COUNTING POINTS OF SCHEMES OVER FINITE RINGS AND
COUNTING REPRESENTATIONS OF ARITHMETIC LATTICES

AVRAHAM AIZENBUD AND NIR AVNI

ABSTRACT. We relate the singularities of a scheme X to the asymptotics of the number
of points of X over finite rings. This gives a partial answer to a question of Mustata.
We use this result to count representations of arithmetic lattices. More precisely, if T’
is an arithmetic lattice whose Q-rank is greater than one, let r,(I") be the number of
irreducible n-dimensional representations of I' up to isomorphism. We prove that there
is a constant C' (in fact, any C' > 40 suffices) such that r,,(I') = O(n®) for every such T.
This answers a question of Larsen and Lubotzky.
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1. INTRODUCTION

1.1. Main results. This paper has two main results. The first is about counting points
of schemes over finite rings. In the formulation of this result, we use the notions of local
complete intersection and rational singularities, which we recall in §2.2.

Theorem A. Let X be a scheme of finite type over Z. Assume that the generic fiber
Xg = X Xgpeez SpecQ of X is reduced, absolutely irreducible, and a local complete
intersection. The following conditions are equivalent:

(1) For any m,
L x@pm) _

}}jglo prdimXg L.
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(2) There is a finite set S of prime numbers and a constant C such that

| X (Z/p™)]

_ —1/2
pr-dimXo 1 ‘ <Cp 77,

for any prime p ¢ S and any m € N.
(8) There is a finite set S of prime numbers and a constant C such that

(X (Z/p™)| | X(Z/p)|

-1
proedimXo plimXg <Cp,

for any prime p ¢ S and any m € N.
(4) Xq has rational singularities.

In fact, we prove this theorem also for other rings, see Theorem 3.0.3.
We use Theorem A to prove our second main result, counting representations of arith-
metic groups of high rank (for example SL4(Z) for d > 3):

Theorem B. (see Theorem II) For any algebraic group scheme G whose generic fiber Gg
is simple, connected, simply connected, and of Q-rank at least two, and every C' > 40,

lereducible representations of G(Z)} — 0 (n°)

of dimension n

Theorem B (and its generalization Theorem II below) give an affirmative answer to a
question of Larsen and Lubotzky (see | , §11]).

1.2. Counting points.

1.2.1. Background and results. Let X be a scheme of finite type over Z. We will be
interested in the number of Z/N-points of X, as a function of N. If s € C has sufficiently
large real part, then the series

(1) Px(s) = ) |IX(Z/N)|-N~°

(where |X(Z/1)] = 1) converges absolutely and defines a holomorphic function. The
domain of absolute convergence of the series (1) has the form {s | R(s) > ax}. We call
ax the abscissa of convergence of Px. We have

o — s X /D] -+ |X(Z/n))

n—o0 lOg n

The Chinese Remainder Theorem implies a decomposition Px (s) =[], Bx,(s), where
the product is over the set of prime numbers, and each local component is defined as

Ppls) = D |1X(Z/p")]-p ™.
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The functions PBx ,(s) were introduced by Borevich and Shafarevich, who conjectured
that they are rational functions of p~*. This conjecture was proved by Igusa and Meuser.
For hypersurfaces, the function Bx , is studied via the following variant of it, called the
Igusa zeta function:

Zxp(s) = (1 —p")Px,p(s+dimXg + 1) + p°.

See [Mus, §1.3] for a definition of Zx ,(s) as a p-adic integral.
du Sautoy and Grunewald studied more general p-adic integrals and defined the follow-
ing Euler product:

Zx(s) = [T 2220

» ZX,p(OO)'

In [Mus], Mustata asks for relations between the analytic properties of Zx(s) and algebro-

geometric properties of X. A partial answer is given by the following corollary of Theorem
A:

Theorem 1. (see §4.4) Let X be a scheme of finite type over Z, whose generic fiber Xq is
reduced, absolutely irreducible, a local complete intersection, and has rational singularities.
Then there is a finite set S of primes such that

(1) For every p ¢ S, either Px ,(s) = 1, or the abscissa of convergence of Px ,(s) is
dimXgq and Px p(s) has a simple pole at dimXg.

(2) Let Y = X Xgpeez Spec S™Z. The abscissa of convergence of Py (s) is dimXg +
1. Moreover, if ((s) denotes the Riemann zeta function, then the function
Py (s)/¢(s — dimXg) can be analytically continued to {s | R(s) > dimXg + 1/2}.
In particular, By (s) has meromorphic continuation to R(s) > dimXq + 1/2, and
the only pole of the continued function on the line R(s) = dimXqg + 1 is a simple
pole at dimXg + 1.

(3) Denote Hy(n) :=n~4mYe|Y(Z/n)|. The Cesaro mean

lim Hy(1)+---+ Hy(N)
N—o00 N

exists and is a positive real number.

(4) If X is a hypersurface, then the abscissa of convergence of Zy(s) is 0 and the
function Zy(s)/((s + 1) can be analytically continued to {s | R(s) > —1/2}. In
particular, Zy(s) has meromorphic continuation to R(s) > —1/2 with a simple
pole at 0.

Remark 1.2.1.

o If X itself is a local complete intersection, then we can take S to be empty (so
Y = X); see §4.4.

e Contrary to (3), the sequence Hy (N) might not converge. This happens even for
elliptic curves.
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1.2.2. Sketch of the proof of Theorem A. We sketch the proof of the implication
(4) == (3), since it contains most of the ideas in the proof. We first show that
| X(Z/p™)| = |X(F,[t]/t™)|, for all but finitely many primes p. Next, we consider the

function F(p,m) := Hx(p™) = %. We show the following:

(a) For every p, the function m — F(p,m) is bounded. This follows from [AA].

(b) Condition (3) holds for bounded m. To show this, we analyze the jet schemes Jet,, X,
which are schemes that satisfy Jet, X (F,) = X (F,[t]/t"). We apply the Lang-Weil
bounds, and a theorem of Mustata claiming that, under our assumption, Jet,, X are
irreducible.

(c) There is a formula for F'(p,m) involving simple expressions in m and p, as well as
the number of F,-points on finitely many varieties. This is a consequence of motivic
integration.

We deduce from (c) and (a) (and the Lang—Weil bounds) that there are finitely many
my, ..., my such that, for all m, there is i such that |F(m,p) — F(ms,p)| = O(p~!).
Applying (b), we get the result.

