setup, and much of
our work, lies in overcoming this dependency.

Here is how the rest of the paper is organized: In Section 2, we consider space-time RWRE and prove
Theorems 5 and 6 by adapting the relevant arguments given in [8]. In Section 3, we focus on space-only
walks that are non-nestling relative to ey, and modify the previous proofs by making use of regeneration
times. This way, we establish a result (see Theorem 18) analogous to Theorems 5 and 6. The only difference
is that Theorem 18 is valid under a certain correlation condition, cf. (3.11). Finally, we prove Theorem 8
by checking that (3.11) holds whenever P is in class M.(d, p) with some triple p (as in Definition 7) and a
sufficiently small € > 0.
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2. INEQUALITY OF THE RATE FUNCTIONS FOR SPACE-TIME RWRE

2.1. Reducing to a fractional moment estimate. Assume d > 141. Recall (1.1). Consider a space-time
random walk on Z? in a uniformly elliptic and i.i.d. environment. For every § € R?, define

¢(0) =Y el"q(z)
zZER

where q(2) := E[r(0, 2)]. Since the walk visits every point at most once, E, [exp{ (0, Xn)}] = ¢(0)" for every
N >1.
Define the logarithmic moment generating functions

Ag(8) = A}Enoo % log B¢ [exp{(0, Xn)}] and A,(0) := ]\}Enoo % log E, [exp{(0, Xn)}] = log ¢(0).

By Varadhan’s Lemma, cf. [3], Ay(0) = supgcga {(0,8) — 1,(€)} = 1;(0), the convex conjugate of I, at 6.
Similarly, A, (0) = log ¢(0) = I:(0).
For every N > 1, § € R? and w € Q, define

W (6,w) == B [exp{{6, X ) — N log 6(6)}].

Given any « € (0,1), Jensen’s inequality and the bounded convergence theorem imply that

1 1
Aq(0) —log$(0) = lim ~ o8 Wn(0,)=E| lim_ ~ lo8 Wi (0,-)

o1 _ 1 o
= Jim SE[logWy(9,)] = lim ——E[logWy(6,)]
(2.1) < li]{]njgop Nia log E (W (6,-)%]

1
< : M/ . o = .
_1\}520 N« log (& [Wx (6, )]) 0

Lemma 9. Assume (1.1). Fiz any o € (0,1). Ifd=1+1, then

1
(2.2) lim sup N logE[Wx(6,)4] <0

N—o00

whenever 0 ¢ sp{ez}, the one-dimensional vector space spanned by es.

Lemma 10. Assume (1.1). Fiz any o € (0,1). If d =2+ 1, then there exists a 8 > 0 such that (2.2) holds
whenever dist(0, sp{es}) € (0, 5).

Remark 11. For every 6 € sp{eq}, (1.1) implies that Wi (6,-) = 1 and A4(6) = log ¢(0).

When d = 1+ 1, it follows from (2.1) and Lemma 9 that A,(-) < log@(:) on {6 € R? : 6 ¢ sp{e2}}. By
convex duality, I, < I, on {Vlog¢(0) : 6 ¢ sp{ez}}. It is easy to see that the latter set is equal to the
domain of I, minus the singleton {&,}. This proves Theorem 5.

Similarly, when d = 2 4+ 1, Lemma 10 implies that I, < I, on {Vlog$(f) : dist(8, sp{es}) € (0,3)}. One
can check that this set is of the form (Gg % {eq}) \ {&} where Gy C R? is open and Gy x {eq} contains &,.
This proves Theorem 6.

The rest of this section is devoted to proving Lemmas 9 and 10.

2.2. Decomposing into paths. Assume d = 1+ 1 or 2+ 1. Let V4 := Z9~1 x {0} C Z%. Fix an n of the
form k2, with k an integer to be determined later (e.g., for d = 1+ 1, this n is chosen so that the conclusion
of Lemma 12 below holds). When d =141, let

1 1
(23) Jy = [~ VI + V) x {0} CR?
for every y = (y/,0) € Vy. Similarly, when d =2+ 1, let
1 1 1 1
Jy =y - 5)\/57 (v + 5)\/5) x [(y" — 5)\/57 (" + 5)\/5) x {0} CR?
for every y = (v, 4”,0) € V3.
Take N = nm for some m > 1. For every § € RY, w € Qand Y = (y1,...,ym) € (Vq)™, define

(2.4) Wi (8,w,Y) := E¢[exp{(0, Xn) — Nlog ¢(0)}, X;,, — |jn&(0)] € J,, for every j < m]
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where £(0) = Viog ¢(6). (For u € RY, |u] denotes the closest element of Z¢ to u. If there is more than one
closest element, then take the one whose index is the smallest with respect to the lexicographic order.) Note
that (£(0),eq) = 1 because (z,eq) =1 for every z € R;.

Since V, is contained in the disjoint union Uyev,J,, we see that Wy (0,w) = >y Wy (0, w,Y). Hence,
W (0,w)* <>y Wa(0,w,Y)* by subadditivity, and

(2.5) E[Wn(0,)°] <> E[Wn(0,,Y)"].
Y

In the rest of this section, we will treat the cases d =14 1 and d = 2 + 1 separately.

