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WEYL DENOMINATOR IDENTITY FOR AFFINE LIE
SUPERALGEBRAS WITH NON-ZERO DUAL COXETER NUMBER

MARIA GORELIK

ABSTRACT. Weyl denominator identity for the affinization of a basic Lie superalgebra
with non-zero Killing form was formulated by V. Kac and M. Wakimoto and was proven
by them for the defect one case. In this paper we prove this identity.

0. INTRODUCTION

Let g be a basic Lie superalgebra with a non-zero Killing form. Let g be the affinization
of g. Let b (resp., 6) be the Cartan subalgebra in g (resp., in g) and let (—, —) be the
bilinear form on 6* which is induced by the Killing form on g. Let A (resp., A) be the
root system of g (resp., of g). We set

A% = {a € NG| (o, @) > 0}.

Then A# is a root system of a simple Lie algebra. Let A# De the affinization of A%.
Denote by W# (resp., W#) the subgroup of GL(h) generated by the reflections s, : a €
Ay, (a,a) > 0 (resp., 8o : @ € A#). Then W# is the Weyl group of A% and W# is
the corresponding affine Weyl group. Recall that W# = W# x T, where T C W is
the translation group, see [K2], Chapter 6. Let IT be a set of simple roots for g, and
let IT = ITU {ap} be the corresponding set of simple roots for g. Let A, A, be the
corresponding sets of positive roots. We set

R — HOéeAﬁ,’()(l - eia) R — HO(EAﬁ,’Q(l - efa) )

HO{GA.’_J (1 _'_ eia)’ HO{GA.’_J (1 _'_ eia)

Following [KW], we call R the Weyl denominator and R the affine Weyl denominator.
The Weyl denominator identity conjectured by V. Kac and M. Wakimoto in [KW]| can be
written as

ReP = Z w(Reﬁ),

weT

where p € b* is such that 2(p,a) = (o, a) for each o € II. The original form of this
identity is given in formula (). In this paper we prove this identity.
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In the paper [G] we proved the analog of Weyl denominator identity for finite-dimensional
Lie superalgebras (also formulated and partially proven by Kac-Wakimoto). The proof of
the present result makes use of this version of Weyl denominator identity.

Acknowledgments. 1 am very grateful to V. Kac and A. Joseph for useful comments.

1. KAC-MOODY SUPERALGEBRAS

The notions of a Kac-Moody superalgebras and its Weyl group were introduced in [3].
We recall some definitions below and then prove Lemmas [[L3.2[T.5. 1l In the sequel, we
will apply these lemma to the case of affine Lie superalgebras; in this case the lemmas
can be also verified using the explicit description of root systems.

1.1. Construction of Kac-Moody superalgebras. Let A = (a;;) be an n X n-matrix
over C and let 7 be a subset of I := {1,...,n}. Let g = g(A,7) = n_ & h & ny be the
associated Lie superalgebra constructed as in [K1],[K2]. Recall that, in order to construct
g(A, 7), one considers a realization of A, i.e. a triple (b, II,IIV), where b is a vector space
of dimension n + corankA, I1 C h* (resp. IIV C b) is a linearly independent set of vectors
{aitier (vesp. {oy }ier), such that («;, o) = aj;, and constructs a Lie superalgebra g(4, 7)
on generators e;, f;, b, subject to relations:

[bv b] = 07 [h7 ei]_: <ai7h>6i7 [h7 fz] = _<aiah>fi7 for i € Iah_e bv [eiafj] = 5“‘0(;/,

ple)) =p(fi) =1ifier, ple) =p(fi) =0ifi g, p(h)=0.

Then g(A,7) = g(A,7)/J = n_ @ bh & n,, where J is the maximal ideal of g(A,7),
intersecting b trivially, and n, (resp. n_) is the subalgebra generated by the images of
the e;’s (resp. fi’s). We obtain the triangular decomposition g(A) =n_ @ h D n.

Let A be the set of roots of g(A), ie. A ={a € h*la #0 & g, # 0}, Ay = {a €
h*ng #0}, A ={aebh*n_, #0}. Onehas A=A, [TA_, A_=—-A,.