1.3. Counting representations. For a topological group I', let r,(I') be the number
of isomorphism classes of irreducible, n-dimensional, complex, continuous representations
of I'. The sequence r,(I") is called the representation growth sequence of I'. In general,
r,(I") can be infinite, but we will only consider groups for which r,(I") is finite for any n.

The study of the representation growth sequence was introduced at | ] and | ).
For more recent results, we refer the reader to [AA], | 1, 1 I, 1 1, 1 ],
and the references therein.

Throughout the paper, fix an affine group scheme G over Z whose generic fiber Gg is
Q-simple, connected, and simply connected. If k is a global field and T is a finite set of
places of k containing all archimedean ones, we denote by Oy r the ring T-integers:

Orr ={x € k| Vv ¢ T we have ||z|, < 1}.

We will study the representation growth of the group I' = G(Oy.r). The main theorem
of | | implies that, if T satisfies the congruence subgroup property (See Definition
4.3.1 below), then the sequence r,(I") is bounded by some polynomial in n. Examples of
groups with the congruence subgroup property are G(Oj 1) assuming the Q-rank of Gg
is greater than one. In order to capture the rate of polynomial growth of r,(I"), we use
the following definition:

Definition. Let I' be a topological group, and assume that the sequence r,(I") is bounded
by a polynomial. The representation zeta function of I' is the Dirichlet series

(2) Cr(s) = Z ro(T)n=>.

n=1

Denote the abscissa of convergence of (r by «(T).
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As before, we have:

(3) () = limsup log (r1(T") ggn +7a(0)

If I' = G(Oy,r) as above, the limsup in (3) is actually a limit and is a rational number

(see | ).

The abscissa «(I") is related to the singularities of the varieties parameterizing homo-
morphisms from surface groups to G-

Definition. Let n € Z>; and let X, be the closed surface of genus n. The deformation
variety of ¥, in G is the variety

Defg,, = Hom(m(3,), G) = {(91, h1, -, Gn, hn) € G| (g1, P1] -+ [gn, hn] = 1}
We remark that Defg, , has rational singularities if n > C(G), where

12 G is of type A, B, D
C(G) = 21 G is of type C

B d?;’:gg‘)_r; ?;{rfi)(g)ﬂ +1 G is exceptional and g is a simple factor of Lie(Gg)

For the classical groups, this is proved in [A A Theorem VIII]. For the exceptional groups,
this follows from | , Corollary 2.3] and [AA, Theorem IV]. Note that C(G) is
bounded by 21 for any G.

The following is a generalization of Theorem B:

Theorem II (See §4.3). There is a finite set S of prime numbers such that, for every
global field k of characteristic not in S and every finite set T' of places of k containing all
archimedean ones, if G(Oyr) satisfies the congruence subgroup property and Defq, ,, has
rational singularities, then a(G(Oyr)) < 2n — 2.

As a result, we get the following dichotomy for the representation growth of an arith-
metic group I in characteristic zero: either r,(T') = o(n™7), or r,(T') is either infinite
or grows super-polynomially in n (this happens if I' does not satisfy the Congruence
Subgroup Property—see | D).

We will deduce Theorem II from the following adelic version, which is applicable also
for low rank groups. In the following, if A is a ring, we denote its pro-finite completion
by A.

Theorem III (See §4.2). There is a finite set S such that, for any global field k of
characteristic not in S, any finite set T of places of k containing all archimedean places,

and any natural number n, if Defg,, has rational singularities, then o (G(O/;C\T)> <
2n — 2.

From Theorem IIT and Theorem 2.5.1 below, we deduce the following statement about
finite groups like G(Z/NZ), generalizing [A A, Corollary XIJ:
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Corollary IV. There is a finite set S of primes such that, for any ring of integers Oy of
any global field k of characteristic not in S, there is a constant C such that the following
holds. For any non-trivial ideal I of Oy, any natural number n > 3 such that Defgg n—1
has rational singularities, and any g € G(Okr/1),

|G(Orr/1)|

where g1, ha, ..., gn, by, are uniformly distributed random elements of G(Okr/1).

Prob ([g1, h] - - - [gn, hn] =

We deduce Theorem III from the following one:

Theorem V (See §4.1). For every n > 2 such that Defgy, has rational singularities,
there is a finite set S of prime numbers and an integer C' such that, for any p ¢ S and
any unramified extension F' of either Q, or F,((t)), we have

Caor) (20 —2) =1 < C|Op/Ip|™,
where O is the ring of integers of F' and I is its maximal ideal.

In order to prove Theorem V, we use the Frobenius formula (Theorem 2.5.1 below) that
relates (q(op/rm)(2n) to the sizes of Defq,,(Or/I}'). These sizes, in turn, are related to
the singularities of Def¢,, by Theorem A (or, more precisely, by Theorem 3.0.3).

Remark. Consider the following statements:

(1) a(G(O)) < 2n — 2.

(2) a(G(O,)) < 2n — 2 for any valuation v of O.

(3) Defe,, has rational singularities.

(1) a(G(0)) < 2n—2.
Then (1) = (2) < (3) = (4).

The implication (1) = (2) follows easily from the observation that, using the map
G(O) — G(O,), we get that r,(G(Oy)) < 1,(G(O)). The equivalence (2) <= (3) is
proved in [AA]. In this paper, we prove (3) = (4).

Remark. The assumption that G is defined over Z can be weakened to assuming that G
is defined over the ring of T-integers in a number field. Indeed, if G C GLo, , is defined
over O, let G be the Zariski closure of G in GLo,. The theorems above applied to the
restriction of scalars Resp, ;7 G imply the theorems for G.

1.4. Structure of the paper. In §2 we give the necessary preliminaries for the paper.
In §2.2-§2.3 we review the relevant algebraic geometry. In §2.4 we review the results of
[AA]. In §2.5 we recall a theorem of Frobenius on representations of finite groups. In §2.6
we review relevant parts from the theory of motivic integration.

In §3 we prove (a generalization of) Theorem A. In §3.1,§3.3, and §3.4, we review the
tools we use for the proof. The proof itself is given in §3.2, §3.5, §3.6, and §3.7.

