EXERCISE 8 IN D-MODULES 1

(1) Any TDO on P" is given by the coordinate changes
(,02]((9]@) = ak + )\a]@(.’bl/x]) . (xi/x]—)_l.

(2) (P) Denote by Dpn(s) the sheaf of differential operators on Opn(s). Then the global sections
functor I" : M(Dpn(s)) — M(I(Dpn(s))) is exact for s > —n and faithful for s > 0.

(3) Let X be affine. For a closed 1-form A on X and 7 € 7x define px(n) := n + A(n) € D(X).
Then @) extends (uniquely) to an automorphism of D(X) as an O(X)-algebra. Moreover, all
automorphisms of D(X) as an O(X)-algebra are obtained in this way.

(4) Show that the space of solutions of the equation x10s — x20; in K[z, xs] is infinite-dimensional.

(5) Let v : A — A! be given by v(x) = ™. Let M be the D;-module generated by dp. Show that
v*(M) is the Di-module generated by 5ém_1). We did this in class, and the exercise here is to
fill in the details, not for submission. Steps:

(i) Show that 1 ® éy € v*(M) = K[z] ®k[,) M (where y = ™) is annihilated by 2™ and by
0y +m

(ii) Show that 1 ® &y generates v*(M). Hint: show by induction that for any natural numbers
p,q with 0 < ¢ < m there exist non-zero numbers c,, € K such that

GrHI(1®0) = Cpqu_qagﬂ(s,

and conclude that 9b*'6 = c;q18$<p+1>(1 ® 0).
(iii) Show that the module D;/ < ™, xd, +m > is irreducible, and conclude that is isomorphic
to its quotient v*(M).

(6) (P) Let d € D, be an operator of degree 2.
(a) Show that there exists an automorphism « of D,, such that a(d) =
(b) Show that the D,-module D,,/dD,, has a holonomic quotient.
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