We say that a simple root «; is even (resp., odd) if i & 7 (resp., ¢ € 7) and that «; is
isotropicif a;; = 0. One readily sees that if i € 7 (i.e., e;, f; are odd), then [e;, e;], [ fi, fi] € J
iff a;; = 0. Therefore for a simple root o one has 2o € A iff «v is a non-isotropic and odd.

Note that, multiplying the i-th row of the matrix A by a non-zero number corresponds
to multiplying e; and « by this number, thus giving an isomorphic Lie superalgebra.
Hence we may assume from now on that a; =2 or 0 for all i € I.

1.1.1.  We consider the case when the Cartan matrix A = (a;;) is such that
(1) a;; € {0,2} for all ¢ € I and a;; = 0 forces aj; = 0;
(2) if i & 7, then a;; = 2 and a;; € Z<, for j # 1;
(3) if i € 7 and a;; = 2, then a;; € 2Z<, for j # 1.
In this case ad e;, ad f; act locally nilpotently for each i € I.
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1.2. Weyl group. Recall a notion of odd reflections, see [S]. Let II be a set of simple
roots and A, be the corresponding set of positive roots. Fix a simple regular isotropic
root 3 € II and set sg(Il) := {sp()| a € H} where

sgla) = —a,  sg(aY) = if @ =g,
sgla) = a, sg(a) = if app =0, # B,

for @ € 11 sg(a) =a+ 3, sgla¥)= aaﬁﬁ + e Gap F# 0,000 + 2005 = 0,
sg(a) =a+ 3, sgla¥) = 9 dopf” tapac Aags Qoo + 2005 # 0.

aﬁa (@aa+2aq3)
One has (o, ") € {0,2} for each a € sg(II).

By [S], Sect. 3, sg(Il) is a set of simple roots for A and the corresponding set of
positive roots is sg(A4) == Ay \ {#} U{—F}. The Cartan matrix corresponding to sgz(II)
is (<Oévu O/>)a,a’€sB(H)-

1.2.1. We assume that g(A) is such that for any chain of odd reflections, the corre-
sponding Cartan matriz satisfies the conditions (1)-(3) of LI By [S] Section 6, the
finite-dimensional Kac-Moody superalgebras and their affinizations satisfy this assump-
tion; other examples and classification are given in [S],[HS].

1.2.2. Let © be the collection of all possible sets of simple roots obtained from II by
finite sequences of odd reflections.

1.2.3. Definition.  An even root a € A is called principal if o € II' or %Oz e IT' for
some II' € ©.

1.2.4. For each principal root o we fix " as follows: we choose II' € © such that o € IT’
or 1 € I'; in first case, we take a¥ € (II')¥ and in the second case we take o := (3a)¥/2,
where ($a) € (II')". Thanks to the assumption L2, (3, a") € Z for each 8 € II'. Thus
for each principal root « one has (A, a") C Z.

The matrix A is called symmetrizable if for some invertible diagonal matrix D the
product DA is a symmetric matrix. If A is symmetrizable, then g(A) admits a non-
degenerate invariant bilinear form and the restriction of this form induces a non-degenerate
bilinear form (—, —) on h*. In this case, for each principal root « the coroot o¥ is given

by the formula (u, o) = % for any u € b*.

1.2.5. Take II" € ©. Recall that if a € IT' is odd and is such that («,a") # 0, then 2«
is a root. Thus « € IT" is principal iff (o, ") # 0.

Since the odd reflections do not change the set of even positive roots, all principal roots
are positive.

For a principal root « let s, € GL(h*) be the reflection p — p — (u,a¥)a. If o € 11,
then s, (AL (IT)\ {a}) = AL (1) \ {a}. If a/2 € II, then s, (A (IT) \ {o, /2}) = AL (IT) \
{a,a/2}.



4 MARIA GORELIK

1.2.6. Definition.  The Weyl group W is the subgroup of GL(h*) generated by the
reflections s, with respect to the principal roots. Clearly, det s, = —1 so detw = +1 for
each w € W. Denote by sgn : W — {£1} the group homomorphism sgn(w) := det w.

