VANISHING OF CERTAIN EQUIVARIANT DISTRIBUTIONS ON
SPHERICAL SPACES
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ABSTRACT. We prove vanishing of 3-eigen distributions on a spherical variety of a
split real reductive group which are supported away from the open Borel orbits and
equivariant with respect to a non-degenerate character of the unipotent radical of the
Borel subgroup.

This is a generalization of a result by Shalika, that concerned the group case.
Shalika’s result was crucial in the proof of his multiplicity one theorem. We view
our result as a step in the study of multiplicities of quasi-regular representations on
spherical varieties.

As an application we prove non-vanishing of Bessel-like functions.

1. INTRODUCTION

1.1. Main results. In this paper we prove the following generalization of Shalika’s result
[Sha74l §2].

Theorem A. Let a split real reductive group G act transitively on a spherical space X .
Let U be the unipotent radical of a Borel subgroup B of G and let v be its non-degenerate
character. Let Z be the complement to the union of open B-orbits in X. Let 3 be the
center of the universal enveloping algebra of the Lie algebra g of G.

Then there are no non-zero 3-eigen (U, )-equivariant distributions supported on Z.

This result in the group case ([Sha74, §2]) was crucial in the proof of Shalika’s multi-
plicity one theorem.

Our proof begins by applying the technique used by Shalika. However, this technique
was not enough for this generality and we had to complement it by using integrability of
the singular support, as in [AG09].

Theorem [A] provides a new tool for the study of the multiplicities of the irreducible
quotients of the quasi-regular representation of G on Schwartz functions on X, see §§1.3|
below for more details.

1.2. Non-vanishing of spherical Bessel functions. Another application of Theorem
[Alis to the study of spherical Bessel distributions and functions.

Definition 1.2.1. Let G be a split real reductive group, and H C G be a spherical
subgroup. Let (w,V) be a (smooth) irreducible admissible representation of G. Let ¢
be an H-invariant continuous functional on V and v be a (U,1))-equivariant continuous
functional on the contragredient representation V. Define the spherical Bessel distribution
by

Eoslf) = (0,7 (1)),

Define the spherical Bessel function to be the restriction jy ¢ = &uv.6

X-Z-

It is well-known that j, ¢ is a smooth function.
Theorem [A] easily implies the following corollary.
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Corollary B. Suppose that v,¢ # 0. Then j, 4 # 0.

The group case of the non-archimedean counterpart of this corollary was proven in
[ILM| Appendix BJ.

1.3. Relation with multiplicities in regular representations of symmetric spaces.

Let (G, H) be a symmetric pair of real reductive groups. Suppose that G is quasi-split

and let B C G be a Borel subgroup. Let k be the number of open B-orbits on G/H.
Theorem [A] can be used in order to study the following conjecture.

Conjecture C. Let (m, V) be a (smooth) irreducible admissible representation of G. Then
the dimension of the space (V*) of H-invariant continuous functionals on V is at most
k. In particular, any complexr reductive symmetric pair is a Gelfand pair.

We suggest to divide this conjecture into two cases

e 7 is non-degenerate, i.e. 7 has a non-zero continuous (U, 1)-equivariant functional
for some non-degenerate character m of U
e 7 is degenerate.

In the first case, the last conjecture follows from the following one

Conjecture D. Let U be the unipotent radical of B and let 1 be its mon-degenerate
character. Let 3 be the center of the universal enveloping algebra of the Lie algebra g of
G. Let X be a character of 3.

Then the dimension of the space of (3, A)-eigen (U, v)-equivariant distributions on G/H
does not exceed k.

We believe that Theorem[A] can be useful in approaching this conjecture, since it allows
to reduce the study of distributions to the union of open B-orbits.

