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Abstract

In this paper we extend the notions of Schwartz functions, tempered func-
tions and generalized Schwartz functions to Nash (i.e. smooth semi-algebraic)
manifolds. We reprove for this case classically known properties of Schwartz
functions on R™ and build some additional tools which are important in rep-
resentation theory.
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1 Introduction

Let us start with the following motivating example. Consider the circle S!, let
N C S! be the north pole and denote U := S\ N. Note that U is diffeomorphic
to R via the stereographic projection. Consider the space D(S') of distributions on
St that is the space of continuous linear functionals on the Fréchet space C*(S%).
Consider the subspace Dgi1(N) C D(S') consisting of all distributions supported
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at N. Then the quotient D(S')/Dgi(N) will not be the space of distributions on
U. However, it will be the space S*(U) of Schwartz distributions on U, that is
continuous functionals on the Fréchet space S(U) of Schwartz functions on U. In
this case, S(U) can be identified with S(R) via the stereographic projection.

The space of Schwartz functions on R is defined to be the space of all in-
finitely differentiable functions that rapidly decay at infinity together with all their
derivatives, i.e. 2" f* is bounded for any n, k.

The goal of this paper is to extend the notions of Schwartz functions and
Schwartz distributions to a larger geometric realm.

As we can see, the definition is of algebraic nature. Hence it would not be
reasonable to try to extend it to arbitrary smooth manifolds. However, it is reason-
able to extend this notion to smooth algebraic varieties. Unfortunately, sometimes
this is not enough. For example, a connected component of real algebraic variety
is not always an algebraic variety. By this reason we extend this notion to smooth
semi-algebraic manifolds. They are called Nash manifolds!.

For any Nash manifold M, we will define the spaces G(M), T (M) and S(M) of
generalized Schwartz functions?, tempered functions and Schwartz func-
tions on M. Informally, 7 (M) is the ring of functions that have no more than
polynomial growth together with all their derivatives, G(M) is the space of gen-
eralized functions with no more than polynomial growth and S(M) is the space of
functions that decay together with all their derivatives faster than any inverse power
of a polynomial.

As in the classical case, in order to define generalized Schwartz functions, we
have to define Schwartz functions first. Both G(M) and S(M) are modules over
T(M).

The triple S(M), T (M), G(M) is analogous to C°* (M), C*°(M) and C~>°(M)
but it has additional nice properties as we will see later.

We will show that for M = R", S(M) is the space of classical Schwartz func-
tions and G(M) is the space of classical generalized Schwartz functions. For compact

Nash manifold M, S(M) =T (M) = C*(M).

1.1 Main results

In this subsection we summarize the main results of the paper.

Result 1.1.1 Let M be a Nash manifold and Z C M be a closed Nash submanifold.

!The necessary preliminaries on Nash manifolds are given in sections 2 and 3.

2In this paper we distinguish between the (similar) notions of a generalized function and a
distribution. They can be identified by choosing a measure. Without fixing a measure, a smooth
function defines a generalized function but not a distribution. We will discuss it later in more
details.



Then the restriction maps T (M) — T (Z) and S(M) — S(Z) are onto (see theorems
4.6.1 and 4.6.2).

Result 1.1.2 Let M be a Nash manifold and U C M be a semi-algebraic open
subset. Then a Schwartz function on U is the same as a Schwartz function on M
which vanishes with all its derivatives on M \ U (see theorem 5.4.3).

This theorem tells us that extension by zero S(U) — S(M) is a closed imbed-
ding, and hence restriction morphism G(M) — G(U) is onto.
Classical generalized functions do not have this property. This was our main moti-
vation for extending the definition of Schwartz functions.

1.2 Schwartz sections of Nash bundles

Similar notions will be defined for Nash bundles, i.e. smooth semi-algebraic bundles.

For any Nash bundle E over M we will define the spaces G(M, E), T (M, E)
and S(M, E) of generalized Schwartz, tempered and Schwartz sections of E.

As in the classical case, a generalized Schwartz function is not exactly a func-
tional on the space of Schwartz functions, but a functional on Schwartz densities,
i.e. Schwartz sections of the bundle of densities.

Therefore, we will define generalized Schwartz sections by G(M,E) =
(S(M, E))*, where E = E* @ Dy; and Dy is the bundle of densities on M.

Let Z C M be a closed Nash submanifold, and U = M \ Z. Result 1.1.2 tells
us that the quotient space of G(M) by the subspace G(M) of generalized Schwartz
functions supported in Z is G(U). Hence it is useful to study the space G(M)z. As
in the classical case, G(M ), has a filtration by the degree of transversal derivatives
of delta functions. The quotients of the filtration are generalized Schwartz sections
over Z of symmetric powers of normal bundle to Z in M, after a twist.

This result can be extended to generalized Schwartz sections of arbitrary Nash
bundles (see corollary 5.5.4).

1.3 Restricted topology and sheaf properties

Similarly to algebraic geometry, the reasonable topology on Nash manifolds to con-
sider is a topology in which open sets are open semi-algebraic sets. Unfortunately, it
is not a topology in the usual sense of the word, it is only what is called restricted
topology. This means that the union of an infinite number of open sets does not
have to be open. The only open covers considered in the restricted topology are
finite open covers.

The restriction of a generalized Schwartz function (respectively of a tempered
function) to an open subset is again a generalized Schwartz (respectively a tempered



function). This means that they form pre-sheaves. We will show that they are

actually sheaves, which means that for any finite open cover M = | J U;, a function
i=1
a on M is tempered if and only if |y, is tempered for all ¢. It is of course not

true for infinite covers. For definitions of a pre-sheaf and a sheaf in the restricted
topology see section 3.2. We denote the sheaf of generalized Schwartz functions by
Gy and the sheaf of tempered functions by 7,,. By result 1.1.2, G,; is a flabby
sheaf.

Similarly, for any Nash bundle £ over M we will define the sheaf 7,7 of tem-
pered sections and the sheaf G¥ of generalized Schwartz sections.

As we have mentioned before, Schwartz functions behave similarly to com-
pactly supported smooth functions. In particular, they cannot be restricted to an
open subset, but can be extended by zero from an open subset. This means that
they do not form a sheaf, but an object dual to a sheaf, a so-called cosheaf. The
exact definition of a cosheaf will be given in the appendix (section A.4). We de-
note the cosheaf of Schwartz functions by Sy;. We will prove that Sy, is actually a
cosheaf and not just pre-cosheaf by proving a Schwartz version of the partition of
unity theorem. Similarly, for any Nash bundle E over M we will define the cosheaf
SE of Schwartz sections.

1.4 Possible applications

Schwartz functions are used in the representation theory of algebraic groups. Our
definition coincides with Casselman’s definition (cf. [Casl]) for algebraic groups.
Our paper allows to use Schwartz functions in additional situations in the repre-
sentation theory of algebraic groups, since an orbit of an algebraic action is a Nash
manifold, but does not have to be an algebraic group or even an algebraic variety.

Generalized Schwartz sections can be used for “devisage”. We mean the fol-
lowing. Let U C M be an open (semi-algebraic) subset. Instead of dealing with gen-
eralized Schwartz sections of a bundle on M, we can deal with generalized Schwartz
sections of its restriction to U and generalized Schwartz sections of some other bun-
dles on M \ U (see 5.5.4).

For example if we are given an action of an algebraic group G on an algebraic
variety M, and a G-equivariant bundle E over M, then devisage to orbits helps
us to investigate the space of G-invariant generalized sections of E. One of the
implementations of this argument appears in [AGS]. There we also use the fact that
S(R™) is preserved by Fourier transform.



1.5 Summary

To sum up, for any Nash manifold M we define a sheaf 7y, of algebras on M (in the
restricted topology) consisting of tempered functions, a sheaf Gy, of modules over
Ty consisting of generalized Schwartz functions, and a cosheaf Sy, of modules over
Ty consisting of Schwartz functions.

Moreover, for any Nash bundle E over M we define sheaves 7,7 and G% of
modules over 7); consisting of tempered and generalized Schwartz sections of E
respectively and a cosheaf S¥ of modules over 7y, consisting of Schwartz sections
of E.

Let us list the main properties of these objects that we will prove in this paper:

1 . Compatibility: For open semi-algebraic subset U C M, S|y = Sg'U, TEl, =

E|U ,GE|y = gE\U_

2 . S(R™) = Classical Schwartz functions on R™ (see corollary 4.1.3).

3. For compact M, S(M,E) =T (M,E) = C>®(M, E) (see theorem 5.3.1).
4.GE = (SAE})* , where E = E* ® Dy and Dy is the bundle of densities on M .