One has WA = A.

1.2.7. Remark. Let g be a finite-dimensional Kac-Moody superalgebra. By [J], g
satisfies the assumption [L2.J] Let A be the root system of g. In this case gg is a
reductive Lie algebra so Ay is a root system of finite type. The set of principal roots in
A is a set of simple roots in Ag (corresponding to the set of positive roots AgNA,). In
particular, the Weyl group of g coincides with the Weyl group of Ag.

Consider the case when g # gl(n,n). The affinization g of g is a Kac-Moody superal-
gebra, satisfying the assumption [L2.1] (see [S]). Let A be the root system of g. In this
case A is a disjoint union of affine root systems (which are the affinizations of irreducible
components of Ag) and the set of prln(:lpal roots in A is a set of simple roots in Af
(corresponding to the set of positive roots A N A+). In particular, the Weyl group of g
coincides with the Weyl group of A@, so it is the direct product of affine Weyl groups.

1.2.8. In the sequel we will use the following lemma.

Lemma. For any w € W the set R(w) := Ay Nw™A_ is finite.

Proof. Let a be a principal root, i.e. a € II' or %a € II' for some II' € ©; let A be

the corresponding set of the positive roots. By above, A, Ns,A” C {a, %a}. Therefore
Ay Nsa(AL) C {a,2a} U (AL \ AY). Since II' € O, the set Ay \ A, is finite. Hence
R(s,) is finite as well.

Now let w = s,y, where y € W is such that R(y) is finite. One has
R(w) C R(y)U{y € Ayl yy € Ay Nsa(AL)} C R(y) Uy ' R(sa),
so R(w) is finite. The claim follows. O

1.3. Set
= ZZZQQ, P:={\eb*| (\aY)eZforal a € Us.t. (a,a”) #0}.

acll

Clearly, P is an additive subgroup of h*. The conditions on the Cartan matrix in [LT.T]
ensure that A C P; in particular, P — Q" C P. Introduce the standard partial order
on Pby p <vif (v—pu) € Q. Introduce the height function ht : QT — Zsq by

ht(zaeﬂ ma&) = ZaGH M.
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1.3.1. Choose p such that (p,a) = 1(a,a") for each a € II. For each II' € © set
P =P+ D sen, . ary B One readily sees that (pmr, o) = +{a, ) for each a € IT".
The assumption [L2.] ensures that (3,a") € Z for each o € II' such that (o, ") # 0.
We conclude that (p,a¥) € Z for each o € TI' such that (o, ") # 0 and each IT" € ©. In
particular, Wp C (p+ > ca Zav).

1.3.2. Lemma. Let I, be the set of principal roots satisfying {p,a¥) > 0 and let W
be the subgroup of W generated by the reflections {s,,« € 11 }.

(i) One has p —wp € Q" for any w € W,.
(i3) If w = Sq,, ... Sa, is a reduced decomposition of w € Wy, then
ht(p —wp) > [{j : (p, ai;) # 0}].
(7ii) The stabilizer of p in W is generated by the reflections {s,| a € 11 & (p, a) = 0}.

Proof. By [S], Cor. 4.10, W is the Weyl group of a Kac-Moody algebra, whose set of
simple roots coincides with the set of principal roots in A. Therefore W, is the Weyl
group of a Kac-Moody algebra, whose set of simple roots coincides with II,. For w € W,
let I[(w) be the length of w. Write w = w's,, where l[(w) > [(w') and « € II,. By [J],
A1, the inequality I(w) > I(w’) implies that w'a is a non-negative linear combination of
elements of I1, , so w'a € A,. One has

p—wp=p—wp+{paywa

By [L3d] (p,a) € Z. Since o € I, one has (p,a) € Zsy so (p,a)w'a € QT and
(p,a)w'ac = 0 iff (p,c) = 0. The assertions (i), (ii) follow by induction on the length of
w; (iii) follows from (ii). O

1.4. The algebra R. Call a Q" -cone a set of the form (A — Q1), where \ € bh*.

For a formal sum of the form Y := " _,b.e”, b, € Q define the support of Y by
supp(Y) := {v| b, # 0}. Let R be a vector space over QQ, spanned by the sums of the
form ZV€Q+ b,e* ™, where A € P, b, € Q. In other words, R consists of the formal
sums Y = > _,b,e” with the support lying in a finite union of Q*-cones. Note that for
any non-zero Y € R the support of Y has a maximal element (with respect to the order

introduced in [L3)).

