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Kostant Theorem

Theorem (Kostant 1963)

Let G be an algebraic reductive group (e.g. GLp).
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O(g) is free over O(g)®
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Kostant Theorem

Theorem (Kostant 1963)

Let G be an algebraic reductive group (e.g. GLp). Let g be the
corresponding Lie algebra. Then

O(g) is free over O(g)®

Theorem (Kostant 1963)
U(g) is free over its center.

Theorem (Richardson 1979)

Suppose G is semi-simple and simply connected. Then O(G)
is free over O(G)°C.
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Bernstein-Lunts Proof

Lemma (Bernstein-Lunts)

Let M be a filtrated module over a filtrated algebra A.
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Bernstein-Lunts Proof

Lemma (Bernstein-Lunts)

Let M be a filtrated module over a filtrated algebra A. Then

gr(M) is free over gr(A) — M is free over A

@ O(g) = K[x;].
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Lemma (Bernstein-Lunts)

Let M be a filtrated module over a filtrated algebra A. Then

gr(M) is free over gr(A) — M is free over A
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Bernstein-Lunts Proof

Lemma (Bernstein-Lunts)

Let M be a filtrated module over a filtrated algebra A. Then

gr(M) is free over gr(A) — M is free over A

@ O(g) = K[x,-j].
@ deg(x;) = Jj.
eg=hdntdn.
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Bernstein-Lunts Proof

Lemma (Bernstein-Lunts)

Let M be a filtrated module over a filtrated algebra A. Then

gr(M) is free over gr(A) — M is free over A

° O(g) = KIxjl.
@ deg(x;) = Jj.
@eg=hoentdn .

® gr(O(g)) = O(h) ® O(n* @ n~).
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Bernstein-Lunts Proof

Lemma (Bernstein-Lunts)

Let M be a filtrated module over a filtrated algebra A. Then

gr(M) is free over gr(A) — M is free over A

@ O(g) = K[x;].

@ deg(x;) = Jj.
eg=hdntdn.

@ gr(O(g)) = O(h) ® O(n* & n~).
o gr(O(s)®) = O(h)".
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Definition (Quantum plane)

O(KZ) := K{x,y)/{Ix.¥lq) == K(x,y)/{xy — ayx)

O(Maty(K)q) = K(a. b, ¢, d)/(7)

We want
o (avx+bry)(cox+dry)=qgavx+boy)(cex+doy)
0 (avx+cey)(bax+dwy)=qlavx+cay)(bex+dxy)

Definition

@ O((Matx)q) = K(a,b,c,d)/

<[a7 b]Q7 [07 d]qv [av C]q’ [b’ d]q7 [b’ C]v [a7 d] - (q - q_1 )bC>
@ dety = ad — qbc € Z(O(Matx(K)q))
@ O((GLp)q) = dety ' O((Maty)q)

!
Q. <—O



Quantum GL,

K (xi) /([Xii» Xill g, [Xkj» Xkl g» [Xij» Xkl g» [Xits Xkl g
[Xit, Xig], [Xij, Xut) — (@ — @~ 1) XirXkj)
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Quantum GL,

K (xi) /([Xii» Xill g, [Xkj» Xkl g» [Xij» Xkl g» [Xits Xkl g
[Xit, Xig], [Xij, Xut) — (@ — @~ 1) XirXkj)
° detq = Zwesn(_q)/(w)x1 w(l) " * ‘an(n) € Z(A)
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Quantum GL,

o A:= O((Maty)q)
K {(xip) /{[Xij, Xill g [Xxj> Xdlg» [Xij» Xkl g [Xit> Xkl g
[Xit, Xig], [Xij» Xka] — (@ — G~ 1) XinXyg)

o detg = Y yes, (=)™ Xiw(1) - Xow(n) € Z(A)

@ O((GLp)q) = det;'A
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Invariants

@ Ais bi-algebra
@ O((GLp)q) is Hopf algebra
@ We have the adjoint coaction of O((GLy)q) on A

Theorem (Domokos-Lenagan 2003)
Suppose that q is not root of unity.
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@ We have the adjoint coaction of O((GLy)q) on A

Theorem (Domokos-Lenagan 2003)
Suppose that q is not root of unity.

| := APUCLna) — KAy ... A

where
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Invariants

@ Ais bi-algebra
@ O((GLp)q) is Hopf algebra
@ We have the adjoint coaction of O((GLy)q) on A

Theorem (Domokos-Lenagan 2003)
Suppose that q is not root of unity.

| := APUCLna) — KAy ... A

where
Ag = Z detq({X,'j},',jE/nd) cA

IndC{1...n}
|Ind|=d
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Main Result

Theorem (Aizenbud-Yacobi 2010)
Suppose that q is not root of unity. Then A is free over I.
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Main Result

Theorem (Aizenbud-Yacobi 2010)
Suppose that q is not root of unity. Then A is free over I.

Theorem (Joseph-Letzter 1994)

Suppose that q is generic and G is semi-simple algebraic
group. Then the locally finite part of the quantum enveloping
algebra Uy(g) is free over its center.
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Main Result

Theorem (Aizenbud-Yacobi 2010)
Suppose that q is not root of unity. Then A is free over I.

Theorem (Joseph-Letzter 1994)

Suppose that q is generic and G is semi-simple algebraic
group. Then the locally finite part of the quantum enveloping
algebra Uy(g) is free over its center.

Theorem (Baumann 2000)

Suppose that q is generic. And G is semi-simple and simply
connected algebraic group. Then O(Gy) is free O(Gq)©(Ca),
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First Attempt

Bernstein-Lunts approach:
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First Attempt

Bernstein-Lunts approach:
recall deg(xj) = dj
n=2-0K
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Bernstein-Lunts approach:

recall deg(xj) = dj

n=2-0K

n = 3 — relations not compatible with the filtration —
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First Attempt

Bernstein-Lunts approach:

recall deg(xj) = dj

n=2-0K

n = 3 — relations not compatible with the filtration —

AN

deg([x11ax22]) S 1, indeed deg(X12X21) =0
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First Attempt

Bernstein-Lunts approach:

recall deg(xj) = dj

n=2-0K

n = 3 — relations not compatible with the filtration —

AN

deg([X12,X23]) =0 but deg(X22X13) =1
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@ degx)(xj) = 11if |i — j| < k and 0 otherwise
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@ degx)(xj) = 11if |i — j| < k and 0 otherwise

@ Enough to show: gr(,(A) is free over grin (/)

@ Enough to show: gr(,_1)(9r(n)(A)) is free over
9rn—1)(9rm(1))
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@ degx)(xj) = 11if |i — j| < k and 0 otherwise

@ Enough to show: gr(,(A) is free over grin (/)

@ Enough to show: gr(,_1)(9r(n)(A)) is free over
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@ degx)(xj) = 11if |i — j| < k and 0 otherwise

@ Enough to show: gr(,(A) is free over grin (/)

@ Enough to show: gr(,_1)(9r(n)(A)) is free over
9rn—1)(9rm(1))

@ --.

Avraham Aizenbud A Quantum Analogue of Kostant’s Theorem for the General Linea



@ degx(x;) = 1if |i — j| < k and 0 otherwise

@ Enough to show: gr(,,)(A) is free over gr(n)(l)

@ Enough to show: gr(,_1)(9r(n)(A)) is free over
9rn—1)(9riny(1))

Q .-

N
® .\\\\.
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