Thin Points for Brownian Motion

Amir Dembo^∗ Yuval Peres^† Jay Rosen^‡ Ofer Zeitouni^§

Abstract Let T (x, r) denote the occupation measure of the ball of radius r centered at x for Brownian motion {W_t}_{0≤t≤1} in IR^d, d ≥ 2. We prove that for any analytic set E in [0, 1], we have inf_{t∈E} lim inf_{r→0} T (W_t, r)/(r^2/| log r|) = 1/ dim_P (E), where dim_P (E) is the packing dimension of E. We deduce that for any a ≥ 1, the Hausdorff dimension of the set of “thin points” x for which lim inf_{r→0} T (x, r)/(r^2 /| log r|) = a, is almost surely 2 − 2/a; this is the correct scaling to obtain a nondegenerate “multifractal spectrum” for the “thin” part of Brownian occupation measure. The methods of this paper differ considerably from those of our work on Brownian thick points, due to the high degree of correlation in the present case. To prove our results, we establish general criteria for determining which deterministic sets are hit by random fractals of ‘limsup type’ in the presence of long-range correlations. The hitting criteria then yield lower bounds on Hausdorff dimension. This refines previous work of Khoshnevisan, Xiao and the second author, that required decay of correlations.

1 Introduction

Let B(x, r) denote the ball in IR^d of radius r centered at x. In this paper we study thin points for Brownian motion, i.e., points x on the Brownian path such that for some sequence of radii

∗Research partially supported by NSF grant #DMS-9704552-002. †Research partially supported by NSF grant #DMS-9803597. ‡Research supported, in part, by grants from the NSF and from PSC-CUNY. §The research of all authors was supported, in part, by a US-Israel BSF grant.

r_i → 0, the balls B(x, r_i) have unusually small occupation measure μ_T (B(x, r_i)). Here μ_T (A) = ∫_T 0 1_A(W_t) dt for any Borel sets A ⊆ IR^d, where {W_t}_{t≥0} is Brownian motion in IR^d. Lévy’s uniform modulus of continuity provides a lower bound on the size of μ^W_T (B(W_t, ϵ)): there exists an absolute constant 0 < c < ∞, such that almost surely for all times 0 ≤ t ≤ T and all positive ϵ ≤ ϵ_0(ω), μ^W_T (B(W_t, ϵ)) ≥ cϵ^2/| log ϵ| . (1.1) Our first result shows that there actually exist times t for which this lower bound provides the right scale, and says precisely how small the occupation measure can get. Theorem 1.1 Let {W_t} be a Brownian motion in IR^d, d ≥ 2. Then, for any 0 < T < ∞, inf t∈(0,T ) lim inf ϵ→0 μ_T (B(W_t, ϵ)) ϵ^2/| log ϵ| = 1 a.s. (1.2) Furthermore, for any analytic set E ⊆ (0, T ) inf_{t∈E} lim inf_{ϵ→0} μ_T (B(W_t, ϵ)) ϵ^2/| log ϵ| = 1 dim_P (E) a.s. (1.3) Here dim_P (E) denotes the packing dimension of the set E.

We refer to [10] for background on packing dimension. For any fixed T ∈ (0, ∞) and a > 0, let Thin_a := {0 < t < T | | lim inf ϵ→0 μ_T (B(W_t, ϵ)) ϵ^2/| log ϵ| = a} , (1.4) Theorem 1.1 follows from our main result which also gives the dimension of Thin_a: Theorem 1.2 Let {W_t} be a Brownian motion in IR^d, d ≥ 2. Fix T ∈ (0, ∞). Then, for all a ≥ 1, dim (Thin_a) = 1 − 1/a , a.s. (1.5) whereas the packing dimension of Thin_a is a.s. 1 for all a ≥ 1. Moreover, for any analytic set E ⊆ (0, T ) and any a > 1/ dim_P (E), it holds that Thin_a∩E ≠ ∅ a.s., whereas a.s. Thin_a∩E = ∅ for all a < 1/ dim_P (E).

A time t > 0 is called a thin time if it is in the set Thin_a of (1.4) for some a > 0 and T > 0. Similarly, a point x ∈ IR^d on the Brownian path is called a thin point if x = W_t for some thin time t > 0.

Remarks.

• In particular, Theorem 1.2 shows that the sets Thin_a are empty for all a < 1, but nonempty (and of zero Hausdorff dimension) at the critical value a = 1, thereby implying (1.2).

• In case d ≥ 3, Theorem 1.2 applies also for T = ∞.

• Fix T > 0 and a > 1. For any x /∈ {W_t | | 0 ≤ t ≤ T } and ϵ small enough, μT (B(x, ϵ)) = 0.

Hence, (1.5) implies by the uniform dimension doubling property of Brownian motion, due to Kaufman [7] (see also, [13, Eqn. (0.1)]) that dim{x ∈ IR^d | | lim inf_{ϵ→0} μ_T (B(x, ϵ)) ϵ^2/| log ϵ| = a} = 2 − 2/a a.s. Since dim_P (Thin_a) = 1, we similarly deduce from the uniform doubling of packing dimension by Brownian motion in IR^d, d ≥ 2, established by Perkins-Taylor [13, Cor. 5.8], that dim_P {x ∈ IR^d | | lim inf ϵ→0 μ_T (B(x, ϵ)) ϵ^2/| log ϵ| = a} = 2 a.s.

• We shall also consider the set

Thin_{≤a} := ⋃ a^′≤a Thin_a′ = {0 < t < T | | lim inf ϵ→0 μ_T (B(W_t, ϵ)) ϵ^2/| log ϵ| ≤ a} . (1.6)

As in Theorem 1.2, dim (Thin_{≤a}) = 1 − 1/a and dim_P (Thin_{≤a}) = 1 , a.s.

The upper bound in (1.5) is by now a relatively standard chore given the asymptotics of the lower tail of the two-sided exit time of a ball recently obtained in [4]. The real novelty in our paper lies in our method of obtaining the lower bound in (1.5). Typically, in obtaining lower bounds on the Hausdorff dimension of a set A, one constructs a very regular subset of A and shows that this subset has Hausdorff dimension equal to the upper bound obtained for A. In constructing this regular subset, the ‘discrete limsup random fractal’ described in Section 3, one builds the subset up from small pieces, which in the simplest cases are independent. In our work [2], [3] where we studied thick points for Brownian motion, i.e., points on the Brownian path that have neighborhoods with unusually large occupation measure at infinitely many scales, we developed a general approach to handle dependence among the pieces of a discrete limsup random fractal. In the present case of thin points, the dependence is much greater and has necessitated a new approach: rather than construct a regular subset of Thin_a, we construct a discrete limsup random fractal which is ‘close’ to a subset of Thin_a but whose ‘pieces’ have some independence, the ‘quasi-locality’ of Section 3. Section 3 provides a general exposition of this approach which we expect will be of use in many other situations with long range dependence. The actual application to thin points in Section 4 illustrates the delicate balancing needed to construct a discrete limsup random fractal that enjoys sufficient independence to give almost sure results, yet is still sufficiently close to a subset of Thin_a.