5. Let Z C M be a closed Nash submanifold. Then the restriction maps S(M, E)
onto S(Z, E|z) and T (M, E) onto T(Z,E|z) (see section 5.3).

6. Let U C M be a semi-algebraic open subset, then
SEWU)=2{peS(M,E)| ¢ is0on M\U with all derivatives}.
(see theorem 5.4.3).

7. Let Z C M be a closed Nash submanifold. Consider G(M,E); = {{ €
G(M, E)|¢ is supported in Z}. It has a canonical filtration such that its factors
are canonically isomorphic to G(Z, E|z @ S{(N}') @ D3|, ® D7) where N} is the
normal bundle of Z in M and S* means i-th symmetric power (see corollary 5.5.4).

1.6 Remarks

Remark 1.6.1 Harish-Chandra has defined a Schwartz space for every reductive
Lie group. However, Harish-Chandra’s Schwartz space does not coincide with the

space of Schwartz functions that we define in this paper even for the algebraic group
R*.



Remark 1.6.2 There is a different approach to the concept of Schwartz functions.
Namely, if M is embedded as an open subset in a compact manifold K then one can
define the space of Schwartz functions on M to be the space of all smooth functions
on K that vanish outside M together with all their derivatives. This approach is
implemented in [CHM], [KS], [Mor] and [Pre]. In general, this definition depends
on the embedding into K. Qur results show that for Nash manifolds M and K it
coincides with our definition and hence does not depend on the embedding.

Remark 1.6.3 After the completion of this project we found out that many of the
properties of Schwartz functions on affine Nash manifolds, that is most of section 4
have been obtained already in [dCl].

Remark 1.6.4 In fact, tempered functions can be defined in terms of Schwartz
functions or in terms of generalized Schwartz functions by

T(M,E)={ac C®M,E)| aS(M)CS(M,E)} =

={a e C*(M,E)| aG(M) C G(M, E)},
but the proof is rather technical and lies out of the scope of this paper.

Remark 1.6.5 Throughout the whole paper “smooth” means infinitely differentiable
and “bounded” means bounded in absolute value, unless stated otherwise.
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2 Semi-algebraic geometry

In this section we give some preliminaries on semi-algebraic geometry from [BCR].

2.1 Basic notions

Definition 2.1.1 A subset A C R" is called a semi-algebraic set iff it can be
presented as a finite union of sets defined by a finite number of polynomial equalities
and inequalities. In other words, there exist finitely many polynomials fij, g €
Rlzy,...,x,] such that

A= U{x e R"|fi(z) > 0,..., fis,(x) > 0,9:1(x) =0,...,gs,(x) = 0}.
i=1

Lemma 2.1.1 The collection of semi-algebraic sets is closed with respect to finite
unions, finite intersections, and complements.

The proof is immediate.

Definition 2.1.2 Let A C R"™ and B C R™ be semi-algebraic sets. A mapping

v : A — B is called semi-algebraic iff its graph is a semi-algebraic subset of
R™+",

2.2 Tarski-Seidenberg principle of quantifier elimination
and its applications

One of the main tools in the theory of semi-algebraic spaces is the Tarski-Seidenberg
principle of quantifier elimination. Here we will formulate and use a special case of
it. We start from the geometric formulation.

Theorem 2.2.1 Let A C R™ be a semi-algebraic subset and p : R* — R"™! be the
standard projection. Then the image p(A) is a semi-algebraic subset of Rt

By induction and a standard graph argument we get the following corollary.

Corollary 2.2.2 An image of a semi-algebraic subset of R™ under a semi-algebraic
map is semi-algebraic.

Sometimes it is more convenient to use the logical formulation of the Tarski-
Seidenberg principle. Informally it says that any set that can be described in semi-
algebraic language is semi-algebraic. We will now give the logical formulation and
immediately after that define the logical notion used in it.



Theorem 2.2.3 (Tarski-Seidenberg principle) Let ® be a formula of the language
L(R) of ordered fields with parameters in R. Then there exists a quantifier - free
formula ¥ of L(R) with the same free variables xy,...,z, as ® such that Yz €
R™ ®(z) & V(z).

For the proof see Proposition 2.2.4 on page 28 of [BCR].

Definition 2.2.1 A first-order formula of the language of ordered fields
with parameters in R is a formula written with a finite number of conjunctions,
disjunctions, negations and universal and ezistential quantifiers (V¥ and 3) on vari-
ables, starting from atomic formulas which are formulas of the kind f(x1,...,z,) =0
or g(xy1,...,x,) >0, where f and g are polynomials with coefficients in R. The free
variables of a formula are those variables of the polynomials which are not quantified.
We denote the language of such formulas by L(R).

Notation 2.2.2 Let ® be a formula of L(R) with free variables x1, ..., z,. It defines
the set of all points (1, ...,x,) in R™ that satisfy . We denote this set by Sg. In
short,

Se := {z € R"|®(2)}.
Corollary 2.2.4 Let ® be a formula of L(R). Then Sg is a semi-algebraic set.

Proof. Let ¥ be a quantifier-free formula equivalent to ®. The set Sy is semi-
algebraic since it is a finite union of sets defined by polynomial equalities and in-
equalities. Hence Sg is also semi-algebraic since Sg = Sy. O

Proposition 2.2.5 The logical formulation of the Tarski-Seidenberg principle im-
plies the geometric one.

Proof. Let A C R™ be a semi-algebraic subset, and pr : R® — R""! the standard
projection. Then there exists a formula ® € L(R) such that A = Sg. Then pr(A) =
Sg where

U(y) = “Iz € R" (pr(z) =y A (z))".

Since ¥ € L(R), the claim follows from the previous corollary.

Remark 2.2.6 In fact, it is not difficult to deduce the logical formulation from the
geometric one.

Let us now demonstrate how to use the logical formulation of the Tarski-Seidenberg
principle.

Corollary 2.2.7 The closure of a semi-algebraic set is semi-algebraic.



Proof. Let A C R" be a semi-algebraic subset, and let A be its closure. Then
A = Sy where
U(z) ="Ve>0IyecAlz —yf* <.

Clearly, ¥ € L(R) and hence A is semi-algebraic. O

Corollary 2.2.8 Images and preimages of semi-algebraic sets under semi-algebraic
mappings are semi-algebraic.

Proposition 2.2.9 Let v be a bijective semi-algebraic mapping. Then the inverse
mapping v=! is also semi-algebraic.

Proof. The graph of v is obtained from the graph of ¥~! by switching the coordinates.
O

Proposition 2.2.10

(i) The composition of semi-algebraic mappings is semi-algebraic.

(i) The R-valued semi-algebraic functions on a semi-algebraic set A form a ring,
and any nowhere vanishing semi-algebraic function is invertible in this ring.

Proof.

(i) Let p: A — B and v : B — C be semi-algebraic mappings. Let I',, C R™™ be
the graph of p and I', C R™P be the graph of v. The graph of voy is the projection
of (I, x R?) N (R™ x I',) onto R™” and hence is semi-algebraic.

(ii) follows from (i) by noting that F' + G is the composition of (F,G) : A — R?
with 4+ : R? —» R, FG is the composition of (F,G) : A — R? with x : R* — R and
+ is the composition of F with 2 : R\ 0— R\ 0. O

Lemma 2.2.11 Let X C R" be a closed semi-algebraic subset. Then any continuous

semi-algebraic function F : X — R can be majorated 3 by the restriction to X of

some polynomial on R™.

Proof Let G : R — R be defined by G(r) := { I)r(1|z|u|(< }F(:v) By Tarski-Seidenberg
xTe x|<r

principle, G is semi-algebraic. The lemma now reduces to its one-dimensional case,

which is proven on page 43 of [BCR] (proposition 2.6.2). 0

2.3 Additional preliminary results

Theorem 2.3.1 Let F : A — R be a semi-algebraic function on a locally closed
semi-algebraic set. Let Z(F) := {x € A|F(x) = 0} be the set of zeros of F' and let
Ap = A\ Z(F) be its complement. Let G : Ap — R be a semi-algebraic function.

3By majorated we mean bounded by absolute value from above.
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Suppose that F' and G are continuous. Then there exists an integer N > 0 such that
the function FNG, extended by 0 to Z(F), is continuous on A.

The proof can be found on page 43 of [BCR] (proposition 2.6.4).

Theorem 2.3.2 (Finiteness). Let X C R™ be a semi-algebraic set. Then every
open semi-algebraic subset of X can be presented as a finite union of sets of the
form {x € X|p;(x) >0,i=1...n}, where p; are polynomials in n variables.

The proof can be found on page 46 of [BCR] (theorem 2.7.2).

