MINI-CURS IN REP. THEORY

1. LECTURE 1
1.1. Lecture 1.1.

Definition 1.1.
e group
e algebra
e group representation (w,V)
—7:G— GL(V)
o group algebra C[G] := {G — C} = span{dy}
- (59 * 5h = 5gh
— action LR of G x G
* L(g)(0n) = dgn
« R(g)(0n) = dng
Exercise 1.2.
o fxg(x)="
o G-rep & C[G]-rep
o RL((g,1)(/)(x) =2
Definition 1.3.

o Morphism of representations
e sub representation
e irreducible representation

— irr(G)

o Direct sum

Exercise 1.4.

e schur’s lemmas
— Homg(m,7)=04fn &7
— Homg(m,m) =C
o complete reducibility
- T= 69p‘Eirr(G) mpp
. li
= dimHom(@,cir.r () MoPs Dpcirr(a) MpP) = 22 mpmy,
— uniqueness of the decomposition.
i @pGiTT(G) Hom(p, 7T) ® P
o Eristing of G invariant Hermitian form

p. S 2 gz
Hint: Averaging: x +— v

Definition 1.5.

Dual representation 7*

external tensor product (Gy,m1, V1) K (Ga, 72, Vo) = (G1 X Go, 71 K7, V1 @ Va)
tensor product (G, 71, V1) X (G, 2, Va) = (G, 71 @ ma, V1 ® V3)

Homg denotes both rep. of G x H and of G depending on the context.

Exercise 1.6.
o Homc(V,W)=V*RW
o Homg(V,W) = Homc(V,W)¢
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e VKW €irr(Gx H) <=V €irr(G) & W € irr(H)
e VHRW V' RW <=V =V &W=W

1.2. Lecture 1.2.

Definition 1.7.

e a, : C[G] — Endc(m)

= ax(8,) = lg)
my : Ende(m) — C[G]

- mx(A)(g) = tr(An(g™"))
— mo(v® 6)(g) = H(a(g~\)v) (check)

e a:C[G] — @ Endc(n)

o m: P Endc(m) — C[G)

Exercise 1.8.

e m,a are isomorphism
— m,a are morphisms of G X G representations
— a is a morphism of algebras
— a 18 injection
— ar 18 surjection
(VB,tr(AB) =0)= (A=0)
— Mg 1S injection
— m s injection
o X (dimp)® = #G
. Z(C[G)) = {G//G — C}
o #irr(G) = Y (dimp)° = #(G//G) = {221 H=1

Definition 1.9. C[X]

Exercise 1.10.

Home (C[X], C[Y]) = C(X x V)
Homg(C[X],C[Y]) = C(X x Y)¥ = C(X x Y/G)
dimHomg (C[X],C[Y]) = #(X x Y/G)

irr(S;) =7,i=1,2,3,4

irr(G) =?,G is abelian.

2. LECTURE 2
Definition 2.1.
* xx(g9) =tr(n(g))

Exercise 2.2.
® Xror = Xn T Xr
Xakr = Xn X Xt
Xr@r = X=Xt
Xr+(9) = Xx(97") = Xx(9)
Xa = Mg+ (1d)
X= € Z(C[G)]) o
dimHomg (7, 7) = (Xr, Xr) := W
— dim7% = (x,, 1)
o {x,} for an orthonormal basis of Z(C[G])

® apomp = dﬁfpld
® Xp*Xo =0ifaZp

_ #G
® Xp*Xp = QimpXp
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o Compute characters of irreps of S;,1=1,2,3,4.

Theorem 2.3. )
5 xp _ #{(g.h) € G7|lg, h] = =}
pETrT G) #G
Exercise 2.4. deduce:
o« 3 Xp(®)  _ #{(91:h1,0,90,hn) €GP [[g1,ha] - [gn ha] =2}
p€irr(G) d1m2" T, — ZGan—1
ey 1 _ #{(g1,h1,.. 7gn,hn)€G2"|[91 hal-[gn.hn]=1}
pE€irr(G) dim?"—2p HZG2n—1

2.1. how to define characters without representations.

Definition 2.5. Let A be an algebra with a positive definite Hermitian form.
o An element a € A is positive definite iff Vb € A.{ab,b) > 0.

o An positive definite element a € A is extremal iff it can not be written as a sum of 2 linearly
independed positive definite elements.

o o minimal idempotent is an idempotent that can not be written as a sum of 2 non-zero idempotents.
Exercise 2.6. Let f € Z(C[G]).

e the following are equivalent:
— f 1is positive definite in Z(C[G])
— [ is positive definite in C[G]
— f is a positive linear combination of characters
o Assume that ||f]| = 1. Then the following are equivalent:
— f is extremal positive definite in Z(C[G]).
— [ is a positive scalar multiple of a minimal idempotent
— f is a character

3. LECTURE 3
Definition 3.1.
e G~ H < C[G] ~C[H]
* (g(s) =2 dim™"p
Exercise 3.2.
o G~ H <= dim(irr(G)) = dim(irr(H)) < (g = (g <= (c(2n —2) = (g (2n — 2),Yn € N.
o If G, H abelian and #G = #H then G ~ H.
Proof of theorem 2.3.
o Let ¢g == 114(G)g € Z(Z[G]) C Z(C[G]). Then, a,(c,) = FALL D00 g,
o Let f(z) = #{(g, h)EGQ\[g h]=xz} . Then, f = S(f,xp) - Xp-

<f7XP #GQ Z#{ g? e G2|[g7 ] —l’}t'f‘( ( )) # 2 Z t’l’ g’
zeG g,heG
1 1
= wtr ap Z dghg—1h-1 = veD tr | a, Z #(Gy) - dg; =
g,heG geG,jeAd(G)-g—1
1 #(G Ad(G) -97") - xplg™h)
= — a g)0g % C =—=tr|a ) =

# P ;# g~ #GQ P g%;: dlmp g
=t [, [ Xl > (7t (p(9)) = X X) =
~ dimp - #G "l Xpld )% dlmp #G Xolg)tr(plg)) = dimp Xo» Xpl = dimp

geG
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Conjecture 3.3.
SLa(Z/p"Z) ~ SLa(Fy[t]/t" Fp[t])

Exercise 3.4. dﬁfp €Z

Va € Z[G), 3 monic p € Z[t] s.t. p(a) = 0.
] %W is alg. integer.

Xol9) € Z(7V1)

o s = Tocara TGN, (9).

fmG 5 i alg. integer.
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