Our upper bound on the dimension of Thin_{≤a} is obtained by establishing an upper bound on a superset of times which we call the bilateral fast times, BiFast_{≤a}, and our lower bound on the dimension of Thin_{≤a} is obtained by establishing a lower bound on a subset of times which we call the times of quick escape, Qscape_{≤a}. Turning first to the upper bound, note that for μ_T (B(W_t, ϵ)) ≤ aϵ^2/| log ϵ| it is clearly necessary for the two-sided path segment {W_{t+s}, −t ≤ s ≤ T −t} to have a small two-sided first exit time from the ball of radius ϵ. To be more precise, let τ_r(t) := inf{s ≥ 0 | | |W_{t+s} − W_t| ≥ r} denote the amount of time needed for the path to reach a distance r from its position at time t. Similarly, with {W̄_t}^∞_{−∞} denoting two-sided Brownian motion in IR^d, let

τ̄_r(t) := inf{s ≥ 0 | | |W̄_{t−s} − W̄_t| ≥ r} denote the amount of time, running backwards, needed for the two-sided path to reach a distance r from its position at time t, and define T_r(t) := τ_r(t) + τ̄_r(t) to be the corresponding bilateral first exit time. Define the random set

BiFast_a := {0 < t < T | | lim inf ϵ→0 T_ϵ(t) ϵ^2/| log ϵ| = a} , (1.7)

A time t > 0 is called a bilateral fast time if it is in the set BiFast_a of (1.7) for some a > 0 and T > 0, and a point x ∈ IR^d on the Brownian path is called a bilateral fast point if x = W_t for some bilateral fast time t > 0. Finally, define

BiFast_{≤a} := ⋃ a^′≤a BiFast_a′ = {0 < t < T | | lim inf ϵ→0 T_ϵ(t) ϵ^2/| log ϵ| ≤ a} , (1.8) and note that Thin_{≤a} ⊆ BiFast_{≤a}.

Turning next to the lower bound, we observe that μ_T (B(W_t, ϵ)) ≤ aϵ^2/| log ϵ| will surely hold if two-sided path segment {W_{t+s}, −t ≤ s ≤ T − t} has a quick two-sided escape from the ball of radius ϵ (never returning again). To be more precise, for any ξ > 0 and t ∈ IR, let

σ^ξ_r (t) := sup{s ∈ [0, ξ] | | | |Wt+s − Wt| ≤ r} denote the amount of time till the last visit of B(W_t, r) by the path killed at time t + ξ, with σ̄^ξ_r (t) := sup{s ∈ [0, ξ] | | |W̄t−s − W̄t| ≤ r} the corresponding time-reversed object, and S^{η,ξ}_r (t) = σ̄^η_r (t) + σ^ξ_r (t), denoting the length of the minimal time interval containing all visits to B(W_t, r) within [t − η, t + ξ]. Define

Qscape_a := {0 < t < T | | lim inf ϵ→0 S^{T,T}_ϵ (t) ϵ^2/| log ϵ| = a} . (1.9)

A time t > 0 is called a time of quick escape if it is in the set Qscape_a of (1.9) for some a > 0 and T > 0, and a point x ∈ IR^d on the Brownian path is a point of quick escape if x = W_t for some time of quick escape t > 0. Finally, define

Qscape_{≤a} := ⋃ a^′≤a Qscape_a′ = {0 < t < T | | lim inf ϵ→0 S^{T,T}_ϵ (t) ϵ^2/| log ϵ| ≤ a} ⊆ Thin_{≤a} . (1.10)

We thus have the set inclusions

Qscape_{≤a} ⊆ Thin_{≤a} ⊆ BiFast_{≤a} , (1.11)

Theorem 1.2 will be obtained by showing:

Theorem 1.3 The conclusions of Theorem 1.2 and the remarks which immediately follow it remain true if the sets Thin_a, Thin_{≤a} are replaced by the sets Qscape_a, Qscape_{≤a} or BiFast_a, BiFast_{≤a}.

Remarks.

• The set BiFast_{≤a} of (1.8) can also be written as

BiFast_{≤a} = {0 < t < T | | lim sup h+h′→0 h,h^′>0 |W_t − W_{t+h}| ∧ |W_t − W_{t−h}′ | √ 2(h + h^′)| log(h + h^′)| ≥ 1 2 √ a }.

Thus, Theorem 1.3 is to be contrasted with Orey and Taylor results about the dimension of the set of fast times (see [12]), dim{0 < t < T | | lim sup h→0 |W_t − W_{t+h}| √ 2h| log h| ≥ 1 2 √ a } = 1 − 1/(4a) a.s.

and that of the set of two-sided fast times (see also [8] for some finer calculations), dim{0 < t < T | | | lim sup h+h′→0 h,h^′>0 |W_{t+h} − W_{t−h}′ | √ 2(h + h^′)| log(h + h^′)| ≥ 1 2 √ a } = 1 − 1/(4a) a.s.

• A slight modification of the proof of Theorem 1.3 shows that actually, for all a ≥ 1, BiFast_a \ Qscape_a ≠ ∅.

Our next result is about the coarse multifractal spectrum. It is the analog of [2, Corollary 1.5]. Unfortunately, we have not been able to extend it to the case d = 2: Recurrence of planar Brownian motion yields extreme long-range dependence, and one of the steps in our proof, see (5.5), fails. The techniques we use for proving Theorems 1.2 and 1.3 allow us to establish (1.12) only when either the Lebesgue measure on [0, 3T ] is considered there, or when the limit in ϵ is replaced by the lim inf.

Theorem 1.4 Let {W_t} be a Brownian motion in IR^d, d ≥ 3, and denote Lebesgue measure on IR^1 by Leb. Then, for any T ∈ (0, ∞) and a > 1,

lim_{ϵ→0} log Leb { 0 ≤ t ≤ T | | μ_T (B(W_t, ϵ)) ≤ aϵ_2/| log ϵ|} log ϵ

= 2/a a.s. (1.12)

These conclusions of remain true if μ_T (B(W_t, ϵ)) is replaced by T_ϵ(t) or S^{T,T}_ϵ (t) .

Upper bounds on Hausdorff dimensions in Theorems 1.2 and 1.3 are proved in Section 2. Section 3 adapts the approach of [9, Section 3] to the computation of the Hausdorff and packing dimension of discrete limsup random fractals. Based on the general results of this section we complete the proof of Theorems 1.2 and 1.3 in Section 4. Finally, Theorem 1.4 is proved in Section 5.

Notations: throughout, we shall use τ, τ̄, T , σ^ξ, σ̄^η and S^{η,ξ} to denote the corresponding random variables τ_r, τ̄_r, T_r, σ^ξ_r , σ̄^η_r and S^{η,ξ}_r for r = 1, and omit the argument t when its exact value does not matter.

2 Upper bounds in Theorems 1.2 and 1.3

Of course there is no need for an upper bound on the stated packing dimensions of Theorems 1.2 and 1.3. Moreover, fixing a ≥ 1, d ≥ 2 and T ∈ (0, ∞], all the sets considered there are contained in the set BiFast_{≤a}. Hence, it suffices to establish the upper bound on the Hausdorff dimension of the latter set, where by the monotonicity in T and Brownian scaling, we may and shall consider only the case of T = 1.

Turning to this task, we use the notations ĥ(ϵ) := ϵ^2/| log ϵ| and T̂_ϵ(t) := T_ϵ(t)/ĥ(ϵ). Fixing δ > 0 and ϵ_n = (1 − δ)^n, we note that for any ϵ ∈ [ϵ_n, ϵ_{n−1}] and t ∈ IR n − 1 n (1 − δ)^2T̂_{ϵn} (t) ≤ T̂_ϵ(t) ≤ n n − 1 (1 − δ)^{−2}T̂_{ϵn−1} (t) . (2.1)

Therefore, BiFast_{≤a} ⊆ D_a := {t ∈ (0, 1) | | lim inf n→∞ T̂_{ϵn} (t) ≤ (1 − δ)^{−2}a} (2.2)

Let ρ_n = δ^2ĥ(ϵ_n)/20, N_n = ⌈ρ^{−1}_n ⌉, and t_{j,n} = jρ_n, V_{n,j} = [t_{j,n} − ρ_n/2, t_{j,n} + ρ_n/2] for j = 0, 1, . . . , N_n. By Lévy’s uniform modulus of continuity, we have that a.s. for some finite n_0 = n_0(ω, δ) ≥ δ^{−1} and all n ≥ n_0, N_n max_{j=0} sup_{s,t∈Vn,j} |W_t − W_s| < δϵ_n . (2.3)

Thus, whenever t ∈ V_{n,j}, both {W_s | | s ∈ [t, tj,n]} and B(Wt_{j,n} , ϵn+1) are contained in B(Wt, ϵn), implying that T̂_{ϵn} (t) ≥ (1 − δ)^3T̂_{ϵn+1} (t_{j,n}) . (2.4) Consequently, with A_n denoting the set of j , 0 ≤ j ≤ N_n, such that T̂_{ϵn+1} (t_{j,n}) ≤ (1 − δ)^{−6}a , (2.5) clearly, ∪_{n≥m} ∪_{j∈An} V_{n,j} forms a cover of D_a of (2.2) by sets of maximal diameter ρ_m.

