Functoriality in Morse theory on closed manifolds

Avraham Aizenbud and Frol Zapolsky
October 12, 2009

Abstract

We develop functoriality for Morse theory, namely, to a pair of Morse-
Smale systems and a generic smooth map between the underlying man-
ifolds we associate a chain map between the corresponding Morse com-
plexes, which descends to the correct map on homology. This association
does not in general respect composition. We give sufficient conditions
under which composition is preserved. As an application we provide a
new proof that the cup product as defined in Morse theory on the chain
level agrees with the cup product in singular cohomology. In appendices
we present a proof (due to Paul Biran) that the unstable manifolds of a
Morse-Smale system are the open cells of a CW structure on the under-
lying manifold, and also we show that the Morse complex of the triple is
canonically isomorphic to the cellular complex of the CW structure. This
gives a new proof that the Morse complex is actually a complex and that
it computes the homology of the manifold.

1 Introduction

Morse theory attaches to a generic triple (M, F| p), where M is a closed man-
ifold, F' a Morse function on M and p is a Riemannian metric on M, a chain
complex M, (M, F, p), called the Morse complex of the triple. The homology of
this complex is known to be canonically identified with the singular homology
of M, and so is independent of (F’ p), see Appendix D. For general background
on Morse homology, see for example [AB], [Sch]. The Morse complex itself does
depend on this data. In this paper we investigate some functorial properties
of this dependence. Namely, given two such triples, we associate to a generic
smooth map between the underlying manifolds a chain map between the Morse



complexes, which descends to the correct map on homology. However, this as-
sociation is in general not functorial, that is, it does not respect composition.
We show that under some condition on the maps in question composition is
preserved. Also, we believe that in general some weaker form of functoriality is
present. At this point, we do not know what is the appropriate framework for
this question.

1.1 Structure of the paper

In section 2 we fix notations, give main definitions and formulate the results.
Section 3 is dedicated to proofs of the results. In addition we apply functoriality
to prove that the cup product on Morse complexes descends to the usual cup
product on cohomology. This definition of the cup product in Morse homology
has been around for some time now, but there seems to be no quotable reference
for the details. In any case, we show how it fits into the general theory in a more
coherent fashion.

In appendix A we prove that transverse maps (see definition 2.3) form an
open and dense subset in the set of smooth maps. Transverse maps are the
smooth maps to which we associate a chain map between the Morse complexes.
In appendix B we treat the relevant part of intersection theory of (oriented)
manifolds. In appendix C we bring an expanded version of the proof by Paul
Biran (see [Bi]) of the fact that the unstable manifolds of a Morse-Smale triple
are the open cells of a CW structure on the underlying manifold and in appendix
D we show that the Morse complex of the triple is canonically isomorphic to the
cellular complex of the CW complex. Note that this gives an alternative proof of
the fact that the Morse complex is indeed a chain complex and that its homology
computes the homology of the manifold. We are not aware of a proof of this in
the literature. In a sense, this proof is more intuitive than the ones which are
usually encountered. The drawback of this proof is its heavy reliance on difficult
theorems of the theory of dynamical systems.
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2 Definitions

2.1 Preliminaries on Morse theory

Let M be a closed manifold, F € C*(M) be a Morse function, and p a
Riemannian metric on M. If z is a critical point of F, then the Hessian d2F is
a well-defined nondegenerate quadratic form on 7, M and the dimension of the
negative space of d2F is called the index of F' at x, denoted by indr x. The set
of critical points of F' of index k is Critg(F"), while the set of all critical points
Crit(F) = (,_, Crity(F), where n = dim M.

The negative gradient flow of the triple (M, F’, p) is the flow of the vector field
—V,F. Morse functions will be denoted by variations of the letter F', while the
corresponding flows will be denoted by the suitable variation of the small letter
f with superscript ¢, for example Fy ~~ f&.

Let (M, F, p) be a triple as above, and let x € Crity(F'). The unstable mani-
fold through =z is

T . : t —
U® .= {yEM|tL1r_réof(y)—w},
and the stable manifold through x is
T . : t _
St = {yEM|t1LI£10f(y)—a:}.

It is a standard fact that U® and S® are diffeomorphic to R¥ and R"*, re-
spectively. The triple (M, F, p) is called Morse-Smale if every stable manifold
intersects every unstable manifold transversely.

Definition 2.1. Let (M, F, p) be a Morse-Smale triple. There is a natural CW
structure on M corresponding to the triple, the open cells being the unstable
manifolds, see Appendix C. Let M*, for k = 0,...,dim M, denote the k-th
skeleton of this structure, that is, M* is the union of the unstable manifolds of
dimension up to k.

Remark 2.2. A CW complex for us is a CW complex with fixed attaching
maps. In particular, each open cell is endowed with a smooth structure and
an orientation. However, in case the CW complex in question comes from a
Morse-Smale triple, the smooth structure on an open cell is that of the unstable
manifold, not the one induced from the attaching map, which only provides an
orientation for the cell. The characteristic maps, the smooth structures, and the
orientations obtained by this convention are henceforth referred to as canonical.



2.2 Definitions and results

Notation. We shall use the following notational convention. Whenever there
is given a map of sets p: M — N and a family of self-maps of N, {f'}cr, we
shall denote ¢' := f'o . Now if (N, F,p) is a Morse-Smale triple, there is a
canonical family of self-maps of N, namely the negative gradient flow f*, and it
is this family that will always be understood in the notation .

