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Setup: Push-Forward of Smooth Measures

Let F be a p-adic field.
@ X, Y smooth algebraic varieties over F.
@ A morphismg: X — Y.

@ On X(F) we consider compactly supported smooth
measures:
ME(X(F)) € Mc(X(F)).

@ Push-forward gives a map

et MZ(X(F)) = Mc(Y(F)).

@ The image p.(MZ(X(F))) is a module over C°(Y(F))
@ By [BZ] we can consider it as a sheaf over Y(F)
@ We can look at its stalk ¢, (M (X(F)))y aty € Y(F).
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Question

What is the relation between ¢, (M (X(F))) and the
algebro-geometric properties of © ?
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Questions

Question

What is the relation between ¢, (M (X(F))) and the
algebro-geometric properties of © ?

This question has 2 aspects:
@ the (worst) individual elements of . (M (X(F)))
@ the collective behavior of p.(MZF(X(F)))

We will concentrate on the second one:

Question
When are the stalks

(e MET(X(F))),

finite-dimensional (over C) for ally € Y(F)?
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Example: Shalika Germs

Let G be a reductive algebraic group over F, with Lie algebra g.
Consider the quotient map

p:g—g//G
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Example: Shalika Germs

Let G be a reductive algebraic group over F, with Lie algebra g.
Consider the quotient map

p:g—g//G

@ The theory of Shalika germs implies: the stalk of
P«(MZ(g(F))) at 0 is finite-dimensional.

@ A similar phenomenon holds for ¢ : X — X//G when G
has finitely many orbits on each fiber.

@ We will generalize this phenomenon to the infinitesimal
setting.
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Definition (The scheme B,)
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be the differential, and let Im(Dy) be its image sheaf. Define

B, := Specy (Sym(Im(Dyp))).
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Definition (The scheme B,)

Lety: X — Y be as above. Let
Dy : Tx — ¢*(Ty)
be the differential, and let Im(Dy) be its image sheaf. Define
B, = Specy (Sym(Im(Dy))).

@ There is a canonical embedding B, — T*X.
@ LetMy, : B, — X be the structure map.

Definition (Quasi-transitive morphism)

A morphism ¢ : X — Y of smooth varieties is quasi-transitive if,
foreveryy €'Y,

dim ((poMw,)~'(y)) < dimX,

for each component.




First main result

Theorem (A., Avni, Carmeli)

Letp : X — Y be a quasi-transitive morphism of smooth
algebraic varieties over a p-adic field F. Then there exists an
integer N(y) such that for every y € Y(F),

dim (. MZ(X(F))), < N().

In particular, every stalk is finite-dimensional.
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First main result
Theorem (A., Avni, Carmeli)

Letp : X — Y be a quasi-transitive morphism of smooth
algebraic varieties over a p-adic field F. Then there exists an
integer N(y) such that for every y € Y(F),

dim (. MZ(X(F))), < N().

In particular, every stalk is finite-dimensional.

Wrong idea of proof.

@ CQuasitransitivity = many vector fields in ker(Dy)
@ exponentiate the fields to get local automorphisms
© Use Shalika-like argument

Ol

V.

Step 3 does not work. Non-archimedean exponentiation is too
local.
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Definition
@ 7, := ker(Dy) — vertical vector fields

@ v € T, X is vertically extendable if there is an open
neighborhood U of x and a vector field & € T,(U) such that

§(x) = v.

V.

Proposition

For each x € X, the fiber B,|x C T¢ X is the annihilator of the
space of vertically extendable vectors at x.
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Vertically Extendable Vectors and B,

Definition
@ 7, := ker(Dy) — vertical vector fields

@ v € T, X is vertically extendable if there is an open
neighborhood U of x and a vector field & € T,(U) such that

§(x) = v.

V.

Proposition

For each x € X, the fiber B,|x C T¢ X is the annihilator of the
space of vertically extendable vectors at x.

“many” vertically extendable vectors <= quasi-transitivity
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Definition (strong Thom stratification)

A strong Thom stratification of ¢ is a stratification of X and Y by
smooth strata s.t.:

@ For each stratum S C X, the image »(S) is a stratum and
vls : S — ¢(S) is smooth.
@ For any
e stratum S c X
e pointx € S
e vectorv € KerDy(pl|s)
There exists (locally) a vector field § € T, tangent to all the
strata that extends v.

Theorem (A., Avni, Carmeli)

Lety : X — Y be a morphism of smooth varieties over a field of
characteristic 0. Then TFAE:

@ ¢ Iis quasi-transitive
@ ¢ admits a strong Thom stratification.
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M-Finite Morphisms

Definition (M-finite)

Let K be a finitely generated field of characteristic 0, and

¢ X — Y a morphism of smooth K-varieties. We say ¢ is

M -finite if for every embedding K — F into a p-adic and every
y € Y(F), the stalk (o.M (X(F))) y is finite-dimensional.

quasi-transitive = M-finite = flat. but not vice versa.

Question
Is M-finiteness a thing (from algebraic geometry)?
@ Do we really have to range over all embeddings into local
fields, or just a sequence of embeddings covering K ?

@ Is the M-finite locus of a (flat) family of morphisms
constructible?

Quasi-transitivity is not stable under flat deformations of
morphisms.
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More Questions

Question

Is M finiteness stable under smooth deformations of
morphisms?

@ [terated self convolution does not make a morphism
M -finite nor quasi-transitive.