In §4 we prove Theorems I, II, III, and V. As mentioned above, these imply Theorem
B and Corollary IV.
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2. PRELIMINARIES

2.1. Conventions. Throughout this article we use the following conventions:

e Let X - SandY — S be S-schemes. We denote X xgY by Xy. If Y = Spec R
is affine, we write X instead of Xgpec i

e If p is a prime number and ¢ = p" is a power of p, we denote the unique degree-n
unramified extension of Q, by Q,, its ring of integers by Z,, and the maximal ideal
of Zq by m,.

e For a set S of prime numbers, let

Ps = {p" | p is a prime number not in S and n € Z>,}

be the set of sizes of finite fields of characteristics not in S.
e If X — S is a smooth map of relative dimension d, let Q% /s denote the line bundle
of relative top differential forms.

2.2. Singularities. In this section, we review the notions of resolution of singularities,
rational singularities, and complete intersections. For more detailed overview, we refer
the reader to [A A, Appendix BJ.

Definition 2.2.1. Let X be an algebraic variety defined over a field k. A resolution of
singularities of X is a proper map p : X — X such that X is smooth, p is birational, and
the restriction of p to p~*(X*™) is an isomorphism.

Definition 2.2.2 (cf. | , 183, page 50-51]). Let X be an algebraic variety defined
over a field k of characteristic 0.

(1) We say that X has rational singularities if, for any (equivalently, for some) res-
olution of singularities p : X — X, the natural morphism Ox — Rp.(O%) is an
isomorphism.

(2) A (usually singular) point x € X (k) is a rational singularity if there is a Zariski
neighborhood U C X of x that has rational singularities.

Definition 2.2.3. Let X be a scheme of finite type over a ring R.

(1) X is called a complete intersection if there is an affine and smooth map Y —
Spec R, a closed embedding X — Y, commuting with the structure maps, and
reqular functions fi,..., fo € Oy(Y) such that the ideal of X in'Y is generated by
the fi and each f; is not a zero divisor in Oy (Y)/(f1, ..., fi—1)-
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(2) X s called a local complete intersection if there is an open cover U; of X such
that each U; is a complete intersection.

2.3. Jet schemes and Mustata’s theorem. In this section we recall the definition of
jet schemes and quote one of our main tools, Mustata’s theorem (see | |), which
relates rational singularities and irreducibility of jet schemes. We will use repeatedly the
following simple lemma:

Lemma 2.3.1. Suppose that Z — T — S and X — S are morphisms of schemes. Then
Homy(Z, Xr) = Homg(Z, X).

We move on to define jet schemes.
Notation 2.3.2. For a scheme Y, denote Y™ =Y xg,ecz Spec Z[t] /t™ L.

The projection Y™ — Y is finite and (locally) free. For every scheme S, the assignment
Y + Y™ gives rise to a functor between (Schg) and (Schgm).

Notation 2.3.3. Let X — S be an affine morphism of finite type. Let #,,(X/S) be
the restriction of scalars of X™ along the map S™ — S, i.e., the functor #,(X/S) :
(Schg) — (Set) given by

In(X/8)(Z) = Homgpm (2™, XM = Homg (2™, X).
From | , 87.6], we get

Theorem-Definition 2.3.4. The functor #7,,(X/S) is representable by a scheme of finite
type over S. We call the representing scheme the m-th relative jet scheme of X — S and
denote it by Jet,,(X/S).

Let X — S be a morphism as above. For any morphisms Z — T — S of schemes, we
have a canonical bijections

Homy (Z, Jet,,(X7/T)) = Homp(Z™, X7) 2= Homg (2™, X) =

& HOHIS(Z, Jetm(X/S)) = HOHIT(Z, Jetm(X/S)T>7

which is functorial in Z, and, therefore, defines an isomorphism Jet,,(X7/T) =
Jet, (X/S)r.

The following is Mustata’s theorem:
Theorem 2.3.5 (| ). Let X be an irreducible local complete intersection variety

defined over a field k of characteristic 0. Then the following are equivalent:

(1) X has rational singularities.
(2) All the jet schemes Jet,,(X/k) are irreducible.
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2.4. Rational singularities and integration. In this section we review a result of [AA].
Recall that a measure m on a p-adic analytic manifold! is Schwartz if it is compactly
supported and every point has a neighborhood U and a diffeomorphism ¢ : U — Z; such
that ¢,m is a scalar multiple of the Haar measure.

Theorem 2.4.1. Let ¢ : X — Y be a map between smooth algebraic varieties defined over
a non-archimedean local field F' of characteristic zero, and let x € X (F'). Assume that ¢ is
flat at x, and x is a rational singularity of ¢~ *(o(x)). Then, there is a neighborhood U C
X (F) of x such that, for any Schwartz measure m on U, the measure @.(m) has continuous
density, i.e., can be written as a product of a Schwartz measure and a continuous function.

2.5. Frobenius formula. We will use the following theorem of Frobenius:

Theorem 2.5.1 (Frobenius). Let I" be a finite group, and let n > 1 be an integer. Then

n n— 1
|{($1>yla--->$n>yn) er? ‘ [xl>y1] [:Unayn] = 1}| = ‘FF 1ﬂ€§r)ma

where Irr(I) denotes the set of isomorphism classes of irreducible representations of T.

2.6. Definable Integrals. In this section, we recall the setting of definable p-adic inte-
grals and state a uniformity result about p-adic integrals, which is a special case of | ,
Theorem 1.3].

2.6.1. The Denef-Pas language. Let Ly be the first-order language with:

e Three sorts, denoted by VF, RF, and VG, and called the valued field sort, the
residue field sort, and the valuation group sort, respectively.

e Five constants, Oyg, 1yvr € VF, Orr, 1rr € RF, and Oyg, coyg € VG.

e Seven functions, +vyr : VF X VF — VF, -yp : VF X VF — VF,| 4gr : RF X RF —
RF, ‘gr : RF XxRF — RF, +vg : VG x VG — VG, val : VF — VG, and ac :

e One binary relation, <, on VG.

2.6.2. Structures. Suppose that F'is a field with a non-archimedean valuation v. Denote
O ={zeF|v(x)>0} and m = {z € F|v(x)>0}. Assume that the short exact
sequence
(4) 1-0"/(14m)— F*/(14+m) = F*/O* =1
splits, and let o : F*/(1 4+ m) — O* /(1 + m) be such a splitting. An important example
is the case where I’ is a non-archimedean local field. In this case, any uniformizer gives
a splitting of (4).