Definition 2.3. Let M; be a CW complex and let (M, Fy, p2) be a Morse-
Smale triple. Let ¢: M; — M, be a continuous map. Define the map ¢ (z) :=
limy . ' (x) (¢ is in general discontinuous). The map ¢ is called:

e reqular, if ¢*>°(M}) C My for all k;

e cellwise smooth, or in short, cw-smooth, if the restriction of ¢ to every open
cell of M; (taken with the canonical smooth structure, see Remark 2.2) is
smooth;

e transverse, if it is cw-smooth, regular, and if for any open cell U; C M;
of dimension k£ and any stable manifold Sy C My of codimension k the
restriction |y, is transverse to Sy.

Remark 2.4. If (M;, I, p1) is a Morse-Smale triple and N is a manifold, then a
smooth map ¢: M; — N is of course cw-smooth for the canonical CW structure
on M, see Remark 2.2.

Remark 2.5. In order to define a transverse map the triple (Ms, Fy, p2) needs
not be Morse-Smale. A triple (M, F, p) is Morse-Smale if and only if the identity
idj; is a transverse map.

Definition 2.6. For a Morse-Smale triple (M, F, p) we let M.(M, F, p) be the
Morse complex of the triple, My (M, F, p) being generated by the critical points
of F of index k.

Definition 2.7. Let M; be a CW complex and let (M, Fy, p2) be a Morse-Smale
triple. Let ¢: My — M5 be a transverse map. For any k let Uy C M; be a k-cell
and let Sy = S*2 C M, be the stable manifold corresponding to a critical point
xo € Critg(F3y). Then we can define the number

ne(Ur, 22) := #¢@lu, N S2,



that is the intersection index. For the precise definition, as well as various orien-
tation issues, we refer the reader to Appendix B. Using these numbers, we can
define a sequence of homomorphisms (for notations concerning CW complexes,
see Subsection 3.2)

M(@)k Ck:(Ml) - Mk(MQa F2a PQ) )

as follows. For an open cell U; € C,(M;) put

M((P)k(Ul) = Z nw(Ul,ZL‘Q)ZEQ.

22€Crity (F2)
Now we are ready to formulate the main results.

Theorem 2.8. Let My be a CW complex and let (Ms, Fy, py) be a Morse-Smale
triple. Let p: My — My be a transverse map. Then M(yp) is a chain map,
and the induced map M(p). on homology coincides with ., the homology of
M. (M, Fy, p2) being identified with the singular homology of M.

Lemma 2.9. Let (M;, F;, p;), i = 1,2 be Morse-Smale triples. The set of trans-
verse maps My — My is open and dense in C*°(M;y, Ms).

The proof is given in Appendix A.

Theorem 2.10. The association ¢ — M(p) has a unique C°-stable extension
to the set of reqular maps between a CW complex and a Morse-Smale triple. This
extension still associates a chain map to a regular map, and for any regular ¢
we have M(p)x = @s.

Theorems 2.8 and 2.10 are proved in Section 3.

This association is not in general functorial, for two reasons. Firstly, the
composition of two regular maps needs not be regular, and secondly, even when
M is defined, it does not in general commute with composition. There is however,
a certain amount of functoriality possessed by M, and the following definition
and theorem cover some of it.

Definition 2.11. Let (M, Fy, p1) and (M, F, p2) be Morse-Smale triples. A
regular map : My — M, is called stably regqular if for any x € M, there is
y € Crit(Fy) such that ¢(fi(z)) € SY for all t € R.



Theorem 2.12. Let My be a CW complez, and let (M;, F;, p;), i = 2,3 be Morse-
Smale triples. Let ¢: My — My be a regular map, and let 1: My — Mj be a stably
reqular map. Then 1 o ¢ is reqular, and moreover

M(ipop) = M) o M(¢p) .

The proof is given in Subsection 3.5.

3 Constructions and proofs

3.1 (Generalized Lyapunov theorem

The following proposition says that if a closed subset is carried by the negative
gradient flow pointwise close to a skeleton, then it also happens uniformly.

Proposition 3.1. Let (M, F,p) be a Morse-Smale triple, and let X be a sub-
complex of M.

(i) Let V- O X be an open neighborhood. Then there is an open neighborhood
U D X such that U CV and U is invariant under the flow f*, that is fY{(U) C U
forallt > 0;

(i1) Let Y C M be a closed subset. Suppose that for any y € Y and any open
V D X there exists T > 0 such that fT(y) € V.. Then for any open VO X there
is T > 0 such that ff(y) €V for anyy €Y.

Proof. We prove both statements simultaneously by cellular induction. The
case of points is clear. Let us prove (i). Let X’ be a subcomplex of M, and
let X = X' Ue, where e is a cell not in X', such that de C X’ and e is the
unstable manifold of a critical point z. Let U" D X’ be an {f'};>o-invariant
open neighborhood such that U" C V. Let ®: (=1,1)" — M be a coordinate
chart with ®(0) = z and ®(z4,...,2,0,...,0) € U* for x; € (—1,1). For
r € (0,1) let

C = {(z1,...,xn) € (=1,1)"| Zﬁ =1/4, Y 2} =0}

i=k+1

S(r) = {(21,...,x,) € (_1,1)n\zx§ =1/4, Y a7 <%}

i=k+1



and

B(r) = {(x1, ..., xn) € (=1,1) |Zx < 1/4, Z 22 < r?}).
i=k+1

By the inductive assumption there is T > 0 such that f7(®(C)) C U’. Hence
there is r > 0 such that f7(®(S(r))) C U’. Let ¥: S(r) x [0,T] — M be the flow
map. By the compactness of [0, 7] there is 7’ > 0 such that W(S(r") x[0,7]) C V.
Now define U = Int (®(B(r')) U ¥(S(r') x [0,T])) UU’. Then U satisfies the
requirements of (i).