Clearly, R has a structure of commutative algebra over Q. One has If Y € R is such
that YY’ =1 for some Y’ € R, we write Y 1 :=Y".

1.4.1. Action of the Weyl group. For w € W set w(}_, pbye”) :== > cpbe”. One has
wY € R iff w(suppY’) is a subset of a finite union of Q™ -cones.

Let W' be a subgroup of W. Let Ry :={Y € R| wY € R for each w € W'}. Clearly,
Ry is a subalgebra of R.
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1.4.2. Infinite products. An infinite product of the form Y = ] (1 + age™®)" @ where
ao € Q, r(a) € Z>p and X C A is such that the set X \ Ay is finite, can be naturally
viewed as an element of R; clearly, this element does not depend on the order of factors.
Let Y be the set of such infinite products. For any w € W the infinite product

wY = H (1 4 aae*wa)r(a)7
aeX
is again an infinite product of the above form, since the set wA; \ Ay = —(wA_NAY)
is finite by Lemma [[L2.8 Hence ) is a W-invariant multiplicative subset of Ry .

It is easy to see that the elements of ) are invertible in R: using the geometric series
we can expand Y ! (for example, for « € Ay one has (1 —e*)™! = —e7*(1 —e )71 =

- Z:il e ).

1.4.3. The subalgebra R’'. Denote by R’ the localization of Ry by ). By above, R’ is
a subalgebra of R. Observe that R' ¢ Ry: for example, (1 —e ) € R/, but (1 —
e )t = Y e’ & Rw. We extend the action of W from Ry to R’ by setting
w(Y YY) = (wY) N (wY”).

An infinite product of the form Y = J] (1 + age™®)" @ where ao, X are as above
and r(a) € Z lies in R’ and wY = [[, (1 + aae=**)"®. One has

supp(Y) C N —QF, where \' := — Z Talr.

a€X\A:a0#0

1.4.4. Let W' be a subgroup of W. For Y € R’ we say that Y is W'-invariant (resp.,
W'-skew-invariant) if wY =Y (resp., wY = sgn(w)Y’) for each w € W'.

Let Y = Y a,e € Ry» be W-skew-invariant. Then a,, = (—1)®*®a, for each p
and w € W', In particular, W' supp(Y') = supp(Y’), and, moreover, for each 1 € supp(Y)
one has Stabyu C {w € W’| sgn(w) = 1}. The condition Y € Ry~ is essential:
for example, for W’ = {id, s, }, the expression Y := e* — e~* is W’-skew-invariant, so
Y1 =e (1 —e )7 is also W’-skew-invariant, but supp(Y ') = —a, —3a, ... is not
Sq-invariant.

Take Y = ) aue’ € Ry and set ) . sgn(w)wY =: > be. One has b, =
Y wew S80(W)ay, so b, = sgn(w)b,, for each w € W’. We conclude that

Y wew sgn(w)wY € Ryyr;

YeRw & Z sgn(w)wy € R = Y wew Sgu(w)wY is W'-skew-invariant;

weW’ supp(d ep sgn(w)wY’) is W'-stable.

1.5. For each II" € © (see [L22) introduce the following elements of R:

RWo= [ (- R@u= [ (+e®). RAT):=

a€AL (I)NAG a€AL (I)NAL
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We set
Ro = R(H)o, R1 = R(H)l, R = R(H)
One readily sees from [[31] that R(I")efn = Re? for any II' € ©.

