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10. LECTURE 10. RAMARKS ON RH
CORRESPONDENCE AND ITS COROLLARIES

10.1. Remarks on the Theorem de Finitude. Why
this is called finiteness theorem.

The idea is that Do (X) can be considered as a col-
lection if finite objects in D(Sh(Xy,p)).

(i) They can be described by finite amount of data.

(ii) Analogy with the category of vector spaces.

We have a Verdier duality D+ D(Sh(X;0p)) — D(Sh(Xiop))
and a morphism of functors Id — D o .

This morphism is an identity on the subcategory D, ( X).
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10.1.1. Proof of the reduction claim in The Theorem de
Finitude.

Definition. Let X be an algebraic variety, W C X its

non-empty closed subvariety and ¢ : W — X the corre-
anondine inelusion We qav that 17 19 a retract of X if
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there exists a morphism p : X' — W such that poi = [dw
(this morphism p is called a retraction morphism).

General informal idea is that locally such morphism
should exist, ie. there should exist a non-empty open
subset Wy € W and its neighborhood Xy € X such that
Wy is a retract of X.

This is correct in analytic sitnation, and clearly wrong
in Zariski topology. However if we pass to etale topology,
then this becomes correct.

Proposition 10.1.2. Let W C X as before. Then
there exists an open subset U C X ,an unramified finite
morphism v .Y — U and a non-empty closed subset
Wy C Y such

(i) the variety Wy is a retract of ¥ and

(i) the morphism v defines an isomorphism v :

Wy =Wy =WnuUucW.

Using this proposition we can reduce study of many
problems for pair (X, W) to pair (U, Wy) and then to
retract pair (Y, Wy ).
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Proof of the Proposition.

(i) We can assume that X and hence W are affine.

(ii) Consider a finite epimorphism 7 : W — V' where
V is an afline space. Extend this t a morphism 7 X — V'

(iii) Passing to an open subset V' C V (and taking
its preimages) we can assume that we have a morphism
. X — V' that is finite and unramified on W.

(iv) Denote by Y the fibered product Y = W xy X
and denote by Wy the image of the diagonal embedding

of W.
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When we have a retraction morphism p : X — W we
can further simplify the situation.

For example, we can replace X by X' = X = W,
consider X as a subvariety of X’ identifying it with the
graph of the retraction morphism p. Then we reduce our
problem with the case when X = W x Z and p is the
projection.

If Z is an affine space we can reduce to the situation
to the case of the projection p: X = W x Z — W where
i: W — X is a coordinate embedding

After this we can replace the afline space Z by the
corresponding projective space P.
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10.2. Analytic corollaries of RH.

10.2.1. Solution functor. Let X be a smooth algebraic
variety over €. Consider an arbitrary sheat R of D,,-
modules on the complex variety X,,.

Ezamples 10.2.2. (1) R = Qg
(i) R = Oy ap for some point 2z € X.
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(iv) Suppose X has a real structure and R = C™(Xg)
the sheal of smooth functions on the manifold of real

points of X.
(v) X has real structure and R = Gen-Func(Xg)

Given a coherent Dy-complex M we define a com-
plex of sheaves Sol(M, R) on the topological space Xiqp by
Sol(M,R) .= Homp, (M, R) (morphisms in the de-
rived category)

As a special case we set Sol(M) .= Sol(M, O,,).

This functor is closely related to the functor €2. Namely,

Sol(M) = QD(M))[—dimX]
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10.2.3. Analytic properties of RS systems.
Proposition 10.2.4. Let M be an RS Dx-complex.

(i) For every point x € X we hav@dM, O, ,,) =
SOZ(E Or:fm')

(ii) Suppose X has a real structure and Y = Xg.

Then Sol(M, Gen—Fun(Y)) = Sol(M, Hyper functions(Y)

In other words, any hyperfunction solution of this
system is in fact a generalized function.
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10.3. Perverse sheaves and t-structures. We have
shown that the categories Dpg(Dyx) and D,,,(X) are canon-
ically equivalent.

Another point of view on this is that there exists some
category D(X) and we deal with two realizations of this

category.
This realizations have rather different shape since they
have different truncation structures.

P2 D
£
'p““‘/’:) Das 9

oun 4 );g(;q

Ree (4 € tonnn
v V(¥ refize X,

Cot (\
me (‘) )
L v ?
Cu (e ®)  Perv(56)
&eNbion - Desncibe e

acleg vy Few (Y€) < tupy o
R ﬁ"‘M— [ %'Q-...Z\ MJ

- Ay
~ ~ o~ ~ ~

1o Zyavese of fo, o
T WM € ocaner
P,

L) g““ h* [y @\%

[PV Aereyy b2 o,
dtac () < 0,5 M, tox
ettty A le,z
72 W;‘h % N =20 d-ﬂ,v.q
M -8S- e : ’
g 1PV o e, g5
[L SEN 799 9* X eh

MGrvew (v olucur .o
P’M" z uﬂ-l:va..

deovees > u= 0, K.
Cloin. L& Mept i



—gs -

wa v ‘1’"9\ we lace
&y 0&144@ o~ %“L

3 1 EDZ ey ©)
e * °—-¢-a.z
(i y ('“ e 05 poey

L & D*? ‘”’*(pf-\

v cx S Te

¢!y il WU %

M —~ ]w[ﬂ\u)"}

73