2.3. Tilting along a path (d =1+1). Givenm > 1,0 ¢ sp{e2}, C1 > 1 and Y = (y1,...,ym) € (V2)™,
let

(2.6) By = {(5,9) €22 (j — On < < jn,[[(5,4) — [i€(0)] — vy 11| < Cr/m}

for every j € {1,...,m}. Here, y, = (0,0). Recall that n = k? for some integer k.

Fix a large K and a small §,,, both to be determined later (depending on the choice of «, see (2.11), (2.12)
and Lemma 12). Define fx(u) := —KT, . «2 and

(2.7) g(0,w,Y) = eXpiK On Z a(f,(s,4)) | >0,

(s,i)EB;j
where, for every z € Z2, a(0,z) := (0, v(T,w) — &) with the notation in (1.3). Note that E[a(6,z)] =
As before, take N = nm. By Holder’s inequality,
E[WN(aa ) Y)a] =E [(WN(ea ) Y)g(ea ) Y))Ozg(a’ ) Y)_a}

T a __a ql-«
(28) < E [WN(Q,,Y)Q(Q,,Y)] E [g(aaay) 171} :
Let us control the second term in (2.8). To abbreviate the notation, let
(2.9) D(B;):= Y a(0(s,)
(s,i)EB;j
for every j € {1,...,m}. Since the environment is i.i.d.,
E[g(0,.,Y) 75| =E |exp ——ZfK 6. D(B H exp(——fK(5 D(B )))}
o oK K2 m
_ __* <
(2.10) E [exp( —— fic (0,D(B)) ) < P(é D(By) > )) .

Note that, by Chebyshev’s inequality,
i (5nD(Bl) > eK2) <eSPEDB)Y] = RE | Y alb, (s,1))?

= e*2K25i201n3/2E [a(8, (0,0))?]
since only the diagonal terms survive. Take
(2.11) §p = Cy 20 =3/4

where C} is still to be defined (and will be chosen as in Lemma 12). Then, the RHS of (2.10) is bounded
from above by

(1 +2E [a(6, (0,0))?] eT=a K 72K ) (1 + SeﬁK*2K2) <2m
as soon as

(2.12) Qeros K—2K? <1.
Recalling (2.5) and (2.8), we see that

(2.13) E[Wn (6,-)°] <27 Y E [Wn(0,-,Y)g(6,-,Y)]"
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2.4. Estimating the expectation under the tilt (d =1+ 1). For every m > 1, 0 ¢ sp{ea}, w € Q and
Y € (Vo)™ let N = nim as before. By the Markov property,

Wr(0.wY)= Y ES[exp{(6, Xn) — Nlog¢(0)}, X;n — [iné(0)] = ; € J,, Vj < m]

> EYexp{(0, Xy) —nlog¢(0)}, X — [n€(0)] = z1 € Jy,]

T1,..., Ty €Z2

X B 4 ne(oy) [exp{(0, Xn — (21 + [n£(0)])) — nlog ¢(0)},
Xn = [2n€(0)] = 22 € Jy,]
X oo

> EZlexp{(0, X,) — nlog¢(0)}, X, — [n&(0)] = 21 € J,,]

T1,..., Ty €Z2
T\ reco Ty @
x BTS00 o (0, X, — (1 — V) — nlog 6(0)},
X — |n&(0)] = z2 — Vny1 € Jy, — Vg1

x ..
Recall (2.7) and (2.9). It follows from the i.i.d. environment assumption that

E [Wx (0, Y)g(0,Y)]
= > E[ES[exp{(0. Xn) — nlog 6(0) + fx (0, D(B1))}, X — [n(0)] = 71 € J,,]

X Efltis\(/%;ﬁylw [exp{(0, X;, — (z1 — v/ny1)) — nlog ¢(0) + fx (6,D(B1))},
X — |n&(0)] = 2 — Vny1 € Jy, — vy
>< .. .]
= Z E,lexp{(0, X,,) — nlog ¢(0) + fr(0,D(B1))}, Xn — [n€(0)] = x1 € Jy,]

X By, sy, [exp{(0, X — (21 — v/ny1)) — nlog é(0) + fx (6,.D(B1))},
Xn - LHE(Q)J = T2 — \/ﬁyl S Jyz - \/ﬁyl}

x ..
< Eolexp{(0, Xn) — nlog ¢(0) + [k (0nD(B1))}, Xn — [n&(0)] € Jy,]
X max Exl—\/ﬁyl [exp{<0a Xn - (xl - \/ﬁyl» - n10g¢(9) + fK((SnD(Bl))}a

1€y,
X, — |n€(0)] € Ty, — V]
N

= E,[exp{(, X;,) — nlog ¢(0) + fx (0. D(B1))}, Xn — [n&(0)] € Jy,]
X ;?23(0 Eml [eXp{<0; Xn — £E1> - n10g¢(9) + fK(an(Bl))}vXn - \_nf(g)J € Jy2*y1]
x oo

Plugging this in (2.13), we conclude that

E[Wn(6,-)%] < (2 > max I, [exp{(f, X, — x) —nlog ¢(0) + fic(0nD(B1))}, Xn — [n£(0)] € Jy]“) :

yeVs x

Since N = nm and n was fixed, this proves Lemma 9 (and hence Theorem 5), provided that we have
Lemma 12. Assume (1.1). Ifd=1+41, a € (0,1), 0 ¢ sp{e2} and 6, = Cf1/2n_3/4, then