1.5.1. Lemma. Re” is a W-skew-invariant element of R'.

Proof. By L42] Ry, Ry € Y so Re? € R'. Let a be a principal root. If o € II'; then
sa(Al \{a}) = Al \{a}. If a/2 € IT', then s, (A, \ {a, a/2}) = A\ {a, a/2}. In both
cases so(R(Il")ern") = —R(Il')err. By [LE, R(II')e’n" = Re?. The claim follows. O

2. PROOF OF THE DENOMINATOR IDENTITY

We retain notation of Sect. [0l

Fix triangular decomposition of the reductive Lie algebra go. By [S], any two sets of
simple roots of g, which are compatible with a triangular decomposition of the reductive
Lie algebra gg, are connected by a chain of odd reflections. By [L3 both sides of the
denominator identity Re? = > wer W(Re?) do not change if we substitute II by sgll,
where [ is a simple odd root of g. Hence it is enough to prove the denominator identity
for one choice of II; this is done in this section.

2.1. Another form of denominator identity. Let us recall the denominator identity
for g (see [KW],[G] for a proof).

Recall that S C Ay is called a maximal isotropic set of roots if S is a basis of a maximal
isotropic subspace in h* with respect to the form (—, —). By [KW], there exists a maximal
isotropic set of roots S and each such S is a subset of a set of simple roots (for each S
there exists I such that S C II).

Fix a maximal isotropic set of roots S and a set of simple roots II such that S C II.
The denominator identity for g takes the following form:

(1) Ref = Z sgn(w)w (

weEW#

[ses(1 +6‘ﬁ))’

where p € b* is such that 2(p, a) = (a, a) for each a € II. Note that p—p is W#-invariant.
Using () we obtain

ZyET y(Reﬁ) - ZyeTy(eﬁipRep) = ZyeTy(eﬁip ZwEW# Sgn(w)w(ﬂﬁes(efp-i-e*fa)))
e _ e’
= 2 yer ¥ (Xwews sen(w)u (7)) = Luwews @ (i)
Hence the denominator identity for g can be rewritten as

(2) ReP = Z sgn(w)w (

weW#

[ses(1 +6‘ﬁ))'




8 MARIA GORELIK

We set
Y

[Ipes(1 +e77)

Y = Z sgn(w)w(

weW#

).

2.2. Notation. We set
Ay ={a € Ag| (a,a) < 0}.

Then Az = A# ][] Ay, and A% A, are root systems of semisimple Lie algebras.

Denote by § the minimal imaginary root in A. Let II be a set of simple roots for A,
and # € A, be a maximal root. Recall that IT = ITU{d — 6} is the set of simple roots for
A+ = U?il{S(S + A} U A+.

For g # B(n,n), we fix a set of simple roots II for A such that

(¢) II contains a maximal isotropic set of roots S

(i) VYaell (a,a) > 0;

(ii]) 0 € A#,
see 3.2 for a choice of I1. For g = B(n,n) we choose II as in[3.2} in this case the properties
(i) and (ii) hold, but @ is isotropic. Note that in all cases (6,60) > 0. Combining with (ii),
we get (p, 3) = (8,0)/2 >0 for all 3 €1l. Set Q" := > Z>oc. We obtain

(p,QF) >0, ((Z’ Z; >0 for a € A%

2.3. Support of Re’. Set
U:={uep—QF (un) =(pp}

From representation theory we know that the character of the trivial g-module is a linear
combination of the characters of Verma g-modules M (), where A € —Q and (A + p, A +
p) = (p,p) (since g admits the Casimir element). Therefore 1 =3, ; ayR~'e* that is

supp(Re”) C U.

2.4. Support of Y. Expanding the summands of Y we obtain

Supp(ngs(i n eﬂuﬁ)) C{wp— Q" yn{wp+ > Zwp}.

Bes

Since (p,S) = (5,5) = 0 this implies

) WD ([ ) © €= Q1 ) = (.)
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24.1. Lemma. (i)Y is a well-defined element of R (see[I.]] for the notation);
(ii) supp(Y) C U;
(iii) for g # B(n,n) the coefficient of e in'Y is equal to 1.

Proof. By [S], the set of principal roots of A+ is the set of simple roots of AJ“O. ByR2.2, Ww#
ewp

is a subgroup of the group W, introduced in Lemmal[l.3.21 By above, supp (W) C
S

wp — QF. In the light of Lemma for (i) it is enough to show that H, = {w €
W#| ht(p — wp) < r} is finite for each r.

