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Frobenius Formula

Theorem (Frobenius 1896)
Let G be a finite group. Then

@ Y (dimm)? =#G

meirrG

e Y (dmn) =#(G//G) = #{(Qh)igé[gh] 1}
weirrG
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Frobenius Formula

Theorem (Frobenius 1896)
Let G be a finite group. Then

@ Y (dimn)?=#G
weirrG
. h)eG?:[g,h]=1
o Wng(dlmﬂ-)o #(G//G) = #1(g, )E#G[Q =1}
o ...
_ #{(91,M,---9n,hn)€G®":[g1,11]--[gn, ] =1}
° ﬂ_;er"nﬂ.Zn 2 — Ll # 2n7 L
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Frobenius Formula

Theorem (Frobenius 1896)
Let G be a finite group. Then

@ Y (dimm)? =#G

neirG
. ,h)eG?:[g,h]=1
o (dlmw)o #(G//G) = #{(9 )# [9.h]=1}
weirrG
o
7h G000 n,hn G2n: ,h n,hn =1
° Z d|m7r2” , _ #{(91,M,..9 )qE;EEGZ”*[‘? 1]-+-[gn, =1}
weirG
) Xﬂ'(1) _ #{(917’717...gn7hn)€G2nl[g17h1]"'[gn7hn]:1}
- dim m2n—1 — #GZn71
TEUT
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Frobenius Formula

Theorem (Frobenius 1896)
Let G be a finite group. Then

@ Y (dimm)? =#G

neirG
o ¥ (dimm)?=#(G//G)= g
weirrG
o
7h g Hahn €G2n: ah n,hn :1
° Z d|m7r2” , _ #{(91,Mm,-.9 )#GZHJ.? 1]---[gn, hn]=1}
weirG
) Xﬂ'(1) _ #{(917’717...gn7hn)€G2nl[g17h1]"'[gn7hn]:1}
- dim m2n—1 — #GZn71
TEUT
@ Letx € G. Then
xx(X) _ #{(91,M1,-.-Gn,hn) €G?":[g1, 1]+ [gn,hn] =X}
. dim7r2”*1 - #GZn—1
TEUT
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Theorem (Frobenius 1896)

_ #{(91,h1,--Gn,n) € GP":[g1 1] [gn,hn] =X}
Z d|m7r2" 1 = #G n—1

weirG

e Vf € R[G//G].

)= Y (fxa)xa(x).

weirrG

) SO, Z Xﬂ'(X) #{g7heiG[gvh]:X}’ Slnce

dim
neirG
GZ
> xx([g.h]) =
9,heG
0 TET
Q@ Xn*Xr= X
dmx =T

.
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¢a(s) = > (dimm)~*

neirG

The following are equivalent:
e C[G] ~C[H]
® (a(s) = ¢H(s)
® (a(2n) = ¢n(2n)

A. Aizenbud Frobenius formula and representation count



Zeta function and spectral equivalence

¢a(s) = > (dimm)~*

neirG

The following are equivalent:
e C[G] ~C[H]
® (a(s) = ¢H(s)
® (a(2n) = ¢n(2n)

In this case we say

G~H

N
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If G, H abelian, then

G~ H<—= #G=+#H
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If G, H abelian, then
G~ H<«— #G=#H

GLy(Z/P*Z) ~ GL4(Fp[t]/t*Fp[t])
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Examples

If G, H abelian, then

G~ H<«— #G=#H

GLy(Z/P*Z) ~ GL4(Fp[t]/t*Fp[t])

Proposition (A.- Avni)

vd, k,n3pg s.t. Vp > pg.

CaLy(z/pxz)(2N) = CaLy(Elt)/ tE,[t]) (2N)

\
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Theorem (A.- Avni)

#{r € irrSLy(Zp) : dim 7 < N} < cN?2
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Theorem (A.- Avni)
#{r € irrSLy(Zp) : dim 7 < N} < cN?2

@ This result with 22 replaced by dim G is due to
Lubotzky—Martin.
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#{r € irrSLy(Zp) : dim 7 < N} < cN?2
)

(styp)(22) = ) dimr < oo
weirrSLy(Zp)

f
k”—>moo CSLd(Z/ka)(ZZ) < 00
f
jim 71(g10Mm, g1z, i) [917’71]2'3' (912, M2l =1} _
k—o0 #SLd(Z/ka)

lim VOI{(g1,h,...g12,M2) € SLa(Zp)**:[[g1,Mm] -[g12, 2] — 1| <e} < 00
A Vol{geSLy(Zp):llg—T[[<e}
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Pushforward of smooth measures

Letp: Qg — QI’;, be a polynomial map. When

fim Vol(p~1(B(0,¢)) N B(0,1))
el Vol(B(0,2))

In other words:

Let ¢ be an algebraic map of p-adic smooth algebraic varieties.
When is the pushforward ¢, of a smooth compactly supported
measure on X a measure on Y with continuous density ?
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Continuity criterion for pushforward of measures

Theorem (A.- Avni)

>3
le
~<
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Theorem (A.- Avni)

m
X5y
@ ¢ is a flat morphism of smooth algebraic Qp-varieties, s.t.
all its fibers are of rational singularities
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Continuity criterion for pushforward of measures

Theorem (A.- Avni)

m
X3y
@ ¢ is a flat morphism of smooth algebraic Qp-varieties, s.t.

all its fibers are of rational singularities (in what follows
FRS morphism).

@ m is a smooth compactly supported measure on X(Qp).

Then ¢.(m) has continuous density.

@ We also have a converse result.
@ ¢ is submersive (a.k.a. smooth) = ¢.(m) is smooth

@ ¢ is (locally) dominant = ¢.(m) has L' density
(Radon—Nikodym)
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Rationality of the singularities of deformation varieties

Theorem (A.- Avni)
Letn>12. The map is FRS .

(91, P, .- Gn, hn) = [91, M] -+ [9n, hn]-

In particular, the singularities of the deformation variety

{(91,h1,...Gn, hn) € SLZ" : [g1, ] - [gn, hn) = 1} =
= Hom(m1(Xp), SLy),

are rational and complete intersection.

@ In our case we do not have an explicit resolution of
singularities, unlike other cases of proofs of rationality of
singularity of varieties from algebraic group theory.
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CsLy(z,)(2N) < 00
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