TIGHTNESS OF FLUCTUATIONS OF FIRST PASSAGE PERCOLATION ON SOME LARGE GRAPHS

ITAI BENJAMINI AND OFER ZEITOUNI

Abstract. The theorem of Dekking and Host [6] regarding tightness around the mean of first passage percolation on the binary tree, from the root to a boundary of a ball, is generalized to a class of graphs which includes all lattices in hyperbolic spaces and the lamplighter graph over N. This class of graphs is closed under product with any bounded degree graph. Few open problems and conjectures are gathered at the end.

1. Introduction

In First Passage Percolation (FPP) random i.i.d lengths are assigned to the edges of a fixed graph. Among other questions one studies the distribution of the distance from a fixed vertex to another vertex or to a set, such as the boundary of a ball in the graph, see e.g. [9] for background. Formally, given a rooted, undirected graph G = (V, E) with root o, let D_n denote the collection of vertices at (graph) distance n from the root. For v ∈ D_n, let P_v denote the collection of paths (v_0 = o, v_1, v_2, v_3, . . . , v_k = v) (with (v_{i−1}, v_i) ∈ E) from o to v. Given a collection of positive i.i.d. {X_e}_{e∈E} , define, for v ∈ E, Z_v = min_{p∈Pv} ∑ e∈p X_e . (1.1)

Because of the positivity assumption on the weights, we may and will assume that any path in P_v visits each vertex of G at most once.

For n integer, let Z^∗_n = min_{v∈Dn} Z_v. Under a mild moment condition on the law of the random lengths X_e, Dekking and Host [6] proved that for any regular tree, Z^∗_n − EZ^∗_n, the random distance from the root to D_n minus its mean, is tight. (Recall that a sequence of real valued random variables {X_n}_{n≥0} is tight iff for any ϵ > 0, there is some r_ϵ ∈ R, so that for all n, P (|X_n| > r_ϵ) < ϵ.)

We formulate here a simple and general property of the underling graph G and prove that for graphs satisfying this property and a mild condition on the law of X_e, the collection {Z^∗_n − EZ^∗_n}_{n≥0} is tight. Lattices in real hyperbolic spaces H^d, the graph

Date: October 2, 2010. 1

of the lamplighter over N, as well as graphs of the form G × H where G satisfies the conditions we list below and H is any bounded degree graph, are shown to possess this property. (In passing, we mention that the Euclidean case is wide open; it is known that in two dimensions the fluctuations of the distance are not tight, see [12, 13], however only very poor upper bounds are known [2]. For a special solved variant see [8].)

In the next section we formulate the geometric condition on the graph and the assumption on the distribution of the edge weights {X_e}_{e∈V} ; we then state the tightness result, Theorem 2.1, which is proved in Section 3. We conclude with a few open problems.

2. A recursive structure in graphs and tightness

Throughout, let dist_G denote the graph distance in G. The following are the properties of G and the law of X_e alluded to above.

(1) G contains two vertex-disjoint subgraphs G_1, G_2, which are isomorphic to G. (2) There exists K < ∞ so that EX_e < K, and

dist_G(Root_G, Root_{G1} ) = dist_G(Root_G, Root_{G2} ).

One can replace Property (2) by the following.

(3) X_e < K a.s., and every vertex at distance n from the root is connected to at least one vertex of distance n + 1.

Properties (1) and (2) imply that the binary tree embeds quasi-isometrically into G, thus G has exponential growth. Property (3) is called having ”no dead ends” in geometric group theory terminology.

Theorem 2.1. Assume Property (1) and either Property (2) or Property (3). Then the sequence {(Z_n − EZ_n)}_{n≥1} is tight.

Note that a hyperbolic lattice in H^d, d ≥ 2, intersected with a half space, admits the graph part of Properties (1) and (2) above (and probably (3) as well but we don’t see a general proof). This is due to topological transitivity of the action on the space of geodesics, i.e. pairs of point of the boundary. There exist elements g in the authomorphism group of the hyperbolic space that map the half space into arbitrarily small open sets of the boundary and elements of this group map the lattice orbit to itself. Note also that by the Morse lemma of hyperbolic geometry (see, e.g., [4] p. 175),

TIGHTNESS OF FLUCTUATIONS OF FIRST PASSAGE PERCOLATION ON SOME LARGE GRAPHS3

if one assumes in addition that X_e ≥ δ > 0 a.s. then a path with minimal FPP length will be within a bounded distance from a hyperbolic geodesic and will not wind around, thus tightness for half space for weights that are bounded below by a uniform positive constant implies tightness for the whole space. (Recall also that the regular tree is a lattice in H^2; see [10] for some nice pictures of other planar hyperbolic lattices.)

