Generalized Functions Exercise 5

Shai Keidar

C>(V)® E=C*V,Haar(V))*® FE
> (C*(V)®Haar(V))*® E
> (C>*(V) ® Haar(V) @ E*)*
= (C*(V) @ (Haar(V) @ E*))*
=~ C®(V,Haar(V) @ E*)*
2. In order to define an embedding C*(V, E) — C~*(V, E) it is enough

to find an embedding C°(V) — C~°(V) since C*(V,E) = C>*(V)® E
and C~*(V,E)=C">(V)® E.

Let f € C*(V). Define & : C°(V) x Haar(V') — R by

Er(g, 1) = /V fgdu

Note that &; is bilinear:

§p(argr + azge, 1) = fv fla1g1 + azg2) dp
=a [, fordp+as [, fg2dp
= a1&s(g1, 1) + a2€s (g2, 1)

€f<gv aypl + G2M2) = fV fg d(a1u1 + Cl2,u2)
=ay [, fgdps + az [, fgdus
= a1€f<g7 ,ul) + a?ﬁf(ga ,UZ)

Whence it defines a linear function

£ C(V,Haar(V)) = C°(V) ® Haar(V) — R



ie. & € C~®(V) = C*(V,Haar(V))*. We got a function £ : C*(V) —

C=>(V) given by

(&g p) = /Vfgdu

It is obviously linear. Assume that {; = 0 for some f, i.e.

/ fgdu=0Vg e CX(V),nu € Haar(V)
v

Fix some non-zero Haar measure p. Assume that f(z) # 0 for some z.
Wlog f(z) > 0. Let U be a neighborhood of x s.t. f > 0 on U. Choose
a bump function ¢ s.t. ¢ > 0 on U and g = 0 outside of U. Then

0—/Vfgdu—/Ufgdu

But since fg > 0on U, p(U) = 0 in contradiction, as u is a Haar measure.

. Let V be an n-dimensional vector space.

QP(V)=Q"(V)=A"(V*) 2 {f: V" - R multilinear and anti-symmetric}

We show that f : V" — R is multilinear and anti-symmetric if and only
., Up) for any A € End(V):

Let f: V™ — R be a multilinear and anti-symmetric function. Choose

if f(AUl, ..

a basis eq, ..

notice that

f(Ael, ..

., Aey)

., Avy,) = det(A) f(vy, - .

ORI

., ey for V, and write A = (a;;) as a matrix w.r.t it. First

Z‘ ; al,jl"'an,jnf(eju'”uejn)
J1 Jn

-----

Since f is multilinear

Zﬂ—esn a1,7(1) " " an,w(n)f(ew(l)a s 767r(n))

Since f(ej,,-..,¢€j,) = 0if j; = jy for some 7,4’

- Z:7"€Sn Sign(ﬂ-)alﬂﬂ'(l) T a/n,w(n)f<€1, SR en)

det(A)f(el, R

,€n)

Since f is anti-symmetric



Now let vq,...,v, € V. Write B=| v; --- v,

f(Avy, ... Av,) = f(ABey, ..., ABe,)
=det(AB)f(e1,...,¢en)
= det(A)det(B)f(eq,...,en)
=det(A)f(Bey, ..., Be,)
=det(A)f(vi,...,vp)

Now, assume that f : V" — R satisfies f(Avy, ..., Av,) = det(A) f(vy,...,v,)
for any A € Aut(V). Choose a basis ey,...,e, for V, and write C' :=

| |
f(v1,...,v,) = f(Bey,...,Be,) =det(B)f(ey,...,e,) = Cdet(vy,...,v,)

| |
fler,...,en). Let vy, ..., v,, and write B = (v1 -+ v, |. Thus

So f = C - det and thus is multilinear and anti-symmetric.

4. (a) We define a function ¢ : Haar(W) x Haar(V/W) — Haar(V) in
the following way: Let (u,rv) € Haar(W) X Haar(V/W) and let
f e C.(V). Forevery a = v+W € V/W define f, = [, f(v+w) dp.
Since p is translation-invariant, it does not depend on the choice of
representative. Define

b)) = | fadv(a /WW/ £(0 + w) dys(w) dw(v + W)

V/W

¢ is well defined, i.e. ¢(p,v) is a Haar measure: Let = € V', and
look at f,(v) := f(z +v).