Combining [4, Theorem 4] with the Ciesielski-Taylor identity in law between μ_∞ (B(0, 1)), and the hitting time of the unit ball by a Brownian motion in IR^{d−2} (see [1, Theorem 2]), it follows that for any d ≥ 1, lim_{x↓0} x^{d/2−1}e^{1/(2x)}P(τ(0) ≤ x) = 2^{2−d/2}/Γ(d/2) . (2.6) Similarly, the corresponding two-sided result of [4, Theorem 1] leads to lim_{x↓0} x^{d−1.5}e^{2/x}P(T (0) ≤ x) = √ 8πΓ(d/2)^{−2} . (2.7) By Brownian scaling and (2.7), for any δ > 0 and n ≥ n_1(δ, a) P(T̂_{ϵn+1} (0) ≤ (1 − δ)^{−6}a) = P(T (0) ≤

(1 − δ)^{−6}a | log ϵ_{n+1}| ) ≤ ϵ^{2(1−δ)7 /a} n+1 . (2.8) Thus, for some c_1 = c_1(δ, a) and all n, IE|A_n| ≤ N_nϵ^{2(1−δ)7 /a} n+1 ≤ c_1ϵ^{2(1−δ)8 /a−2} n . (2.9) Since V_{n,j} have diameter ρ_n, it follows from (2.9) that for γ = 1 − (1 − δ)^9/a > 0 and some c_2 = c_2(δ, a) < ∞, IE ∞∑ n=m ∑ j∈A_n |V_{n,j}|^γ ≤ c_2 ∞∑ n=m ϵ^{2δ(1−δ)8 /a} n < ∞ . Thus, ∑_∞ n=m ∑ j∈A_n |Vn,j| γ is finite a.s. implying that dim(BiFast_{≤a}) ≤ dim(D_a) ≤ γ a.s.

Taking δ ↓ 0 completes the proof of the upper bound dim(BiFast_{≤a}) ≤ 1 − 1/a a.s. (2.10) □ We conclude this section with the following lemma, needed in Section 4.

Lemma 2.1 For any a > 0 and any analytic set E with dim_P (E) < 1/a, we have that

P(BiFast_{≤a} ∩ E ≠ ∅) = 0 .

Proof. We use the same notations as in the last proof. By regularization (see [10]) it suffices to prove the lemma for sets E such that dim_M (E) < 1/a. Then, by the definition of upper Minkowski dimension, for any δ small enough and all n > n_0 = n_0(δ), #{j = 0, . . . , N_n : V_{n,j} ∩ E ≠ ∅} ≤ ρ^{−(1−δ)10 /a}_n . (2.11) Define A^E_n = {j ∈ A_n : V_{n,j} ∩ E ≠ ∅} . Then, ∪_{n≥m} ∪_{j∈A}E_n V_{n,j} form a cover of D_a ∩ E. But, using (2.8) and (2.11), we have that for all δ small enough, uniformly in n > n_1 = n_1(δ), IE|A^E_n | ≤ ρ^{−(1−δ)10 /a} n ϵ^{2(1−δ)7 /a} n+1 ≤ ϵ^{δ/a}_n . Hence, using only m > n_0 ∨ n_1,

P(BiFast_{≤a} ∩ E ≠ ∅) ≤ ∞∑ n=m ϵ^{δ/a}_n →_{m→∞} 0 , completing the proof of the lemma. □

3 Discrete Limsup Random Fractals

Throughout, let us fix an integer N ≥ 1. For every integer n ≥ 1, let D_n denote the collection of all hyper-cubes of the form ∏_N i=1 [k_i2^{−n}, (k_i + 1)2^{−n}] ⊆ IR^N , where k = (k_1, . . . , k_N ) ∈ IN^N is any N–dimensional positive integer. In words, D_n denotes the totality of all N–dimensional dyadic hyper-cubes. For each integer n ≥ 1, {Z_n(I); I ∈ D_n} denotes a collection of random variables, each taking values in {0, 1}. By a discrete limsup random fractal, we mean a random set of the form A := lim sup_n A(n), where,

A(n) := ⋃ I∈D_n:Z_n(I)=1 I^o, where I^o denotes the interior of I. Adapting the approach of [9, Section 3], we shall determine hitting probabilities for a discrete limsup random fractal A, under the following conditions on the random variables {Z_n(I); I ∈ D_n}. These conditions are particularly well suited for dealing with thin points of Brownian motion.

Condition I: the index assumption. For n ≥ 1, suppose that p_n := IE[Z_n(I)] is independent of I ∈ D_n and that lim_{n→∞} 1 n log_2 p_n = −γ,

for some γ > 0, where log_2 denotes the base 2 logarithm.

We shall refer to γ as the index of the limsup random fractal A.

Definition. We say that the family Y = {Y_n(I) ; I ∈ D_n , n = 1, 2, . . .} of random variables is quasi-localized if for any sequence C_i ⊂ ⋃ n D_n, i = 1, 2, . . . with inf_{i≠j} dist(C_i , C_j ) > 0, we have that the tail σ-algebras F_i = ⋂ m ⋃ n≥m σ(Y_n(I) : I ∈ C_i), i = 1, 2, . . . are independent.

Remark: All results of this section apply when the assumption that the σ-algebras F_i are independent in the preceding definition is relaxed to the following (somewhat technical) condition:

lim_{r↓0} inf { P( M_r⋃

i=1 A_i) : P(A_i) ≥ α, A_i ∈ F_i, inf_{i≠j} dist(C_i , C_j ) = r} = 1,

for any α > 0 and M_r such that lim_{r→0} log M_r/| log r| > γ.

Condition II: quasi-local approximation. Suppose there exist a quasi-localized family of random variables, Y_n(I) ∈ {0, 1}, n = 1, 2, . . . ; I ∈ D_n such that

q_n := sup_{I∈Dn} {P(Y_n(I) ≠ Z_n(I))/IE(Y_n(I)) } → 0 . (3.1)

Condition III: a bound on second moments. Suppose that the family Y_n(I) ∈ {0, 1} of Condition II is such that with

f_K (n) := max_{I∈Dn} # { J ∈ D_n : E(Y_n(I)Y_n(J)) > KIE[Y_n(I)]IE[Y_n(J)] } , we have lim K→∞ lim sup n→∞ 1 n log_2 f_K (n) = 0 . (3.2)

We are ready to state and prove the main result of this section.

Theorem 3.1 Suppose A = lim sup_n A(n) is a discrete limsup random fractal which satisfies Condition I with index γ, and Conditions II and III. Then for any analytic set E ⊂ IR^N_+ , P(A ∩ E ≠ ∅) = { 1, if dim_P (E) > γ

0, if dim_P (E) < γ .