Theorem 2.3.3 Fvery semi-algebraic subset of R™ has a finite number of connected
components, which are semi-algebraic

The proof can be found on page 35 of [BCR| (theorem 2.4.5).

3 Nash manifolds

In this section we give some preliminaries on Nash manifolds* from [BCR], [DK] and
[Shi] and some of their technical extensions that will be necessary for us to proceed.
Most of section 4 does not rely on subsections 3.2-3.6. However, section 5 will use
all of this section.

The theory of Nash manifolds is similar both to differential topology and al-
gebraic geometry. Our approach to Nash manifolds comes from algebraic geometry.

3.1 Nash submanifolds of R"

Definition 3.1.1 A Nash map from an open semi-algebraic subset U of R™ to an
open semi-algebraic subset V' of R™ is a smooth (i.e. infinitely differentiable) semi-
algebraic map. The ring of R-valued Nash functions on U is denoted by N (U). A
Nash diffeomorphism is a Nash bijective map whose inverse map s also Nash.

Remark 3.1.1 In fact, a Nash map is always real analytic (cf. [Mal] or [Shi],
Corollary 1.5.7) but we will not use this.

Remark 3.1.2 A Nash map which is a diffeomorphism is a Nash diffeomorphism,
since the inverse of a semi-algebraic map is semi-algebraic. Note also that a partial
deriwative of Nash function is Nash by the Tarski-Seidenberg principle.

As we are going to work with semi-algebraic differential geometry, we will need a
semi-algebraic version of implicit function theorem.

4What we mean by Nash manifold is sometimes called C*° Nash manifold or C* Nash manifold.
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Theorem 3.1.3 (Implicit Function Theorem) Let (2°,y°) € R™™ and let fi, ..., f,
be Nash functions on an open neighborhood of (2°,4°) such that f;(x° y°) =0 for
j = 1,..,p and the matriz [g—i(mo,yo)] is inwvertible. Then there exist open semi-
algebraic neighborhoods U and V of 2° (resp. y°) in R™ (resp. R?) and a Nash
mapping v, such that v(z°) = y° and fi(z,y) = -+ = fy(x,y) =0 & y = v(zx) for
every (z,y) € U x V.

The proof can be found on page 57 of [BCR] (corollary 2.9.8).

Definition 3.1.2 A Nash submanifold of R™ is a semi-algebraic subset of R"
which is a smooth submanifold.

By the implicit function theorem it is easy to see that this definition is equivalent
to the following one, given in [BCR]:

Definition 3.1.3 A semi-algebraic subset M of R™ is said to be a Nash subman-
ifold of R of dimension d if, for every point m of M, there exists a Nash
diffeomorphism v from an open semi-algebraic neighborhood ) of the origin in R"
onto an open semi-algebraic neighborhood Q' of m in R™ such that v(0) = m and

V(RY % {0})NQ) = M N,

Theorem 3.1.4 5 Any Nash submanifold of R™ is Nash diffeomorphic to a closed
Nash submanifold of RN .

For proof see Corollary 1.4.3 in [Shi] or theorems 8.4.6 and 2.4.5 in [BCR].

Definition 3.1.4 A Nash function on a Nash submanifold M of R™ is a semi-
algebraic smooth function on M. The ring of R-valued Nash functions on M 1is

denoted by N'(M).

The rest of section 3 is not necessary for readers interested only in Schwartz
functions on affine Nash manifolds.

3.2 Restricted topological spaces and sheaf theory over
them.

Now we would like to define Nash manifolds independently of their embedding into
R". Analogously to algebraic geometry we will define them as ringed spaces. Hence
we will need to introduce topology and structure sheaf on Nash manifolds. The
natural topology to consider is topology of open semi-algebraic sets. Unfortunately,
infinite unions of semi-algebraic sets are not necessary semi-algebraic, hence it is

5We will use this theorem since it makes several formulations and proofs shorter, but in each
case it can be avoided.
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not a topology in the usual sense of the word. Therefore, we will need to define a
different notion of topology and introduce an appropriate sheaf theory over it. In

this section we follow [DK]. A similar use of restricted topology appears in [Mor]
and [Pre].

Definition 3.2.1 A restricted topological space M is a set M equipped with

a famaly é(M) of subsets of M, called the open subsets which contains M and the
empty set, and is closed with respect to finite unions and finite intersections.

Remark 3.2.1 Pay attention that in general, there is no closure in restricted topol-
ogy since infinite intersection of closed sets does not have to be closed. In our case,
open sets will have closure.

Remark 3.2.2 A restricted topological space M can be considered as a site in the

sense of Grothendieck. The category of the site has the open sets of M as objects

and the inclusions as morphisms. The covers (U; — U)er are the finite systems of

inclusions with |J U; = U. The standard machinery of Grothendieck topology gives
i=1

us the notions of a pre-sheaf and a sheaf on M. Now we will repeat the definitions

of these notions in simpler terms.

Definition 3.2.2 A pre-sheaf F' on a restricted topological space M is an assign-
ment U +— F(U) for every open U of an abelian group, vector space, etc., and for
every inclusion of open sets V. C U a restriction morphism resyy : F(U) — F(V)
such that resyy = Id and for W CV C U, resyw oresyy = resyw-.

Definition 3.2.3 A sheaf F' on a restricted topological space M is a pre-sheaf
fulfilling the usual sheaf conditions, except that now only finite open covers are ad-
matted. The conditions are: for any open set U and any finite cover U; of M by
open subsets, the sequence

n n—1 n
0—FO) =2 [[Frw) =TI II Fw:nvy)
i=1 i=1 j=i+1

18 exact.

The map resy above is defined by resi(§) = [[ resvv, (&) and the map resy by
i=1

n n—1 n
ress([16) =11 11 resvivnnu, (&) = resv, v, (€)
=1

i=1 j=i+1

13



Definition 3.2.4 An R-space is a pair (M, Oy;) where M is a restricted topological
space and Oy a sheaf of R-algebras over M which is a subsheaf of the sheaf Cyy of
all continuous real-valued functions on M.

A morphism between R-spaces (M,Oy) and (N, Oy) is a continuous map
v: M — N, such that for every open set U C N and every function f € On(U),
the composition f o v|,-1qy lies in Oy (v=1(U)).

Remark 3.2.3 In a dual way, one can define the notion of a cosheaf over a re-
stricted topological space. We will use this notion only in section 5 and give the
exact definition in subsection A.4.

3.3 Abstract Nash manifolds

Example 3.3.1 To any Nash submanifold M of R™ we associate an R-space in the

following way. Take for é(M) the family of all open subsets of M which are semi-
algebraic in R™. For any open (semi-algebraic) subset U of M we set Oy (U) to be
the algebra N'(U) of Nash functions U — R.

Definition 3.3.1 An affine Nash manifold is an R-space which is isomorphic
to an R-space associated to a closed Nash submanifold of R™.

Definition 3.3.2 A Nash manifold is an R-space (M, Ny;) which has a finite
cover (M;)"_, by open sets M; such that the R-spaces (M;, Nas|n,) are affine Nash
manifolds. A morphism between Nash manifolds is a morphism of R-spaces between
them.

Remark 3.3.2 A map between two closed Nash submanifolds of R™ is Nash if and
only if it 1s a morphism of Nash manifolds. Hence we will call morphisms of Nash
manifolds Nash maps, and isomorphisms of Nash manifolds Nash diffeomorphisms.

The following proposition is a direct corollary of theorem 3.1.4.

Proposition 3.3.3 1. Any open (semi-algebraic) subset U of an affine Nash man-
ifold M is an affine Nash manifold.
2. Any open (semi-algebraic) subset U of a Nash manifold M is a Nash manifold.

3.3.1 Examples and Remarks

Example 3.3.4 Any smooth affine algebraic variety over R is an affine Nash man-
ifold.
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Remark 3.3.5 A union of several connected components of an affine Nash manifold
is an affine Nash manifold. This is true since every semi-algebraic subset of R™ has
a finite number of connected components and each of them is semi-algebraic (see

[BCR], theorem 2.4.5).

Remark 3.3.6 Any affine Nash manifold is Nash diffeomorphic to a smooth real
affine algebraic variety (see Chapter 14 of [BCR] for compact Nash manifold, and
remark VI.2.11 in [Shi] for non-compact Nash manifold). However, the category
of affine Nash manifolds is richer than the category of smooth real affine algebraic
varieties, because it has more morphisms. In particular, two non-isomorphic smooth
real affine algebraic varieties can be Nash diffeomorphic. For example, the hyperbola
{zy = 1} is Nash diffeomorphic to the union of two straight lines {x+y = 1/2} | [{z+

y=—1/2}.