(ii) By (i) there is an open U C V which is invariant under the flow. Let
y € Y. There is T, > 0 such that f7v(y) € U. Since U is open, there is an open
neighborhood W, of y such that f7v(W,) C U. The sets W, form an open cover
of Y, and owing to the compactness of Y there is a finite subcover {W,,}i- Now
let T = max; 1},. [

3.2 Metric CW complexes

Let (X,d) be a (pseudo-)metric space of finite diameter. If Z is a set, then
on the set of maps {f: Z — X} there is a natural (pseudo-)metric, which we
shall denote by d as well, defined by d(f,g) := sup,c, d(f(2),9(2)). The same
notation will be used to denote distances between subsets of X, that is d(A, B) :=
inf (o pycaxp d(a,b) for A,B C X. For § > 0 and A C X we denote A; = {z €
X |d(x,A) < §}. Given € > 0, a homotopy {¢:: Y — X}iey, where J C R is
some interval and Y is a topological space, is called an e-homotopy, if for all
t,t' € J we have d(¢y, pp) < €.

In this subsection all CW complexes are finite, in particular, compact and
metrizable.

Definition 3.2. A pseudo-metric CW complex is a pair (M,d) where M is a
CW complex and d is a pseudo-metric which induces a topology coarser than
that of M. The pair (M, d) is a metric CW complex if d is a metric inducing the
topology of M.

Recall that to a CW complex M one associates its chain complex C(M) and
to any cellular map ¢: M — N a chain map C(p): C(M) — C(N). If ¢, is a
homotopy consisting of cellular maps, then C(y;) is independent of ¢.

Definition 3.3. Let M be a CW complex and let (N, d) be a metric CW com-
plex. A continuous map ¢: M — N is called e-cellular, where € > 0, if for any
integer k > 0 we have d(p(M*), N¥) < e.
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It is well-known that any map between CW complexes is homotopic to a
cellular map. We shall make use of a refinement of this statement:

Proposition 3.4. Let N be a CW complex and let (M,d) be a metric CW
complex. Then for any € > 0 there exists § > 0 such that for any 0-cellular map
©: N — M there is an e-homotopy {¢: her with oo = ¢ and oy cellular. [

This follows from quantitative cellular approximation, see Theorem 3.13 be-
low. The proof of the next result goes along the same lines, and will be omitted.

Proposition 3.5. Let M be a CW complex and let (N,d) be a metric CW
complex. Then for any € > 0 there exists 6 > 0 such that for any homotopy
w2 M — N of d-cellular maps there exists a homotopy 1, of cellular maps such
that d(p¢, W) < € for any t. O

The following definitions are used in the next subsection.

Definition 3.6. Let (M,d) be a metric CW complex. To it we associate a
number 1; = n;(M,d) > 0 such that for any CW complex L and any pair of
cellular maps @1, p2: L — M with d(¢1,p2) < m we have C(p1) = C(p2). The
existence of n; is evident.

Definition 3.7. Let (M,d) be a metric CW complex. To it we associate a
number 7y = 12(M, d) > 0 such that for any CW complex L and any n,-cellular
map ¢: L — M there exists a cellular map ¢ with d(p,v) < 2.

Definition 3.8. Let N be a CW complex and let (M, d) be a metric CW com-
plex. Put 1y := no(M,d). Let o: N — M be no-cellular. Choose a cellular map
Y with d(p, ) < w. Define C(yp) := C(¢)). Clearly this is independent of 1.
If ¢ is a cellular map, then this definition coincides with the original one.

The rest of this subsection is dedicated to the proof of Theorem 3.13. The
proof is along the lines of that of the classical cellular approximation theorem,
see for example [Ha].

Lemma 3.9. Let (N,d) be a metric CW complex and let K C N be a subcom-
plex. Consider the pseudo-metric CW complex (N x 1,d"), where d' is given by
d'((z,t), (z,t") == d(z,2'). Then for any e > 0 there exists a retract r: N x I —
NxOUK xIC N xT withd(r,idyy) < e. O



Lemma 3.10. Let (M, D) be a metric space. Let N be a CW complex, and
let K C N be a subcompler. Suppose that p: N — M 1is continuous, and
{@: K — M}yer is an e-homotopy with qo = p|x. Then there exists a 2e-
homotopy {p: N — M} such that pg = p and pi|x = q;.

Proof. Metrize N by a metric d. Since N is compact and p is continuous,
it is uniformly continuous, that is, there is § > 0 such that d(z,2') < 0 =
D(p(z),p(2')) < e. By the previous lemma there is a retract r: N x I — N x0U
K x I such that d(r,idyxs) < 6. Put pi(2) = p(r(2,1)), where p: NxOUK x I —
M is the union of the maps p and ¢;. O]

Lemma 3.11. Let (M,d) be a metric CW complex. Then for any € > 0 there
exists 6 > 0 such that if N is a CW complex, U C N is a top-dimensional cell,
and p: N — M is a d-cellular map, which is cellular on N — U, then there is an
e-homotopy ¢y, stationary on N — U, with ¢y = ¢ and ¢ cellular.