<fxv qb(,u, V)) = fv/w fW fx(v + w) du(w) dV(?J + W)
= f\//w S [+ v +w) dup(w) dv(v + W)
fv/W S [+ v +w)du(w) dv(z 4+ v+ W) (v is a Haar measure)

_fV/WfW fv+w)du(w) dv(v+ W)
= (f, o, v))



It is also easy to see that ¢ is bilinear, since it is bilinear w.r.t
scalar multiplication and Haar(W') and Haar(V /W) are both one-
dimensional. So ¢ defines a morphism ¢ : Haar(W)®@Haar(V/W) —
Haar(V') by

B @) = / . /W £ (0 + w) dp(w) dv(v + W)

Since ¢ is not 0 and both spaces are one-dimensional, it is an iso-
morphism.

Let By = {wy,...,w,} be a basis of W and By = {v1 + W,... v, +
W} be a basis of V/W, so B = {wy,...,wp,v1,...,v,} is a ba-
sis of V. We know that using those bases, the spaces QP equal
Span{det}, so we define QP (W) @ Q*P(V/W) — Q*P(V) by

((ldet31> X (bdetB2) — abdetB

It is obviously an isomorphism of linear spaces. Note that it does
not depend on the choices we made: Let By = {w},...,w,} be
another basis for W and By = {v} +W,... v) + W} be a basis
for V/W (or same basis with other representatives). We let B’ =

{wh, ... ,wy, vy, v} be a basis for V. Now

detp = det(Mgf) detp,
det g, = det(Mp2) det
detp = det(ME") det

Bl
Mgl — MBll OB,
*  Mp?
Sodet(MB5') = det(Mgf) det(Mgf) and therefore, using both choices,
detp @detp, = det(Mgf) detp, ® det(Mgf) detp, would map to

detp = det(MB5')detp = det(Mgf) det(MBBf) detp, so the isomor-
phism does not depend on our choices.

Notice that



()

Ori(V) = Q*P(V) @ |Q°P(V)]
= QP(W) @ Q°P(V/W) ® [Q°P(W) @ QP (V/W)
= QPP(W) @ Q*P(V/IW) @ [Q*P(W)| @ |Q°P(V/W)
= QPP (W) @ [P (W)| @ QP (V/W) @ QP (V/W))|
= Ori(W) ® Ori(V/W)

Remember that over non-archemedian fields, S(X) = C*(X). We
saw that over non-archemedian fields, since W C V is closed, we
have an exact sequence

0= SV\W)—=SV)—=SW)—0
And thus, since Dist(X) = S*(X), we have an exact sequence
0 — Dist(W) — Dist(V) — Dist(V\ W) — 0

So we have an inclusion Dist(WW) < Dist(V) with image equal to
Ker(Dist(V) — Dist(V \ W)) = {& € Dist(V) |supp(§) € W} =
Disty (V). Therefore Dist(W') = Disty (V).

Let B = {ey,...,en} be a basis of V and C = {f,..., fu} it’s
dual basis. Let M and P be the parallelepipeds spanned by B and
C' respectively. Let p € Haar(V) be the Haar measure satisfying
pu(M) =1 and v € Haar(V*) be the Haar measure satisfying v(P) =
1. Define an isomorphism Haar(V*) — Haar(V)* by

(v, p) =1

Since both spaces are one-dimensional it defines an isomorphism
between Haar(V*) and Haar(V')*.

Let B = {e€},...,e,,} be another basis of V and C' = {f],..., f'}
it’s dual basis, M’, P’ the parallelepipeds spanned by these bases
p' € Haar(V), v/ € Haar(V*) the Haar measures achieving 1 on
M’ P’ respectively. We let

(W) =1
Note that

p(M') = | det(Mpg,)|p(M) = | e(M’BEff)I
v(P') = [det(ME)[v(P) = | det((Mg')")| = | det(Mg)| ™!