(2.14) Z grg]xEm lexp{(0, X,, —z) —nlogp(0) + fx(6,D(B1))}, X, — [n&(0)] € J,]" <1/2
yEV2 °
whenever n, K and Cy are sufficiently large.
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2.5. Finishing the proof of Theorem 5. It remains to give the

Proof of Lemma 12. We write the sum in (2.14) as

2.1 o] =
(2.15) mex Bel )= ) maxBel ]+ 3, maxBel]
y€EVa yEVy: yEVy:
lyll>R lyl[<R

with some large constant R. Since fx(u) = =K1 . _x» <0, the first sum on the RHS of (2.15) is bounded
from above by -

> maxE, [exp{w,xn — &) —nlog 8(68)}, X — nE(6)] — vyl < @} |

(2.16) P2 [exp{<0,xn> —nlogé(6)}, % - y\ < 1} .
[[yll>R

Consider a tilted space-time walk on Z? (in a deterministic environment) with transition probabilities
¢’ (2) == q(z) exp{(0, 2) — log ¢()} for z € Ry Let P? denote the probability measure it induces on paths.
Note that the LLN velocity under P? is

> za(z)exp{(6,2) —log 6(0)} = Vg log &(6) = £(6).
ZER st
With this notation, (2.16) is equal to
A n - 9 ¢ 7~ n - 0 “
I (e e R R S (e s EYVEEY
Hyye\l\glj% \ﬁye\\vf;%

which, by Chebyshev’s inequality, can be made arbitrarily small (uniformly in large n) by choosing R
sufficiently large.
The second sum on the RHS of (2.15) is bounded from above by

2Rmax E,, [exp{(0, X,, — ) — nlog ¢(0) + fx(6,D(B1))}" .

zeJ,

Therefore, to conclude the proof of Lemma 12, it suffices to show that

-1
1

(217) Eo [exp{<0, Xn> — nlog ¢(0) + fK((SnD(Bl - x))}] S (@)a

for every = € J,.
Similar to B; defined in (2.6), introduce a new set

By = {(s,0) € 22 :0 < < m,[[(5,1) — [#€(0)] | < (Cy — 1/2)v/}.
Note that By C By — x for every = € J, since ||z| < v/n/2.

E, [exp{(0, X») — nlog ¢(0) + fx (6, D(B1 — z))}]
= e 5B, |exp{(0, X,.) — nlog ¢(0)},6,D(B; — z) > &
+E, :exp{<0, Xo) = nlog ()}, {X;: 0<i<n} ¢ By,6,D(B1 —z) < "]
+E, :exp{<9, X,) —nlogdp(6)},{X;: 0<i<n}C By,6,D(B;) —z) < o)

(2.18) <e K4+ P({X;:0<i<n}¢ B)

+ B, [expl(8, X,,) — nlog ¢(8)}, {X; : 0< i <n} C By,6,D(B; — ) < eX"|.

The first term in (2.18) is small when K is large. Donsker’s invariance principle ensures that the second
term can be made arbitrarily small (uniformly in n) by choosing C; sufficiently large.
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Let us focus on the third term in (2.18). For any sequence (A, ),>1 of natural numbers,
B,lexp{(0, X,,) — nlog(0)}, {X; : 0 <i < n} C By,6,D(By — ) < ]
< Eolexp{(0, X,,) = nlog p(0)}, {X; : 0 < i <n} C B1,6n Y alf,(s,4)) < —Ay]

(s,i)eB1 —x
(s:)#X;
n—1 ,
+ E,lexp{{0, X,,) —nlogp(0)},{X; : 0 <i<n}C By,6, Z a(f, X;) < e + A,
i=0
< Z E[EY [exp{(0, X,) —nlogo(0)}, X; = x; Vi <n],d, Z a8, (s,1)) < —A;,]
e
n—1 ,
+ Eolexp{(0, X,,) — nlog ¢(0)}, 6, Y a6, X;) < e + 4,]
i=0
(2.19) = Z E, [exp{(0, X,,) —nlog¢(0)}, X; = x; Vi < n] x P(d, Z a(f, (s,7)) < —A,)
ol
n—1 ,
=+ Eo[exp{<0a Xn> - nlOg ¢(0)}a on, Z a(@, Xz) < eK + An]
i=0
< max P4, a0, (s,1)) < —A,)
TAseenn®n—1 (s,i)EB] —=
(s i)#z;
n—1 ,
=+ Eo[exp{<0a Xn> - nlOg ¢(0)}a on Z a(@, Xz) < eK + An]
i=0
(2.20) < A725%2201n%/*RE [a(8, (0,0))?]
n—1
+ Eo[exp{<0a Xn> - nlOg ¢(0)}a on, Z a(@, Xz) < eK2 + An]
i=0

Here, (2.19) follows from the independence assumption on the environment, and (2.20) is an application of
Chebyshev’s inequality. Since §,, = Cl_l/Qn’3/4, the first term in (2.20) goes to zero as n — oo if A, — oo.