Let X be the set of simple roots of A%, Set ¥y := {a € %| (p, @) = 0}. By Lemma[[3.2,
Hy = Staby; 4 p is the subgroup of W# generated by the reflections {s, : a € ¥y} and
any w € H, is of the form w;sg wesg,ws ... s3,w,41, where w; € Hy and 3; € X\ 3.
This means that the finiteness of Hy implies the finiteness of H, for r > 0 and that H,
is the Weyl group of the Dynkin diagram corresponding to >y. Hence for (i) it is enough
to verify that the Dynkin diagram of ¥, is of finite type. This can be shown as follows.
Observe that ¥ is an indecomposable Dynkin diagram of affine type. Since ¥y C ¥, it
is enough to verify that g # X. Since (p,0) = hY # 0, there exists § € IT such that
(p,8) # 0 that is (5,8) # 0. ByR2 (o, ) >0 for all « € f[, so (0,3) > 0. Hence (3 or
20 belongs to A#. Therefore (p, A#) # 0 so Xy # X. This establishes (i).

Combining (3] and Lemma (i), we obtain supp(Y) C U, thus (ii).

Let us show that the coefficient of ¢ in Y is 1 for g # B(n,n). Indeed, by above,

p € supp(#je*wﬁ)) forces w € Hy. By 22 for g # B(n,n) one has § € A¥ so
€

ap € ¥\ Yo and thus Hy C W#. Therefore the coefficient of ¢ in Y is equal to the
coefficient of e? in the expression

ef
[Tpes(1+e77)

el
[Ipes(1+e77)

> sen(w)ul

weEW#

) =elr Z sgn(w)w(

weEW#

).

Using the denominator identity (@) we get D, .y # sgn(w)w(msfilieﬁ) = Re?. Clearly,
S

the coefficient of € in Re” is equal to 1. This establishes (iii). O

2.4.2. Lemma. Forg= B(n,n) the coefficient of e’ in'Y is equal to 1.

Proof. Expanding the expression w(H e ), we see that the coefficient of e in Y is
BES

[Tpes(te=?)
equal to the sum ) . sgn(w), where

H:={weW#| wp=p&wScA}
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Take w € H and write w = t,y, where y € W# and ¢, € T (see Sect. [ for notation) is
given by

£ = A+ (A8 — (M ) + (“’2“) (\,8))5 for A€ b,

Retain notation of B2l One has S = {§; — &;}7, and w(&; — ;) = & — yei + (v~ i, )6,
because (i, Ag) = 0, see for notation. The condition wS C Ay gives (y~tu, &) > 0
for i =1,...,n. On the other hand,

(/iazlu) hY)s.

Since p and p—yp lie in the Q-span of A# the condition wp = p gives (p, y‘lu)+%hv =
0. One has (p, p) > 0 since p lies in the Q-span of A#. Since b > 0, we get

wp=yp+h'p—((py ') +

- _ I
0= by~ =(py ') = (5D ey 'n).
i=1

Using the above inequalities (y~'u, &;) > 0, we conclude that 0 = (p,y~'u) = %hv that
is ;1 = 0. Therefore w = y € W#. Now we can obtain the statement using the argument
of the proof of Lemma 2.4.1] (iii), or, by observing that yp = p implies that y permutes

{e:}7_, and then yS C A, forces y = {id}. O

2.5.  Assume that the denominator identity does not hold so Re? — Y # 0.
The coefficient of e in Re? is equal to 1. From Lemmas 241, 242 we get

(4) supp (Re” — Y) cU\{p}.