For the proof we need the following straightforward

Lemma 3.12. Let D C R"™ be the standard closed ball of radius 1. Let d be
a pseudo-metric on D, which is continuous with respect to the standard metric,
and whose restriction to the interior of D induces the standard topology. Then
for any € > 0 there is & > 0 such that there exists an e-homotopy ry: D — D,
such that r|op = id, ro = idp and r1((0D)s) = 0D (the d-neighborhood is taken
with respect to d). O

Proof (of Lemma 3.11). Let k = dim U. Proceed by induction on the maximal
dimension [ (which we of course suppose to be > k) of a cell of M which meets
©(U). Let s be the number of cells in M' — M* which meet U. Let V C M be
such a cell, and let ®: D — V be the characteristic map. Let d be the pseudo-
metric on D induced by ®. For ¢’ = & choose ¢ > 0 and an ¢’-homotopy 7; as in
the previous lemma. Define 7;: M' — M by 7i|pp_y = id, Te(®(2)) := ®(ry(2))
for z € D. Repeat the process for each cell of dimension /. Concatenate all the
obtained homotopies into one £/2-homotopy, spanned over a suitable interval of
time, denote it by 7.. Compose: 7% o . The end point ¢’ of this homotopy
sends U into M'~', and we can apply the inductive assumption to get a further
£/2-homotopy whose endpoint sends ¢’ (U) into M*. The concatenation of these
two £/2-homotopies is the desired e-homotopy. O

Theorem 3.13 (Quantitative cellular approximation theorem). Let (M,d) be a
metric CW complex, and let N be a CW complex. For any € > 0 there ezists
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0 > 0 such that if K C N s a subcomplex and ¢: N — M 1is a 0-cellular map,
which is cellular on K, then there is an e-homotopy ¢, stationary on K, with
wo = ¢ and @ cellular.

Proof. By cellular induction on N. Let U C N — K be a cell. By the inductive
assumption, for any €; > 0 there exists § > 0 such that for any d-cellular map
N — U — M which is cellular on K there is an ;-homotopy, stationary on K,
between it and a cellular map.

Let 6; > 0 be such that for any ¢;-cellular map ¢: N — M which is cellular
on N — U, there exists an /2-homotopy ¢, fixed on N — U such that ¢q = ¢,
and ¢ is cellular.

Let e = min(d,/4,¢/4) and let 0 < 6;/2 be as provided by the inductive
assumption (see the first paragraph), corresponding to ;.

Let po: N — M be a d-cellular map which is cellular on K, and let ¢’ = p|y_y.
Let ¢} be an ;-homotopy between ¢’ and a cellular map N —U — M, provided
by the inductive assumption. Extend ¢} to a 2e1-homotopy ¢;: N — M. Let
Y = ). Since ¢, = ¢ is d-cellular and ¢} is a 21-homotopy, ¢ is (2e1 + 9)-
cellular, in particular, it is d;-cellular, since 2¢1 4+ < ;.

Since v is d;-cellular and ¢ | y_y is cellular, there exists an €/2-homotopy 1 on
N, stationary on N — U, such that 1)y = 1 and 1), is cellular. The concatenation
of the £/2-homotopies ¢} (¢} is a 2¢;-homotopy, hence an €/2-homotopy) and v,
is the desired e-homotopy. [

3.3 Regular maps

In this subsection a Morse-Smale triple (M, F) p) is viewed as a metric CW
complex, where the CW structure is the canonical one (see Remark 2.2), and
the metric, denoted by d, is the one induced by p. For the purposes of this
subsection we need to modify the definition of the number 1, (M) in case M is
the underlying manifold of a Morse-Smale triple.

Definition 3.14. Let (M, F, p) be a Morse-Smale triple. Let 1y := n2(M, d) (d
being the Riemannian distance). Denote by 0} = n(M, F, p) some number < 7,
such that for any k < [ and any y € Crit;(F') the stable manidold SY does not
meet the nh-neighborhood of M*.

Definition 3.15. Let M; be a CW complex and let (M, Fy, po) be a Morse-
Smale triple. A map ¢: M; — M, is called t-admissible, where t > 0, if ¢* is
nh(Ma, Fy, pa)-cellular for any s > t.
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Remark 3.16. A map is regular if and only if it is t-admissible for some ¢, due
to Lemma 3.1.

Definition 3.17. Let M; be a CW complex and let (M,, Fy, py) be a Morse-
Smale triple. For a t-admissible ¢: M; — M, we define M (p) := C(¢®) for
s> t.

The association [t,00) 5 s — //\/lvs(go) is clearly locally constant, hence con-
stant, and we have

Lemma 3.18. If ¢ is reqular, then ./T/l/s(go) s independent of s for s > t, where
t is such that ¢ is t-admissible. We denote by M(p) the common value. O

Definition 3.19. Let M; be a CW complex and let (M, Fy, po) be a Morse-
Smale triple. A map ¢: M; — M, is called e-stable if for any map ' with
d(p,¢") < e we have: (i) ¢ is regular and (i) M(¢") = M(p).

Lemma 3.20. Let My be a CW complex and let (May, Fy, pa) be a Morse-Smale
triple. For anyt > 0 there is € > 0 such that any t-admissible map p: My — Mo
is e-stable.

Proof. This is due to the uniform continuity of the map f*. O
Corollary 3.21. M is C°-stable. O
34 M=M

In this subsection we prove Theorems 2.8 and 2.10. They are both corollaries
of the following

Theorem 3.22. Let My be a CW complex and let (Ma, Fy, p2) be a Morse-Smale
triple. Let @: My — My be a transverse map. Then M(p) = M(p).

Proof. If S is a metric sphere, there exists a positive number, which we denote
n(S), such that any two continuous maps from a topological space to S which
are 1)(5)-close, are homotopic.

For any x € Crity(F») choose a parametrization ®,: By X By — My, where
B, C R¥ B, ¢ R"* are small balls centered at 0, n = dim M,, such that
®,(0) = x, ®(B; x {0}) C U*, ({0} x By) C S*. Denote T, = ®(B; x Bs),
D, = ®(B; x {0}) and let m,: T, — D, be defined by m,(®(a,b)) = ®(a,0). Let

11



Let
©= 3 ucliny "5

Choose 6 > 0 such that (i) any d-cellular map from M; to M, can be ap-
proximated by an e-close cellular map, (ii) (MY — D,)s UT, D (M)); for all
k and z € Crity(Fy), (iii) § < no(Ms), (iv) for any y € T, N (M5)s we have
d(m.(y),y) < e. Choose T > 0 such that for any ¢ > T the map ¢" is d-cellular.