Choose A,, such that A, — oo and A, = o(n'/*) as n — oco. For any u € R*, the second term in (2.20)
is equal to

E,[exp{(0, X,,) — nlog®(0)},n i(a(@, X)) —p) < oK’ + A, — und,]
i=0
n—1
(2.21) < Mo, lexpl (6, X) — nlogd(®)} S (a(8, X) — u)?]
i=0
+ My, Eolexp{(0, X,,) — nlog 6(6)} Y _(a(0, X;) — u)(a(6, X;) — )]
i#£j

by Chebyshev’s inequality, where M,, = (mf =0(n7?).
By the Harris inequality (cf. [7]),
(2.22) E, [exp{(0, X1) —log ¢(0)}a(0, (0,0))] = E[E [exp{(0, X1) —log ¢(0)}] a(¥, (0, 0))]
> B[E [exp{(0, X1) — log ¢(0) H] E [a(0, (0,0))] =0

since E¥ [exp{(0, X1) — log #(#)}] and a(6, (0,0)) are easily checked to be either both strictly increasing
functions (when (6, e1) > 0) or both strictly decreasing functions (when (0, e1) < 0) of the random variable
m((0,0),(1,1)). If we choose

= Eo [exp{(0, X1) —log ¢(0)}a(0, (0,0))],
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then the second term in (2.21) vanishes by the independence assumption on the environment. Finally,
observe that the first term in (2.21) is equal to

nM, E, [exp{(0, X1) —log $(0)}(a(0, (0,0)) — pn)*] = O(n™"). O

2.6. Proof of Theorem 6. Let us recall a few points regarding the arguments in Subsections 2.3 — 2.5.
There, since d = 1 + 1, the volume of By (defined in (2.6)) is O(n*/?). The variance of D(B;) (cf. (2.9))
scales like that volume. We take 8,, = O(n~%/4) so that the variance of 6, D(B;) is O(1). With this choice,
nd, — 0o as n — oo. As we saw, this fact is crucial in the proof of Theorem 5.

In this subsection, we will assume that d =2+ 1. For every m > 1,1 < j <m, 0 ¢ sp{es}, C1 > 1 and
Y = (y1,.-.,ym) € (V3)™, we define
(223)  By={(nk):r €22 (— Un < k < jn, |(r. k) — [KEB)] — Viigs_ ]| < Crv/m),
similar to (2.6). Note that the volume of this new set is O(n?). If we were to define D(B;) analogously to
(2.9), then we would have to take §,, < O(n~!) in order to make the variance of &, D(B;) not grow with n.
Hence, the proof for d = 1 + 1 does not directly carry over to the case d =2+ 1.

To resolve this issue, following [8], we will modify the proof by redefining D(B;) and §,,. (We will continue
using these names so that we can refer to the parts of Subsections 2.3 — 2.5 that carry over word by word.)
The modification amounts essentially to using a tilting that is quadratic, instead of linear, in the local drift,
as follows.

For every (r, k) and (s,1) with r,s € Z? and 1 < k,l < n, let

1
(2.24) VAT k), (5:0) = 51T s) - (r)— La-we(6)) 1 <Ca oY

Here, the constant Cy > 1 will be determined later. Given any n integer and x1,...,z, € Z3 with (xg,e3) =
k, it follows easily from (2.24) that

for any s € Z2,1 € {1,...,n}, ZV(mk, (s,1)) < 2logn,
k=1

Z Z V(xka (S’Z)) < 40227L2,

k=1 (s,l)€B;

n 2
(2.25) <Z V(xg, (s, l))) < 8022n2 logn, and
(s,l)eB1

k=1
(2.26) Z V((r k), (s,1))* < 3202C3n?logn.
(r,k)eBy,
(s,1)eBy
Recall the tilted law P? introduced in the proof of Lemma 12.
Lemma 13. For any 6 > 0, there exists a C2 > 1 such that v(n, X) =2, o, <, V(Xi, X;) satisfies
P(v(n,X) < nlog(n—1)/2) <é
for every n > 2.

Proof. For any realization of X = (X;);>1,

1
v(n,X) < Z =7 =: H(n).
15;,;]91
Observe that
N A 1 ~
Ellv(n, X)|= > EIV(XuX)l= Y HPf(ll(Xi =X — [ = HEO)] < Co2n/]i = ji).
1<4,j<n 1<ij<n

it
When Cs is sufficiently large, the CLT implies that

PI(IX: = X5 = L@ = 5O < Cov/li = ) = (1~ /2)
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for any i # j. Therefore, E°[v(n,X)] > (1 — 6/2)H(n). Applying Markov’s inequality, we see that
PY(v(n,X) < H(n)/2) < 6. This implies the desired result since H(n) > nlog(n — 1). O

For any 6 € R?® and z € Z?, define a(f, ) := (0, v(Tw) — &) as before, where v(w) = >, 7(0, 2)z.
Lemma 14. There exists a 3 > 0 such that

W= E,[exp{(0, X1) —log ¢(0)}a(6,0)] >0
whenever dist(0, sp{es}) € (0,05).
Proof. For every 0 ¢ sp{es}, let
F(0) = B{ES [OX0E2[(6, X1)]} and G(6) i= Eofe® V|, [(8, X1)] = 6(0)(6,,).

Our aim is to show that F(0) > G(6).

Write 6 = cez + 0’ for some ¢ € R and ¢’ € R3 such that (¢, e3) = 0. Then, F(6) = e“F(0') + cep(#) and
G(0) = e°G(0') 4 ce“d(0). Therefore, it suffices to show that F(8') > G(¢').

