ULPANA PROJECT IN REP. THEORY

Exercise 1. Any function can be written as a sum of even function and an odd function.

Definition 2.

e group
e group representation (w,V)
- 7:G— GL(V)

o Morphism of representations
e sub representation
e irreducible representation

— irr(G)

o Direct sum

Exercise 3.

o Schur’s lemmas
— Homg(m,7)=0ifm &7
— Homg(m,m)=C
e complete reducibility
- T= @peirr(G) mpp
- dlmHom(@pEirr(G) mpp, @pEiTT(G) m;)p) = Z mpm
— uniqueness of the decomposition.
- T @peirr(G) Hom(p7 7T) oY p
e Ezisting of G invariant Hermitian form
s L > gz
Hint: Averaging: x +— #—é
Definition 4. C[X]

Exercise 5.
e Hom¢(C[X],C[Y]) =C[X x Y]
e Homg(C[X],C[Y]) = C[X x Y]¢ =C[X x Y/G]
e dimHomg(C[X],C[Y]) = #(X x Y/G)

Definition 6.

e algebra
o group algebra C|G] := {G — C} = span{dy}
- 59 * 5h = 5gh

— action LR of G x G
L(g)(dn) = dgn
R(g)(éh) = (5h971

Exercise 7.
o frg(x)="
o G-rep & C[G]- rep
* RL((g,h))(f)(x) =
Definition 8.

e Dual representation
e cxternal tensor product (G1,71, V1) R (Ga, w2, Vo) = (G1 X G, m Rma, V1 ®@ Va)
e tensor product (G,m, V1) X (G, 79, V2) = (G, 711 @ m2, V1 ® V3)
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e Homg denotes both rep. of G x H and of G depending on the context.

Exercise 9.

Homc(V,W) 2 V*RW

Hom(V, W) = Home(V, W)€

VRW €irr(Gx H) <=V €irr(G) & W € irr(H)
VRIW V' IW <= V=V &W~W

Definition 10.
o a, : C[G] — Endc(m)
= ax(3,) = (o)
e my : Endc(n) — C[G]
= me(4)(g) = tr(An(g™))
— ma(v ® 6)(g) = H(n(g~V)v) (check)
e a:C[G] — & Endc(m)
o m: P Endc(n) — C[G]

Exercise 11.
e m,a are isomorphism
— m,a are morphisms of G x G representations
— a is a morphism of algebras
— a 1s injection
— ar 18 surjection
(VB,tr(AB)=0)= (A=0)
— my 1S injection
— m 1s injection
o > (dimp)® = #G
» Z(ClG) ={G//G = C}
o #irr(G) = L(dimp)” = #(G//G) = 1e2gZ=

Definition 12. C[X]

Exercise 13.
o irr(G) =7,G is abelian.
— Any 2 commuting operators on a f.d. vec. space have a common eigenvector.
— Any irreduseble representation of an abelian group is one-dimentional.
— Alterative approach: Use the classification of finite abelian groups.
o irr(S;) =7,i=1,2,3,4
— Hint: conceder the action of S; on the (i — 1)-s simplex and its edges, faces, etc.

MORE ADVANCE MATERIAL
Character theory.

Definition 14.

* Xx(g9) =tr(n(g))
Exercise 15.
Xradr = Xn T Xr
XrR®kr = X= X Xr
Xror = Xo Xt

X+ (9) = Xx(97") = xx(9)
Xn = Mg (Id)

X~ € Z(C[G]) _
dimHomeg (7, 7) = (X7, Xr) = W
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— dim7% = (xx, 1)
{xp} for an orthonormal basis of Z(C[G])
G
ap,om, = d?mpfd
Xp*Xo =01ifcZp
G
Xp * Xp = %rnpxl)
Compute characters of irreps of S;,1=1,2,3,4.

Theorem 16.

Xp(x) _ #{(gah) € G2Hg7h] = .7}}
Z dimp

peirr(G) #G
Exercise 17. deduce:
. Z Xp(x) #{(g1.h1,--,9n hn) EG"|[g1,h1] - [gn, hn]=2}
p€irr(G) dim2"—1p ZGan—1

_ #{(91.h11 190, hn) EGP (g1, 0] [gn =1}
= e

2n—1

1
b ZpGiTT(G) dim?"—2p
how to define characters without representations.

Definition 18. Let A be an algebra with a positive definite Hermitian form.

e An element a € A is positive definite iff Vb € A.{ab,b) > 0.

o An positive definite element a € A is extremal iff it can not be written as a sum of 2 linearly
independed positive definite elements.

o o minimal idempotent is an idempotent that can not be written as a sum of 2 non-zero idempotents.

Exercise 19. Let f € Z(C[G]).

e the following are equivalent:
— f is positive definite in Z(C[G])
— [ is positive definite in C[G]
— f is a positive linear combination of characters
o Assume that ||f]| = 1. Then the following are equivalent:
— f is extremal positive definite in Z(C[G]).
— f is a positive scalar multiple of a minimal idempotent
— f is a character

Frobenius formula.

Definition 20.
e G~ H < C|G] ~ C[H]
e Cols) = S dim ™
Exercise 21.
o G~ H «— dim(irr(G)) = dim(irr(H)) <= (¢ = (g <= (c(2n — 2) = (g (2n — 2),Vn € N.
o If G, H abelian and #G = #H then G ~ H.

Proof of theorem 16.

o Lot ¢g i= Loy g € Z(Z|G)) C Z(C[G]). Then, a,(c,) = FAUD 9 x0(9) pg,

dimp
o Let f(x):= #{(g’h)eié‘[g’h]:z}- Then, f=32(f,Xp) " Xp-
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, 1
(s Xp) = #ng#{ 9:h) € Gllg,h) = a}ir(p(®)) = 273 > tr(plg k) =

g,heG

#G2 ( (%;G‘S 9t 1)):#16;2”(%( .Z) 1#(Gg)-6gj)):

geG,j€AA(G)-g~

B #(G Ad(G) - g71) - xp(97") _
i e ) e p [

geaqG

1 _ 1 1
— mtr (ap (gEZG Xp(g 1)5g)) dlmp #G Z Xp(9 tr(p(g)) ——(Xps Xp) =

dimp dimp

|
Conjecture 22.

SLa(Z/p"Z) ~ SLa(Fplt]/t" Fyt])
Exercise 23. (fmp €L
Ya € Z[G], 3 monic p € Z[t] s.t. p(a) = 0.
° w 18 alg. integer.
imp

Xo(9) € Z(*V1)
#G

® dimp — ZQGG//G
dﬁfp 18 alg. integer.

Ad(G)-9) xo(9) =T
#( (d1)m(QX (9) p(g)'
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