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8. LECTURE 8. Proor orF RIEMANN - HILBERT
CORRESPONDENCE

8.1. Construction of the functor ().
8.1.1. DeRham complex of a Dx-module. Let X be a

smooth algebraic variety of dimension n. Starting from a
D X -module M we construct a complex of sheaves D R(M)
on X as follows.

We set DRM(M) = M ®¢p, Q*"(M) — this is a
sheaf of Ox-modules. The differential d : DR*( M) —
DR*1(M) is defined by standard formulas for DeRham
complex - this is a differential operator of degree 1.

Note that this is an exact functor DR : M (Dy) —
Com/(Sh(X)). In fact its target category can be described
slightly more precisely.

Let us denote by M(Oyx)? the additive category whose
objects are quasi-coherent Ox-modules and morphisms
are differential operators. Then the functor DR is a func-

tor DR : Com(M (Dy) — Com(M(Ox)%).
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Claim. (i) The complex DR(Dx) gives a natural lo-
cally projective resolution of the module w in the cate-
gory of right Dx-modules.

(ii) For any Dx-module M we have a canonical iso-
morphism DR(M) = DR(Dyx) ® M (tensor product
over Dy )

In other words, the complex DR(M) in derived cate-
gory represents the derived tensor product over Dy

M—wetM

Using the bi-complex construction we extend the func-
tor DR to the exact functor on the categories of complexes

DR : Com(M(Dy)) — Com(M(Ox)%).
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8.1.2. Functor An of analytic extension. . Given a smooth
algebraic variety X we have a natural functor An : M(Oyx) —
M(O,,). It is locally given by tensor product M
Oun ® M (tensor product over Ox).

By definition this functor transforms O y-linear mor-
phisms into Oy, linear. But it is also clear that it maps dif-
ferential operators into differential ones. Thus we can con-
sider this functor as a functor An : M(Ox)" — Sh(Xu,).

Now we define an exact functor 2 : Com (M (Dx)) —
Com(Sh(X,p))) as a composition of functors DR and An.

Q(M) = An(DR(M)).

We consider this functor as a functor Q : D(Dy) —
D(Sh(Xiop))
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8.2. Properties of the functor ().

Elementary properties.
1. Functor €2 commutes with restriction to an open
subset.



2.. Functor Q commutes with functor ' if 7 is a pro-
jection X =Y x Z — Y with a smooth fiber Z.

3. If M is asmooth Dy-module then Q(M) = Loc(M)[n/,
where n = dim(X).

Key property 4.

For any morphisms 7 : X — Y there exists a functorial
morphisms of functors i : Qom, — w00 If 7 is projective
this morphism is an isomorphism.

This follows from the basic result of GAGA. We will
discuss this later.

5 Let 5 : U — X be an open embedding such that
D = X \ U is a divisor with normal crossings.

Let M be a smooth RS D-module on U.

Then we have natural isomorphisms j.(2(M)) gw2(j.(M))

This is proven by explicit computations in coordinates.
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Functor 2 commutes with all functors on the
category Dps(Dy)

First we have to show that the functor D R on category
Dps(Dx) commutes with six Grothendieck functors.

Step 1. On subcategory Dpg(Dx) the functor €2 com-
mutes with 7.

[t is enough to prove this for elementary modules. Hence
it is enough to prove this for a smooth RS-module . Us-
ing resolution of singularities we can write the morphism
as a composition of open embedding with normal crossing
and a projective morphism. In these cases the statement



is correct.

Important that we already have a morphismi : Q(m, F) —
7(C2(F)) and we only have to show it is an isomorphism.

Step 2. On subcategory Dpg(Dx) the functor €2 com-
mutes with m.

The same proof as in Step 1.

Step 3. The functor © commutes with functors 7'

[t holds for smooth morphisms. Enough to check for
a closed embedding i : Z — X. Set U = X \ Z. Using
standard exact triangle we reduce to commuting with 7.

Step 4. The functor {2 commutes with duality.
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Thus we have established that on the category Dpg(Dx)
the functor €2 commutes with all functors.

Step 5. Functor © maps Dgg(Dy) to Dy, (X)

Step 6. Functor Q : Dpe(Dx) — Deon(X) is fully
faithful.
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Step 7. Functor 2 : Drs(Dyx) — Depn(X) is essen-
tially surjective.
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