Clearly, we have

VE0)]g—g = VG(0)|g—g = Eo[X1] = &.
Also, for any u,u’ € R3, with D2F denoting the Hessian of F,
(u, DXF(0)'),_, = 2ELES (X1, w) | B2 [(X1, )]}
and
(u, D*G(O)u")]y_y = 2Eo[(X1, u)] Eo[(X1, )] = 2(E0, u) (€0, u').

By Schwarz’ inequality (which is strict since the walk is uniform elliptic in the directions other than e3),

<,H£IH1% (<“’D2F(9)u>|9:o - <“’D2G(9)u>|0:o) > 0.

Finally, Taylor’s theorem implies the existence of a 3 > 0 such that F'(¢’) > G(0') whenever ||0’| € (0,5). O

Now, we are ready to give the new definition of D(B;) which is suitable for d = 2 + 1. For any 6 € R3
such that dist(6, sp{es}) € (0, 5) (with § as in Lemma 14), let

(2.27) D(B;) := Z V((r, k), (s,1))a(0, (r, k))a(0, (s,1)).

(r,k)EB7,
(s,1)€EB,

Note that V((-, k), (-,k)) = 0 for every 1 < k < n. Since E[a(0,0)] = 0, it follows from the independence
of the environment that E[D(B;)] = 0. Also, E[D(B;)?] < 128/|0|>C#C2n?logn by (2.26) and the fact that
a(6,0)] < 216].
If we choose
On 1= ny/logn,
then the variance of d,,D(Bj) is O(1). Once we have this fact, the arguments in Subsections 2.3 — 2.5 carry

over until (2.17). So, it suffices to show that E,[exp{(f, X,,) — nlog$(0)},8,D(B; — z) < eX’] is small for
all x € J, when n and K are large. In the estimate below, we will (WLOG) take x = 0.
Let v =1/2, and observe that

Eolexp{(0, X,) ~nlog6(6)}.6,D(B1) < ']
< E,lexp{(0, X,,) —nlogd(0)},v(n, X) > ynlog(n —1),8,D(B1) < eKQ]
+ E, [exp{(0, X,) — nlog¢(6)},v(n, X) < ynlog(n — 1)]
= E,[exp{(0, X,,) — nlog¢(0)},v(n, X) > ynlog(n — 1),

5,(D(By) — 12v(n, X)) < e — 125,v(n, X))

+ P2(v(n, X) < ynlog(n — 1))

(2.28) < My B, exp{{6, X,) — nlog 6(0)}, v(n, X) > ynlog(n — 1), (D(By) — p(n, X))?]
+ P9 (v(n, X) < ynlog(n — 1))

(2.29) < My [exp{ {6, X,) — nlog 6(6)}(D(Br) — pu(n, X))?]

+ P2(v(n, X) < ynlog(n — 1)).
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Here, (2.28) follows from the inequality T,<p < a2/b? with a = 6,(D(B1) — p2v(n, X)) and b = K —
u26,v(n, X) < 0, and

(2.30)

5 2
M, = n ).
w2dpynlog(n — 1) — ek
Choose Cs sufficiently large so that the second term in (2.29) is small for all n by Lemma 13.
It remains to control the first term in (2.29). Note that

D(B,) — p*v(n, X)

=2u) Y V(X (5.0, (5,0) = plx, =)

k=1 (s,))€B;

+ ) V((rk) (s.0)) (a8, (1, k) = pl =y (@(0 (5,0) = 1= (5.5

(r,k)EBY,
(s,1)eB]

and
(D(B1) = p?v(n, X))*
(2.31) <87 | Y Y V(X (s,D)(al0, (s,1) = nllx,—(s.})
k=1 (s,1)€ B,

+2 E V((T7 k)a (Sa Z))(a‘(97 (T7 k)) - MH{Xk:(T,k)})(a(Ha (Sa l)) - M]I{Xz,:(s,l)})
(r,k)EB1,
(s,1)eBy

by the inequality (a + b)? < 2(a? + b?). When we substitute (2.31), the first term in (2.29) becomes a sum
of two expectations. It is easy to see that the various cross terms in these expectations are equal to zero by
independence and Lemma 14. Since |a(6, )| < 2|6, the first term in (2.29) is bounded from above by

8% (210] + ) My Bolexp{ (0, X,,) — nlogg(0)} > (O V(Xy, (s,1)))%]
(s,1)EB; k=1

+2(2060] + p)* Mo Eolexp{(0, X)) = nlogd(0)} DY V((r,k), (s,)*]

(r,k)EB7,
(s,1)€EB,

< 64220 log (28] + )2 My Bolexp{ (6, X,) — nlog (0))]
+ 64C2C2n% log n(2|6] + p)? M, E,lexp{(0, X,,) — nlog ¢(0)}]
= O((logn)™)
by (2.25), (2.26) and (2.30). We have proved Theorem 6.