Proof. We adapt the proof of [9, Theorem 3.1] to the present setting. First, we show that dim_P (E) < γ implies that A ∩ E = ∅, a.s. By regularization (see [10]), it suffices to show that whenever dim_M (E) < γ, then A ∩ E = ∅, a.s. Fix an arbitrary but small η > 0 such that dim_M (E) < γ − η. By the definition of upper Minkowski dimension, we can find θ ∈ (0, γ − η), such that for all n ≥ 1, # { I ∈ D_n : I ∩ E ≠ ∅ } ≤ 2^{nθ}. (3.3)

On the other hand, by Condition I, for all n large enough,

p_n ≤ 2^{−n(γ−η)}. (3.4)

It follows from (3.3) and (3.4) that for each n ≥ 1 P ( E ∩ A(n) ≠ ∅ ) ≤ 2^{nθ} max_{I∈Dn} P(I ∩ A(n) ≠ ∅) = 2^{nθ}p_n ≤ 2^{−n(γ−η−θ)}. Since θ < γ − η, the Borel-Cantelli lemma implies that there exists a random variable n_0, such that a.s., for all n ≥ n_0, E ∩ A(n) = ∅. This shows that A ∩ E = ∅, a.s.

It remains to show that if dim_P (E) > γ, then A ∩ E ≠ ∅, a.s. Indeed, suppose dim_P (E) > γ + 2δ for some δ > 0. By [5], we can find a closed E_⋆ ⊂ E, such that for all open sets V , whenever E_⋆ ∩ V ≠ ∅, then dim_M (E_⋆ ∩ V ) > γ + 2δ. (3.5)

It suffices to show that with probability one, A ∩ E_⋆ ≠ ∅. Define the open sets B(n) := ∪^∞_{k=n}A(k), n ≥ 1. We claim that for all n ≥ 1, the relatively open set B(n) ∩ E_⋆ is a.s. dense in (the complete metric space) E_⋆. If so, Baire’s category theorem (cf. [11]) implies that E_⋆ ∩ ⋂_∞ n=1 B(n) is dense in E_⋆ and in particular, nonempty. Since A = ∩_nB(n), the result follows. Fix an open set V such that V ∩ E_⋆ ≠ ∅. It suffices to show that A(n) ∩ V ∩ E_⋆ ≠ ∅ for infinitely many n, a.s. Indeed, this will imply that B(n) ∩ V ∩ E_⋆ ≠ ∅ for all n a.s.; by letting V run over a countable base for the open sets, we will conclude that B(n) ∩ E_⋆ is a.s. dense in E_⋆.

Thus fix an open set V such that V ∩ E_⋆ ≠ ∅. Define T_n := ∑ I Z_n(I), where the sum is taken over I = {I ∈ D_n : I ∩ V ∩ E_⋆ ≠ ∅}. In words, T_n is the total number of hyper–cubes I ∈ D_n such that I ∩ V ∩ E_⋆ ∩ A(n) ≠ ∅. We need only show that almost surely T_n > 0 for infinitely many n.

Since dim_M (V ∩E_⋆) > 0, we can find constants M_r → ∞ and x_i ∈ V ∩E_⋆, i = 1, . . . , M = M_r such that min_{i≠j} |x_i − x_j| ≥ 4r. Fix some r > 0. Let E_i = B(x_i, r) ∩ V ∩ E_⋆, i = 1, . . . , M and N^i_n denote the total number of hyper-cubes I ∈ D_n such that I ∩ E_i ≠ ∅. Fixing i = 1, . . . , M, by (3.5), dim_M (E_i) > γ + 2δ, hence N^i_n ≥ 2^{n(γ+2δ)} for infinitely many integers n ≥ 1. In other words, #(N^i) = ∞, where N^i := { n ≥ 1 : N^i_n ≥ 2^{n(γ+2δ)} } . (3.6)

For each i, we set T^i_n := ∑ I_i Zn(I) and S i n := ∑ I_i Yn(I), where both sums are taken over

I_i = {I ∈ D_n : I ∩ E_i ≠ ∅}. It follows from (3.1) that for all i and all n,

P(S^i_n − T^i_n > ηIE(S^i_n)) ≤ 1 ηIE(S^i_n) ∑ I∈D_n: I∩E_i≠∅ P(Y_n(I) ≠ Z_n(I)) ≤ q_n/η .

Thus, choosing n_{k,i} ∈ N^i such that ∑ k q_{nk,i} < ∞ for i = 1, . . . , M and {n_k} := ∪_i{n_{k,i}}, by the Borel-Cantelli lemma, almost surely, S^i_{nk} − T^i_{nk} ≤ ηIE(S^i_{nk} ) for all i and all large k. Hence for each i = 1, . . . , M {T^i_{nk} > 0 i.o.} ⊇ {S^i_{nk} > ηIE(S^i_{nk} ) i.o. } (3.7)

Note that with A_i := {S^i_{nk} > ηIE(S^i_{nk} ) i.o. } we have

P(T_n > 0 i.o. ) ≥ P( M∑ i=1 T^i_{nk} > 0 i.o. ) ≥ P( M⋃ i=1 A_i) = 1 − M∏ i=1 (1 − P(A_i)) ,

where we used in the last equality the fact that the events A_i ∈ ⋂ m ⋃ n≥m σ(Y_n(I) : I ∈ I_i) and inf_{i≠j} dist(I_i , I_j) > r, and hence are independent by the quasi-locality of the family {Y_n(I)}. We show below that P(A_i) = P(S^i_{nk} > ηIE(S^i_{nk} ) i.o. ) ≥ α > 0 (3.8)

for some α > 0 independent of i and r > 0. Hence, taking r → 0, so that M = M_r → ∞ it follows that almost surely, T_n > 0 for infinitely many values of n, as needed to complete the proof of the theorem.

Thus it only remains to prove (3.8). We have

IE[(S^i_n)^2] = ∑ I∈D_n: I∩E_i≠∅ ∑ J∈D_n: J∩E_i≠∅ IE(Y_n(I)Y_n(J)).

By Condition III, we may and shall set K < ∞ large enough so that

lim sup n→∞ log_2 f_K (n) ≤ δ . (3.9)

For each I ∈ D_n, let B_n(I) denote the collection of all J ∈ D_n such that

(i) J ∩ V ∩ E_⋆ ≠ ∅, and

(ii) IE(Y_n(I)Y_n(J)) > KIE[Y_n(I)]IE[Y_n(J)].

Then, IE[(S^i_n)^2] ≤ KIE[S^i_n]^2 + ∑ I∈D_n: I∩E_i≠∅ ∑ J∈B_n(I) IE(Y_n(I)Y_n(J)).

To handle the last sum, we note that by the definition of q_n in (3.1) we have that p_n 1 + q_n

≤ IE[Y_n(I)] ≤ p_n 1 − q_n (3.10)

Since all Y_n(I)’s are either 0 or 1, this shows that IE(Y_n(I)Y_n(J)) ≤ IE[Y_n(I)] ≤ p_n/(1 − q_n). Thus, in the notation of Condition III, we deduce that

IE[(S^i_n)^2] ≤ KIE[S^i_n]^2 + N^i_n p_n 1 − q_n max I∈D_n #B_n(I) ≤ KIE[S^i_n]^2 + N^i_n p_n 1 − q_n f_K(n) . By Conditions I and III, there exist a_n ↓ 0 and b_n → 0 such that f_K (n) ≤ 2^{n(δ+bn )} and, for all n large, 2^{−n(γ+an )} ≤ p_n ≤ (1 − q_n)2^{−n(γ−an )} . Recall, using (3.10), that IE[S^i_n] ≥ N^i_n p_n/(1+q_n) > 0. Thus, using (3.6), (3.9) and [6, Inequality II, page 8], we see that for all n ∈ N^i large enough and η ∈ (0, 1), (1 − η)^2 P(S^i_n > ηIE(S^i_n)) ≤ IE[(S^i_n)^2] (IES^i_n)^2 ≤ K + 2^{n(3an +bn−δ)} ≤ K + 1 . Hence, P(S^i_n > ηIE(S^i_n)) ≥ α (3.11) for some α = α(η, K) > 0, all η ∈ (0, 1), all i = 1, . . . , M and n ∈ N^i large enough.