Remark 3.3.7 Note that the Nash groups (Rsg, x) and (R, +) are not isomorphic
as Nash groups, although they are both Nash diffeomorphic and isomorphic as Lie
groups.

Remark 3.3.8 Any quasiprojective Nash manifold is affine since any projective
Nash manifold is affine (see page 23 in [Shi] after the proof of lemma 1.3.2).

Remark 3.3.9 Any Nash manifold has an obvious natural structure of a smooth
manifold.

3.4 Nash vector bundles

Definition 3.4.1 Let 7 : M — B be a Nash map of Nash manifolds. It is called a

Nash locally trivial fibration with fiber Z if Z is a Nash manifold and there exist

a finite cover B = |J U; by open (semi-algebraic) sets and Nash diffeomorphisms
i=1

1

v; of 7T_1<Ui) with U; x Z such that the composition Tov; = is the natural projection.

Definition 3.4.2 Let M be a Nash manifold. As in differential geometry, a Nash
vector bundle E over M is a Nash locally trivial fibration with linear fiber and
such that trivialization maps v; are fiberwise linear. By abuse of notation, we use
the same letters to denote bundles and their total spaces.

Definition 3.4.3 Let M be a Nash manifold and E a Nash bundle over M. A
Nash section of E is a section of E which is a Nash map.

Remark 3.4.1 In some books, for example [BCR] such a bundle is called pre-Nash.
In these books, a bundle is called Nash if it can be embedded into a trivial one.
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For affine manifold M this property implies that for open U C M there exists a
finite open cover U = UU; such that for any i, any Nash section s : Uy — E
is a combination s = Y fit;lu, where t; : M — E are global Nash sections and

f; € N(U;) are Nash functions on U;. For proof see [BCR].

Remark 3.4.2 Direct sums, tensor products, external temsor products, the dual,
exterior powers, etc., of Nash vector bundles all have canonical structures of Nash
vector bundles.

Theorem 3.4.3 Tangent, normal and conormal bundles, the bundle of differential
k-forms, etc., of a Nash manifold have canonical structures of Nash bundles.

For the construction see section A.1 in the Appendix.

Theorem 3.4.4 The bundle of densities of a Nash manifold M has a canonical
structure of a Nash bundle.

For the construction see subsection A.1.1 in the Appendix.
Notation 3.4.4 We denote the bundle of densities of a Nash manifold M by Dy,.
Notation 3.4.5 Let E be a Nash bundle over M. We denote E:= E* ® Dyy.

Definition 3.4.6 Let M be a Nash manifold. Then a Nash vector field on M
is a Nash section of the tangent bundle of M. A Nash covector field on M is a
Nash section of the cotangent bundle of M. A Nash differential k-form on M
is a Nash section of the bundle of differential k-forms on M.

Proposition 3.4.5 Let M C R"™ be a closed Nash submanifold. Then the space of
Nash covector fields on M is generated over N' (M) by dx;.

For the proof see proposition A.1.3 in the Appendix.

3.5 Nash differential operators

As we have seen in the introduction, classical Schwartz functions can be defined
using polynomial differential operators. In order to define Schwartz functions on
Nash manifolds, we will use Nash differential operators, that will be defined in this
subsection.

Definition 3.5.1 Let M be a smooth real affine algebraic variety. The alge-
bra of algebraic differential operators on M 1is the subalgebra with 1 of
Homg(C>®(M),C>(M)) generated by multiplications by polynomial functions and
by derivations along algebraic vector fields.
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Let M be an affine Nash manifold. The algebra of Nash differential
operators on M is the subalgebra with 1 of Homg(C®(M),C>(M)) generated by
multiplications by Nash functions and by derivations along Nash vector fields.

The following lemma immediately follows from the Tarski-Seidenberg theorem.
Lemma 3.5.1 Any Nash differential operator maps N (M) to N (M).

Remark 3.5.2 One could give equivalent definition of the algebra of Nash differ-
ential operators on M as Grothendieck’s algebra of differential operators over the
algebra N (M).

We will use the following trivial lemma

Lemma 3.5.3 Let U C R" be open (semi-algebraic) subset. Then any Nash differ-
ential operator D on U can be written as Zle fi(Dilu) where f; are Nash functions
on U and D; are Nash differential operators on R".

Remark 3.5.4 A similar but weaker lemma holds for any affine Nash manifold and
its open subset. It can be proven using remark 3.4.1.

3.5.1 Algebraic differential operators on a Nash manifold

The following ad hoc definition will be convenient for us for technical reasons.

Definition 3.5.2 Given a closed embedding of M to R™ we can define the notion of
algebraic differential operators on M, which depends on the embedding. Alge-
braic vector fields on M are defined as Nash vector fields obtained by composition of
the restriction to M and the orthogonal projection to Ty; from algebraic vector fields
on R™. The algebra of algebraic differential operators on M is the subalgebra with 1
of Homg(C>(M),C>*(M)) generated by multiplications by restriction of polynomial
functions and by derivations along algebraic vector fields.

Lemma 3.5.5 Let M C R"™ be a closed affine Nash submanifold. Then the space of
Nash differential operators on M is generated as a module over N'(M) by algebraic
differential operators.

Proof. Consider the algebraic vector fields %| m obtained from the standard vector
fields % on R™ by restriction to M and orthogonal projection to Th;. By proposition

3.4.5, 52|y generate Nash vector fields over V'(M). The lemma now follows from
lemma 3.5.1, the chain rule and the Leibnitz rule. O
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3.6 Nash tubular neighborhood

We will need a Nash analog of the tubular neighborhood theorem from differential
geometry.

Notation 3.6.1 Let M be a Nash manifold. Let Z C M be a closed Nash subman-
ifold. We denote by N the normal bundle of Z in M. In case M is equipped with
a Nash Riemannian metric, we consider NY as a subbundle of the tangent bundle

of M.

Notation 3.6.2 Let x € R" and r € R. We denote the open ball with center x and
radius v by B(x,r).

Let M be a Nash manifold with a Nash Riemannian metric on it. Let Z C
M be a closed Nash submanifold and F : Z — R a function on it. We define
By(Z,F) C Ny by Bu(Z, F) := {(z,v) € N[ [[v]| < F(2)} .

Remark 3.6.1 Note that if F' is strictly positive and semi-algebraic then By(Z, F)
15 Nash.

Definition 3.6.3 Let M be a Nash manifold with a Nash Riemannian metric on
it. Let Z C M be a closed Nash submanifold. A Nash tubular neighborhood
of Z in M is the following data: an open Nash meighborhood Tube(Z, M) of Z
in M, a strictly positive Nash function p € N(Z) and a Nash diffeomorphism
v By(Z, p¥) =~ Tube(Z, M).

Theorem 3.6.2 (Nash Tubular Neighborhood). Let Z C M C R™ be closed affine
Nash submanifolds. Equip M with the Riemannian metric induced from R™. Then

Z has a Nash tubular neighborhood. Moreover, for any closed Nash submanifold
Y C M disjoint from Z, Z has a Nash tubular neighborhood in M \'Y.

Proof. Denote by v; the map v, : NJ¥ — R" given by v1(z,v) = 2z +v. Denote
by W the set of all points x € R™ such that there exists a unique point of M closest

to . Denote U := W. It is open semi-algebraic, and the projection pr : U — M is
also semi-algebraic. Denote V = v;*(U) and v = prow, : V. — M.

From differential topology we know that there exists a smooth strictly positive
function o such that v|g,,(z+) is a diffeomorphism to its image. For any z € Z
denote Z, := B(z,1)N Z. For any z € Z there exists € > 0 such that v|p,,(z. . is a
diffeomorphism to its image, for example € = miny_(o). Denote by G(z) the supre-
mum of all such e. Let p¥(z) := min(G(2)/2,1/10), Tube(Z, M) := v(B(Z, p}!))
and vy = V|pz ). It is easy to see that (Tube(Z, M), py,vy') form a Nash
tubular neighborhood.

Clearly we can always find pg < p¥ such that the corresponding Nash
tubular neighborhood in M does not intersect Y. O

\Y
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Corollary 3.6.3 Let M be an affine Nash manifold and Z C M be closed affine
Nash submanifold. Then Z has a neighborhood U in M which is Nash diffeomorphic
to the total space of the normal bundle N2 .

This corollary follows from the theorem using the following technical lemma.

Lemma 3.6.4 Let E — M be a Nash bundle. Let f € N(FE) be a Nash fiberwise
homogeneous function of even degree | > 2. Suppose f(M) = {0} and f(E\M) > 0.
Let U :={x € E|f(x) < 1}. Then U is Nash diffeomorphic to E.