3. INEQUALITY OF THE RATE FUNCTIONS FOR SPACE-ONLY RWRE

3.1. Reducing to a fractional moment estimate. Consider space-only RWRE on Z? with d > 1. Assume
that the walk is non-nestling relative to the canonical basis vector e4. By Jensen’s inequality, the quenched
and averaged logarithmic moment generating functions

1 1
Ay (0) = &gnoo N log EY [exp{(0, Xn)}] and A,(0) := A}Enoo N log E, [exp{(0, Xn)}]

satisfy A,(0) < A,(0) < |6] for every 6 € Re.
Recall the definition of regeneration times (7,,)n>0 (relative to eq) given in Subsection 1.2. Let
B :=1inf{i > 0: (X;,eq) < (Xo,€a)} € [1,00].
By the non-nestling assumption, there exist constants ca, cs > 0 such that

(3.1) €8s i%f PY(B=00)>cy and esssupPS(m >n) <e ="
P
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for every n > 1, cf. [14]. These bounds clearly imply that
(3.2) esssup B¢ [exp{cri }| 8 = 00] < ¢5 tesssup E¥[exp{cr }] =: H(c) < oo
P P

whenever ¢ < c3.
For every ¢ € (0, ¢3], introduce the set

(3.3) Clc) :={h e R?: 200 < c}.
Lemma 15. For every 6 € C(c3),
(3.4) E,lexp{(0, X+,) — Aa(0)T1}| B = o0] = 1.

A is analytic on C(c3). VAq(0) = &,. The Hessian Hq of Ay is positive definite on C(c3). For every ¢ < cs3
and 0 € C(c), the smallest eigenvalue of Ha(0) is bounded from below by a constant that depends only on c
and the ellipticity constant k of the walk.

Proof. See the proofs of Lemmas 6 and 12 of [19]. In particular, the desired lower bound for the smallest
eigenvalue of H,, is evident from equation (2.10) of that paper. O

Given any N > 1, 6 € C(c3) and w € €, define
Wi (0, w) := ES [exp{(0, Xr,) — Ao (0)7n }].
Lemma 16. For every 6 € C(c3), if

1 ~
limsup — log Wy (0,w) < 0
N —o0 N
holds P-a.s., then Ag(0) < Ay(6).
Proof. Let 6 € C(c3). Then, 6 € C(c) for some ¢ < c3. By hypothesis, for P-a.e. w, there exist C3 > 1 and

¢4 > 0 (both depending on w) such that Wy (6, w) < Cze= N for every N > 1.
Given any n > 1 and K > 1, it follows from Chebyshev’s inequality and (3.2) that

Eg [exp{(0, Xn) — Aa(6)n}]

NE

= E;lexp{(0, X;,) — Aa(O)n},n < 7 n ]+ EZlexp{(0, X,,) — Aa(O)n}, 75 < n < Tj41]

J

it

j=

< teelnPg"(n <7 nj + E Eg[exp{(0, X7,) — Aa(0)7; }]esssup E;’,[exp{2|0|ﬁ}| B8 = ]
P
]

x\:

Jj=

NE

< elol=e)n pw [exp{crn )} + W;(0,w)esssup B [exp{cm }| 8 = o]
P

s

¢ )

j=
-1

L
< e(zlel_c)"Eg’ [exp{cTi }] (ess sup E¥ [exp{cm }| B = oo])

4 Z W Ow)esssupE‘“ [exp{cTi }| B = o0]
i=l%]

e(2|0|7c)nH( [#] + H Z 036 c4j ,.
i=l%]
Take K sufficiently large, and conclude that

A4(0) = 8a(6) =t log EYfexp{(6, X,) — Au(O)n}] <0. ©

For every N > 1, 0 € C(c3) and w € Q, define
Wi (0,w) == Eg[exp{(0, X7y) — Aa(0)7n }| B = o0].
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It follows from the renewal structure and (3.4) that
E[P5 (B = 00)Wn (0, )] = Po(8 = 00) Eo[exp{(0, X7) — Aa(0)7n } B = o]
= Po(B = 00) (Bo[exp{(#, Xr,) — Aa(O)ma}| 8 = oc))™
= P = 0).

Given any « € (0,1), by the same reasoning as in (2.1),

1 - 1 N
(3.5) lim sup N log Wx (0, -) < limsup No logE [WN(H, )“} , P—a.s.

N —o0 N—o0 (e
On the other hand, if 2|0| < ¢ < ¢3, then we see by subadditivity, Chebyshev’s inequality, and (3.2) that

r [0

E[Wyia(0,)°] =B | | 3 Bslexo{(0, Xn,) = Aal@)mi}, Xy, = a]Wn (6, T2)

zE€Z?

S (B2 exp{{0. Xr,) — Aa(O)m1 }, Xr, = 7)) Wi (0, T,)°

|zeZd

IN
=

<E | Y (ESlexp{2(0]m}, 7 > [a]])* Wi (0, Tr)®

|zeZd

<E |3 (0B explen)]) Wi (0, T

|zeZd
(3.6) < H(c)*E[Wn(0,)%] > eClflmaele]
z€Z?
Lemma 17. For every 6 € C(cs), if
1
(3.7) limsup — logE [Wx(6,)%] <0
N —o0 N

for some ac € (0,1), then Ay(60) < Ag(0). Hence, by convex duality, I, < I, at & = VAq(6).
Proof. This follows immediately from (3.5), (3.6) and Lemma 16. O

3.2. The correlation condition. In this subsection, we will consider space-only RWRE on Z¢ with d = 2
or 3, assume that the walk is non-nestling relative to e4, and outline how one can modify the arguments
given in Section 2 in order to reduce (3.7) to a simpler inequality.