Recalling the n_{k,i} ∈ N^i and {n_k} := ∪_i{n_{k,i}} introduced above, an application of Fatou’s lemma to (3.11) yields that for all i,

P(S^i_{nk} > ηIE(S^i_{nk} ) i.o. ) ≥ lim inf_{k→∞} P( S^i_{nk,i} > ηIE(S^i_{nk,i} ) ) ≥ α > 0 . (3.12)

which completes the proof of (3.8) and hence of our theorem. □ As in [9], we obtain the following useful corollary by a co–dimension argument.

Corollary 3.2 Suppose A is a discrete limsup random fractal satisfying Condition I with index γ and Conditions II and III. Then, for any analytic set E ⊂ IR^N_+ ,

dim(E) − γ ≤ dim (A ∩ E) ≤ dim_P (E) − γ , a.s. (3.13)

In particular, dim(A) = N − γ, a.s.

Remark. Whereas we do not need it here, one can easily check that [9, Theorem 3.2] also holds for discrete limsup random fractals satisfying Conditions I, II and III.

Proof. The right-hand inequality in (3.13) is verified by the following direct first-moment calculation involving only the index Condition I. By regularization, it suffices to prove that

dim (A ∩ E) ≤ dim_M (E) − γ a.s. (3.14)

Let N_n denote the total number of hyper-cubes I ∈ D_n such that I ∩ E ≠ ∅. Define T_n := ∑ I Z_n(I), where the sum is taken over I = {I ∈ D_n : I ∩ E ≠ ∅}. Then IE(T_n) ≤ N_np_n ≤ 2^{n(ξ+ϵn)}2^{n(ϵn−γ)} where ξ = dim_M (E) and ϵ_n → 0. Thus IE ∑ n T_n2^{−nθ} < ∞ for any θ > ξ − γ. Finally, for any n_0, the intersection A ∩ E has a cover consisting of T_n intervals in D_n for each n ≥ n_0. By picking n_0 large, we see that the θ-dimensional Hausdorff measure of A ∩ E vanishes, whence (3.14) follows.

The left-hand inequality in (3.13) follows from Theorem 3.1 by the co–dimension argument of [9, Lemma 3.4]. □

Definition. An analytic set E is γ-regular if there exists a closed set E_⋆ ⊂ E such that dim_P (E_⋆ ∩ V ) = γ for any open set V that intersects E_⋆.

Any analytic set E ⊂ [0, 1]^N with dim_P (E) > γ is γ-regular . (This follows from the arguments of [5].) Also, [0, 1]^N is N-regular. The following corollary uses the machinery developed in [9] and in Theorem 3.1.

Corollary 3.3 Suppose A_m ∈ [0, 1]^N , m ∈ IN, are discrete limsup random fractal sets satisfying Condition I with index γ_m ↑ γ, and Conditions II and III. Let A_+ = ⋂_∞ m=1 A_m and B = A_+ \ (∪_mΓ_m), where Γ_m are Borel subsets of [0, 1]^N such that, a.s., Γ_m ∩ Ẽ = ∅ for all analytic sets Ẽ satisfying dim_P (Ẽ) ≤ γ. Then, for any γ-regular analytic set E, it holds that B ∩E ≠ ∅, a.s.. Further, dim(B) = N − γ and dim_P (B) = N, a.s..

Proof. Let Λ_m(n) := ∪^∞_{k=n}A_m(k). Since E is γ-regular, there exists a closed E_⋆ ⊂ E such that dim_P (E_⋆ ∩ V ) = γ for any open set V such that E_⋆ ∩ V ≠ ∅. For such V and all m we thus have that dim_M (E_⋆ ∩ V ) > γ_m, implying as in the proof of Theorem 3.1 that Λ_m(n) ∩ E_⋆ is a.s. dense in the complete metric space E_⋆. Consequently, by Baire’s theorem it follows that E_⋆ ∩ (∩^∞_{n=1} ∩^∞_{m=1} Λ_m(n)) is dense in E_⋆, a.s., and in particular is non-empty. Obviously, dim_P (E_⋆) = γ, so by our assumptions Γ_m ∩ E_⋆ = ∅, a.s.. It follows that B ∩ E ≠ ∅, a.s. as claimed.

Since any analytic set E with dim_P (E) > γ is γ-regular, it thus follows form [9, Lemma 3.4] (with E = [0, 1]^N ) that a.s., dim(B) ≥ N − γ, while by Corollary 3.2, almost surely,

dim(B) ≤ dim(A_+) ≤ dim(A_m) = N − γ_m ↓ N − γ .

Turning to the last assertion of the corollary, fix α = N − γ. We use two independent copies A_m, A^′_m and Γ_m, Γ^′_m. Construct a random closed set Υ = Υ_α as in [9, Remark after Lemma 3.4], of law P_α, independently of all other random sets considered here. That is, consider the natural tiling of the unit cube [0, 1]^N by 2^N closed cubes of side 1/2, let Ξ_1 be a random subcollection of these cubes, where each cube has probability 2^{−α} of belonging to Ξ_1, and these events are mutually independent. At the k-th stage, if Ξ_k is nonempty, tile each cube Q ∈ Ξ_k by 2^N closed subcubes of side 2^{−k−1} (with disjoint interiors) and include each of these subcubes in Ξ_{k+1} with probability 2^{−α}, independently. Finally, let Υ = ∞⋂ k=1 ⋃ Q∈Ξ_k Q . Recall that a.s. dim_P (Υ) = dim(Υ) = γ (see [9, Lemma 3.5]), and thus by our assumptions,

P × P_α((∪_mΓ_m) ∩ Υ ≠ ∅) = P^′ × P_α((∪_mΓ^′_m) ∩ Υ ≠ ∅) = 0 . (3.15)

Moreover, the closed set Υ is such that a.s., dim_P (Υ ∩ V ) = γ for any open set V such that Υ ∩ V ≠ ∅. Hence, taking Υ_⋆ = Υ on the set of P_α full measure with the above property, as in the proof of Theorem 3.1, {Λ^′_m(n) ∩ Υ_⋆, n, m ≥ 1} ∪ {Λ_m(n) ∩ Υ_⋆, n, m ≥ 1} is a collection of open, dense subsets of the complete metric space Υ_⋆, P × P^′-almost surely. By Baire’s theorem, one concludes that A_+ ∩ A^′_+ ∩ Υ_⋆ ≠ ∅, P × P^′ × P_α a.s.. Combined with (3.15), one concludes that B ∩ B^′ ∩ Υ ≠ ∅ , P × P^′ × P_α a.s..

Since B^′ ⊂ A^′_m and γ_m ↑ γ, it follows from Theorem 3.1 that P^′(B^′ ∩ E ≠ ∅) = 0 for any analytic set E ⊂ IR^N_+ such that dim_P (E) < γ. Considering E = B ∩ Υ, we see that

P × P_α(dim_P (B ∩ Υ) ≥ γ) = 1 .