Proof. Define a Nash diffeomorphism by stereographic projection, i.e. v : U — E

by v(m,v) = (m, mv) O

4 Schwartz and tempered functions on affine
Nash manifolds

4.1 Schwartz functions

Definition 4.1.1 Let M be an affine Nash manifold. We define the space of
Schwartz functions on M by S(M) :={¢ € C°(M)| for any Nash differential
operator D on M, D¢ is bounded }. We introduce a topology on this space by the
following system of semi-norms : ||¢||p := sup |Deo(x)|.

zeM

Proposition 4.1.1 Let M C R" be a closed affine Nash submanifold, and ¢ be a
smooth function on M. Suppose that for any algebraic differential operator D on

M, D¢ is bounded. Then ¢ € S(M).

Proof. Let D' be a Nash differential operator. By lemma 3.5.5, D'¢p = > ¢, D;¢
i=1

where D; are algebraic differential operators on M and g; are Nash functions on M.
By lemma 2.2.11, g; can be majorated by polynomials h;, hence |D'¢| = | > ¢; D;¢p| <

> |(h;D;)¢|. The functions (h;D;)¢ are bounded since h;D; is also an algebraic
i=1

differential operator. O

Corollary 4.1.2 S(M) is a Fréchet space. °

Corollary 4.1.3 If M is a smooth algebraic variety then S(M) can be defined as the
space of smooth functions ¢ such that D¢ is bounded for every algebraic differential
operator D on M. In particular, S(R™) is the space of classical Schwartz functions.

6This follows from the proof of the previous proposition rather than from its formulation.
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Remark 4.1.4 [t is easy to see that:
1. Nash differential operators act on Schwartz functions.
2. Schwartz functions form an algebra.

Remark 4.1.5 One could give an equivalent definition of Schwartz functions us-
ing a system of L* norms. Namely, choosing a Nash non-vanishing density ju and

defining ||9l|,. == [, |Dol2dn.

4.2 Tempered functions

Definition 4.2.1 Let M be an affine Nash manifold. A function o € C*(M) is
said to be tempered if for any Nash differential operator D there exists a Nash
function f such that |Da| < f.

Proposition 4.2.1 Let M be an affine Nash manifold and o be a tempered function
on M. Then aS(M) C S(M).

Proof. Let ¢ be a Schwartz function and D be a Nash differential operator on M.
By the Leibnitz rule, D(a¢) = > (D;a)(D;¢) for some Nash differential operators

i=1
D, and D!. Since « is tempered, there exist positive Nash functions f; such that

Dia| < fi. Denote D! = fiD!. So |D(ag)| = |,"21<Dz-a><D;¢>| < imw =

> | D!, which is bounded since ¢ is Schwartz. O
i=1

Remark 4.2.2 One can prove that the converse statement is also true, namely if
aS(M) C S(M) then « is tempered. We will neither use nor prove that in this

paper.

The proof of the following lemma is straightforward.

Lemma 4.2.3 1. Nash differential operators act on tempered functions.

2. Tempered functions form a unitary algebra and every tempered function whose
absolute value is bounded from below by a strictly positive constant is invertible in
this algebra.

4.3 Extension by zero of Schwartz functions

Proposition 4.3.1 (Eztension by zero). Let M be an affine Nash manifold and
U C M be an open (semi-algebraic) subset. Then the extension by zero of a Schwartz
function on U is a Schwartz function on M which vanishes with all its derivatives
outside U.
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The proposition follows by induction from the following lemma.

Lemma 4.3.2 For any ¢ : U — R denote by gg: M — R its extension by 0 outside
U. Let p € S(U). Then ¢ is differentiable at least once and for any Nash differential

operator D of order 1 on M, ch = 5\;&

Proof. We have to show that for any z € M \ U, 5 is differentiable at least once
at z and its derivative at z in any direction is 0. Embed M <— R™ and denote
F.(z) := ||z — z||. Clearly, 1/F? € N(U). Hence ¢/F? is bounded in U and
therefore ¢/F2 is bounded on M \ z, which finishes the proof. O

4.4 Partition of unity

In the proofs in this subsection we use the technical cover tools developed in appendix
(subsection A.3).

Theorem 4.4.1 (Partition of unity). Let M be an affine Nash manifold, and let
(U™, be a finite open (semi-algebraic) cover of M. Then

n
1) there exist tempered functions oy, ..., o, on M such that supp(a;) C Uy, Y. o =

i=1
1.
2) Moreover, we can choose o in such a way that for any ¢ € S(M), ;¢ € S(U;).

Proof of 1. By lemma A.3.1, which follows from the finiteness theorem, we can
assume U; = {z € M|Fj(x) # 0} and Fj|y, is a positive Nash function. By
proposition A.3.2, there exists a strictly positive Nash function f such that the
sets V; = {& € M|F;,(z) > f(z)} also cover M. Let p : R — [0,1] be a smooth
function such that p((—o0,0.1]) = {0}, p([1,00)) = {1}. Define g; := p(F;/f). It is

easy to see that they are tempered on M. Denote «; := Z?ﬁz .The functions 3; are
tempered, Y 3; > 1 hence «; are tempered functions by lemma 4.2.3. Hence the o;
form a tempered partition of unity. O

In the proof of part 2 we will need the following technical lemma.
Lemma 4.4.2 Let M C R? be an affine closed Nash submanifold and
U={zxe M|V1<i<n,pix)>0}
where p; are polynomials on Re. Let g > 0 be a Nash function and
U'={ze M|V1<i<n,p(z)>gx)}

Then any Schwartz function ¢ on M which is 0 outside U’ is a Schwartz function

on U.

21



Proof. There is a standard closed embedding v/ : U — R**" whose last n coordi-
nates are defined by 1/p;. By proposition 4.1.1, it is enough to check that for any
differential operator D on U algebraic with respect to v/, D¢|y is bounded. Stan-
dard algebraic geometry arguments show that D is a sum of differential operators

of the form ﬁ(D’ |r) where k is a natural number and D’ is a differential operator
on M algebraic with respect to the imbedding M C R¢Y. The lemma follows now
from the fact that inside U’, ﬁ <g". O

Remark 4.4.3 In fact, more is true: any Schwartz function on M which vanishes
outside U together with all its derivatives is Schwartz on U. We will prove that in
subsection 5.4, but the proof uses partition of unity.

Proof of part 2 of theorem 4.4.1. Fix a closed imbedding M C R¢. By finiteness
theorem (2.3.2), we can suppose U; = {z € M|p;(x) > 0} where p; are polynomials
on R?. By proposition A.3.2, there exists a Nash function ¢ > 0 such that the sets
Vi = {x € M|p;(x) > g} also cover M. Let «; be the tempered partition of unity
for the cover V;. By the previous lemma, «; satisfy 2. O

Definition 4.4.1 Let M be an affine Nash manifold. We define the cosheaf Sy,
of Schwartz functions on M in the following way. For any open (semi-algebraic)
subset U define Syr(U) to be S(U) and for V C U define the extension map extyy :
Su(V) — Sy (U) to be the extension by zero.

Proposition 4.4.4 Sy, is a cosheaf (in the restricted topology).

Proof. 1t follows from partition of unity (theorem 4.4.1) and extension by zero
(proposition 4.3.1). O

4.5 Restriction and sheaf property of tempered functions

In the proofs given in this subsection we use the technical tools developed in the
Appendix (subsection A.2).

Theorem 4.5.1 (Tempered restriction). Let M C R™ be an affine Nash manifold,
D1 - - -, Dn be polynomials on R* and U = U, ,, ={x € M|pi(z) >0,...,p, > 0}
be a basic open semi-algebraic subset. Then the restriction to U of any tempered
function o on M is tempered.

Proof. 1t is enough to prove the statement for n = 1. Denote p = p;. Let D be a
Nash differential operator on U. We will prove that |Da| is bounded by some Nash
function.

Step 1. Reduction to the case D = fD'|y, where D' is a Nash differential operator
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on M and f is a Nash function on U.

By lemma 3.5.5, we may assume that there exist an algebraic differential operator
D; and a Nash function f; on U such that D = f;D;. From algebraic geometry we
know that there exist a natural number n and an algebraic differential operator D’
on M such that Dy = p~"D'|y. Now we take f = fip™™.

Step 2. Proof of the theorem.

Since « is a tempered function on M, there exists a positive Nash function fo on
M such that |D'a| < fa. So |Dal < |f] - fo|lu. By lemma A.2.1 there exists a Nash
function f5 on U such that |f| - foly < f3 and hence also |Da| < fs. O

Theorem 4.5.2 (The sheaf property of tempered functions). Let M be an affine
Nash manifold and (U;)?_, its open cover. Let o be a smooth function on M. Suppose
aly, is tempered on U;. Then a is tempered on M.