Let j# be the standard element for the root system A# = (A# N A ) [[(A#* N AL).
Set A A
X := Rie” P(Re? - Y).
By the above assumption X # 0.
By [L42 Ro,ﬁleﬁ#*ﬁ € Rw, where W is the Weyl group of g. By Lemma [L.5.1]
Re?, Roef’# are W#-skew-invariant elements of R’. Therefore for each w € W# one has
Boe . Boe?®)  Re
# = Re? = sgn(w)w(Re’) = sgn(w) w(A 0(? ) = AoeA —.
Ryep*—p w(Rief”=P)  w(Ryel”—7)
Thus Rye?” =7 is a W#-invariant element of Ryy. Therefore
Rye” Py = Z sgn(w)w(Rleﬁ# H(l +e M)
weW# pes

and so )
X = Roe” — Z sgn(w)wZ, where Z := ¢ H (1+eP).
weW# BEAT+\S
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Since p# — jp € supp(Rye?” ?) € p* — p— Q*, we obtain from (@)

max supp(X) = p# — j+ maxsupp(Re” — V) C p#* — p+ (U \ {p}),
that is
(5)  maxsupp(X) C {u € p* — (Q"\{ON)| (1 — p# + .1t — p* + ) = (5. p)}-

2.5.1. Recall [J], A.1.18, [KT], that for any A € §* the stabilizer Stab;4 A is either trivial
or contains a reflection s,. Let us call A\ € P regular if Staby;» A = {id}. Say that the

orbit W#\ is regular if A is regular (so the orbit consists of regular points).

By L42 Z € Rw. One has ) _ji#sgn(w)wZ = Rie”* 7Y € R, because YV €
R. In the light of A4 ) i+ sgn(w)wZ belongs to R4 and is W#-skew-invariant.
By Lemma 5.0, Roe”” € Ry is W#-skew-invariant. Hence X belongs to Ry» and is

W#_skew-invariant. Using [4.4] we conlclude that supp(X) is a union of regular W
orbits.

2.5.2. Take v € maxsupp X. Then v is a maximal element in a regular W#-orbit and,
by @), v € p* — (Q*\ {0}).

One has QT ¢ QA# +QM, where M = A, (see for notation) if A is not of the type
A(m,n),C(n), and, for the types A(m,n),C(n) one has M = Ay U{{}, where £ € QA is
such that (£,£) < 0, (§,Ag) = 0. The element ¢ is given in

Write v = pA# + 11 + Vo, where vy € QA# and v, € QM. Since W#I/Q = vy, the vector
v — v, is also a maximal element in a regular W#-orbit. For each simple root a of Af
one has

<V - V27av> = <V7 av> € </6#7O‘V> - <©+=av> - Z7

since (p#,a") = 1 and (A, oY) C Z, by [L2Z4 In the light of Lemma BT v — 1, =
P+ € p7 — Q6 so vy = —sd for some s € Q.

Substituting vy = —sd and using (&) we get
(6) (p—804+v9,p— 80+ 10) = (p, ).

By 22 (p, —sd 4+ 1v5) <0, since —sd + vy € —Q*. Therefore (v,15) > 0. Recall that
the form (—,—) is negatively definite on A, and so is negatively definite on M. Thus

(v2,19) > 0 gives 5 = 0. Now the formula (@) gives s = 0 (because (p,d) = hY # 0).
Hence v = p#, a contradiction.

3. APPENDIX

3.1.  The following lemma is used in Let g be an affine Lie algebra, let IT be its set
of simple roots. Let W be the Weyl group of g. Define regular W-orbits as in 2.5.1]
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3.1.1. Lemma. IfAe ) .; Qo issuch that A+ p is a mazimal element in a reqular
W-orbit and (A, ") € Z for any o € 11, then X\ € Q0, where ¢ is the minimal imaginary
T00¢.

Proof. For each a € 11 set k, := (A\,a"). Since A + p is a maximal element in a regular
W-orbit one has so(A+p) = A+ p— koo Z A+ p, 80 ky & Z<p. By the assumption, k, is
an integer, so k., > 0.

Write A = > %o, 24 € Q. Since (A, o) > 0 for each a € II, we have Az > 0,
where A is the Cartan matrix of g and = (24)aen. From [K2], Thm. 4.3 it follows that
Y wer Zatr € Q0 as required. O

3.2. Basic Lie superalgebras. The basic Lie superalgebras with a non-zero Killing
form, which are not Lie algebras, are A(m,n),m # n; B(m,n); C(n); D(m,n),m # n +
1; Fy; G3. Below for each of these root systems we give an example of II satisfying the
conditions (i), (ii) of 221 In all cases A# lies in the lattice spanned by {ez}max (m.m)

A, lies in the lattice spanned by {J; }mm(m" .