Let ¢: M; — M, be a cellular map such that d(y, pT) < e.

Fix an open k-dimensional cell Uy C M; and x € Crity(F,). We shall define
¢ MF/(MF—U,) — S, as follows. The point [Mf— U] is mapped to [M5 —D,].
Now let y € Uy If ¢"(y) € T, then ¢'(y) = m (0" (y). If ©"(y) ¢ To,
¢'(z) = [M5 — D,]. The map ¢’ is clearly continuous. Let ¢': MF/(MF —U,) —
MY /(MY —U?) be the map induced by v . Define ¢"" = pot)’, where p: M¥ /(M§—
U*) — S, is the projection. Clearly d(v)”,¢") < 2¢, hence deg1)” = deg¢’. On
the other hand, deg )’ = deg)”, since p is a homotopy equivalence. In addition,
x € S, is a regular value of ¢/, hence deg ¢’ = n, (U1, x).

To summarize, deg 1)’ = n,(Uy, x), hence M(p) = M(p). O

Henceforth for a regular map ¢ we shall denote M(y) := M (), and thanks
to the theorem, this notation is consistent.

3.5 Stably regular maps

In this subsection we prove Theorem 2.12. Throughout let M; be a CW
complex and {(M;, F;, pi) }i—2.3 be a pair of Morse-Smale triples.

Proposition 3.23. Let ¢;: My — My be a homotopy through reqular maps.
Then M(py) is independent of t. ]

Lemma 3.24. If p: My — M, is cellular, 1b: My — Ms 1s reqular, then i o ¢ is
reqular and M1 o o) = M(1) o C(y). O

Proposition 3.25. Let p: My — My and ¢: My — M;s be reqular maps. Then
for all large enough t the composition 1 o @' is reqular and Mo p') = M(¢)) o
M(yp).

We need the following

Lemma 3.26. There exist ty and € > 0 such that for any t >ty the composition
Yo ¢ is e-stable.
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Proof. Thanks to Lemma 3.20, if we show that there are t, and T such that
1 o ! is T-admissible for all ¢ > t,, we shall obtain the desired assertion.
Choose T' > 0 such that for all k the set 7 (MJF) lies in an invariant neigh-
borhood V* of M¥, contained in the n(Ms)-neighborhood of M}. Let U* be an
invariant neighborhood of M} such that T (U*) C V*. Now choose ¢, such that
oo (MF) c U*. O

Proof (of the proposition). Only the second assertion is nontrivial. Let ¢, and
€ be as provided by the lemma. Since v is uniformly continuous, there is § > 0
such that for any x, y with d(z,y) < 0 we have d(¢(z),v¥(y)) < €. Thereis t; > t,
such that for any ¢ > t; there is a cellular map ¢ such that d(¢', ¢') < ¢, and
M(p) = C(¢'). It follows that d(v o', 1poy’) < &, hence M(pop') = M(zpoy).
Now use Lemma 3.24 to conclude that M(¢o¢') = M(¢og') = M(¢)oC(¢') =
M(ip) o M(p). O

Lemma 3.27. Let ¢: My — M,y be regular and : My — Mjs be stably regular.
Then v o ¢ s reqular.

Proof. Let z € MF. We need to show that ¢ (p(x)) lies in some S*, where
z € Crity(F3) with [ < k. Since v is regular, ¢¥(M§) C U.ccuity () acn 97 1t
follows that there is § > 0 such that the whole §-neighborhood of My is sent v
into the latter union. Since ¢ is regular, there is ¢ such that d(¢'(z), M¥) < 6,
thus ¢(p'(x)) € S*, where z € Crit(F3) of index < k. By the definition of
stable regularity, this means that the whole open gradient line through ¢'(z),
which is the same as the gradient line through ¢(x), is sent by # into S?, that is

b(p(x)) € 5. O
Proof (of Theorem 2.12). We only need to show that M(¢op) = M(¢))o M(¢p).
Since @ is regular, so is ¢ for any ¢, that is {t)op'}, is a homotopy through regular
maps, and by Proposition 3.23 we have M (1) o p) = M(¢ o ¢°) = M(¥ o ).
By Proposition 3.25 M (1) o ¢') = M(¢)) o M(¢p) for all large . O
3.6 Cup product

Definition 3.28. Let (M, F, p) be a Morse-Smale triple. Denote

M¥(M, F, p) := Hom(My(M, F, p),Z) .

Together with the differential 0f := f o 0, where f € M* and 0 is the Morse
differential on M, this constitutes a cochain complex, whose cohomology is
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canonically identified with the singular cohomology of M. For a CW complex
My, a Morse-Smale triple (Ms, Fy, po), and a regular map p: My — M define

M(So)k5 Mk(M27 Fy, ;02) - Ck(Ml)

by M(p)* = (M(p);)*, the star meaning the dual map. This is clearly a cochain
map which, thanks to Theorem 2.10, gives the correct map on cohomology.

We will now define the cup product on Morse cohomology using the functo-
riality, mimicking the analogous construction in the singular theory.

Notation. Let (M, F, p) be a Morse-Smale triple, and let = € Critg(F"). Define
8 € MF(M, F,p) by 6,(x) =1 and §,(y) = 0 for y # x.