1.4. Acknowledgements. We thank Erez Lapid for pointing out to us the application
to non-vanishing of spherical Bessel functions. D.G. was partially supported by ISF grant
756/12 and a Minerva foundation grant. A.A. was partially supported by NSF grant
DMS-1100943;

2. PRELIMINARIES

2.1. Conventions.

e By an algebraic manifold we mean a smooth real algebraic variety.

e We will use capital Latin letters to denote Lie groups and the corresponding
Gothic letters to denote their Lie algebras.

e Let a Lie group G act on a smooth manifold M. For a vector v € g and a point
x € M we will denote by va € T, M the image of v under the differential of the
action map g — gx. Similarly, we will use the notation hx, for any subspace
hCag.

e We denote by G, the stabilizer of z and by g, its Lie algebra.

2.2. Tangential and transversal differential operators. In this subsection we shortly
review the method of [Sha74, §2]. For a more detailed description see [JSZ11] §§2.1].

Definition 2.2.1. Let M be a smooth manifold and N be a smooth submanifold.

o A vector field v on M is called tangential to N if for every pointp € N, v, € T,N
and transversal to N if for every point p € N, v, ¢ T,N.

o A differential operator D is called tangential to N if every point p € N has an
open neighborhood U, C N such that D|y, is a finite sum of differential operators
of the form ¢Vy - ... - V.. where ¢ is a smooth function on Uy, r > 0, and V; are
vector fields on U, tangential to U, N N.
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Lemma 2.2.2 (cf. the proof of [Sha74, Proposition 2.10]). Let M be a smooth manifold
and N be a smooth submanifold. Let D be a differential operator on M tangential to N

and V be a vector field on M transversal to N. Let & be a distribution on M supported
in N such that D€ = V¢, Then € = 0.

2.3. Singular support. Let M be an algebraic manifold and £ be a distribution on M.
The singular support of £ is defined to be the singular support of the D-module generated
by ¢ and denoted SS(§) C T*M.

We will shortly review the properties of the singular support that are most important
for this paper. For more details we refer the reader to [AG09, §§2.3].

Notation 2.3.1. For a point x € M

e we denote by SS,(€) the fiber of x under the natural projection SS(§) — M,
e for a submanifold N C M we denote by CNAM C T*M the conormal bundle to N
i M, and by C’Nf\\,{m the conormal space at x to N in M.

Theorem 2.3.2 (Integrability theorem, cf. [Gab81, [GQST1], KKS73, Mal78|). Let & be a
distribution on an algebraic manifold M. Then SS(&) is coisotropic in T*M.

This theorem implies the following corollary (see [Aizl §3] for more details).

Corollary 2.3.3. Let M be an algebraic manifold and N C M be a closed algebraic

submanifold. Let £ be a distribution on M supported in N. Suppose that for any x € N,
we have CNf, € 5S,(€). Then & = 0.

3. PROOF OF THE MAIN RESULT

3.1. Sketch of the proof. We decompose X into B-orbits. Each B-orbit O we decom-
pose O = O, U, in a certain way. We prove the required vanishing orbit by orbit, using
Shalika’s method (see §42.2) for O, and singular support analyses (see §§2.3) for O..

3.2. Notation and lemmas.

Notation 3.2.1.

o Fiz a torus T C B and let t C b denote the corresponding Lie algebras. Let ®
denote the root system, ®T denote the set of positive roots and A C ®T denote
the set of simple roots. For a € ® let g, C g is the oot space corresponding to a.

e Let C € 3 denote the Casimir element.

o We choose E,, € g, for any a € ® such that C' = Za6<1>+ E_,E.+ D, where D
is in the universal enveloping algebra of the Cartan subalgebra t.

o Let O C X be a B-orbit. Define

O, = {x €0 Y dp(Es)E oz € TzO}

a€A
and Qs := O\ O,.
We will need the following lemmas, that will be proved in subsequent subsections.
Lemma 3.2.2. Let v € Z. Then there exists a simple root a € A such that g_nz ¢ bx.

Lemma 3.2.3. Let x € X. Let & be a 3-eigen (U, ¢) equivariant distribution on X. Then
S55:(€) C CNpy .