An example satisfying Properties (1) and (2) is given by the semi group of the lamplighter over N. Recall the graph of the lamplighter over N: a vertex corresponds to a scenery of 0’s and 1’s over N, with finitely many 1’s with a position of a lamplighter in N; edges either change the bit at the position of the lamplighter or move the lamplighter one step to the left or the right, see, e.g., [10]. If we fix the left most bit and restrict the lamplighter to integers strictly bigger than 1, we get the required G_0 and G_1.

It easy to see that if G satisfies the properties in the theorem then G × H will too. In particular the theorem applies to T × T^′ for two regular trees. Note also that if G satisfies the property (1) in the theorem, then the lamplighter over G will admit it as well.

3. Proof of Theorem 2.1

The proof is based on a modification of an argument in [6]; a related modification was used in [1]. Note first that, by construction,

(a) EZ_{n+1} ≥ EZ_n,

because to get to distance n + 1 a path has to pass through distance n and the weights {X_e} are positive.

Under Property (3), one has in addition (a’) Z_n and Z_{n+i} can be constructed on the same space so that

Z_{n+i} ≥ Z_n while Z_{n+i} ≤ Z_n + Ki.

(The first inequality does not need Property (3), but the second does — one just goes forward from the minimum at distance n, i steps.)

On the other hand, from Property (1),

EZ_{n+1} ≤ E(min(Z_{n−R1+1}, Z^′_{n−R2+1}) + KC,

where R_i = dist_G(Root_G, Root_{Gi} ), C = max(R_1, R_2), and Z^′_m denotes a identically distributed independent copy of Z_m .

Since min(a, b) =^{a+b}_2 −^{|a−b|}_2 ,

EZ_{n+1} ≤ (1/2)[EZ_{n−R1 +1} + EZ^′_{n−R2+1} − E|Z_{n−R1+1} − Z^′_{n−R2+1}|] + KC.

Therefore, with n_i = n + 1 − R_i,

E|Z_{n1} − Z^′_{n2} | ≤ [−2EZ_{n+1} + EZ_{n1} + EZ_{n2} ] + 2KC.

If R_1 = R_2 (i.e. Property (2) holds), then, using (a),

E|Z_{n1} − Z^′_{n1} | ≤ 2KC ,

and the tightness follows by standard arguments (see, e.g., [6]). Otherwise, assume Property (3) with n_2 > n_1. By (a’), we can construct a version of Z^′_{n1} , independent of Z_{n1} , so that |Z^′_{n2} − Z^′_{n1} | ≤ K(n_2 − n_1). Therefore,

E|Z_{n1} − Z^′_{n1} | ≤ [−2EZ_{n+1} + EZ_{n1} + EZ_{n2} ] + 2KC + K(R_1 − R_2).

Applying again (a) we get, for some constant C^′,

E|Z_{n1} − Z^′_{n1} | ≤ 2KC + K(R_1 − R_2) ≤ C^′K,

and as before it is standard that this implies tightness. □

4. Questions

Question 1: Extend the theorem to the lamplighter group over Γ, for any finitely generated group Γ; start with Z.

Question 2: Show that tightness of fluctuations is a quasi-isometric invariant. In particular, show this in the class of Cayley graphs.

Question 3: The lamplighter over Z is a rather small group among the finitely generated groups with exponential growth. It is solvable, amenable and Liouville. This indicates that all Cayley graphs of exponential growth are tight. We ask then which Cayley graphs admit tightness; is there an infinite Cayley graph, which is not quasiisometric to Z or Z^2, for which tightness does not hold? Start with a sub exponential example with tightness or even only variance smaller than on Z^2. Question 4: (Gabor Pete) Note that requiring (1) only quasi-isometrically (plus the root condition of (2)) does not imply exponential growth, because when one iterates, one may collect a factor (from quasiness) each time, killing the exponential growth. E.g., branch groups like Grigorchuk’s group [7], where G × G is a subgroup of G, may have intermediate growth, see e.g. [11]. This condition is somewhat in the spirit of property (1). Bound the variance for FPP on the Grigorchuk’s group.

