FINITE MULTIPLICITIES BEYOND SPHERICAL PAIRS

AVRAHAM AIZENBUD AND DMITRY GOUREVITCH

with appendix B by Ido Karshon

ABSTRACT. Let G be a real reductive algebraic group, and let H C G be an algebraic subgroup.
It is known that the action of G on the space of functions on G/H is "tame” if this space is
spherical. In particular, the multiplicities of the space S(G/H) of Schwartz functions on G/H
are finite in this case. In this paper we formulate and analyze a generalization of sphericity
that implies finite multiplicities in S(G/H) for small enough irreducible representations of G.

1. INTRODUCTION

Let G be a reductive algebraic group defined over R, and X be a smooth algebraic G-
variety. Let g denote the Lie algebra of G, g* denote the dual space, and N (g*) C g* denote
the nilpotent cone. Let p: T*X — g* denote the moment map (see for its definition).

Definition A. (i) For a nilpotent orbit O C N (g*) we say that X is O-spherical if
1
dim ¢~ 1(0) < dim X + 3 dim O.

(ii) For a G-invariant subset = C N(g*), we say that X is Z-spherical if it is O-spherical for
every orbit O C Z.

We show that a homogeneous G-variety G/H is O-spherical if and only if dimO N h+ <
dim O/2, where h* C g* denotes the space of functionals vanishing on the Lie algebra b of
H. We also prove the following criterion for sphericity with respect to closures of Richardson
orbits, 7.e. orbits that intersect parabolic nilradicals by open dense subsets.

Theorem B (§2.2). Let P C G be a parabolic subgroup, let Op denote the corresponding
Richardson orbit, and Op denote its closure. Then X is Op-spherical if and only if P has
finitely many orbits on X.

This implies in particular that X is {0}-spherical if and only if G has finitely many orbits
on X and that X is A(g*)-spherical if and only if X is spherical.
As a byproduct of the proof of Theorem [B] we obtained the following theorem.

Theorem C (See Corollary [2.2.10| below). Let P C G be a parabolic subgroup, and let O C
N(g*) be any Richardson nilpotent orbit. Then the intersection O N pt is Lagrangian in O,
with respect to the Kirillov-Kostant-Souriau symplectic form on O (see Deﬁm’tion below).
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This theorem is well known in the special case O = Op.

Let G := G(R) denote the group of real points of G and similarly X := X(R). Let M(G)
denote the category of finitely-generated smooth admissible Fréchet representations of moderate
growth (see [Wall92, §11.5]).

Our main motivation for the notion of O-spherical variety is the following theorem.

Theorem D (See Corollary below). Let 1 € M(G) and let E denote the associated
variet@ﬂ of the annihilator of m. If X is Z-spherical then m has finite multiplicity in S(X), i.e.

dim Homg(S(X), 7) < oc.

We actually prove a more general theorem, that allows to consider certain bundles on X,
and replaces the reductivity assumption on GG by certain assumptions on 7.
We deduce the theorem from the following theorem on invariant distributions.

Theorem E (See Theorem below). Let I C U(g) be a two-sided ideal, and let V(I) C g*
denote its associated variety. Suppose that V(I) lies in the nilpotent cone of g*. Let X, Y be
V(I)-spherical G-manifolds. Let S*(X x Y)A! denote the space of tempered distributions on
X XY that are invariant under the diagonal action of G, and annihilated by I. Then

dim S*(X x V)24 < o0
Moreover, the space S*(X x Y )24 consists of holonomic distributions.

We prove this theorem using the theory of modules over the ring of algebraic differential
operators. Namely, we use the theorem that states that the space of solutions of every holonomic
D-module in tempered distributions is finite-dimensional.

Applying Theorem [D] to branching problems we obtain the following statements. For a nilpo-
tent orbit O C g* denote by Mg(G) the subcategory of M(G) consisting of representations
with associated variety of the annihilator lying in the closure of O.

Corollary F (See Proposition below). Let H C G be a reductive subgroup, and let

O, C g* and Oy C b* be nilpotent orbits. Consider the following conditions:

(a) Oy = Op for some parabolic subgroup P C G, Oy = Oq for some parabolic subgroup
Q C H, and the set of double cosets Q\G/P is finite.