Let M be a closed manifold. Choose three Morse functions Fj, i = 1,2,3 and
three Riemannian metrics p;, i = 1,2, 3, such that (M, F}, p;) are Morse-Smale
triples, and such that the diagonal map A: (M, F3, p3) — (M XM, Fi+F;, p1+p2)
is transverse. Let z; € Crity, (F;) be such that k3 = k; + ko. Define the number
ngh®? 1= U N .S N .S2 that is the triple intersection number, see Appendix
B. Due to the fact that A is a transverse map, this number is well-defined.
Define a bilinear map

~ Mkl(Ma F17p1) X MkQ(Ma F27p2) - MkB(MaF?npS)

by

(6901 ~ 5902)('1'3) = ni;’m .

Theorem 2.8 yields that — is a bi-chain map, and the induced map on cohomol-
ogy coincides with the cup product. This formula for the cup product has been
known before.

A Transversality

Here we prove Lemma 2.9. For this we need a couple of definitions and
lemmas.

If M, N are closed manifolds, M" C M, N’ C N are submanifolds, put
UM' N ={p e C®(M,N)||y is transverse to N'},
and

I(M',N')={p e C®(M,N)| oM —M)YNN' =pM)n(N - N')=02}.
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Lemma A.1. The set U(M', N') is dense and the set U(M',N') NZ(M’', N') is
open in C*°(M, N).

Proof. The first statement is a standard transversality argument, and will be
omitted.

Let o e U(M', N'YNZ(M', N"). Tt is clear that for x € M',y € N’ there is an
open neighborhood O, , of ¢ and open neighborhoods U, , > z,V, ,, 3 y such that
for any " € O we have that ¢'|y, ,nar is transverse to V, , NN’ Also there is an
open neighborhood O of ¢ and open neighborhoods U > M’ — M,V > N’ — N’
such that for any ¢’ € O we have '(U)NN' = (M) NV = 2.

Now {Uzy X Viy}@yemsne U {U X N/, M’ x V} is an open cover of the
compact set M’ x N', hence there are {(z;,y;) € M’ x N'}_, such that {U,,,, x
Vi 1y U{U x N/, M’ x V'} is still a cover. Now (i_; O, ,. N O is an open
neighborhood of ¢ inside U(M', N') N Z(M', N'). O

Proof (of Lemma 2.9). The set of transverse maps equals
T = WU(U", %) |z € Crity(F)),y € Crity(Fy), k <1}

Let ]\AJ; be the CW complex whose cells are the stable manifolds of the triple
(M, Fy, p2), or, which is the same, the CW complex of the triple (Ms, —F3, p).
For a subcomplex X C M; x M, define

T(X) = {uU(U*,5") | (x,y) € Crity(Fy) x Crity(F) N X,k <1}

Clearly 7 = T (M; x ]\AJ;) We shall prove by cellular induction on X that 7 is
open and dense. For X = @& the statement is trivial. Assume the statement for
a certain X and let X' = X We, where e = U* x SY is a cell not in X. We have

T(X') = T(X) NUU=, SY).

Now 7(X) is open dense by inductive assumption, U(U”,SY) is dense by the
lemma, hence 7 (X’) is dense. Note that 7(X) C Z(U",SY), hence T (X') =
T(X)NZ(U* SY)NUU*,SY). Again by the lemma, Z(U*, SY) NU(U*, SY) is
open. Therefore 7 (X’) is open. O
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B Intersections and orientations

Here we bring together the necessary preliminaries from intersection theory,
in particular, we treat orientations.

Let V' be an n-dimensional real vector space. An orienting multivector of V' is
an element o € A"V —{0}. If S C V is a subspace, then a coorienting multivector
(or form) of S is an orienting multivector of the annihilator S* C V*, or, which
is the same, an element ¢ € A«d™5(V/S)* — {0}, Indeed, the projection p: V —
V/S induces an injective map p*: (V/S)* — V* whose image is precisely S, thus
p: (V/S)* ~ S+. The common dimension of these spaces is dim S* = codim 9,
hence A%mS™ gL ~ AcodimS(V//G)* canonically. Two (co)orienting multivectors
are equivalent if they differ by a positive scalar multiple. An equivalence class
of (co)orienting multivectors is a (co)orientation. Note that if n = 0, then
A"V = AV = R canonically, and we can speak of the sign of the orientation.

A transverse intersection of an oriented subspace and a cooriented subspace
is again an oriented subspace. To see this, we need some linear algebra.

For any real vector space W and integers i, j > 0 there are the canonical maps
A AW RQNW — AW and det : AW* QAW — R. If W is finite-dimensional,
then the determinant defines a non-degenerate pairing between A‘W* and A'W,
which gives rise to a canonical isomorphism A‘W* = (A'TV)*.

Let again V' be an n-dimensional real vector space and let 0 < k <[ < n be
two integers. Consider the map

AV @ APV @ ARV R,

which can be viewed as a map
~ AV @AV — (ATRYY = AR

Now let U C V be an oriented subspace of dimension [ with o € A'U as an
orienting multivector let S be a cooriented subspace of codimension k£ with ¢ €
A¥(V/S)* as a coorienting multivector. Suppose that they intersect transversely.
Then k <1 <n. Let p: U — V/S be the natural projection. Then the element
o ~ p*c € A"*U can be seen to belong to A" *(U N S) — {0}, thus defining an
orienting multivector of U N S, hence an orientation.

Note that if U C V is oriented and V = U & S, then on S there is a natural
coorientation. Indeed, let 0 € A*U be an orienting multivector. Since A*U is
one-dimensional, there is a unique n € (A*U)* = A*U* with n(o) = 1. The
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projection p: U — V/S is an isomorphism, hence also p*: AF(V/S)* — A*U*.
The desired coorientation on S is the the class of the multivector (p*)~'(n). This
coorientation on S can also be defined as the unique coorientation such that the
oriented intersection U NS = {0} has the positive orientation.