@ High strength morphism does not have to be M-finite or
quasi-transitive in contrast to the Ananyan—Hochster
principle.

Question
@ Is M-finiteness equivalent to the existence of a
stratification satisfying Thom'’s condition A, ?

@ Is M-finiteness equivalent to having a theory of nearby
cycles?
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A stratification is

@ vertically extendable if every vector tangent to the fiber and
the stratum is vertically extendable.

@ A stratification is coarse if every vector field in T, is tangent
to all strata.

V.
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Vertically Extendable and Coarse Stratifications

A stratification is
@ vertically extendable if every vector tangent to the fiber and
the stratum is vertically extendable.
@ A stratification is coarse if every vector field in T, is tangent
to all strata. |

@ If a stratification is both vertically extendable and coarse,
then it is a strong Thom stratification.
@ A stratification is vertically extendable iff

X
By C U U CN o1y
yey i
@ A stratification is coarse iff:

B, > UCN))((IW,1(},).
yev i
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e The sheaf Im(Dy) has constant rank along strata.
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From quasitransitivity to Strong Thom Stratifications

@ We construct “functorial” stratification s.t.
@ ( restricts to a smooth map on each stratum.
e The sheaf Im(Dy) has constant rank along strata.
@ We deduce from the functoriality that the stratification is
coarse.
@ If ¢ is quasi-transitive, dimension counts imply that this
stratification is also vertically extendable.
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From quasitransitivity to Strong Thom Stratifications

@ We construct “functorial” stratification s.t.

@ ( restricts to a smooth map on each stratum.
e The sheaf Im(D¢y) has constant rank along strata.

@ We deduce from the functoriality that the stratification is
coarse.

@ If ¢ is quasi-transitive, dimension counts imply that this
stratification is also vertically extendable.

@ We deduce the strong Thom condition.
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Local Structure of Strongly Thom-Stratified Maps

Theorem (A., Avni, Carmeli)

Let o : X — Y be strongly Thom-stratified, and let S C X be a
closed stratum with

dim (¢ (p(x)) N S) >0

for some x € S.
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factorization 5 )
oy : X = 2Z sy
such that:
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Local Structure of Strongly Thom-Stratified Maps

Theorem (A., Avni, Carmeli)

Let o : X — Y be strongly Thom-stratified, and let S C X be a
closed stratum with

dim (¢ (p(x)) N S) >0

for some x € S. :
Then there exists a Nisnevich neighborhood X of x and a
factorization )
olx: X5Hz5y

such that:

@ 7 IS a surjective submersion.

@ dimZ < dim X.

@ ( is quasi-transitive.
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Idea of the proof of local structure theorem

A
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Idea of the proof of local structure theorem

@ Find a transversal Zto SN o~ '(p(x)).

o Lift T,(SN e 1(¢(x))) to (local) vector fields in 7, tangent
to the strata.

@ Exponentiate it to a formal action of SN ¢~ ((x)) on X.

@ This gives a formal identification of Z x SN ¢~ (¢(x)) with
X.

@ This gives a formal solution g : X, — Z Py

O]

Yy
Nisnevich version.
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Idea of the proof of local structure theorem

@ Find a transversal Zto SN o~ '(p(x)).

o Lift T,(SN e 1(¢(x))) to (local) vector fields in 7, tangent
to the strata.

@ Exponentiate it to a formal action of SN ¢~ ((x)) on X.

@ This gives a formal identification of Z x SN ¢~ (¢(x)) with
X.

@ This gives a formal solution g : X, — Z Py
L]

y
Nisnevich version.

° Beformulate the statement as existence of a section
X—=XxyZ
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Idea of the proof of local structure theorem

@ Find a transversal Zto SN o~ '(p(x)).

o Lift T,(SN e 1(¢(x))) to (local) vector fields in 7, tangent
to the strata.

@ Exponentiate it to a formal action of SN ¢~ ((x)) on X.

@ This gives a formal identification of Z x SN ¢~ (¢(x)) with
X.

@ This gives a formal solution g : X, — Z Py
L]

y
Nisnevich version.

° Beformulate the statement as existence of a section
X—=XxyZ

@ Use Artin approximation theorem to reduce it to existence
of a section Xy — X xy Z
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@ Induct on:
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Proof of the finiteness

@ Fix a strong Thom stratification of ¢.
@ Induct on:
e the dimension of X,
e the number of strata.
@ Case 1: There is a stratum S where the fibers
0 (p(x)) N S are 0-dimensional.
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Proof of the finiteness

@ Fix a strong Thom stratification of ¢.
@ Induct on:

e the dimension of X,
o the number of strata.

@ Case 1: There is a stratum S where the fibers
¢ 1(¢(x)) N S are 0-dimensional.

@ Case 2: For a closed stratum S we have dim(¢|g) > 0.
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@ ‘B, controls vertically extendable vectors
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@ quasi-transitivity implies that the greedy stratification is
strong Thom.

@ Slice to a stratum in a fiber of a strong Thom stratification
admits a Nisnevich-local projection to it.

@ This enables dimension reduction.
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@ ‘B, controls vertically extendable vectors

@ quasi-transitivity implies that the greedy stratification is
strong Thom.

@ Slice to a stratum in a fiber of a strong Thom stratification
admits a Nisnevich-local projection to it.

@ This enables dimension reduction.

Thank you very much!
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