TIGHTNESS OF FLUCTUATIONS OF FIRST PASSAGE PERCOLATION ON SOME LARGE GRAPHS5

Maybe ideas related to the one above will be useful in proving at least a sublinear variance?

The last two questions are regarding point to point FPP.

Question 5: We conjecture that in any hyperbolic lattice the point to point FPP fluctuations admit a central limit theorem with variance proportional to the distance. This is motivated by the fact that, due to the Morse lemma, the minimal path will be in a bounded neighborhood of the hyperbolic geodesic, and for cylinders a CLT is known to hold [5].

A related question is the following. Assume that for any pair of vertices in a Cayley graph the variance of point to point FPP is proportional to the distance, is the Cayley graph hyperbolic? Alternatively, what point to point variances can be achieved for Cayley graphs? As pointed out above, the only behavior known is linear in the distance (for Z), the conjectured (and proved in some cases) behavior for Z^2, which is the distance to the power 2/3. Can the bound or proof of theorem 2.1 be adapted to give point to point order 1 variance for T × Z^d or T × T or some other graphs? Are other behaviors possible?

Question 6: In [3], among other things, tightness was proved for point to point FPP between random vertices in the configuration model of random d-regular graph with exponential weights. Does tightness hold for more general weights, or for point to point FPP between random vertices on expanders?

All the questions above are regarding the second order issue of bounding fluctuations. The fundamental fact regarding FPP on Z^d is the shape theorem, see e.g. [9]. That is, rescale the random FPP metric then the limiting metric space a.s. exists and is R^d with some deterministic norm. The subadditive ergodic theorem is a key in the proof. We conjecture that FPP on Cayley graph of groups of polynomial growth also admits a shape theorem. What can replace the subadditive ergodic theorem in the proof? Start with Question 7: Prove a shape theorem for FPP on the Cayley graph of the discrete Heisenberg group.

Acknowledgements: Thanks to Pierre Pansu and Gabor Pete for very useful discussions, and to R. van der Hofstad for bringing [3] to our attention.

References

[1] E. Bolthausen, J.-D. Deuschel and O. Zeitouni, Recursions and tightness for the maximum of the discrete, two dimensional Gaussian Free Field. http://arxiv.org/pdf/1005.5417v1 [2] I. Benjamini, G. Kalai and O. Schramm, First passage percolation has sublinear distance variance, Ann. of Prob. 31 1970–1978 (2003).

[3] S. Bhamidi, R. van der Hofstad, G. Hooghiemstra, First passage percolation on the Erdos-Rényi random graph, arXiv:1002.4362 (2010).

[4] D. Burago, Y. Burago and S. Ivanov, A course in metric geometry, Graduate Studies in Mathematics 33 xiv+415 pp. (2001).

[5] S. Chatterjee and P. Dey, Central limit theorem for first-passage percolation time across thin cylinders, Preprint (2010). http://arxiv.org/abs/0911.5702 [6] M. Dekking and B. Host, Limit distributions for minimal displacement of branching random walks, Probab. Theory Related Fields 90 403–426 (1991).

[7] R. Grigorchuk and I. Pak, Groups of Intermediate Growth: an Introduction for Beginners, http://arxiv.org/abs/math/0607384 (2006).

[8] K. Johansson, On some special directed last-passage percolation models, Contemp. Math. 458 333–346 (2008).

[9] H. Kesten, Aspects of first passage percolation, Lecture Notes in Math., 1180, Springer, Berlin, 125–264 (1986).

[10] R. Lyons, R. with Y. Peres, Probability on Trees and Networks, Cambridge University Press, In preparation (2010). Current version available at

http://mypage.iu.edu/~rdlyons/

[11] V. Nekrashevych, Self-Similar Groups, A.M.S. Mathematical Surveys and Monographs 117 231 pp (2005).

[12] C. Newman and M. Piza, Divergence of shape fluctuations in two dimensions, Ann. Probab. 23 977–1005 (1995).

[13] R. Pemantle and Y. Peres, Planar first-passage percolation times are not tight, Probability and phase transition (Cambridge, 1993), 261–264 (1994).

The Weizmann Institute of Science, Rehovot 76100, Israel.