Lemma 3.2.4. Let O C X be a B-orbit. Then Oy # ).
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3.3. Proof of Theorem Suppose that there exists a non-zero 3-eigen (U, )- equi-
variant distribution £ supported on Z.

For any B-orbit O C X, stratify O, to a union of smooth locally closed varieties OZ.

The collection {O%]0O is a B-orbit} U {Os|O is a B-orbit} is a stratification of X.
Reorder this collection to a sequence {S;}Y | of smooth locally closed subvarieties of X
s.t. Uy = Ule S; is open in X for any 1 < k < N.

Let k be the maximal integer such that &|y,_, = 0. Let n := £|y,. We will now show
that n = 0, which leads to a contradiction.

Case 1. S, = O, for some orbit O.
Recall that we have the following decomposition of the Casimir element

C = Z E_oE,+D

acedt

Since 7 is 3-eigen and (U, ¥)-equivariant, we have, for some scalar A,

M=Cn= Y E_oBan+Dn= Y E_od(Es)n+Dn="Y E_adi(Es)n+ Dn
acdt acdt aEA

Let V=3 cA dY(Ea)E_ and D' := AMd—D. We have Vi = D'n, and it is
easy to see that D’ is tangential to Oy, and V is transversal to O,. Now, Lemma
[2:2:2] implies n = 0 which is a contradiction.
Case 2. S, C O, for some orbit O.
By Corollary it is enough to show that for any = € Sy we have

(1) CNg, o & 584(n)-

By Lemma 5S.(n) C CN§ . By Lemma3.2.4) S, C O, thus CNg' , 2
C’Né{m which implies .
(]

3.4. Proof of Lemma First we need the following lemma and notation

Lemma 3.4.1. Let K C K; C G fori=1,...,n be algebraic subgroups generating G.
LetY be a transitive G space. Let y € Y. Assume that Ky is Zariski dense in K;y. Then
Ky is Zariski dense in Y .

Proof. By induction we may assume that n = 2. Let

Ol = K1K2 N 'K1K2 Y.
N————

l times

It is enough to prove that for any [ the orbit Ky is dense in O;. Let us prove it by
induction on [. Suppose that we have already proven that Ky is dense in O;_;. Then

Kiy = Kgy = KQKy = KQOl_ly.

Thus Ky is dense in K20O;_1. Similarly, KoO;_ is dense in K1 K>0O;_1 = O;. O

Notation 3.4.2. For a simple root a« € A, denote by P, C G the parabolic subgroup
whose Lie algebra is g_, @ b.

Proof of Lemma[3.2.3. Assume the contrary. Then for any o € A, T, P,x = T,,Bx. Thus
Bx is Zariski dense in P,x. By the lemma this implies that Bz is dense in X, which
contradicts the condition z € Z. O
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3.5. Proof of Lemma [3.2.3l

Proof. Let H be the stabilizer of = and let h be its Lie algebra. Identify 7,X with
g/b and T; X with b~ C g*. Then CNz, , = (t+u+b)*. Since & is u-equivariant,
S8S.(€) C (u+h)L. Since ¢ is also z-eigen, SS,(£) C N, where N C g* is the nilpotent
cone. Now, (u+h)EX NN (g*) = (t+u+h)*.

[l

3.6. Proof of Lemma Let p : B — O denote the action map. It is enough to
show that p~1(0,) # B.

p N0 ={b€B| > Y(Ea)E_a € gratb} ={b€ B[ > (E.)ad(b™")E_q € go+b} =

{tue B| > (E.)ad(t " )E_q € go + b} = {tu € B| > _9(Eqs)a(t)E_q € go + b}

By Lemma we can choose o € A such that g_,2z ¢ bz. For any £ > 0 there exists
teT st at)=1and V8 # a € A we have |B(t)| < e. It is easy to see that for ¢ small
enough, t ¢ p~1(0,).
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