Applying [9, Lemma 3.5] for the analytic set B ⊂ [0, 1]^N such that dim_P (B) ≥ dim(B) = α almost surely, we see that

dim_P (B) ≥ α + dim_P (B ∩ Υ) ≥ α + γ = N

apart from a P × P_α-null set, as needed to complete the proof. □

4 Lower bounds in Theorems 1.2 and 1.3

Let D_n denote the collection of dyadic intervals {[(i − 1)2^{−n}, i2^{−n}]}^{2n}_{i=1} and ĥ(ϵ) = ϵ^2/| log ϵ|. By Brownian scaling we may and shall set T = 1 throughout this section. The next lemma is the key to our proof.

Lemma 4.1 Fixing a > 1 and d = 2, almost surely, the set Qscape_{≤a} contains a discrete limsup random fractal A = A(a) (of dimension N = 1) that satisfies Conditions I, II and III with index 1/a.

Proof of Theorems 1.2 and 1.3: Fixing a ≥ 1 let A_m := A(a + 1/m) be the discrete limsup random fractals of Lemma 4.1. Then, for d = 2, almost surely,

A_+ := ∞⋂ m=1 A_m ⊆ ∞⋂ m=1 Qscape_{≤a+1/m} = Qscape_{≤a}

Considering the IR^d-valued Brownian motion as the first d coordinates of a Brownian motion in IR^{d′} , d^′ > d, it is easy to see that σ^ξ_r (t), σ̄^η_r (t) and S^{η,ξ}_r (t) are decreasing in d, hence the sets Qscape_{≤a} are increasing with d. Let Γ_m := Thin_{≤a−1/(2m)} a Borel subset of [0, 1]. By the set inclusions of (1.11) it follows that for all d ≥ 2,

B := (A_+ \ ∞⋃ m=1 Γ_m) ⊆ Thin_{≤a} \ ∞⋃ m=1 Γ_m = Thin_a .

By Lemma 2.1 and (1.11) we know that a.s., Γ_m ∩ Ẽ = ∅ for any analytic set Ẽ such that dim_P (Ẽ) ≤ 1/a < 1/(a − 1/(2m)). Since the discrete limsup random fractals A_m are of indices γ_m ↑ 1/a, we have by Corollary 3.3 that for any d ≥ 2, almost surely,

dim(Thin_a) ≥ dim(B) = 1 − 1/a ,

dim_P (Thin_a) ≥ dim_P (B) = 1 and Thin_a ∩ E ⊇ B ∩ E ≠ ∅ if E ⊆ IR is an analytic set such that dim_P (E) > 1/a.

To get the corresponding conclusions for BiFast_a we apply the same argument but with Γ_m = BiFast_{≤a−1/(2m)}, whereas for Qscape_a we use Γ_m = Qscape_{≤a−1/(2m)}. Finally, since Qscape_a ⊆ Qscape_{≤a} we conclude the proof of our theorems via Lemma 2.1 and the set inclusions of (1.11). □

Proof of Lemma 4.1: Take ϵ_n = n^32^{−n/2}, n = 1, 2, . . . and β_n = 1 + | log ϵ_n|^{−2}. Let A = A(a) be the discrete limsup random fractal corresponding to N = 1 and Z_n(I) ∈ {0, 1} such that

Z_n(I) = 1 iff S^{2,2}_{ϵnβn} (t) ≤ aĥ(ϵ_n) ,

for I = [t, t + 2^{−n}] ∈ D_n. By Lévy’s uniform modulus of continuity, there exists an a.s. finite random variable n_0(ω), such that for all n ≥ n_0(ω), sup{|W_t − W_t′ | : t, t^′ ∈ [0, 1], |t − t^′| ≤ 2^{−n}} ≤ 2 √ 2^{−n} log(2^n) ≤ ϵ_n(β_n − 1) ,

so that B(W_t′ , ϵ_n) ⊆ B(W_t, ϵ_nβ_n) and in particular the path has not escaped B(W_t, ϵ_nβ_n) by time t^′. Using these facts, we see that for all n > n_0(ω), if I ∈ D_n and Z_n(I) = 1, then S^{1,1}_{ϵn} (t^′) ≤ S^{2,2}_{ϵnβn} (t) ≤ aĥ(ϵ_n) for every t^′ ∈ I. Hence we have that A ⊆ Qscape_{≤a} a.s. Let x_n = a| log ϵ_n|^{−1}β^{−2}_n and ρ_n := 2(ϵ_nβ_n)^{−2}. With ρ_n ≥ 2x_n, we have by Brownian scaling and (2.7) that for some C_0 = C_0(a) < ∞

p_n := P(Z_n(I) = 1) = P(S^{2,2}_{ϵnβn} (t) ≤ aĥ(ϵ_n)) = P(S^{ρn,ρn} (0) ≤ x_n) ≤ P(T (0) ≤ x_n) ≤ C_0x^{−0.5}_n e^{−2/xn} . (4.1)

We next prove the corresponding lower bound: for some c_1 > 0, and all n large enough,

p_n = P(S^{ρn ,ρn} (0) ≤ x_n) ≥ c_1x^4_ne^{−2/xn} . (4.2)

To see this, first note that by radial symmetry P^u( inf_{s∈[0,t]} |W_s| > 1) := g_t(|u|) is a function of |u|, with g_t(r) nonincreasing in t > 0 and nondecreasing in r > 0. Choosing u = (|u|, 0) and denoting W_s = (W^{(1)}_s , W^{(2)}_s ) we see that for γ(t) := √ t log(e^2 + t) and all t > 0, g_t(γ(t) + 1) ≥ P( inf_{s∈[0,t]} W^{(1)}_s > −γ(t)) = 1 − 2P(W^{(1)}_t ≤ −γ(t)) ≥ 1 − 1/ log(e^2 + t) .

With ϕ := inf{s ≥ 0 : |W_s| ≥ γ(t) + 1 or |W_s| ≤ 1}, it follows by the strong Markov property of Brownian motion (at the stopping time ϕ) that for all r = |u| > 1 and t > 0, g_t(r) ≥ P^u(|W_ϕ| ≥ γ(t) + 1)g_t(γ(t) + 1) ≥ log r log(γ(t) + 1)

(1 − 1 log(e^2 + t)

) . (4.3) Note that for all t ≥ 2x, P(S^{t,t}(0) ≤ 2x) ≥ P( inf_{t≥|s|≥x} |W̄_s| > 1) = [ P( inf_{s∈[x,t]} |W_s| > 1)

]_2 (4.4) where by (4.3), P( inf_{s∈[x,t]} |W_s| > 1) ≥ IE(g_{t−x}(|W_x|); |W_x| ≥ 1 + x) ≥ log(1 + x) 2 log(1 + γ(t))

P(|W_x| ≥ 1 + x) . (4.5) Recall that P(|W_x| ≥ 1 + x) = exp(−(1 + x)^2/(2x)). We apply the above with x = x_n/2 and t = ρ_n. Since n^{−1} log ρ_n → log 2 and nx_n → c(a) ∈ (0, ∞), (4.2) follows.

Clearly, p_n = IE(Z_n(I)) is the same for all I ∈ D_n. Moreover, with e^{2/xn} ϵ^{2/a}_n → 1, nx_n → c(a) ∈ (0, ∞), and ϵ^{2/a}_n = n^{6/a}2^{−n/a} it follows from (4.1) and (4.2) that lim_{n→∞} n^{−1} log_2 p_n = −1/a , (4.6) so that A satisfies Condition I with index 1/a.

We next introduce the family of random variables Y_n(I) ∈ {0, 1} such that Y_n(I) = 1 iff S^{2ξn,2ξn}_{ϵnβn} (t) ≤ aĥ(ϵ_n) , for I = [t, t + 2^{−n}] ∈ D_n and ξ_n = n^{−1}. Since Y_n(I) ∈ σ(W_s − W_t : |s − t| ≤ 2ξ_n) for I = [t, t + 2^{−n}] ∈ D_n and ξ_n ↓ 0, we see that the family Y_n(I) is quasi-localized.