From this data, we construct a structure for Ly as follows: the sort VF is interpreted
as F', the sort RF is interpreted as the residue field of F', and the sort VG is interpreted

TA p-adic manifold is a Hausdorff space X with a sheaf of functions that is locally isomorphic to
the space Zé\' together with the sheaf of functions that are locally given by convergent power series; see

[Ser64].
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as Z U {oco}. The function val is interpreted as the valuation v and the function ac is
interpreted as the composition

F* = F*/(14+m) 3 0*/(1+m)=RF(F)~ {0}.

The interpretation of the constants, relation, and the rest of the functions is clear. From
this point on, when we write a valued field, we mean a valued field together with a splitting
as above, and we consider it as a structure of the Denef-Pas language.

2.6.3. Quantifier-free definable functions. Suppose that & is a structure for L. If ¢ =
O(T1y o Ty Yty - oy Ymy 215+ -+, 2) 18 & formula in L, where the variables z; are of VF
sort, the variables y; are of RF sort, and the variables z; are of VG sort, we denote

0(6) = {(a;, b, ¢;) € VF(6)" x RF(6)™ x VG(6)* | ¢(a;, by, ¢;) holds in &} .
Definition 2.6.1.

(1) We say that two formulas ¢(x) and ¥ (x) are equivalent if, for every Henselian
valued field F', we have ¢(F') = (F'). An equivalence class of formulas is called a
definable set. If X is a definable set and F is a Henselian valued field, we write
X(F) = ¢(F), for any ¢ € X.

(2) We say that a formula in L is quantifier-free if there are no quantifiers in it. A de-
finable set is called quantifier-free, if there is a quantifier-free formula representing
1t.

(8) Suppose that X,Y are definable sets on variables x,y respectively (r and y are
tuples of variables of the three sorts of L). A quantifier-free definable set I' on
the tuple of variables (x,y) is called a quantifier-free definable function if, for any
Henselian valued field F, the set I'(F') is the graph of a function between X (F)
and Y (F'), which we also denote by I'(F).

Example 2.6.2.

(1) Let X < ALY be an affine scheme over SpecZ. Choose a generating set
{p1,---,pu} C Zlxy,...,zN]| for the ideal of polynomials vanishing on X, and
let Xvyr be the equivalence class of the formula

(pl(xla"wa) = 0) A"'(pM(*Tla"'azN) :())7

where x4, ...,z are of the VF sort. For any valued field F, we have Xyp(F) =
X(F). Similarly, there is also a quantifier-free definable set, denoted by Xgr, such
that Xgp(F) = X(k), for all Henselian valued fields F with residue field k.

(2) Let f : X —Y — SpecZ be morphisms of schemes. Then there is a quantifier-free
definable function fyr : Xvp — Yyr such that, for every Henselian valued field F,
the function fyp(F) : Xyp(F) — Yyp(F) coincides with the restriction of f to F
points.

(8) If X is an algebraic variety and p is a reqular function on X, the formula y =
val(p(z)) gives rise to a quantifier-free definable function from Xyg to VG.

The following theorem follows from | , Theorem 1.3]:
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Theorem 2.6.3. Let X — SpecZ be an affine and smooth morphism of relative dimen-
sion d, let w € I'(X, Qg(/specz) and let f1, fo : Xvr — VG be quantifier-free definable
functions. Then there are

(1) A constant M.

(2) A finite set S of prime numbers.

(8) (Finite or infinite) arithmetic progressions Iy, ..., Iy C Z.

(4) Polynomials g1, ...,g9m € Q[x,y| such that g;(x,y) is positive on I; x R-y.

(5) Reduced affine schemes Vi, ..., Vi of finite type over Z which are smooth over

Spec Z[S™Y] such that (V;)g are non-empty and irreducible.

(6) Rational numbers o, ..., cnr, By .. Bur-

(7) Positive integers a;y for j=1,...,.M and k =1,..., M.
such that, if F' is a local field with residue field F, of characteristic not in S, m € Z, and
|w|F denotes the measure on X (F') correspondmg to w, then

_ m q qa7m+ﬁj
2@) || o = 21[ ‘gj< )

5
) Hk (1 _q_ajk)

/{wEX(OF)Ih (x)=m}

assuming the integral converges.

3. RATIONAL SINGULARITIES AND POINTS OVER FINITE LOCAL RINGS

In this section, we study the number of points of schemes over finite rings. For this, we
introduce the following notation:

Definition 3.0.1. Let X be a scheme of finite type over Z and let A be a finite ring. If
Xo is nonempty, define hx(A) = XL gy X is empty, let hx(A) = 0.

|A|dlmXQ

We will mostly consider the finite rings Z,/m;* and F,[t]/t". The following proposition
relates the counting functions for these rings.

Proposition 3.0.2. (see §3.2) Let X be a scheme of finite type over Z. There is a finite
set S of prime numbers such that hx(Z,/m7') = hx(F,[t]/t™), for any ¢ € Ps and any
m € N.

The main result of this section is the following theorem that generalizes Theorem A:

Theorem 3.0.3. Let X be a scheme of finite type over Z such that Xq is equi-dimensional
and a local complete intersection. The following are equivalent:
(1) For any m, lim,_,oo hx(Z/p™) = lim,_,o hx (F,[t]/t™) = 1.
(i4) There is a finite set S of prime numbers and a constant C such that |hx(Z,/mwy") —
1| = |hx(F,[t]/t™) — 1| < Cq™'/2, for any q € Ps and m € N.
(i4i) Xg is irreducible and there is a finite set S of prime numbers and a constant C' such
that |hx (Zg/m]") — hx (Fg)| = |hx (Fg[t]/t™) — hx (Fy)| < Cq~', for any q € Ps and
m € N.
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(iv) Xg is reduced, irreducible, and has rational singularities.

The proof of the Theorem 3.0.3 proves also that, if X itself is local complete intersection,
then (iv) implies:
(v) Xg is irreducible and for any prime power ¢, the sequence n — hx(Z,/m}) is
bounded.
We conjecture that this implication is true without this additional assumption. Moreover,
we conjecture that (i)-(v) are also equivalent to

(vi) Xg is irreducible and there is a finite set S of prime numbers such that, for any
prime p not in S, the sequence n +— hx(Z/p™) is bounded.