Proof. Embed M — R™ and let d be the global metric induced from R". Let D be
a Nash differential operator on M. We know that there exist strictly positive Nash
functions f; on U; such that |Da| < f; on U;. Let Gy(z) := min(f;(z)™!, d(z, M\U;)).
Extend G; by zero to M and define G := maxG;. Let FF := G~ ! and let f be a

Nash function that majorates F', which exists by lemma A.2.1. It is easy to see that
Dal < f. 0

Definition 4.5.1 Let M be an affine Nash manifold. We define the sheaf 7Ty,
of tempered functions on M in the following way. For any open (semi-algebraic)
subset U define Ty (U) to be T(U) and for V- C U define the usual restriction map
resyyv - TM<V) — TM(U)

We can summarize the previous 2 theorems in the following proposition:

Proposition 4.5.3 7y, is a sheaf (in the restricted topology).

4.6 Extension of Schwartz and tempered functions from
closed submanifolds

Theorem 4.6.1 Let M be an affine Nash manifold and Z — M be a closed Nash

submanifold. The restriction S(M) — S(Z) is defined, continuous and onto. More-

over, it has a section s : S(Z) — S(M) such that if ¢ € S(Z) is 0 at some point p
with all its derivatives, then s(¢) is also 0 at p with all its derivatives.

Proof. Clearly, the restriction is well defined and continuous. Let us show that it is
onto.
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Case 1 M =N xR", Z =N x {0}.

Choose a Schwartz function ¢ € S(R™) such that ¢» = 1 in a neighborhood of the
origin. For any ¢ € S(Z) we define s(¢)(n,v) = ¢(n,0)y(v). Clearly, s is the
required section.

Case 2 There exists a Nash diffeomorphism between M and a Nash vector bundle
over Z which maps Z to the zero section.
In this the claim follows from case 1 and theorem 4.4.1.

Case 3 General.
Follows from case 2, corollary 3.6.3 of the Nash tubular neighborhood theorem and
extension by zero 4.3.1. O

In the same way one can prove an analogous theorem for tempered functions.

Theorem 4.6.2 Let Z — M be a closed Nash embedding of affine Nash manifolds.
The restriction T (M) — T (Z) is defined, continuous and onto. Moreover, it has a
section s : T(Z) — T (M) such that if « € T(Z) is 0 at some point p with all its
derivatives, then s(«) is also 0 at p with all its derivatives.

5 Schwartz, tempered and generalized Schwartz
sections of Nash bundles over arbitrary Nash
manifolds

5.1 Main definitions

To define tempered and Schwartz functions on abstract Nash manifolds we use these
notions on affine Nash manifolds and glue them using sheaf and cosheaf properties
respectively.

Definition 5.1.1 Let M be a Nash manifold, and E be a Nash bundle over it. Let
k
M = | U; be an affine Nash trivialization of E. A global section s of E over M

=1
is called tempered if for any i, all the coordinate components of s|y, are tempered

functions. The space of global tempered sections of E is denoted by T (M, E).

Proposition 5.1.1 The definition does not depend on the choice of U.

Proof. 1t follows from the sheaf properties of tempered functions (proposition 4.5.1
and theorem 4.5.2). O
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Definition 5.1.2 Let M be a Nash manifold, and let E be a Nash bundle over

k
it. Let M = |J U; be an affine Nash trivialization of E. Then we have a map
i=1

k
¢ PSU) — C°(M,E). We define the space S(M, E) of global Schwartz
i=1
sections of E by S(M, E) := Im¢. We define the topology on this space using the
k
isomorphism S(M, E) = @ S(U;)"/Kerg.
i=1

Proposition 5.1.2 The definition does not depend on the choice of U;.

Proof. Tt follows from theorems on partition of unity (theorem 4.4.1) and extension
by zero (proposition 4.3.1). O

Definition 5.1.3 Let M be a Nash manifold, and let E be a Nash bundle over it.
We define the cosheaf Si; of Schwartz sections of E by S5 (U) := S(U, E|y).
We also define the sheaf GY, of generalized Schwartz sections of E by
GE(U) := (SE)*, where E = E*® Dy, and the sheaf TE of tempered sections
of E by TE(U) :=T(U, E|p).

Proposition 5.1.3 S% is a cosheaf, and T, and GY, are sheaves.

Proof. 1t follows from the definitions. O

Remark 5.1.4 7, and Gy are functors from the category of Nash bundles over M
to the categories of sheaves on M. Also, Syr, is a functor from the category of Nash
bundles over M to the categories of cosheaves on M. The mappings of morphisms
are obvious.

5.2 Partition of unity

This subsection is rather similar to subsection 4.4 about partition of unity for affine
Nash manifolds. In particular, in the proofs in this subsection we use the technical
cover tools and definitions given in the Appendix (subsection A.3).

Theorem 5.2.1 (Partition of unity for any Nash manifold). Let M be a Nash
manifold, and let (U;)!_, be a finite open cover. Then

1) there exist tempered functions ay, ..., a, on M such that supp(c;) C Uy, > a; = 1.
i=1
2) Moreover, we can choose o in such a way that for any ¢ € S(M), a;¢p € S(U;).
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Proof of 1.

Let {F}} be a basic collection of continuous semi-algebraic functions such that
My, is a refinement of {U;} . It exists by proposition A.3.4. Let p: R — [0,1] be a
smooth function such that p((—o0,0.1]) = {0}, p([1,00)) = {1}. Denote j3; := po F}
and ; = Zﬁ_%J It is easy to see that ~; are tempered. Now for every j we choose i(j)
such that Mg, C Uy. Define o; := ) ;. It is easy to see that «; is a tempered
partition of unity. " O
As in the proof of affine partition of unity theorem, part 2 follows from part 1,
proposition A.3.3 and the following lemma, similar to lemma 4.4.2.

Lemma 5.2.2 Let M be a Nash manifold. LetV C U C M be open (semi-algebraic)
sets such that V- C U. Let o be a tempered function on M supported in V. Let ¢ be
a Schwartz function on M. Then a¢|y is a Schwartz function on U.

In order to prove this lemma we need the following technical lemma.

Lemma 5.2.3 Let M be an affine Nash manifold. Let ¢ be a Schwartz function on
M. Let U C M be an open (semi-algebraic) subset. Denote ¢’ := ¢1y where 1y is
the characteristic function of U. Suppose that ¢’ is smooth. Then ¢’ is Schwartz.

Proof. Denote W := U U (U)°. Let D be a Nash differential operator on M. It is
easy to see that |D¢'|w| < |D¢|w| and W is dense in M. Hence |D¢’| < |D¢| which
is bounded. O

Proof of lemma 5.2.2. Without loss of generality we can assume that M is
affine. Denote W := M \ V. Note that M = U UW. Since Schwartz functions form
a cosheaf, ¢ = ¢opy+ow where ¢ and ¢y are extensions by zero of Schwartz functions
on U and on W, respectively. Note that ¢l = ¢uly so ¢luv = (¢v)|v - (1y)|v and
therefore by the lemma ¢|y is Schwartz. O

Remark 5.2.4 Partitions of unity clearly exist for Schwartz sections, generalized
Schwartz sections and tempered sections of any Nash bundle, i.e. for any Nash
bundle E over M and any finite open cover U; of M there exists a tempered partition
of unity a; such that for any ¢ € S(M, E), ¢o; € S(U;, E) and for any & € G(M, E),
§ai S Q(Uz, E)

5.3 Basic properties

Let us now prove properties 1 - 5 mentioned in section 1.5.

Property 1 holds by definition. Clearly, for affine M and trivial 1-dimensional £,
S(M, E) =S8(M) and property 2 holds. Property 4 is satisfied by definition. Prop-
erty 5 follows from theorems 4.6.1 and 4.6.2.
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Theorem 5.3.1 Property 3 holds, i.e. for compact Nash manifold M, S(M,E) =
T(M,E)=C>(M,E).

Proof Let o be a smooth section of a Nash bundle E over a compact Nash manifold
M. We have to show that it is also a Schwartz section. Since M is a Nash manifold,
any point m € M has a neighborhood U,, Nash diffeomorphic to an open ball in R"
of radius 1. Denote by V,,, C M the preimage of the ball of radius 0.9 under this Nash
diffeomorphism. {V},,}smens is a cover of M. Let us choose a finite subcover V,,,,. By
classical partition of unity, o can be represented as o = a; where supp(c;) C V,,,.
a; are clearly Schwartz on U;. Hence « is Schwartz on M. O

5.4 Characterization of Schwartz functions on open subset

Let us now prove property 6. First we will prove it for trivial 1-dimensional bundle.