(b) dim O} ﬂph_l(O’Q) < (dim O} + dim O})/2 for any O} C Oy and O} C O,.

(c) For every m € Mg (G) and 7 € Mg, (H), we have dim Hompy (7|, T) < oo.

Then we have @:@: .
Corollary G (See below). Let H C G be a reductive subgroup.

(i) Let P C G be a parabolic subgroup, and suppose that G /P is a spherical H-variety. Then
for every m € Mg (G), the restriction 7|y has finite multiplicities.

(ii) Let Q C H be a parabolic subgroup. If Q is spherical as a subgroup of G, then for any
T € Mgg(H), the Schwartz induction ind% 7 has finite multiplicities.

For the case when the commutant [g, g] is simple, all pairs (H, P) such that H is a symmetric
subgroup of G, and G /P is a spherical H-space are classified in [HNOOT3| §5, Table 2]. More
generally, a strategy for classifying all pairs (H, P) of subgroups of G satisfying the conditions

Lsee i below for the definition
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of Corollary is given in [AP14]. This strategy is also implemented in loc. cit. for G = SL,,
and in [AP21] for all the other classical groups.

The pairs of subgroups Q C H C G such that H is a symmetric subgroup of G, and Q is a
parabolic subgroup of H that is also a spherical subgroup of G are classified in [HNOO13|, §6,
Table 3]. For some representatives of this class of pairs, H-multiplicities of degenerate principal
series representations are studied in detail in [MOO16, [FO19].

The main example of non-simple [g, g] is the diagonal symmetric pair: G = H x H, with H
embedded diagonally. This case gives the following corollary.

Corollary H. Let H be a reductive group, and P, Q C H be parabolic subgroups. Suppose that
H/P x H/Q is a spherical H-variety, under the diagonal action.

Then for any m € Mgy (H) and any 7 € Mgg(H), the tensor product @ @ T has finite
multiplicities as a representation of H.

Corollaries[F]and[G]also hold in a wider generality, that allows the groups to be non-reductive,
but puts restrictions on the representations (see Deﬁnition. This allows to apply Corollary
to mixed models. We do so in Corollary below. Let us give an example for this
corollary, that can also be seen as a generalization of the Shalika model.

Example I (See below). Let G = GlLa,, R C G be the standard parabolic subgroup with
Levi part L = GL,, x GL,, and unipotent radical U = Mat,xn, M = AGL, C L, H := MU.
Let Oy € m* denote the minimal nilpotent orbit (which consists of rank 1 matrices), and let
m € Mg —(M). Extend 7 to a representation of H by letting U act trivially. Let ) be a unitary

character of H. Then indS (7 @ ) has finite multiplicities.

A similar example works for the orthogonal groups G = Oy,,, L = GLs,, M = Sp,,,, and the
next-to-minimal orbit Oy, C m*, which consists of matrices of rank 2 in sp3, .

1.1. Background and motivation. Harmonic analysis on spaces with a group action is a
central direction of modern representation theory. So far, most of the attention was given
to spherical spaces, see e.g. [Del98, WBS05, [AGRS10, [AG09, SZ12, [GGPW12, MW12l [KO13),
Kob15l [KS16, [KS18, [SV17, [KKS18, [Dell8| IGGP20, DKKS21), Wan]. Indeed, the spherical (or
real/p-adic spherical) spaces X seem to be the most natural spaces to consider if one wants
to analyse the entire space of functions on X, because of the coherence properties this space
possesses, see [KO13| [KS16, [SV17], and [AGS15, Appendix A].

However, if we restrict our attention to a subcategory of representations of the group, namely
to representations with associated variety of the annihilator lying in a fixed subset of the
nilpotent cone, some coherence properties hold in a wider generality, as exhibited by Theorem
[D] This serves as our main motivation for the notion of a Z-spherical space.

1.2. Examples. The classification of all pairs of parabolic subgroups satisfying the condition
of Corollary [H| is given in [Ste03]. In particular, this shows that the product of two small
representatio of a classical group has finite multiplicities. Also, for GL,, the product of any
representation 7 € M(G) with any minimal representation 7 has finite multiplicities. This
allows to define some analogue of translation functors, by sending 7 to the projection of 7 ® 7
on the subcategory corresponding to a fixed central character.

