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e K: number field, A := Ak, G: reductive group over K, T' := G(K),
G:=G(A), g:= Lie(T).

Fix a semisimple H € g, and let g; := g,’-" denote the eigenspaces of
ad(H). Assume that all the eigenvalues / lie in Q.

Let f € g_o. Call (H,f) € g x g a Whittaker pair.

Define n:=ny ¢ := (g1Ng") & @101, N:= Exp(n)(A).

Fix a non-trivial unitary additive character ¢ : K\ A — C and define
xr: N — Cby xr(Exp X) := 9((f, X)).

e C®(T'\G) := functions on I'\ G smooth on G and finite under K.
o Let [N]:= (N N)\N. For 5 € C*(T'\G), define Fourier coefficient

Fulile) = [ n(ng)xr(n) tdn.

(V]
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Two central cases of Fourier coefficients

[H,f]=—=2f, n=(g1Ng") ®D;=19i, N=Exp(n)(A), 5 € C*(T\G),

Frrlnl(g) = /[N]ﬂ(ng))cf(n)ldn.

e Neutral Fourier coefficient, coming from sly-triple (e,H,f), e.g.:

1 0 0 O 0 00O 0 x 0 =«

o 0 -1 0 O P 1 000 n— 0 00O
o o 1 o0 | 00 oO00O 10 x 0 x

0 0 0 -1 0010 0 00O

@ Whittaker coefficient Wy, with N maximal unipotent, e.g.:

30 0 0 0 00O 0 * * x*

H— 01 0 0 Fo 1 000 n— 0 0 x =*
100 -1 0 1 0000 1l 00 0 x
00 0 -3 0010 0 00O

Coefficients that are both neutral and Whittaker are Eulerian by local
uniqueness of Whittaker models.



Examples of Fourier coefficients

[H f]=—2f,n=(g1Ng") ®Bi~10:, N = Exp(n)(A), 5 € C(T\G),
Furlnl(g) == /[N] 1(ng)xr(n) tdn.

Comparison for G = GL3(K):

@ Neutral Fourier coefficient:

10 0
H={ 00 O =
0 0 -1

o Whittaker coefficient:

O O %
O O |*

N~ —
N~
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Root exchange

o u:=g1/(g1Ng"). wr(X,Y):= (f,[X, Y])- symplectic form.
@ V isotropic subspace i C u, let | := Exp(i)(A) and

Fhilil(e) = [ Fulrl(vg) do

() Frrlnl(g) = Tyewyimya Fhelnl(ve)
(i) For any isotropic subspace j C u with dimj = dimi andjNit = {0},
J(A)

10 0 0 0O 0
ForH=| 0 0 0 f=100 0 |: 0
0 0 -1 1 00 0
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o - |3



Relating different coefficients

WO(77) :={O € N(g) |V neutral (h, f) with f € O, Fp (1) # 0}.
Say (H,f) = (S,f) if [H,S] =0 and g" ngl, C g3,".

f is K-distinguished if V Levi [ 5 f defined over K, [ = g.

(S, f) is called Levi-distinguished if 3 parabolic p = [u

s.t. f is K-distinguished in [, and ns r = s f ® u.

Whittaker coefficients are Levi-distinguished.

For Whittaker pairs with the same f and commuting H-s,

neutral > any > Levi-distinguished.

Theorem
Let (H,f) > (S,f). Then
(i) Fu.rln] linearly determines Fs ¢[1].
(i) IFTf € WO™ (1) and g} = g7 =0 let v := g, Ng2,. Then

Frrlnl(e / Fs.elnl(vg) dv

v
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Let (H,f) > (S,f). Then
(i) Fr.rly] linearly determines Fs ¢[n].
(i) IfTf € WO™(57) and g} = g7 =0 let v := g!, N g3,. Then

Fuclille) = [, Fsrlnl(va) v

Corollary

(i) Ify is cuspidal then any O € WO™(n) is K-distinguished.
In particular, O is totally even for G = Sp,,,, totally odd for
G = SO(V), not minimal for rkG > 1,
and not next-to-minimal for tkG > 2, G # Fy.

(it) If f ¢ WO(n) then Fpy ¢(n) = 0 for any H.

(i) Let G be simply-laced, H define a maximal parabolic, f € WO™®*(y):
f is minimal = Fy ¢(17) = Wer (1)
f is next-to-minimal = Fp (1) = IV(A) Wre(n7).
The RHS is frequently Eulerian.




