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In most numerical procedures for solving partial differential
equations, the analyst first discretizes the problem, choosing an ap-
propriate operator on a finite-dimensional approximation space, and
then devises a numerical process to (nearly) solve the discrete equa-
tions. A new technique (MLAT) is proposed, in which discretization and
solution processes are intermixed, so as to make both of them much more
effective. General boundary-value problems in general domains can be
treated by this technique. Similar approach should also be worked out
for evolution problems, with the same general aim at automatic codes
that eliminate redundancies in both discretization and solution
processes.

The main ingredients of MLAT are (a) adaptive discretization and
(b) multi-level iterative procedure in which coarser grids constantly
participate in solving the equations on finer grids. We shall first
describe the technique in general, and then exhibit numerical experi-
ments, including experiments with steady-state Navier-Stokes equations.
The advantages of the method, in efficiency, generality and insensi-
tivity, will be discussed. The only disadvantage seems to be the
complex programming involved.

1. General description

We write the given differential boundary-value problem in the general form
1) Au = £

where A 1is a given vector-valued operator whose components represent both the dif-
ferential equation(s) and the boundary condition(s). f 1is a given vector-valued
function, and u 1is the unknown function(s), belonging to some space S of functions
over a given domain G.

To solve (1) numerically, MLAT uses a sequence of finite-dimensional approxi mation
subspaces S,,S,,... S , with local variables and converging accuracy, on which

eq. (1) is locally discretized. For instance, one can think of each § as a space
of net functions, for which FDE (finite difference equations) are formed in the tra-
ditional fashion. Or, better still, S can be a FEM (finite element method) ap-
proximation space of piecewise polynomials for which the discrete problem may

be defined as finding that element wu €S, which "best" satisfies (1), i.e., for
which ||Au -f|| is minimal in some suitable norm. (Cf., e.g., [1].) FEM formulation
shares witg FDE the property that the coordinates of S (the unknowns) can be re-
presented as quantities (i.e., values of the function and, possibly, some of its de-
rivatives) at 'grid-points' of some prescribed grid Gk’ and the resulting discrete
problem is a system of 0 local algebraic equations

(2) A = £ .
That is, each component of (2) is an algebraic equation involving only quantities at

some neighboring grid points. fk and the unknown u, are nk—dimensional vectors.

The main idea in MLAT is the simultaneous use of some p grids G15Co5eeeyG_(l.e., P
approximation spaces SI,SZ,...,SP. Typically 4 <p <€ 7), chosen succesé&vely, each
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Figure 1

G,

Gk much finer than G, .. (Usually n,>4n .., See Fig. 1.) The role of the
coarser grids, and thelr associated discrete opérators Aj’ is threefold:

(a) Each G (with its ) in its turn is constructed in a manner depending
on the approximate€ solution Ue_1s formerly obtained on the coarser grid G, .:
Finer partitions (more grid p01n%s) are introduced in regions where u -1 is "found
to be rough, while higher-order discretizations (e.g., higher-order FDE; or in FEM,
higher-degree polynomials) with coarse partitions are used where u -1 exhibits
suitable smoothness. Since solutions of elliptic problems are usuakly very smooth
(especially away from boundaries), this adaptive procedure, which can exploit any
smoothness wherever it is found, ensures very economic discretizations.

(b) The c?gsser solution wu, . is also used (interpolated to G, ) as the first
approximation u for an iterative solution of the newly-formed system (2). See
Fig. 2. For the coarsest grid G, solutions are easily and inexpensively obtained
by conventional methods, since n, is small (typically 4 < n, < 15).

(c) The first approximation u&f) is improved in a sequence of "computational
cycles", in which the coarser grids G ""’Gk-l again play an essential role.
Each cycle consists of two processes: :

(I) Relaxation sweeps. A relaxation sweep over G is a (Seidel-type)
process of scanning the grid points (or the grid elements) one by one, correcting, at
each point in its turn, the local values of u so as to locally satisfy there eq.
(2). As a complete method for solution, relaxation converges very slowly (cf., e.g.,
[2]), but its purpose here is different, namely, only to smooth out the errors. This
is effectively achieved in just a few sweeps.

