Course: Complex Analysis
 Lecturer:
Prof. M. Farber

Instructor:
A. Aizenbud

Exercise 1

1.
Compute 


a.
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2.
Find arg(z) and Arg(z):


a.
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3.
Compute all the values of:


a.
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c.
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4. 
Solve the following equations


a.
z2 +(2+i) z + 5 – i  = 0

b.
i z2 +(3+2i) z + 2 + i  = 0
5.
Prove that 


a.
arg (z  w) = arg (z ) + arg (w)
b.
arg ( z n ) ( n arg (z)

c.
Are a) and b) correct if arg is replaced by Arg.

6.
Prove that  | z1 + z2|2 + | z1 - z2|2 = 2 ( | z1|2 + | z2|2 ). Present geometrical interpretation of this fact.

7.
Prove that if  are the vertices of a right triangle (all angles are equal) then:




z12 + z22 + z3 2 = z1 z2 + z1 z3 + z2 z3

8.
Prove that for any z (1: 
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9.
Let   A (  and z (. We define: 
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. Prove that


a.
dist(z,A) = 0   (z (
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b.
if A is closed, then there exist w (A, such that dist(z,A) = |z-w |


c.
function f(z) (dist(x,A) is uniformly continuous in .

10.
Let D be open, pathwise connected and D = U1 ( U2 such that U1 ( U2 = (. Then either U1 =  (  or U2 = (. 

11.
For each of the following sets decide which of the following properties it possess: open? closed? connected?


a.  A = { z (|   |Im(z)| < |Re(z)|  }   

b.
B = { z (|   2 (|z|  (10 }


c   D = { z (|   1 < Arg (z)  
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d.
Ac =   - A      e    Bc =   - B

12.
Compute the limits:


a.
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13.
Prove that  if
| z1 | = | z2| = | z3|  ( 0  then 
[image: image16.wmf]23

2

131

1

argarg

2

zz

z

zzz

æö

æö

-

=

ç÷

ç÷

-

èø

èø


14.
a.
Compute coordinates (x,y) of a point on a complex plane, stereographically projected from a point () on a Riemann's sphere

b.
Prove that circles on a Riemann's sphere, which are not passing therough the north pole, stereographically projected into circles on a complex plane.

Exercise 2

1.
Find all the points in  where the following complex functions are differentiable, and compute their derivatives.


a.  
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 b.   f(x+iy) = x2y2. 

      d. f(x + i y) = x + 3iyx
c.    f(z) = | z |
 e. f(x + i y) = 2xy – i (x2 - y2)      e. f(x + i y) = 2xy + i (x2 + y2)

2.
Prove that if F(z) is an analytic function, which gets only real values, then F(z) = const
3.
Prove that if F(z) is an analytic function, such that Re( f(z) )2 = Im ( f(z) ) then F(z) = const
4.
Let w = z 2. Describe, into what geometrical objects the following lines are mapped:


a.
Circles centered at z = 0

b.
Straight lines patssing through z = 0.

5*.
Prove that the function 
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 is continuous in the region |z| < 1, but not uniformly continuous.

Exercise 3

1.
Show that u(x,y) is harmonic in some domain and find a harmonic conjugate v(x,y) when:


a.   u(x,y) = sinh(x) sin(y). 

      b. u(x,y) = y / (x 2 + y 2 ).
2.
Show that if e z is real then Im (z) =  n. ( n = 0, 1, 2, ...)

3.
Sketch the families of level curves of the component functions u and v, when
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4.
Why is the function sinh(ez) entire? Write its real part as a function of x and y and state why that function must be harmonic everywhere.

5.
Find all roots of the equation:

a.
cosh(z) = 1/ 2

b.
sinh(z) = i

c.
cosh(z) = -2
6.
Find the principle value of ( 1 – i ) 4i.

7.
Use definition of z c to show that 
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8.
Find all the values of tan -1 (2i)
10.
Solve the equation   
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Exercise 4

1.
For a given function f(z) and a given counter C computer the 
[image: image22.wmf]()

C

fzdz

ò
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C
-
boundary of the square with vertices at the points 0, 1, 1+i and  i. The orientation of C be counterclockwise direction.


b.
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branch | z | > 0, 0  < arg ( z )  < 2
C
-
positively oriented unit circle | z | = 1
2.
Let C0 denote the circles |z - z0| = R taken counterclockwise. Use the parametric representation z = z0 + R e i ( -(() for C0 to derive the following integration formula:
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where

*
a is any real number except 0.





*
Principle part of the integrand is taken





*
Principle part of R a is taken

3.
By finding an antiderivative calculate the following integrals, where the path is an arbitrary contour between the indicated limits of integration:


a.
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b.
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4.
Let C1 denote the positively oriented circle | z | = 4  and C2 – positively oriented boundary of the square, whose lines lie along the lines x = 1 and y = 1. prove that 
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5.
Let C be any simple closed contour, described in the positive sense in the z plane, and
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Prove that 
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6.
Prove that if f(z) is analytic within and on the simple closed contour C, and z0 is not on C, then
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