So 5
p= | det(Mp)|p’
v=|det(ME)|~1/
Therefore
()" = (| det(Mp)|u', | det(Mpg)|~'v') = (/) =1

So (-,-) and (-,-)" define the same isomorphism and therefore the
isomorphism does not depend on the choice of basis.

5. Choose a basis ey, ..., e, of W and complete it to a basis ey, ..., e, of V.

Define the distribution & € Dist(V \ W) by

1
<£7f> = / eezn f(xlel + - +xnen) dxl dxnfl d'rn

ie. &is e dx. Since f is compactly supported in V \ W, then it is
well defined (e > 0 s.t. f(xieg + -+ + xpe,) = 0 V|x,| < €). Assume
that 3n € Dist(V) s.t. n‘v\w = ¢ Let f,, € C*(V) be functions,
compactly supported on V'\ W s.t. f,, — f and f is some non-negative,
compactly supported function, exponentially decreasing to 0 at W (so all
of its derivations of any order at W are 0, and thus it is in the closure of
Ce(V\W)in C*(V)). Then

(m, Y =1limy, 00 (N, fin) 7 is continuous
= limp o0 (& fm) fm € CZ(VAW)
= limyn 00 Jrn eeﬁfm(xlel + o+ Tpen) dry - - do, g day,
= Jan eeﬁf(xlel + o F xpey)dry - - da,_q dx, = 00

1
eTrn

Where the last equality is true since f decreases exponentially and e
grows super-exponentially and the functions are non-negative. Therefore
there is not n € Dist(V) s.t. n!V\W =£.

Gi={feC*(V)|Df =0V|D| <idifferntial operation}
®: G /Gy — C=(W,Sym"(W+)) is given by

O(f)(w)(vr, s 0i) = oy - O, f ()



Where we identify Sym‘(W+) = Sym'((V/W)*) = Sym'(V/W)* with
{f: V" — R symmetric and multilinear | f’WxVxmexV = 0}.

Choose a basis {ey, ..., ex} of W and complete it to a basisof V: {e1,...,e,}.

Let ¢ € OX(W,Sym‘(W+)). For a multi-index o = (qgy1,-...,an)
with || =i denote by €% = (€41, -+, Chits ki« s Chadyn vy Cnyeves€n)
where each e; apears «; times. Define f : V' — R by

(67

xXr
fler+bamen) = 30 plmer et axe)(e)

= (ks 1ymsem) || =i

Let 0; := O,;, and for some multi-index 8 = (B1,...,08,), let 08 =
9 ... 9% Notice that 8°f(w) = 0 for every |8] <i—1and w € W
(since all of the expresseions in the sum contain monomials of degree i in
the coeffiecients of basis elements which are not in W). Now, for every
vy, ..., v with r <, 8y, - - 0,, is linearly dependent on {0° ||| <i—1}
and thus 0,, - -+ 0,, f(w) = 0. Le. f € G;_1.

We want to show that ¢ = ®(f). It is sufficient to prove that p(w)
a

Where 2 = foil coex@and al = agqq! e apl

(e%) =
)

O(f)(w)(e?) for every |B| =i. Let || = i. For a = (agy1,...,a,) with
la| = i, denote fo(z161 + -+ + Tpey) = %Tgp(xlel + -+ aper)(eY), so
f= Z‘M:i fa. 0°f, is alinear combination of polynomials in o411, . .., Tn

multiplied by the derivativies of ¢(z1e1+- - -+xxei)(e”). Notice that since
|B| = i, each monomial containing some none-trivial derivation of ¢ will
also be multiplied by a non-trivial monomial in x4y, ..., z, and thus will
be 0 on W. Therefore

0’ fa(w) = p(w)(e?)
If B # « then it is 0, otherwise it is exactly p(w)(e?). Thus

O(f)(w)(e”) = 0" f(w) = Y 0" falw) = p(w)(e")

|a|=i

So ®(f) = ¢ and P is surjective.