This can be generalized to a transverse intersection of an oriented subspace
with a finite number of cooriented ones: if U C V is oriented, Si,...,
Sk C V are cooriented, then define by induction

UNNe, Si=(UNNZS) NS

Now if M is a manifold and N, P are submanifolds, such that N is oriented by
a continuous section o of the bundle A'T'N —{0} (I = dim N), and P is cooriented
by ¢ € T(A¥(TM/TP)* — {0}) (k = codimy; P), then the intersection N N P
acquires a natural orientation, according to the above construction, provided
that NV and P intersect transversely. Again, the transverse intersection of a
single oriented submanifold and a finite number of cooriented ones can be given
an orientation. Also remark that a simply connected manifold can be (uniquely)
oriented by orienting the tangent space to it at some point.

Consider now a Morse-Smale triple (M, F, p). By Remark 2.2 the unstable
manifolds are oriented. For x € Crit(F) we have T,M = T, U* & T,S”, hence, by
the above remark, all the stable manifolds acquire natural coorientations. These
coorientations serve to define the intersection numbers introduced in Section 2,
as follows. Let x € Crity(F) and let ¢: R* — M be a smooth map, which is
transverse to S¥ and satisfies (S — S%) N ¢(R¥) = (¢(R*¥) — ¢(R¥)) N S* = @.
In this case the set ¢~!(S®) is finite. For a point z € ¢~1(S%) we define its sign
as follows. The differential d.¢ maps T.R¥ = R¥ isomorphically onto its image;
therefore inside Ty,)M we have two subspaces which intersect transversely and
which are of complementary dimensions: d,¢(R¥) and Ty,)S*. The first space
is oriented while the second one is cooriented, thus their intersection, being an
oriented subspace of dimension zero, has a number ¢, associated to it. Now put

#PNS* = Z £, .

z€p~1(S%)

Additionally, we would like to remark that in existing literature on Morse
homology the spaces of gradient trajectories are oriented in a certain way, see for
example [Hul]. Using coorientations, in our opinion, allows for a more canoni-
cal (still, equivalent) definition of orientations: for x,y € Crit(F) the manifold
M(z,y) = U” N SY of (parametrized) trajectories between x and y carries an
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orientation as the intersection of an oriented and a cooriented manifolds. The
space M(z,y) = M(z,y)/R of unparametrized trajectories is oriented because
each one of its tangent spaces is a quotient of an oriented space by an oriented
subspace.

C CW structure from Morse-Smale triples

The following theorem was proven by Paul Biran in [Bi], based on the results
of Laudenbach and Hutchings from [La] and [Hu2]. We bring here a more de-
tailed version of his proof, since our results rely on it, and also for the sake of
completeness.

Theorem C.1. Let (M, F,p) be a Morse-Smale triple. Then the unstable man-
ifolds are the open cells of a CW structure on M.

For the proof we need the following definitions and results.

Definition C.2. An endomorphism of a finite-dimensional real vector space is
called hyperbolic if it only has eigenvalues of absolute value different from 1.

Definition C.3. Let X be a vector field on M and let ¢; be the flow it generates.
A critical point x of X is called hyperbolic if d,¢; € End(T, M) is for all ¢ # 0.
A closed orbit v of ¢; of period T' > 0 is called hyperbolic if the differential of
the local Poincaré map is.!

Definition C.4. Let X be a vector field generating a flow ¢;. If x is a hyperbolic
critical point, the stable and unstable manifolds through x are

U={ye M| tEI_nooqbty:x} and S* = {y € M| tgglm(bty:x}.

If v is a hyperbolic periodic orbit of X of positive period, similarly we define its
stable and unstable manifolds as

Ul={ye M|3reR: tlir_n d(¢ey,y(t+7)) =0}

and
ST={yeM|3r E]R:tligl d(¢y,y(t +7)) =0},

where d is a metric inducing the topology of M.

IThe local Poincaré map at 2 = ~(0) is defined as follows: choose a hypersurface H passing
through x and intersecting « transversely; now send a point y € H sufficiently close to x to

bi(y)(y), where t(y) = inf{t > 0[¢:(y) € H }.
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It is well-known that the stable and unstable manifolds of hyperbolic critical
points and closed orbits are smooth submanifolds of M.

Definition C.5. A vector field is called Morse-Smale if it only has hyperbolic
critical points and closed orbits and moreover, any stable manifold meets any
unstable manifold transversely. A Morse-Smale field is called gradient-like if it
has no closed orbits of positive period. A gradient-like Morse-Smale field is said
to be of standard type if around each critical point there is a coordinate system
(x1,...,2,) such that the field is given by

X(x1, oo ) = (=T1, 0oy —Thy Tht1y - -5 Tp) -

Definition C.6. Let (M, F,p) be a Morse-Smale triple. It is said to be of
standard type if the vector field =V, f is of standard type.

The following result is proved by Laudenbach [La] and Hutchings [Hu2].

Theorem C.7. Let (M, F,p) be a Morse-Smale triple of standard type. Then
the unstable manifolds are the open cells of a CW structure on M. O

Theorem C.8 (Smale [Sm]). A gradient-like Morse-smale vector field of stan-
dard type is the negative gradient field of a Morse function with respect to some
Riemannian metric on M. [

Theorem C.9 (Franks [Fr|). If Xy is a gradient-like Morse-Smale vector field,
then there exists a continuous path [0,1] 3 t +— X, in the space of smooth vec-
tor fields on M starting at Xo such that every X, is Morse-Smale and X is
a gradient-like Morse-Smale vector field of standard type whose critical points
coincide with those of Xj. [

Definition C.10. Two vector fields X,Y on M are topologically conjugate if
there is a homeomorphism ¢ of M which maps any orbit of the flow of X onto
an orbit of the flow of Y and preserves their orientation.