Retain notation of 221 In all cases except B(m,m) one has # € A# (the condition (iii)
in 22)); for B(m,m) one has (0,60) = 0.

In all cases except A(m,n),C(n) one has QA = QAg; for A(m,n),C(n) one has QA =
QAG + Q¢, where ¢ is described below.

and

3.2.1. Case A(m,n),m # n. Since A(m,n) = A(n,m), we may assume that m > n. The
roots are Ag = {e; — € hi<izjom U {0 — 6 h<izj<n, A7 = {£(e; — 5])}}22? Set

11 := {61 — 51,51 — E9,E9 — 52, Ce ,5n —E&n+1,En+1 — En425-- - Em—1 — Em}

and S —{51—5} One has 0 = &, — &, € A%, We take £ = lel—zflj One has
(57 7)

3.2.2. Case B(m,n),m < n. The roots are Ag = {£e; £ &;;+2¢;}1<izjcn U {Fd £
5j; :l:(si}lgi;ﬁjgm, AT = {:EEZ + 5], :l:El' }izgﬁ:ﬁ We take
IT:={e; — 61,01 —€2,62 = 02, -+, Em — Om, Om — Emt1, Emtl = Ema2s -+ En1 — EnyEn}

and S := {g; — &;}",. One has 0 = 2¢, € A¥.

3.2.3. Case B(n,n). The roots are as above. We take
II:= {(51 —€£€1,¢&1 _527---7511 —En,En}
and S := {J; — &;}. One has 0 = §; + &;.
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3.2.4. Case B(m,n),m > n+ 1. The roots are Ay = {£e; £ j; &€ hr<izjem U {F0; £

IT:={e; —e9,60 — 61,01 —€3,...,0n — Ent2,Enial,
and form >n + 2
IT:={e; —e9,60— 01,01 — €3, ,0n — €nt2,Ent2 — Ent3s - rEm1 — Emy Em -
Then S := {&; — §;}", lies in II. One has 0 = &; + e, € A7.

3.2.5. Case C(m) The roots are A@ = {:i:{fz + €53 ﬂ:ZEi}léngSm, AT = {:i:{fz + 51}1§j§m
Set

II:= {81 —€2,82 —E3,--,E&m-1 —Em,Em _5178m+51}-

One has 0 = 2e; € A#. Observe that Ay = 0. We take & := 6;.

3.2.6. Case D(m,n),n > m. The roots are Ay = {xe&; & €;;+2e; hi<izjcn U {£6; £
5j}1§i7éj§m7 AT = {:l:&"z + 5]}}2{5;@ We take

IT:={e; — 61,01 —€2,62 — 02, - -, O — Emy Em — Emtls -+ En1 — Eny 260}
and S := {g; — &;}™,. One has 6 = 2¢, € A¥.
3.2.7. Case D(m,n), m > n+1. Theroots are Ag = {£e;%¢c; h1<izicn U{E0;£0;; £25; }1<izj<m,
Ag = {£e; £ ;122" For m = n + 2 set
IT:={e; —e9,60 — 1,01 —€3,...,0n — Ent2,0n + Enta},
for m > n + 2 set
IT:={e1 —e2,60 — 01,01 — €3, .., 0n — Ent2,Ent2 — Ent3dy- -+ Em—1 — Emy Em—1 + Em }-

Then II contains S := {g; — §;}7,. One has § = g, + g5 € A¥.

3.2.8. Case F'(4). We choose

II := {(61 + &9+ €3 + 51)/2; (—61 + &9 + £3 — 51)/2; (—61 — &9 — E3 + 51)/2;61 — 62}.
In this case S can be any odd simple root; one has § = g3 — g5 € A7,
3.2.9. Case G(3). For G(3) the roots are expressed in terms of linear functions ¢4, €9, €3,

corresponding to Gy, €1 + €2 + €3 = 0, and 07, corresponding to A;; we choose IT = {§; —
€9,63— 01, —e3—&1}. In this case S can be any odd simple root; one has § = e3—¢, € A¥.
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