Remark 3.0.4. One can weaken Condition (ii) by replacing the set Ps by any sequence
pn of prime powers such that the p, are distinct and any integral polynomial splits over
some finite field of size pi'™. For example, one can take the sequence of primes that are
congruent to 1 modulo n.

3.1. Counting points and integrals.

Proposition 3.1.1. Let F' be a local field, O its ring of integers, and m its mazximal ideal.
Suppose that Y — Spec O is a smooth map of schemes of (pure) relative dimension d. For
any m, denote the map Y(O) — Y (O/m™) by r,,. There is a unique Schwartz measure
w on Y (O) such that, for every m and yo € Y(O/m™),

(1, (yo)) = [O/m|~"
The Proposition follows from the following standard lemma:

Lemma 3.1.2. Let F,O,m,Y.,d, and r,, be as in Proposition 3.1.1. Assume that there is
an invertible section w of Qdy/ speco- Lhen, for every yo € Y(O/m™),

/ | = [O/m[ -
T&l(yo)

Proof. If U C Y is open and yo € U(O/m™), then 7, '(yo) C U. Hence, we can assume
that Y is affine and there is an étale map m : U — AY. Since 7 is étale, we get that
7 induces a bijection between r,!(y0) and some ball B of radius |O/m™|™! in O Let
n=dry A ANdry € QUAL/SpecO). Then 7*n = Jw, for some regular function J.
Since the map is étale, J is invertible. Hence, for every p € Y (O), we have |J(p)| = 1.
Hence, [ 1 || =[5l = |O /m|~dm. O

Corollary 3.1.3. Let Z be a scheme of finite type over Z and assume that Zg s affine.
Then there are M, S, 1;,g;,V;, o, Bj, Mj, a;r as in Theorem 2.6.3 such that, for any q €
Ps and any m > 0,
. g;(m, q)g*m 5%
(6) ha(Zo/w]) = hy(Bylt]/t7) = 11, (m)|[V;(Fy)| =5 —
j=1 [Tp2: (1 —q ")
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Proof. It Zg is empty, the claim is clear. Otherwise, let Sy be a finite set of primes and
let fi...fi € Sy'Z[x1,...,2x] be polynomials such that Zso—lz is the scheme defined by

fi=--=fi=0in Ag,lz. Let F' be a local field of characteristic not in S, O be its ring
0
of integers and m be its maximal ideal. By Lemma 3.1.2 we have:

|Z(O/m™)| = |O/m|Nm/ |dzy A -+ - ANday| =
{z€ON |min; (val(f; (x)))>m}

=0/m["" Y

n>m

/ |dzy A -+ A dxy].
{z€ON |min; (val(f;(z)))=n}

The claim now follows from Theorem 2.6.3. ]

3.2. Proof of Proposition 3.0.2. We will use the following simple lemma.

Lemma 3.2.1. Let X = U; UU; be an open cover of a scheme. Then, for any finite local
ring A, we have

o | X(A)| = |Ur(A)] + |Ux(A)| — [Uy N Ux(A)].
o |[X(A)] > |U(A)].

We also need the following well known fact:

Lemma 3.2.2. (¢f. | , Ex. 11.4.3]) Let X be a separated scheme, and let Uy, Uy C X
be open affine subschemes. Then Uy N Us is affine.

Proof of Proposition 3.0.2. We will show that there is a set S of prime numbers such
that |X(Z,/m{")| = [X(F,[t]/t™)], for all ¢ € Pg and all m. We prove this claim in the
following cases:

Case 1 X is affine.
The claim follows from Corollary 3.1.3.

Case 2 X is separated.
The proof is by induction on the minimal size of an affine cover of X. The base
is the affine case dicussed above. For the transition, let X = [J] U; be an affine
cover and assume that we proved the claim for schemes that can be covered by
less then n affine open subschemes. Let U = |J, U;. By induction and Lemma
3.2.2, we know the statement for Uy,U,U N U;. Thus Lemma 3.2.1 implies the
assertion.

Case 3 The general case.
The proof is by induction on the minimal size of an affine cover of X by separated
schemes. The base is the previous case. The transition is analogous to the proof
in the previous case.

O
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3.3. Lang—Welil estimates. We start with the following notation.

Notation 3.3.1. Suppose that X is a scheme of finite type over SpecZ and that k is a
field. We denote the number of irreducible components of Xt that are defined over k and
have dimension dimXy by cx (k). If q is a prime power, we also write cx(q) instead of

Cx(]Fq).

Theorem 3.3.2 (Lang—Weil (cf. | 1)). Let X be a scheme of finite type over Spec Z.
Let d = dimXgq. There is a finite set S of prime numbers and a constant C' such that, for

any q € Pg, X(E)
q

g
3.4. Irreducible components modulo p. In this subsection, we prove the following

<Cq 2.

—cx(q)

Proposition 3.4.1. Suppose that X is a scheme of finite type over Spec Z. Assume that
Xg s wrreducible. Then

(1) For almost all prime numbers p, we have cx(F,) = cx(Q).
(2) There are infinitely many prime numbers p such that cx(p) = cx(Q).

In order to prove the proposition, we recall the following notions and facts:

Definition 3.4.2. Let S be an wrreducible scheme with generic point n, let s be a closed
point of S, and let ¢ : X — S be a morphism of finite type. Define a relation Rg s between
the set of irreducible components of X, := ¢~ 1(n) and the set of irreducible components
of Xs 1= ¢~ (s) by (Y1,Y2) € Rs 5 if Yo C V1.

Theorem 3.4.3. (cf. | , Proposition 9.7.8]) Let S be an irreducible scheme with
generic point n and let p : X — S be a morphism of finite type. Assume that all irreducible
components of X, are absolutely irreducible. There is an open set U C S such that, for
any closed point s € U,

(1) All irreducible components of X, are absolutely irreducible.
(2) The relation R, 5 is the graph of a bijection.