Theorem 5.4.1 (Characterization of Schwartz functions on open subset)

Let M be a Nash manifold, Z be a closed (semi-algebraic) subset and U = M\ Z. Let
Wy be the closed subspace of S(M) defined by Wy := {¢ € S(M)|¢p vanishes with
all its derivatives on Z}. Then restriction and extension by 0 give an isomorphism
SWU) = Wy.

We will use the following elementary lemma from calculus.

Lemma 5.4.2 Suppose o € C*(R) vanishes at 0 with all its derivatives. Then for
any natural number n, a(t) = t"a™(0) for some 6 € [0, 1].

Proof of the theorem.

Case 1 M =R".
Let ¢ € S(U) and let ¢ be its extension by 0. By proposition 4.3.1 on extension by

zero, o € W.
Now, let ¢ € Wy. For any point z € RY define r(z) := dist(x,Z). Let
S := S(0,1) € RY be the unit sphere. Consider the function 1 on S x Z x R
defined by (s, z,t) := ¢(z + ts). From the previous lemma 5.4.2 we see that
o

U(s, z,t) = " e (x,8,t)|i=p for some 6 € [0,t]. As ¢ is Schwartz, it is easy to see

that %w(x, s,t) is bounded on Z x S x R. Therefore [i)(s, z,t)| < C|t|™ for some
constant C' and hence ¢/r™ is bounded on RY for any n.

Let h be a Nash function on U. By lemma 2.3.1, r"h extends by 0 to a
continuous semi-algebraic function on RY for n big enough. It can be majorated
by f € N(RY). Therefore |¢ph| = |(¢/r™)r"h| < |of|/r". ¢f € W, thus |¢f]/r™ is
bounded and hence |¢h| is bounded.
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For any Nash differential operator D on RY, D¢ € W. Hence hD¢ is bounded.
By lemma 3.5.3, every Nash differential operator on U is a sum of differential op-
erators of the form hD|y, where D is a Nash differential operator on RY and h a
Nash function on U. Hence ¢|y € S(U).

Case 2 M is affine.
Follows from the previous case and theorem 4.6.1 (extension from a closed Nash
submanifold).

Case 3 General case.
Choose an affine cover of M. The theorem now follows from the previous case and
partition of unity. O

Property 6 is an immediate corollary of the previous theorem and partition of
unity. Let us remind it.

Theorem 5.4.3 (Characterization of Schwartz sections on open subset)

Let M be a Nash manifold, Z be a closed (semi-algebraic) subset and U = M \
Z. Let Wz be the closed subspace of S(M, E) defined by Wz == {¢ € S(M, E)|¢
vanishes with all its derivatives on Z}. Then restriction and extension by 0 give an
isomorphism SE(U) = Wy.

Corollary 5.4.4 Let E — M be a Nash bundle. Then the cosheaf S¥, and the sheaf
GE are flabby. In other words, let V.C U C M be open (semi-algebraic) subsets.
Then extyy : Sk(V) — SE(U) is a closed embedding and resyy : G&(U) — GE(V)
18 onto.

Proof. The map exty is a closed embedding by the theorem. Hence by the
Hahn Banach theorem the dual map resyy is onto. O

5.4.1 Remarks

Remark 5.4.5 Some of the ideas of the proof of theorem 5.4.1 are taken from Cas-
selman’s unpublished work [Cas2).

Remark 5.4.6 Since extension by zero S(U) = Wy is a continuous linear isomor-
phism, the inverse map is also continuous by Banach open map theorem. In fact, as
it often happens, our proof that extension is onto can be easily refined to prove that
the inverse map 1S continuous.
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5.5 Generalized Schwartz sections supported on closed sub-
manifolds

Definition 5.5.1 Let M be a restricted topological space, and F' be a sheaf on M.
Let Z C M be a closed subset. A global section of F is said to be supported in Z
if its restriction to the complement of Z 1is zero.

Remark 5.5.1 Unfortunately, if we try to define support of a section, it will not
be a closed set in general, since infinite intersection of closed sets in the restricted
topology does not have to be closed. Also, we cannot in general consider its closure,
because there is mo closure in restricted topology by the same reason.

Proposition 5.5.2 Let E — M be a Nash bundle and Z C M be a closed (semi-
algebraic) subset. Let § € GE(M). Then & is supported in Z if and only if for any

¢ € SE(M) which vanishes with all its derivatives on Z, £(¢) = 0.

Proof. Tt is an immediate corollary of the characterization of Schwartz sections
on an open subset (theorem 5.4.3). O

Lemma 5.5.3 Let M be a Nash manifold and let Z C M be a closed Nash subman-
ifold. Let A be the map

{¢ € S(M)|¢p is 0 on Z with first i-1 derivativesy — S(Z, S"(CN})),

given by the i-th derivative, where S* means i-th symmetric power and CN} is the
conormal bundle. Then A is well defined and onto.

Proof. For M = Z x R% the lemma is trivial. For the general case, it is proved
in the same way as theorem 4.6.1 - using Nash tubular neighborhood. O

Corollary 5.5.4 Property 7 holds. Namely, let Z C M be a closed Nash subset.
Consider V- = {¢{ € G(M, E)|¢ is supported in Z}. It has a canonical filtration V;
such that its factors are canonically isomorphic to G(Z, E|z; @S (N )@ D%,|z® Dy)
where NM is the normal bundle.

Proof. Denote K := 8§ (M), L := SE(U). Then V = (K/L)*. Define K; :=
{¢ € K| for any Nash differential operator D of degree <i—1, D¢|z =0}. Ky =K
and () K; = L and by the previous lemma K;/K;,1 = S(Z, E| ;@S (CNM)). Define
V; = (K/K;)*. It is the requested filtration. O
This corollary appeared in a similar form in Casselman’s unpublished work [Cas2]
and in another similar form in [CHM].
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A Appendix

A.1 Nash structures on standard bundles

In this section we construct Nash structures on standard bundles from differential
geometry.

Theorem A.1.1 The tangent bundle of any Nash manifold has a canonical struc-
ture of a Nash bundle.

Corollary A.1.2 Tangent, normal and conormal bundles, the bundle of differential
k-forms, etc., of a Nash manifold have canonical structure of Nash bundles.

Proof of the theorem. In order to prove this theorem we have to prove two
statements:

1. The total space of the tangent bundle has a canonical structure of a Nash mani-
fold.
2. There is a finite cover of M by Nash trivializations of the tangent bundle.

Proof of 1. It is enough to prove the proposition for a closed affine Nash
submanifold M C R"™. In this case, the tangent bundle of M is defined in R?" by
semi-algebraic conditions. Hence, by the Tarski-Seidenberg principle it is a closed
affine Nash submanifold of R?". So the proposition holds true for the tangent bundle,
and hence also for normal and conormal bundles, the bundle of differential k-forms,
etc.

Proof of 2. It is sufficient to prove for the cotangent bundle instead of the
tangent one. Also, we can suppose that the manifold is affine.

Let M C R™ be a closed Nash embedding. We have a map 7 from (R")* to covector
fields on M. Let {e;} be a basis of (R")*, d := dim M. For any subset S C {1,...,n}
of cardinality d we define fg := det(w(e;),i € S). Let Ug := {z € M|fs(z) # 0}.
Since 7 is fiberwise onto, we know from linear algebra that Ug cover M. Clearly,
every Ug is an open semi-algebraic subset and the cotangent bundle is trivializable
on it. O

Proposition A.1.3 Let M C R" be a closed Nash submanifold. Then the space of
Nash covector fields on M is generated over N (M) by the covector fields dx;.

Proof. The fields dz; are exactly the fields 7(e;) from the proof of the last
theorem. O

A.1.1 The bundle of densities D;,

Now we wish to define structure of Nash bundle on the bundle of densities. It is
done in the same way as in differential geometry.
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We remind that the Z/2Z- torsor Orienty, of orientations is defined as the
quotient of the bundle Qi&p of top differential forms by the multiplicative action of
R-y. The standard correspondence between torsors and bundles gives us a bundle

of orientations BOr = Orientyr @ R.
z/22
The bundle of densities D, is defined as the tensor product of BOr),; and
Q%P and its global smooth sections are smooth measures on M.