Start with d = 2. For every n > 1 of the form k2, and for every y = (v, y") € Z2, let

Jyo= [ = VAL + V) X [~ DV (" + 5)v) C R,
cf. (2.3). Take N = nm for some m > 1. For every § € C(c3), w € Qand Y = (y1,...,ym) € (Z*)™, define
W (0,w,Y) = E<[exp{(0, Xry) — Aa(0)7n }, X7, — [inC(0)] € Jy, for every j < m| 3 = 0],
cf. (2.4), where ((0) := E,[ X, exp{(0, X1) — Ao (0)71}| B = oc]. By subadditivity,

EWn(0,-)*] < Y E[Wn(0,-,Y)"],
Y

cf. (2.5). Finally, given any C1 > 1, Y = (y1,...,Ym) € (Z*)™ and j € {1,...,m}, let
By = {(5,4) € 22 (7 — DnlC(0), e2) + VAlyly +1/2) i < nlC(0), e2) + Vily! — 1/2),
— S _ (€(6),e1) i — n
||(S \/_yjfl) <C(9)7€2>( \/_yjfl)H S Cl\/_}a

cf. (2.6). With these new definitions, the arguments in Subsections 2.3 — 2.5 carry over almost completely,
once one replaces the i.i.d. random variables

By [exp{(0, X1) — log $(6)}]
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by the variables

Tx, w
Eo" " [exp{(0, X+,) — Aa(0)71}]8 = oo .
(We leave the details to the reader.) However, there is one nontrivial difference. In the space-time case,
n—1
(38) Bolexp{(0, Xn) —nlog¢(0)} 3 a(t, X,)]
i=0

growing linearly in n was crucial, cf. (2.20) and (2.21), and it followed from an application of the Harris
inequality, cf. (2.22). In the space-only case, one can check that (3.8) needs to be replaced by

(3.9) E,lexp{{0, X+,) — Aa(0)T0 } Z 0,2)|8 = ]

z€S(X,n)

growing linearly in n. Here, for any j > 1 and z € Z2,

(3.10) S(X,j) ={X;:0<i<j}, a(f,z):=(0,0(Tw))—E[0,v(Thw))], and v(w) =Y (0,2)z
zER
Note that a space-only walk can visit a point more than once, but such a point contributes only once to the
sum in (3.9).
By the renewal structure, linear growth (in n) of (3.9) is equivalent to the following correlation condition:

(3.11) Eolexp{(0, X-,) — Aa(0)m1} > a(0,2)|3 = oq] > 0.
z€S(X,71)

For d = 3, one can apply exactly the same kind of modifications to the argument given in Subsection 2.6,
and reduce (3.7) to (3.11). We omit the (routine) details.
Recall (3.3), and define
Ao :={VAL(0) : 0 €C(c3)}.
It follows easily from Lemma 15 that A, is an open set containing &,.
We have arrived at the following theorem.

Theorem 18. Consider space-only RWRE on Z with d = 2 or 3. Assume that the walk is non-nestling
relative to eq. For every & € As,, the strict inequality I,(&) < I,(§) holds if (8.11) is satisfied at the unique
0 € C(cs3) that solves &€ = VAy(6).

Proof. By Lemma 17, the desired result is implied by (3.7) which, in turn, follows from (3.11) as outlined
above. O

3.3. Proof of Theorem 8. Consider space-only RWRE on Z? with d = 2 or 3. Fix a triple p = (p*,p°,p7)
of positive real numbers such that p~ < p™ and p* + p° + p~ = 1. Assume that P is in class M.(d,p) for
some small € > 0, cf. Definition 7. Assume that ¢ < h so that the ellipticity constant x of the walk

satisfies
(o}

p

12 >min(pT.p~ . —2

).

Lemma 19. There exist C4 > 1 and c5 > 0 (depending only on p) such that |Ay(0) — (0,&,)] < C4|0)? holds
for every 6 € C(cs).

Proof. Recall (3.1). Note that c¢s depends only on the law of the regeneration times which, in turn, is
determined by the fixed triple p. Moreover, the ellipticity constant x of the walk satisfies (3.12). Fix a
¢5 < c3. The desired result follows immediately from Lemma 15. O

Consider the set
Ci(cs) :={0 € C(cs) : (A,eq) = 0}.
(Here, the subscript stands for transversal.) Take any 6 € Ci(c5). Recall the notation in (3.10). Since P is
in class M. (d, p), it is easy to see that

(313) go = (er _pi)edv <97£o> =0, and a(@, {E) = <0a U(Tww» < 26(d - 1)|9|
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for every x € Z. Similarly, the isotropy assumption ensures that

Z(0)=2(0,X,m,w)= > a(f,z)

z€S(X,m1)
satisfies
(3.14) EolZ(0))6 = o] = Bo[n Z(6)|3 = o] = 0.
Our aim is to show that
(3.15) E,lexp{{0, X+,) — Ao (O)T1 } Z(0)|5 = 0] >0

for certain choices of 6, to be determined later. Expanding the exponential on the LHS of (3.15), we see that
Eolexp{(0, Xr,) — Aa(0)1} Z(0)|8 = 00] > Eo[(1 + (0, Xr,) — Aa(0)71)Z(6)|6 = oc] — C56/°
(3.16) = E,[(0,X,,)Z(0)|3 = o] — Cs|0]>.

Here, C5 is some constant which depends only on p and ¢5. The equality in (3.16) uses (3.14).
In order to estimate (3.16), we first provide a more convenient representation of RWRE. Let (b;);>0 be
an i.i.d. sequence of random variables taking values in {eq, 0, —eq}, with

P(by=eq) =p", P(by=0)=p°, and P(by=—eq)=p .