Let X — SpecZ be a scheme of finite type. Let L/Q be a Galois extension such that
all irreducible components of X x Spec L are absolutely irreducible, and let O be the
ring of integers of L. The group Gal(L/Q) acts on the set of irreducible components of
X x Spec L. For any prime ideal p of O with residue field k,, consider the decomposition
group Dy, = {0 € Gal(L/Q) | o(p) = p}, and the homomorphism &, : D, — Gal(k,/F,).
The group Gal(k,/F,) acts on the set of irreducible components of X}, . The following is
obvious

Proposition 3.4.4. Under the assumptions above, for any (Y1,Ys) € Ry, and o € D,,
we have (o - Y1, (o) - Ya) € R(g) -

Proposition 3.4.4, Theorem 3.4.3, and Chebotarev’s density theorem imply Proposition
3.4.1.
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Corollary 3.4.5. Let X be a scheme of finite type over SpecZ, and let U C X be an
open dense subscheme. There is finite set S of prime numbers and a constant C' such that
hx(F,) — hy(F,) < Cq™' for any q € Ps.

Proof. Let Z = X \ U. We have dimZg < dimXg = dimUg. Letting C' = ¢z(Q), the
Lang—Weil estimates and Proposition 3.4.1(1) imply that there is a finite set of primes .S
such that

for every q € Ps. O

3.5. Proof of the implication (iii) = (ii). It is enough to show that there is a finite
set S of prime numbers and a constant C” such that |hy (F,)—1] < C’q~1/2 for all ¢ € Pg:.
By the assumption and Proposition 3.4.1(1), there is a finite set T" of prime numbers such
that cx(q) = 1 for all ¢ € Pr. The Lang-Weil estimates imply the result.

3.6. Proof of the implication (i) = (iv). Let m € N and X(™ = Jet,,(X/ SpecZ).
There is a finite set S of prime numbers such that Xy, is a local complete intersection and

dimX]é:L) = dimX(gn) for all p ¢ S. By Proposition 3.4.1(1), we can enlarge S and assume,

in addition, that cxwm) (Fy) = cxm (Q) for all p ¢ S. By the Lang-Weil estimates, we get
that

hx (Fpt]/t™) | X (m)(F,)]
pdimX]gZL)—mdimXQ — Cx(m) (p) — 07

dimXﬂgr) p—00

— cxom) (P)

By Proposition 3.4.1(2), there are infinitely many primes p such that cym)(p) = cxmm) (Q).

i —dim (m)
Taking the limit over those and using the assumption (i), we get that pmdlmxQ dimXg, "

cxm (Q), which implies that dimX(gn) = mdimXg and that cywm) (Q) = 1. If Xg were not
reduced, then there would be a non-empty open set of points whose tangent space has
dimension greater than dimXg, so ding) = dim7' Xg would be larger than 2dimXg,
a contradiction. Hence, Xq is reduced. Since X is a local complete intersection, each
irreducible component of X(gn) has dimension at least m-dimXg. Thus, Xgﬂ
irreducible. By Mustata’s theorem, X has rational singularities.

) is absolutely

3.7. The implication (iv) = (iii). If Xg is empty, the claim is trivial. Hence, in the
following, we will assume that Xq is non-empty.

3.7.1. The case of fixed m.

Proposition 3.7.1. Assume that X satisfies condition (iv). Then, for any m, there is a
finite set S(m) of prime numbers and a constant C(m) such that |hx (F,[t]/t™)—hx(F,)| <
C(m)q! for all q € Psm)-
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Proof. Let U C X be the smooth locus of the structure map X — SpecZ. Since X is
reduced, Ug is dense in Xg. It follows that there is a finite set S} of prime numbers such
that U, is a dense subvariety of Xg,, for all p ¢ S;. By enlarging S; if needed, we can
assume that dimX]F = dimXg for all p ¢ 5.

Denote X ™ = Jet,,(X/SpecZ) and U™ = Jet,,(U/SpecZ). For any p ¢ S; and any
n, the natural projection U (1) _, Ulé:) is an Ad™UYe_hundle. In particular, |[U™) (F,)| =

\U(F,)| - qm=DdimUsg Hence,

(7) hy (Fq[t] /1) = hu(Fy).
By Corollary 3.4.5, there is a finite set Sy D S of prime numbers and a constant Cs
such that

(8) |hx (Fg) = hu(Fy)] < Coq™' g € Ps,.

Since Xq has rational singularities, Mustata’s theorem implies that Upy ) s dense in

X(gn). There is a finite set S3(m) of prime numbers such that Ulép is dense in X , for

all p ¢ S3(m). Applying Corollary 3.4.5, we get that there is a finite set Sy(m) D 53( )
of prime numbers and a constant Cy such that

(9)  Thx(F[t]/t™) = hu (Fy[t]/€™)] = |hxen (Fy) — hyon (Fg)l < Cag™" 4 € Psym)

The claim now follows from (7), (8), and (9).
0

3.72. (iv) == (vi) in the case where Xqg is a complete intersection. Since Xg is a
complete intersection, there is a smooth algebraic variety Y over Q, a closed embedding
Xg— Y, and a regular map  : Y — A, which is flat above 0, such that Xq = % *(0).
There is a finite set S of primes and a Z[S !l-scheme Y of finite type and a regular map
p:Y — Az[s such that Y = Y and ¢g = . After, possibly, enlarging S, we can
assume that Yz;g-1; is smooth over Spec Z[S™Y, the restriction pzi5-1) is flat above 0,
and the isomorphism Xg = % '(0) extends to an isomorphism Xzg-1 = gpi[ls_l](O). It is
enough to show, for any p ¢ S, that h e ©0)(Z/p™) is bounded uniformly in m.

Fix p ¢ S. Let pu be the measure on Y(Z ) given by Corollary 3.1.1. We have

w(e  (p"2))) = (ml(soi},,m(o)(z/pm))) - o (@) = p e L (0)(Z/pT)].

z€py ) m (0)(Z/p™)
By Theorem 2.4.1, there is a constant C' such that, for any m € N,
- m m C
p (e 0"2y) = e (P72 < Pk
we get that .
[ X(Z/p™)] = 1¢7)m (0)(Z/p™)| < CpPm¥e.,
Since dimYp — N = dimXg, this implies the estimate we want.
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3.73. (iv) == (iii) in the case where Xg is a complete intersection. Assume now
that X is a complete intersection and satisfies (iv). Applying Corollary 3.1.3, we get
M, S, 1;,9;,V;, aj, Bj, Mj, a; such that

10 hx Zq m”) = hy tm - g](m q)qajm-IrBj
(10) (Zqf ) ) = 3 1) I

for all ¢ € Pg and m.
Define an equivalence relation on N by m; ~ my iff Vj we have m; € I; & mqy € I;.
We will show that there is a constant C' such that, for any m; ~ ms, we have

(11) |hx (Zg/m3™) = hix (Zg/m7?)] < Cq ™

Property (iii) for X will follow by applying Proposition 3.7.1 to representatives of the
finitely many equivalence classes of ~.