G := GL(4, A), f:= Eyx + Es3, H:= diag(3, 1, -1, —3),
h =diag(1l,—-1,1,-1), Z=H — h=diag(2,2, -2, -2), H; := h+ tZ.

Thenng Cnyu@i~nya®jCngg =ng:

0 — 0 — 0
0000 | _|[o
0 — 0 — 0
00 0 0 0
0___
0 0 *x —
“{o o0 0o -
00 0 0

o ¥ O |

O O O w

a

0

o O O o

o o o |

0
0

O O O O

o o o |

O O O %

o |

Both * and — denote arbitrary elements. — denotes the entries in g';lto and
* those in gff. a denotes equal elements in g{’t Ng.
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Expressing forms through their Whittaker coefficients

Theorem

Any Fy ¢ is linearly determined by all Levi-distinguished Fourier
coefficients Fs p withT'F > T'f.

| A

Corollary

(i) Any n € C=°(T\G) is linearly determined by all its Levi-distinguished
Fourier coefficients.
(it) Ifall O € WO(n) admit Whittaker coefficients then 1 is linearly
determined by its Whittaker coefficients.
(i) If G is split and simply-laced, and 1 is minimal or next-to-minimal
then all Fourier coefficients of ij are linearly determined by Whittaker
coefficients of 7.

v

Dmitry Gourevitch () Fourier coefficients March 2019 9 /13



Parabolic minimal Fourier coeff. of next-to-minimal forms

@ g split simply laced, h C g Cartan, b = ) & u Borel

@ « simple root. q, = [, & n, = g‘i“o max. parabolic.

o /b8) = 1By, ..., Bi} Bourbaki enumeration of the simple roots
orthogonal to «.

Vi G D L; := Levi given by roots Bq,..., Bi

L; O S; := stabilizer of the root space g_p, I'; := (L;NT)/ (5 NT).
For f € g*, and next-to-minimal #jptm € C®(T\G) let

Allnal(8) = ). 3 Wostlinml(1g)

veEli 1 <pegfﬂi

k
fSa,f[ﬂntm] = Wf [7’]ntm] + Z A”ﬂntm]
i=1
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Explanation for GL, (PS-Shalika, Ahlen—Gustafsson-Liu-

Kleinschmidt-Persson)

Let 7 € C®°(T'\ GL,(A)). Restrict to the last column and decompose to
Fourier series. All non-trivial characters are conjugate by GL,_1(K).

00 0 0 = 0 00 0 =«
0 00 0 = 0 00 0 =
000O0 x|+ 0O0O0O0 =%
0 00 0 = 0 00 0 %
00 O0O00O0 0 00O0TO
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Explanation for GL,

Let 7 € C®°(I'\ GL,(A)). Restrict to the last column and decompose to
Fourier series. All non-trivial characters are conjugate by GL,_1(K).
Conjugate, restrict to the next column and continue

0 0 0 0 =x 0 0 0 x = 0 0 0 x =x

0 00 0 =% 0 0 0 % = 0 0 0 * =

0000« |]=1000= ]|+ 000 x =x =

0 00 0 =x 0 00 0 =x 0 00 0 x

0 00 0O 0 00 O00 O 0 00 00O

@ For #min, only one column can have a non-trivial character.

@ For #ntm, Fs, r is a minimal automorphic function on L,.
0 0 % % =% 0 * *x % * 0 *x % % =
0 0 x % =x 0 0 x =x =% 0 0 % =x =%
0 00 0O =10 00 * x |+] 00 0 % =%
0 00 0O 0 0 0 0 =« 0 0 0 0 =x
0 00 0O 00 0O0TO O 00 0O0TUO



For #ntm, Fs, ¢ is @ minimal automorphic function on L,.

0

o
o

o o oo
cNoNoNeNe)
O O O |¥x *
O O O ¥ *
O O O ¥ ¥
|
o o oo
O O O O *
O O O % *
O O % ¥ ¥
O ¥ ¥ ¥ ¥
+
o o oo
O O O O *
O O O % *
O O % ¥ ¥
O [% ¥ % %

k
FS,X,f[ﬂntm] = Wf [ﬂntm] + Z Af [ﬂntm]
i=1

where f € g, and

Allnl(g) =Y. Y Werrlnl(ve)

y€liz1 pea’y,
2
O—O—I—O ----- o—oO
1 3 4 5 n—1n
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