Definition A.1.1 Let M be a Nash manifold. We would like to define a Nash
structure on the bundle BOry of orientations on M. Consider the Z/27 torsor
Orienty; of orientations on M. Since Q?&p 1s a Nash bundle, there exists a finite
cover of M by open (semi-algebraic) subsets M = \JU; such that Orienty|y, is
isomorphic to Z/27 x U; as a smooth locally trivial fibration. Choose such iso-
morphisms ;. These [3; define the structure of a Nash locally trivial fibration on
Orientyr. It does not depend on the choice of (3; since the fiber is finite. We de-
fine the bundle BOr,; of orientations on M to be the bundle corresponding
to the Z/2Z-torsor Orienty and the sign representation of Z./27. In other words,
BOry = (Orientyr x R)/(Z/27) where 7./27 acts diagonally, and on R it acts by

sign. It has an obvious structure of a Nash bundle.

Definition A.1.2 We define the bundle D), of densities on M by D) =
BOry @ Q5F.
M

A.2 Semi-algebraic notions on Nash manifolds

Definition A.2.1 A subset A of an affine Nash manifold M C R"™ is called semz-
algebraic iff it is semi-algebraic in R™. Clearly this notion does not depend on the
embedding M — R".

A subset A of a Nash manifold M is called semi-algebraic iff its intersection
with any open affine Nash submanifold is semi-algebraic .

A map v between Nash manifolds M and N s called semi-algebraic iff its graph
is a semi-algebraic subset of M x N.

We will need the following technical lemma, which is a direct consequence of lemma
2.2.11 about majoration of semi-algebraic functions by polynomials.

Lemma A.2.1 Let M be an affine Nash manifold. Then any continuous semi-
algebraic function on it can be majorated by a Nash function, and any continuous
strictly positive semi-algebraic function on it can be bounded from below by a strictly
positive Nash function.
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Remark A.2.2 Let ¢ : M — N be a semi-algebraic map between Nash manifolds.
Clearly, ¢ is continuous as a map of classical topological spaces if and only if ¢ is
continuous as a map of restricted topological spaces.

Theorem A.2.3 Let M be a Nash manifold. Then there exists a semi-algebraic
continuous embedding v : M — R", that means a semi-algebraic map v : M — R"
which is a homeomorphism to its image.

For proof see [Shi|, page 142, theorem II1.1.1 .

Corollary A.2.4 Let M be a Nash manifold. Then there exists a semi-algebraic
continuous metric d : M x M — R.

Remark A.2.5 This corollary can be proven directly by defining the metric for open
affine Nash subsets that cover M and then gluing.

Proposition A.2.6 Let U be an open (semi-algebraic) subset of a Nash manifold
M. Then ils closure U in the usual topology is closed semi-algebraic, that is its
complement U is open semi-algebraic.

Proof. 1t is enough to prove for affine M. This case easily follows from Tarski-
Seidenberg principle. O

Remark A.2.7 The last proposition shows that open sets have closure in the re-
stricted topology.

A.3 Covers

In this section we give some definitions and propositions that help us to work with
covers. The propositions of this subsection are versions of a general statement which
says that any open cover of a Nash manifold can be replaced by a finer cover that has
some nice properties. This subsection is used in the proofs of partition of unity both
for affine and general Nash manifolds (sections 4.4 and 5.2). The central statement
of this section is proposition A.3.4.

Notation A.3.1 Let M be a Nash manifold and F' be a continuous semi-algebraic
function on M. We denote Mg := {x € M|F(z) # 0}.

Definition A.3.2 Let M be a Nash manifold. A continuous semi-algebraic function
F on M s called basic if F |y, is a positive Nash function.

The the above definition is motivated by the following lemma.
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Lemma A.3.1 Let M be an affine Nash manifold. Then it has a basis of open sets
of the form Mp where F is a basic function.

This lemma follows directly from the finiteness theorem (2.3.2).

Definition A.3.3 We say that a cover M = G V; is a refinement of the cover
j=1
M = Lnj Ui if for any j there exists i such that V; C U;.
=1
We say that a cover M = U V; is a proper refinement of the cover M = U U;
iof for any j there exists 1 szwlh that V] c U;. -

Proposition A.3.2 Let M = U U; be a finite open (semi-algebraic) cover of an
=1

affine Nash manifold M such that U ={x € M|Fj(x) >0 for j = 1...n;} for
certain continuous semi-algebraic functions Fyj + M — R. Then there exrists a
strictly positive Nash function g such that the sets V; :== {x € M|F;;(z) > g(x) for
j=1...n;} also cover M.

Proof.

Denote G;; := max(F;;,0), G' = %mrélxmi? Gij. By lemma A.2.1 there exists a
1= 1=

Nash function ¢ such that 0 < g < G. O

Proposition A.3.3 Let M = |J U; be a finite open (semi-algebraic) cover of a
i=1

Nash manifold M. Then there ezists a finite open (semi-algebraic) cover M = |J V;
i=1
which is a proper refinement of {U;}.

Proof. Let d be the metric from corollary A.2.4. If a set A is closed in the classical

topology, then the distance d(z, A) := in£ d(x,y) is strictly positive for all points x
ye

outside A. Now define F; : M — R by F;(z) = d(:c M\ U;). Tt is semi-algebraic by

the Tarski-Seidenberg principle. Define G = (Z F)/2nand V, = {z € M| Fi(z) >

G(z)}. It is easy to see that V; is a proper reﬁnement of U;. O

In order to formulate the central proposition of this section, we need to define one
technical notion.

Definition A.3.4 A collection of continuous semi-algebraic functions {F;} is called
basic collection if every one of them is basic, and in every point of M one of them
is larger than 1.
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Proposition A.3.4 Let M = |J U; be a finite open (semi-algebraic) cover of a
i=1

Nash manifold M. Then there exists a basic collection of continuous semi-algebraic

functions F; on M such that the cover Mg, is a refinement of {U;}.

Proof. Cover U; by affine open subsets V;;. By proposition A.3.3 there exist
Vi, € VI, C Vi which also cover M. By proposition A.3.1 which follows from the
finiteness theorem, there exist functions Gjj : V;; — R and open sets V;’]k such that
Vi = {z € Vij|Gijw(x) # 0}, Gijklvy, 1s positive and Nash and ij e = Vi In

order to have a unified system of indexes we denote Vj;;, := V;;. It gives a finite cover
of M which is a refinement of U;, we re-index it to one index cover V;. By the same
re-indexation we define G; and V;/. Extend G; by zero to a function G, on M. It is
continuous. Denote G = (> a) /(2n) where n is the number of values of the index
[. Consider Gly;. This is a strictly positive continuous semi-algebraic function on
an affine Nash manifold, hence by proposition A.2.1 it can be bounded from below
by a strictly positive Nash function g;. Denote H; := G,/g]. Extending H; by zero
outside V; we obtain a collection of continuous semi-algebraic functions F; to M. It
is easy to see that {F}} is a basic collection and Mp, is a refinement of U;. O

Remark A.3.5 We do not know whether the sets Mg, where F' is a basic function,
form a basis of the restricted topology for a non-affine Nash manifold M. May be
this statement is difficult to verify for the following reason: the motion of basis is
not an appropriate notion for restricted topology. The property we have just proven
15 slightly weaker, but enough for our purposes and probably can be formulated for
any Grothendieck site, unlike the usual notion of basis.

A.4 Cosheaves over restricted topological spaces

Since Schwartz functions cannot be restricted to open subsets, but can be extended
by 0 from open subsets, we need the notions of a pre-cosheaf and a cosheaf. There
are such notions for any Grothendieck site (namely, a pre-sheaf and a sheaf with
values in the opposite category). We will now repeat their definitions for restricted
topology.

Definition A.4.1 A pre-cosheaf I on a restricted topological space M is a co-
variant functor from the category (Top(M) which has open sets as its objects and
inclusions as morphisms) to the category of abelian groups, vector spaces, etc.

In other words, it is an assignment U +— F(U) for every open U of an abelian
group, vector space, etc., and for every inclusion of open sets V. C U an extension
morphism extyy @ F(V) — F(U) which satisfy: extyy = Id and for W C 'V C U,
extyy o extyy = extyy.
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Definition A.4.2 A cosheaf I’ on a restricted topological space M is a pre-cosheaf
on M fulfilling the conditions dual to the usual sheaf conditions, and with only finite
open covers allowed. This means: for any open set U and any finite cover U; of M
by open subsets, the sequence

n—1 n n
P P rFuiny) — P FW) — FU) -0
i=1 j=i+1 i=1

15 exact.
Here, the first map is defined by

n—1 n n—1 n
@ @ &ij — Z Z exty,nu;,u; (&) — extunu;,u; (&ij)
i=1 j=i+1 i=1 j=i+1

and the second one by

@ 51 — Z ethi’U(&).
i=1 =1
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