If the equivalence class of m; and ms is finite then (11) follows from Proposition 3.7.1.
Thus, we can assume that all /; are infinite.

Lemma 3.7.2. Let V' be a scheme of finite type over SpecZ whose generic fiber is non-

empty, let g(x,y) be a real polynomial, let o, f € R, and let aq, . .., a, be negative integers,
Set
g(m, q)g*"*"
P(m,q) =\V(F,)| =7
(m.) = IV(E,)| - Lt
Then the following claims hold:
(1) Assume that either
(a) a> 0 or
(b) a =0 and g depends on m non-trivially (i.e. g—i #0).
Then lim,,_,o, P(m,p) = too for infinitely many primes p.
(2) If a < 0 then there is a constant D such that |P(m,q)| < ¢! form > D and any
prime power q.

Proof.

(1) Under the assumptions, the limit lim,, . P(m,p) will be infinity if V/(F,) # (. By
the Lang—Weil bounds and Proposition 3.4.1(2), this happens for infinitely many
primes.

(2) Suppose that the degree of g is d. Then there is a constant M such that |g(m, ¢)| <
Mmdq?. In addition, There is a constant e such that |V (F,)| < eq® for all prime
powers ¢q. Hence, there is a constant C' such that

|P(m, q)| < Cmlgem+i+dre,

This implies the assertion.
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By §3.7.2, after enlarging S, we have that
sup hx (F,[t]/t™) = sup hx (Z/p™) < o0

for any prime p ¢ S. Since each summand in the right hand side of (10) is non-negative,
we get that, for each j and p ¢ S,
g;(m, q)g*™
12 15, Vi (F < 00.
( ) S;p Ij(m)l J( q)| H(l—q_%’k) o0
For each j, Lemma 3.7.2 implies that either o; < 0 or a;; = 0 and g; is independent of
m. Moreover, there is D such that

gi(m, q)g*™ % )
( ) | J( q>| H(l_qfajk)
if a;j <0and m > D. Let J; = {j | a; < 0}.
By (13) and (10) we get that, for any m > D and ¢q € Psg,

m) gj(m, q)qmth .
1) = AV EI T~y | < Pl
J€J1

Note that the sum on the left hand side depends only on ¢ and the equivalence class of
m. Thus, if my,my > D, my ~ my, and q € Pg, then

[hx (Fg[t]/t™) — Tx (Fy[t]/t™)] < 2] Tilg "
This, together with proposition 3.7.1, implies (11).

3.7.4. (iv) = (iii) in general. The proof is by induction on the size of the minimal open
cover of Xg by complete intersection varieties. The base is §3.7.3. For the transition, let
Xo = U; X! be a minimal open cover of X by complete intersection varieties and assume
that we know the assertion for any Y such that Yg can be covered by less then n complete
intersection varieties. We can choose complete intersection schemes X; and a finite set of
primes Sy such that nglz = |J] X; is an open cover.

Let U = |J; X; and let V. C U N X, be a complete intersection, open, and non-empty
subscheme. By induction, we know that there is a finite set S; D Sy of prime numbers
and a constant C such that, for any ¢ € Ps, and m € N, we have:

b |hX1 (ZQ/m:]n) - th (FQ)| < Clq_l
o |hy(Ze/my') — hu(Fy)| < Cig.
o |hv(Zg/my) — hy(Fy)| < Cig™".
By Lemma 3.2.1,
hX<Zq/mZ;n) — hx(F,) =
= (th (Zq/m;n> — hx, (Fq)) + (hU(Zq/mZ;n) - hU(Fq)) - (thU(Zq/mgl> - thU(Fq)) )
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and so it is enough to prove that |hx,nu(Ze/m]") — hx,nv(Fg)| = O(g71).
By Corollary 3.4.5, there exist a finite set S D S; of prime numbers and a constant C,
such that, for any ¢ € Ps and m € N, we have:

o |hx,(Fy) — hx,nv(Fy)| < Cog!
o |hx,nu(Fq) — hy(Fy)| < Cag™".
Now,

hxinv (Zg/my' ) —hx, v (Fy) < hx, (Zg/my")—hx, (F)+hx, (Fg)=hx,nv(Fy) < (Ci+Ca)q,
Similarly,

hx, v (Zg/mi ) —hx, v (Fq) = hy (Zg /o) —hy (Fg)+-hy (Fy) —hx, v (Fq) > —(C14+Ca)q

4. ZETA FUNCTIONS

4.1. Representation zeta functions of compact p-adic groups and the proof
of Theorem V. By [AA, Corollary 4.1.4], the deformation variety Def,, is absolutely
irreducible; by the assumptions, it has rational singularities. By Proposition 3.0.2 and
Theorem 3.0.3, we can choose a finite set S of primes and a positive number C' such that

e For any g € Ps and any positive integer m,
(a) hDefc,n(Zq/mm) = hpetg o, (Fg[t]/17).
(b) ha(Zg/mG') = ha(Fo[[t H/tm)

(c) [herg,, (Fy) = 1] < Cg2.
(d) |hDefcn( q/mZ”) - hDefc,n(Fq” <Cq'.
(e) [ha(Zy/my) — 1] < Cq 2.

e G is smooth over Spec(S™'Z).

There is a finite extension K of QQ such that G is K-split. Hence, there is a simply
connected semisimple group scheme H which is split over Z and an isomorphism Gy =
Hp. Hence, for all but finitely many primes p of Ok, we have Go, /p = Hoy /p; 50 Goy sy
is semisimple and simply connected. Hence, after enlarging S, we can assume that Gy,
is simply connected and semisimple, for all p ¢ S. In addition, (e) implies that, after a
further enlargement of S, we can assume that, for any q € Psg,

(6) he(Zqfm) > &

For any m,

| Defen(Zg/mg)| _ hoetg,, (Ze/mg') _ hoetg,, (Zg/my')
G2 (Zg /)] haana (Zg/mip) heon-1(Fg)
where the first equality follows from the Frobenius formula (Theorem 2.5.1), the second
follows from the fact that dim Defg,,, = dimGZ'~" ([AA, Corollary 4.1.4]), and the third

follows from the fact that G is smooth over O and Hensel’s lemma.
From | , Lemma 2.1], we get

(8) e, (2n—2) =1 < Cq!