Let (fi)i>o0 be another i.i.d. sequence of random variables (independent of (b;);>0) taking values in the set
{£e; : 1 < j < d}U{0}, with

P(f1=0)2726(io_ D) and  P(f1 ==+e;) = !

€
S it1<j<d
d—1) po TS

For any w € Q, the walk (X;);>o under P¥ can be constructed by setting

Xipr = Xii=bi + (1= [bi]) fi + (1 = o) (1 = [fi])U:

where (U;);>0 is a sequence of independent random variables taking values in {+e; : 1 < j < d}, with
W(Xi,Xi + ej) — (# — 6)

2e(d —1)
Here, F; = 0(X4,...,X;). Note that the laws of the sequences (b;);>0 and (fi);>0 do not depend on the

environment, and that 7 is a function of (b;);>0 only.
Let

Pw(Ui = :|:€j|.7:1') =

i—1
Ni:= ) oy -
§=0
Introduce the events Ly := {N,, =0}, Ly := {N,, =1}, and Ly := {N, > 2}. Let G := o((bs, fi)i>0). Note
that the events Lo, L; and Lo are G-measurable, and so is the event {3 = co}. On the event Lg, we see that
X;, is G-measurable. Also, note that F,[Z(6)|G] = 0 by isotropy. Therefore,

(3.17) E,[(0,X:,)Z(6), Lo, 3 = 0] = E,[{0, X+,)E,[Z(0)|G], Lo, 8 = 00] = 0.
On the other hand, it is easy to check that P,(Ly) < cge? for some cg = cg(p). By Holder’s inequality,
(3.18) |Eo[(0, X7,) Z(6), Lo, 8 = o0]| < Po(L2)**Eo[|(0, X ) Z(0), 8 = 00]/? < er€™/%|6)?

for some ¢7 = ¢7(p) > 0. (Recall that a(6,-) < 2¢(d — 1)]4), cf. (3.13).)
Finally, let L{ = {L1, (1 — |be|)(1 — | fe]) = 1,£ < 71}. Then,
(3.19) E,[(0,X:)Z(0),L1,0 = o0] = E,[(0, X)) Z(0), L%, B = ).
=0

For every £ > 0,

(3.20) E,[(0,X7,)Z(0), LY, B = oc] = E,[(0, X,)Z(0), LY, B = o]
+ EO[<97 XZJrl - XK>Z(9)7 L{v ﬂ = OO]
+ EO[<97 XTI - XZ+1>Z(0)a L{, ﬁ = OO]
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By computations similar to the one involving Lo, the first and the third terms on the RHS of (3.20) are zero.
The second term is equal to

E0[<97X4+1 - X€><0a U(TXEW)>7 L{’ B = OO] = PO(Lgvﬂ = OO)E[EUJK@, UO>]<97U(W)>]

7(0,2) = (5055 — ©)

P p=sE || T (0,2) | 6,0(w))

2e(d —1)
z#teq
B P,(L%, B = 00)
= WE [(0,v(w))?].
Therefore, by (3.19),
[0, X1, )Z(0), L1, 8 = oc] = %E (06, 0(w))?]

It is easy to see that P,(Li, [ = 00) > cge for some cg = cg(p) > 0 if € is small enough. Also, part (d) of
Definition 7 ensures that E [(0,v(w))?] > coe?||* for some cg = cy(p) > 0. Hence,
E,[(

(3.21) [0, X,)Z(0), L1, 3 = o] > ci0€?]0)?

for some c19 = c10(p) > 0. Combining (3.17), (3.18) and (3.21) gives
(3.22) E,[(0, X7,)Z(6)|8 = 00] = Cs[0]* > c10¢®(0]* — eze™?(6]* — Cs|0°
— ((c10 = ere /)2 = 5ol 0.

If € < (c10/c7)?, then, for every 6 € Cy(cs) such that 0 < |0] < (c10 — cre'/3)e?/Cs,
E,lexp{(0, X)) — Aa(0)T1 } Z(0)|5 = o0] >0

by (3.16) and (3.22).
Finally, Theorem 18 implies that I, < I, on the set

{VAL(0): 0 €Cilcs), 0< 0] < (c10 — cre/?)e?/Cs}

whose closure contains the LLN velocity £, = VA,(0). We have proved Theorem 8.

4. OPEN PROBLEMS

Our technique of proof puts several restrictions on the class of models treated. The following are natural
questions we have not addressed.

(1) Does Theorem 8 extend to all space-only RWRE in dimension d = 2, 3, or at least to those satisfying
Sznitman’s condition (T)? Note that, for non-nestling walks, it suffices to show that the correlation
condition (3.11) is satisfied on a sequence (6,,),>1 that converges to zero, cf. Theorem 18.

(2) In case Y m(o,2)(z,€e) is random for any e € R, is it true that I,(§) = I,(§) only when £ = 0 or
I,(§) =0, as is the case in dimension d = 17

Note that in our proof of Theorem 8, we used the isotropy assumption in order to get rid of a centering term
under the (untilted) measure; this does not seem essential and probably, the lack of isotropy could be handled
in the perturbative regime. However, getting rid of the perturbative restriction, or of the non-randomness
in the e4 direction, requires additional arguments.
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