(I1) Large-scale corrections through coarser grids. Given an approximate solu-
tion uﬁl) to eq. (2), we define for it the '"residual problem"

ki) A1) o 1)
(3) o g S
) 2 7 3 X () : SRS E S L
where ¢k = fk Akuk = Akuk Akuk is the residual, e T is the
unknown orrectionand Aéi) is some linearization of Ak 'around uél). For linear Ak

(1)

we of course take Aél) =4 . Innonlinear cases Ay * can be taken as the Newton
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Read in the differential problem Au=f, its
approximation A u,=f, on a coarse grid G,

and the tolerance ¢

/

Set k=1. Solve A,u,=f, approximately, e.g.,
by a direct method. Call the resultant

solution ﬁl.
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and the associated approximation operator Ak’ based on
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of the differential equation.
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Figure 2. Outline of adaptive schemes
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Figure 3. A computational cycle for the equation Akuk = fk , replacing

an approximate solution uél) by an improved one u£i+1). Iz 3 denotes

b
interpolation from Gy to Gj . For nonlinear cases each Aj(j<k) in

the flowchart should be replaced by its linearization around uéi)
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linearization, i.e., the nj Xn, matrix whose (4,Vv) component is given by
Wi & % A L)
A U EEN)

U, =4

(1)
k .

k

Once ¢(l) is smoothed out (by the relaxations), problem (3) can approximately be

solved on coarser grids instead of on G, , which is of course much easier. The

solution of (3), interpolate%iyack to G, and again smoothed out by relaxations, then

serves as a correction to w Namely, :
Gigl) - (1)

(4) u =u +uw

(1)
k ’

where w is a '"cycle coefficient", usually taken to be 1. Sometimes, however,
w < 1 is required to help convergence. (See Sec. (2).)

Roughly speaking, the role of relaxation sweeps over any G, 1is to liquidate
those Fourier components of the error which have wave-lengths coﬁparable to the
typical mesh-size of G,, while corrections through coarser grids liquidates the
longer components.

We have used several variants of such computational cycles, two of which are
flowcharted in Fig. 3. Variant A is a simplified cycle which we employed most
often, with much success. It requires minimal computer storage.

In variant B the idea is to solve (3) approximately using G _12 where the prob-
lem on G, , is solved by using still coarser grids in a similar %ashion. Thus each
computational cycle for the k level contains several cycles for the k-1 level, and
so forth. This (for FDE formulations) is the original idea of R. P. Fedorenko [3],
who also rigorously proved, for 5-point Poisson difference equations on a rectangle,
that such an iterative method has rate-of-convergence < q < 1 , where q is inde-
pendent of the mesh-size. It seems to be the only known method with such a pro-
perty! This basic contribution, extended by Bakhvalov [4], remained amazingly neg-
lected, at least in the west.

2. Disadvantage of MLAT and existing programs

The main disadvantage of MLAT is the complex programming involved. We have
therefore developed so far programs only for some special cases:

(a) Finite-difference solution, on pre-assigned (non-adaptive) sequence of
grids, for general second-order, bidimensional equations of the form

+ azu, + auuy + aqu = fix,y) , a; = ai(x,y) s

a.u-
1%x T F2lyy
in general domains G , with Dirichlet boundary conditions.

(b) Similarly, for the non-homogeneous biharmonic equation Viu = £
in rectangular domains, with Dirichlet boundary condition.

(c) Similarly, for the Navier-Stokes equation in a square
V'Y = ROLVRY, - 0T (0 <x, y<1)
with boundary conditions Y (0,y) = w(i,y) = Y(x,0) = P(x,1) =0 ,
wx(O,y) =y (1,y) = wy(x,O) = 0 wy(x,l) =1 . We chose for A the crude lineariza-

tion Agi’kf =V% For large Reynolds numbers R, this linearization is too far off,

and toJachieve convergence we had to use cycle coefficient w < 1 . (See eq. (4)
and Table 2.)

(d) More complicated are programs incorporating the adaptivity feature. Only
one-dimensional models have so far been implemented.