It will be convenient to verify condition III before condition II. We note that the same proof will show that the family Z_n(I) satisfies the second moment bound of condition III. The sole reason for introducing the family Y_n(I) is to have quasi-locality. To verify condition III, let t_n = 2ξ_n(ϵ_nβ_n)^{−2} and ρ_{x,t}(θ) := P(S^{t,t}(0) ≤ x, S^{t,t}(2θ) ≤ x) . (4.7) Note that when the distance between I, J ∈ D_n is 2θ(ϵ_nβ_n)^2 for some θ ∈ [0, t_n), then by Brownian scaling, IE(Y_n(I)Y_n(J)) = ρ_{xn,tn} (θ) , (4.8) while Cov(Y_n(I), Y_n(J)) = 0 in case θ ≥ t_n. Since for any θ > 0, t ∈ (0, ∞), P^y(S^{θ,t}(θ) ≤ x) = P(S^{t,θ}(0) ≤ x) is independent of the value of W_0 = y, it follows by the Markov property of Brownian motion that for any t ≥ θ > 0, P(S^{t,t}(0) ≤ x, S^{t,t}(2θ) ≤ x) ≤ P(S^{t,θ}(0) ≤ x, S^{θ,t}(2θ) ≤ x) (4.9) = IE(Ẽ^{Wθ} (S̃^{θ,t}(θ) ≤ x); S^{t,θ}(0) ≤ x) = P(S^{t,θ}(0) ≤ x)^2 where Ẽ denotes expectation with respect to {W̃ }, a Brownian motion independent of {W } and S̃^{θ,t} denote the random variables S^{θ,t} corresponding to {W̃ }. Note that IE(Y_n(I)) = P(S^{tn ,tn} (0) ≤ x_n). (4.10) We claim that for any θ ∈ [2^{2δn}, t_n] P(S^{tn ,tn} (0) ≤ x_n | S^{tn,θ}(0) ≤ x_n) ≥ δ . (4.11) Assuming this for the moment and using (4.7)-(4.11), we see that IE(Y_n(I)Y_n(J)) ≤ KIE[Y_n(I)]IE[Y_n(J)] (4.12) for K = K(δ) = δ^{−2} and all n large enough when the distance between I and J is at least 2^{−n}2^{4δn}. For K = K(δ), thus, lim sup n→∞ 1 n log_2 f_K (n) ≤ 4δ which gives Condition III when considering δ ↓ 0.

We now prove (4.11). Let ψ(θ) := √ θ(log θ)^{−6}. Note that for all t ≥ θ ≥ 1, P(S^{tn,tn} (0) ≤ x | S^{tn,θ}(0) ≤ x) ≥ IE(g_{tn} (|W_θ|) | S^{tn,θ}(0) ≤ x) ≥ g_{tn} (ψ(θ))P(|W_θ | > ψ(θ) | S^{tn,θ}(0) ≤ x) (4.13) Since P̃^{Wx} (|W̃_{θ−x}| < ψ(θ)) is a nonincreasing function of |W_x|, by the strong Markov property of Brownian motion, it follows that for t ≥ θ ≥ x, P(|W_θ| < ψ(θ) | S^{t,θ}(0) ≤ x) ≤ P(|W_θ| < ψ(θ), T (0) ≤ x) P(S^{t,θ}(0) ≤ x) ≤ P(|W_{θ−x}| < ψ(θ))P(T (0) ≤ x) P(S^{t,t}(0) ≤ x) Thus, by (4.1) and (4.2), for some C_1, C_2 < ∞, all n large enough and θ ∈ [2^{2δn}, t_n], P(|W_θ| < ψ(θ) | S^{tn,θ}(0) ≤ x_n) ≤ C_1x^{−4.5}_n P(|W_1| < 2(log θ)^{−6}) ≤ C_2n^{−1} , (4.14) while g_{tn} (ψ(θ)) ≥ 1.5δ by (4.3). This proves (4.11) and hence Condition III .

Moving on to check Condition II, we note that Y_n(I) ≥ Z_n(I) with P(Y_n(I) ≠ Z_n(I)) ≤ 2IE(Y_n(I))P(S^{tn ,ρn} (0) > x_n | S^{tn ,tn} (0) ≤ x_n) .

Using the fact that g ≤ 1, we have as in the derivation of (4.13) that P(S^{tn ,ρn} (0) > x_n | S^{tn,tn} (0) ≤ x_n) ≤ 1 − IE(g_{ρn} (|W_{tn} |) | S^{tn ,tn} (0) ≤ x_n) ≤ 1 − g_{ρn} (ψ(t_n)) + P(|W_{tn} | ≤ ψ(t_n) | S^{tn,tn} (0) ≤ x_n). Now, P(|W_{tn} | ≤ ψ(t_n) | S^{tn ,tn} (0) ≤ x_n) → 0 by (4.14), while by (4.3) we see that g_{ρn} (ψ(t_n)) ∼ log t_n log ρ_n → 1 thus establishing Condition II. □

5 The coarse multifractal spectrum

By Brownian scaling we may and shall fix T = 1. Fixing a > 1 and δ > 0, let ϵ_n = (1 − δ)^n, ρ_n = δ^2ĥ(ϵ_n)/20, N_n = ⌈ρ^{−1}_n ⌉, t_{j,n} = jρ_n be as in Section 2. Turning to the lower bounds in

(1.12), recall that by (2.1) and (2.4), we have that a.s. for some finite n_0 = n_0(ω, δ) and all n ≥ n_0, ϵ ∈ [ϵ_n, ϵ_{n−1}] and |t − t_{j,n}| ≤ ρ_n/2, (1 − δ)^6T̂_{ϵn+1} (t_{j,n}) ≤ (1 − δ)^3T̂_{ϵn} (t) ≤ T̂_ϵ(t) .

For j ∈ {0, . . . , N_n} let I_j = 1 when j ∈ A_n of (2.5) and I_j = 0 otherwise. Thus, for any ϵ ∈ [ϵ_n, ϵ_{n−1}], Leb { 0 ≤ t ≤ 1 | | T_ϵ(t) ≤ aĥ(ϵ)} ≤ ρ_n|A_n| = ρ_n^{Nn}∑ j=0 I_j . (5.1)

Recall that by (2.8) for any n ≥ n_1(δ, a) and all j,

P(I_j = 1) ≤ ϵ^{2(1−δ)7 /a} n+1 := p_n

Fix an integer ℓ > 40aδ^{−2}(1 − δ)^{−4} ≥ 2. Since {I_j } is a stationary sequence, for all n, P( N_n∑

j=0 I_j ≥ 2ℓp_nN_n) ≤ P( ℓN_n−1∑

j=0 I_j ≥ 2ℓp_nN_n) ≤ ℓP( N_n−1∑

j=0 I_{jℓ} ≥ 2p_nN_n)

With ℓρ_n > 2(1 − δ)^{−6}aĥ(ϵ_{n+1}), it follows that {I_{jℓ}} are i.i.d. Bernoulli random variables. Hence, by standard tail estimates for Binomial(N_n, p_n) random variables, for some C > 0 and all n, P( N_n−1∑

j=0 I_{jℓ} ≥ 2p_nN_n) ≤ e^{−CpnNn} As ∑ n exp(−Cp_nN_n) < ∞, it follows from (5.1) by the Borel-Cantelli lemma that a.s. for all n large enough and ϵ ∈ [ϵ_n, ϵ_{n−1}] Leb { 0 ≤ t ≤ 1 | | | Tϵ(t) ≤ aĥ(ϵ) } ≤ 3ℓp_n , so that

lim inf ϵ→0 log Leb { 0 ≤ t ≤ 1 | | T_ϵ(t) ≤ aĥ(ϵ)} log ϵ

≥ 2(1 − δ)^7/a a.s. Recall that {S^{1,1}_ϵ (t) ≤ aĥ(ϵ)} ⊂ {μ^W_1 (B(W_t, ϵ)) ≤ aĥ(ϵ)} ⊂ {T_ϵ(t) ≤ aĥ(ϵ)} (5.2) provided t ∧ (1 − t) ≥ aĥ(ϵ). Therefore, taking δ ↓ 0 results with the lower bound 2/a for all sets considered in Theorem 1.4.