If X and Y are topologically conjugate gradient-like Morse-Smale vector
fields, then the above homeomorphism maps critical points of X onto those
of Y, preserves their indices, and also the stable and unstable manifolds.

Definition C.11. A vector field is called structurally stable if any sufficiently
C*°-small perturbation of it is topologically conjugate to it.
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The following result was probably first proved by Smale, but in his original
paper we could not find quite the formulation we need, so instead we refer the
reader to the paper by Robinson [Ro].

Theorem C.12. Any Morse-Smale vector field is structurally stable. 0

Corollary C.13. If { X, }icp0,1) is a continuous path of Morse-Smale vector fields
then Xo and X, are topologically conjugate. [

Corollary C.14. Any gradient-like Morse-Smale vector field is topologically con-
jugate to one of standard form. [

Proof (of Theorem C.1). Let X = —V,F. By the last corollary, X is topolog-
ically conjugate by a homeomorphism ¢ to a gradient-like Morse-Smale vector
field Y of standard form, which, by Theorem C.8, is the negative gradient vector
field of a Morse function with respect to some Riemannian metric. Theorem C.7
says that the unstable manifolds of Y are the open cells of a CW structure on M.
This means that the unstable manifolds of X are the open cells of another CW
structure on M, which is obtained from that corresponding to Y by applying

Qﬁfl. ]

D Morse complex and the chain complex of the
CW structure associated to a Morse-Smale
triple

The goal of this section is to prove that the Morse complex of a Morse-
Smale triple is canonically isomorphic to the chain complex of the CW structure
associated to the triple by the previous section. In order to do this we need
to show that if = is a critical point of index k and y one of index k — 1, then
the algebraic number of connecting trajectories from x to y coincides with the
degree of map S*~! — oM 1 — M1/ (MFL — UY) — (Uvy U M*2)/M+—2 ~
Sk=1 where the first arrow is the restriction of the attaching map of the cell
corresponding to U?® to the boundary S*~1! = 9DF.

More precisely, we shall prove the following theorem:

Theorem D.1. Let (M, F,p) be a Morse-Smale triple. Let ®,: D¥ — M be
the attaching map for a critical point x € Critg(F'), given by the CW structure
from the last section. These maps induce orientations on the unstable manifolds
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of the system. Then for any critical points x,y of indices k,k — 1 we have
#M(z,y) = deg(py o Pu|opr), where p,: MF1 — MFL/(MF1 — V) ~ SF1
the latter sphere carrying the orientation induced from that of UY.

Proof. Coorient the stable manifolds as described in Appendix B.

Choose a coordinate system near 3, ¥: B¥~1x B"*1 M where B C R is
a small open ball centered at the origin. Assume ¥(0) = y and ¥(B*~1x0) C UY,
U (0 x B" k1) C S¥. Denote D, = U(B*! x0), T, = im ¥ and define 7,: T, —
D, by 1, = Wopr, o U™ where pr;: B¥! x BrFl — BF-1 = BF=1 % () is the
projection onto the first factor.

Let pj: M — M*'/(M*' — D,) be the quotient map. The latter space
is a sphere; orient it as UY. Note that pj is the composition of p, and the natural
quotient map M*~1/(M*=t — Uv) — M*1/(M* — D,), which is a homotopy
equivalence. Thus deg(p, o ®,|opr) = deg(p), 0 Pe|opr).

Recall that if S is a metric sphere, then 7n(S) > 0 is a number such that
any two 7(S)-close maps from a compact space into S are homotopic. Let S, =
M*1/(MF! = Dy) and 5 = 1(S,).

Let m: D*¥ — 0 — S*~! be the radial projection. Via the attaching map ® it
induces a deformation retraction 7: ®(D* — 0) — ®(S*~1) c M*~1. For ¢ > 0,
let 6(g) > 0 be such that if z € ®(D* —0) N Mf(;)l, then d(7(z),2) < e.

Consider now a closed ball D in U® of small radius around z. It is diffeomor-
phic to the standard ball D*. Choose an orientation-preserving diffeomorphism
D* — D and denote by v its restriction to dDF = NSk’l. Then v is transverse to
all gradient trajectories. It is easy to see that #M(z,y) equals the intersection
number of f*o v with SY for any t.

There exists tg such that for all t > ¢, the map 7%, := 70 (®,]y=) "' o flov
has degree 1. Hence deg(p;, o ®,|gpr) = deg(p), o ®p|gpr o 7l,) for all t > £,. Note
that pj, o ®y|ger oml, =p,oTo flov: S¥1 — S .

For any € > 0 there is 7. > 0 such that for any ¢ > 7. we have im(f"ov) C
MET

Choose now & > 0 such that e < §(n/2), T, U (M*' — D,). > M*! and
d(my(z),z) <n/2for z € T,AM}F~". Then there is a continuous map 7,: M}~ —
Sy defined by 7, (z) = p,(m,(2)) if z € T, N Mf~" and 7)(z) = [M*' — D,]
otherwise.

For t > T. there is a map 7;: S*' — S, defined by 7' = 7, o f o v. The
distance between 7' and pyomo ftowv isless than n and so they are homotopic.
Consequently deg(p, o ®.|ge-1) = deg(p, o7 o f*ov) = deg(v'). This last degree
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can be computed at the regular value y of 7' and it is easily seen to be equal to

the intersection number of v with SY. O
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