(14)  Ca@gmm(2n —2) =
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Fix ¢ € Ps. Let O be either Z, or F[[t]], and let m C O be the maximal ideal. By (a),
(b), and the Frobenius formula,

. |Defg,n(0/mm)\ . ’DefG,n(ZQ/mgn”

(15)  Coomm)(2n —2) = G2L(O/mm)] |G (Zyfmi)] = G2y myp) (20 = 2).

Thus, Equation (14) implies that

[Cao/mm)(2n = 2) = 1| < [Caz, myp (20 — 2) = Car,) (2n = 2)[ + [Cer,) (2n — 2) — 1] =
_ |hDefG,n (Zq/mT) - hDefG,n (Fq)|
hG2n—1(Fq>

+ ‘CG(Fq)(Qn —2)— 1’.

Using (d), (f), (g), we obtain that:
[Caomm(2n —2) = 1] < (2" + 1)Cq .

Since each continuous representation of a pro-finite group is locally constant, we get
that the series defining ((0)(2n — 2) equals the limit

lim (go/mm)(2n — 2),
m—0o0

and the result follows.

4.2. Representation zeta functions of adelic groups and the proof of Theorem
ITI.

Proof of Theorem III. Theorem V implies that there is a finite set S of prime numbers
and a positive integer D such that, for every q € Psg,

(16) (o) (2n—2) = 1 = Cem,u)(2n —2) — 1 < Dg .

Let C' > max S, let k be a global field of characteristic greater than C', let T" be a finite
set of places of k containing all archimedean ones, and let n be such that Defg,, has
rational singularities. We will show that CG< Orr) (2n — 2+ €) converges, for every positive
€.

For any non-archimedean place v, let O, be the ring of integers of the completion k,,
and let |v| be the size of the residue field of O,. We have that CG(O/;;T) (5) = [ugr Ca0n)(9),

by which we mean, in particular, that the left hand side converges absolutely if and only if
each of the terms on the right hand side converges absolutely, and their product converges
absolutely. By [A A, Theorem IV] and the assumptions, the series (g (0,)(2n—2) converges
for every v. Thus, it is enough to prove that vaﬁT' Ce(0,)(2n — 2 + €) converges, for some
finite set of places T" D T.

For almost all places v, we have

(17) OU = Z‘v‘ or OU = ]F|v|[[t]].
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By | , Proposition 4.6], there is a constant § > 0 such that, for almost all places v,
the minimal dimension of a non-trivial representation of G(O,) is at least |[v]°. It follows
that

(18) Coon(2n —2+¢€) =1 < |v[7 (Cao,)(2n —2) — 1).

Let 7" O T be a finite set of places such that (16), (17), and (18) hold for any v ¢ T".
We have

HCG’OU (2n—2+€) <H 1+ Dlv|7'7%) <H 1+ o] 71 H — [v]719) D~

vgT! vgT! vgT! vgT’

s( 11 (1—|v|—1—€6)‘1>D.

v non-archimedean
The last product is the product expansion of the Dedekind zeta function of k& at the point
14 €6, and it is well-known that it converges absolutely.
0

4.3. Representation zeta functions of arithmetic groups and the proof of The-
orem II. Let us first recall the notion of the Congruence Subgroup Property.

Definition 4.3.1. Let k be a global field, and let T be a finite set of places of k containing
all archimedean ones. We say that G(Oy.r) has the Congruence Subgroup Property (CSP
for short) if the canonical map

n: GOxr) = G (Opr)
has a finite kernel. Here, the domain of n is the pro-finite completion of G(Oy.r).

By our assumptions on G and the Strong Approximation Theorem (] , Chapter 7)),
the map 7 is always surjective. It is known that, if rk, G, > 2, then G(Oy 1) satisfies CSP.
More generally, a conjecture of Serre asserts that the group G(Oy ) has CSP whenever
ZUGT rky, G > 2 and rky, G > 1 for any finite place v € T". This conjecture is known in
many cases; see, for example, | ].

Theorem II follows from Theorem III and the following theorem

Theorem 4.3.2. Let k be a global field and let T" be a finite set of places of k contain-
ing all the archimedean ones. Assume that G(Oyr) satisfies CSP, then a(G(Okr)) =

o (G(O/,:T))

Proof. If the characteristic of k is non-zero, the claim follows from | , Theorem 3.3]
and | , Lemma 2.2]. If the characteristic of k is zero, the claim follows from | :
Theorem 1.4]. O
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4.4. The Igusa zeta function and proof of Theorem I. The following lemma is
standard:

Lemma 4.4.1.

(1) Let a,, be a sequence and assume that there is a constant C' > 0 such that é <
a, < C forn > C. Then the series f(s) := > a,p~ ™ converges absolutely for
Re(s) > 0 and diverges for s = 0.

(2) Suppose in addition that f(s) coincides (in its domain of absolute convergence)
with a rational function of p~*, which we continue to denote by f(s). Then 0 is a
simple pole of f(s) and all the poles on the imaginary axis are simple.

(3) Let a,, be a sequence indexed by a positive integer n and a prime p, and let
6,C > 0. Suppose that |a,,—1] < Cp~°. Let Z(s) == [[,(1+ >, anpp™ ™). Then:
(a) Z(s) converges absolutely for Re(s) > 1.

(b) If {(s) denotes the Riemann zeta function, then Z(s)/((s) can be analytically
continued for Re(s) > 1 — 4.

Claim 1 of Theorem I follows from Lemma 4.4.1(1,2), Theorem A, and the rationality
of Px »(s). Claim 2 of Theorem I follows from Lemma 4.4.1(3) and Theorem A. Claim 3
of Theorem I follows from claim 2 and | , Theorem 4.20].

Finally, claim 4 of Theorem I follows from Lemma 4.4.1(3), Theorem A, and the fact

that
Zxp(s) = Z (hX(Z/p”) — %) psHD).

n

Remark 4.4.2. In view of the comment just after Theorem 3.0.3 , Lemma 4.4.1 also
implies that, if X s local complete intersection, then one can take S to be empty in
Theorem 1.
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