By (5.2) it suffices to prove the complementary upper bounds for the set C(ϵ, a) = {t ∈ [0, 1] : S^{1,1}_ϵ (t) ≤ aĥ(ϵ)} . To this end, recall that a.s. (2.3) holds for all n ≥ 2/δ large enough, implying, with S := S^{∞,∞}, that for all |t − t_{j,n}| ≤ ρ_n/2 and ϵ ∈ [ϵ_{n+2}, ϵ_{n+1}], S_ϵ(t) ĥ(ϵ) ≤ S_{ϵn} (t_{j,n}) ĥ(ϵ) ≤ (1 − δ)^{−5} S_{ϵn} (t_{j,n}) ĥ(ϵ_n) . Taking hereafter N_n = ⌊ρ^{−1}_n −0.5⌋, for j ∈ {1, . . . , N_n} let J_j = 1 when S_{ϵn} (t_{j,n}) ≤ (1−δ)^5aĥ(ϵ_n) and J_j = 0 otherwise. Then, for any ϵ ∈ [ϵ_{n+2}, ϵ_{n+1}],

Leb ( C(ϵ, a) ) ≥ ρ_n N_n∑

j=1 J_j := ρ_nM_n . (5.3)

Set η_n := ϵ^{1+1/a}_n and L_n = ∑_{Nn} j=1 I_j, with I_j = 1 when S^{ηn,ηn}_{ϵn} (t_{j,n}) ≤ (1 − δ)^5aĥ(ϵ_n) while I_j = 0 otherwise. It follows from (4.4) and (4.5) with t = ξ_n = η_nϵ^{−2}_n and 2x = z_n := (1 − δ)^5a/| log ϵ_n|, that for some c_1 = c_1(a, δ) > 0 and all n,

q_n := P(I_j = 1) = P(S^{ξn,ξn} (0) ≤ z_n) ≥ c_1ϵ^{2(1−δ)−6 /a}_n (5.4)

Note that K_j := I_j − J_j are non-negative and ξ_n ≥ 2z_n > 0 for all n ≥ n_1(a, δ). Therefore, by (2.7), for some c_2, c_3, c_4(a, δ) < ∞ and all n,

r_n := P(K_j = 1) = P(S^{ξn,ξn} (0) ≤ z_n, S(0) > z_n) ≤ 2P(T (0) ≤ z_n, inf_{s≥ξn} |W_s| ≤ 1)

≤ c_2ξ^{−1/2}_n P(T (0) ≤ z_n) ≤ c_3ξ^{−1/2}_n z^{−1.5}_n e^{−2/zn} ≤ c_4ϵ^{(a+3)/(2a)}_n (5.5)

(It is here that we used the fact that d ≥ 3). Since E(I_j I_k) − q^2_n ≤ q_n and the random variables I_j, I_k are pairwise independent whenever |j − k|ρ_n ≥ 2η_n, it follows that

Var(L_n) = N_n∑

j,k=1 [IE(I_jI_k) − q^2_n] ≤ N_nq_n(2⌈2η_n/ρ_n⌉ + 1) ≤ 5N^2_nq_nϵ^{1+1/a}_n ≤ 5N^2_nq_nϵ^{(a+3)/(2a)}_n where the last inequality used a > 1. Recalling that M_n = ∑_{Nn} j=1 J_j , we see by (5.4) and (5.5) that for some c_5 = c_5(a, δ) < ∞ and all n,

P(M_n ≤ 1 3 N_nq_n) ≤ P(L_n ≤ 2 3 N_nq_n) + P( N_n∑

j=1 K_j ≥ 1 3 N_nq_n)

≤ 9Var(L_n) N^2_nq^2_n + 3N_nr_n N_nq_n ≤ c_5ϵ^{γ(a,δ)/a} n , (5.6)

where γ(a, δ) := (a + 3)/2 − 2(1 − δ)^{−6} is positive for all δ > 0 small enough. For any such value of δ, by (5.4), (5.6) and the Borel-Cantelli lemma, we have that a.s. ρ_nM_n ≥ 1 3 ρ_nN_nq_n ≥ 1 4 q_n ≥ ϵ^{2(1−δ)−7 /a} n , for all n large enough. It follows then that a.s.

lim sup n→∞ log(ρ_nM_n) log ϵ_n ≤ 2(1 − δ)^{−7}/a , which in view of (5.3) yields the upper bounds of (1.12) when considering δ ↓ 0. □

References

1. Z. Ciesielski and S. J. Taylor, First passage and sojourn times and the exact Hausdorff measure of the sample path, Trans. Amer. Math. Soc. 103 (1962), 434–452.

2. A. Dembo, Y. Peres, J. Rosen and O. Zeitouni, Thick points for spatial Brownian motion:

Multifractal Analysis of Occupation Measure, Annals of Probability, to appear.

3. A. Dembo, Y. Peres, J. Rosen and O. Zeitouni, Thick points for planar Brownian motion and the Erdös-Taylor conjecture on random walk, submitted.

4. J. C. Gruet and Z. Shi, The occupation time of Brownian motion in a ball, J. Theoret.

Probab. 9 (1996), 429–445.

5. H. Joyce and D. Preiss, On the existence of subsets of finite positive packing measure. Mathematika 42 (1995), 15–24.

6. J.-P. Kahane, Some random series of functions. Cambridge University Press, 1985. 7. R. Kaufman, Une propriété metriqué du mouvement Brownien, C. R. Acad. Sci. Paris, 268 (1969), 727–728.

8. N. Kono, The exact Hausdorff measure of irregularity points for a Brownian path, Z. W., 40 (1977), 257–282.

9. D. Khoshnevisan, Y. Peres and Y. Xiao, Limsup Random Fractals, submitted. 10. P. Mattila, Geometry of sets and measures in Euclidean spaces. Cambridge University Press, 1995.

11. J. R. Munkres, Topology: a first course. Prentice-Hall, Inc., Englewood Cliffs, N.J. 1975. 12. S. Orey and S. J. Taylor, How often on a Brownian path does the law of the iterated logarithm fail?, Proceed. Lond. Math. Soc. 28 (1974), 174–192.

13. E. A. Perkins and S. J. Taylor, Uniform measure results for the image of subsets under Brownian motion, Probab. Theory Related Fields 76 (1987), 257–289.

Amir Dembo Yuval Peres Departments of Mathematics Dept. of Statistics, UC Berkeley and of Statistics Berkeley, CA 94720 and Stanford University Institute of Mathematics Stanford, CA 94305 Hebrew University, Jerusalem, Israel amir@playfair.stanford.edu peres@math.huji.ac.il www-stat.stanford.edu/~amir www.ma.huji.ac.il/~peres

Jay Rosen Ofer Zeitouni Department of Mathematics Department of Electrical Engineering College of Staten Island, CUNY Technion Staten Island, NY 10314 Haifa 32000, Israel jrosen3@idt.net zeitouni@ee.technion.ac.il www.library.csi.cuny.edu/dept/math/jrosen/ www-ee.technion.ac.il/~zeitouni