2 e. representations such that the square of every matrix in the associated variety of the annihilator is zero.
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For H € {GL,, Sp,,, SOa,+1}, all triples of parabolic subgroups such that H has finitely
many orbits under the diagonal action on H/P; x H/Py x H/Pj3 are classified in [MWZ99,
MWZ00, Mat15]. They also show that these groups never have finitely many orbits on the
quadriple product [, H/P; unless P; = H for some 1.

Given an orbit O C p(X) C g* it is natural to ask whether a strict inequality dim p~*(0) <
dim X + dim O/2 is possible. In Proposition @ below we show that it is not possible if
O is a Richardson orbit. However, in Appendix [B] below, Ido Karshon shows that for non-
Richradson O it is possible. In this example X = G/H, and in fact it is computed that
dim ONh* < dim O/2. This is interesting since the scheme-theoretic intersection of O with h*
is co-isotropic with respect to the Kirillov-Kostant-Souriau symplectic form on O (see Definition
below), but obviously in this case the intersection is not reduced. Another example, in
which H is a parabolic subgroup, was provided by Dmitry Panyushev - see Example [2.2.1]]
below. Under additional conditions that H is either symmetric, or spherical and solvable this
is not possible by [Gin89, Proposition 3.1.1] and [CG97, Theorem 1.5.7] which show that in
these cases the set-theoretic intersection O N h* is Lagrangian.

Let us now give an example of an O-spherical subgroup for a non-Richardson orbit O,
computed in [GS21) §9 and Appendix A}, motivated by the local §-correspondence in type II.

Example 1.2.1. Let G := GL, x GLj X Sp,,,. (when we pass to real groups we will have to
consider a double cover). Let v be the composition of the two natural embeddings

GLn X GLk — GLnk — Sp2nk,
and let H be the graph of v. Let O := Oyeg X Oreg X Omin. Then H is O-spherical.

The theory of local #-correspondence implies a strong form of multiplicity one in this case,
if we replace G by its metaplectic cover. This serves as an evidence that Theorem [D] may
generalize to covering groups.

1.3. Related results. It is proven in [KOI13|] that for spherical subgroups H C G, the H-
multiplicities of all irreducible admissible representations are universally bounded. The literal
analogue of this result to O-spherical subgroups cannot hold already for O = {0}: every sub-
group H C G is {0}-spherical, including the trivial H, M (G) consists of finite-dimensional
representations, and multiplicities equal the dimension. A possible general conjecture is that it
is bounded by cgner- some total multiplicity (taken with some coefficients of geometric nature)
of K-orbits lying in O N &+ in the associated cycle of 7 (which is a finer invariant than the
annihilator variety), where K is a maximal compact subgroup of G.

On the other hand, [Kob21, §7], [Kob|] give a sufficient condition for bounded multiplicities
for branching problems for symmetric pairs, in terms of distinction with respect to another
symmetric subgroup. By Theorem below and [Kno90| this condition is more restrictive
than the condition in Corollary [G(i).

By Theorems [B| and @, a sufficient condition for every 7 € Mg (G) to have finite H-
multiplicities is that P has finitely many orbits on G/H. The following result provides a
necessary condition in similar terms.

Theorem 1.3.1 ([Taul9, Theorem 2.4]). Let P C G be a parabolic subgroup. If all degenerate
principal series representations of the form Indg o, with dim o < oo have finite H-multiplicities,
then H has finitely many orientable orbits on G/P.
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Corollary J. Let P C G be a parabolic subgroup defined over R, and let P be the corresponding
parabolic subgroup of G. Suppose that for all but finitely many orbits of H on G/P, the set of
real points is non-empty and orientable. Then the following are equivalent.

(i) H is Op-spherical, where Op denotes the Richardson orbit of P.
(ii) Every m € Mg (G) has finite multiplicities.
(i1i) H has finitely many orbits on G/P.
(iv) H has finitely many orbits on G/P.

The assumption of the corollary holds in particular if H and G are complex reductive groups.

Another necessary condition for every 7 € Mg_(G) to have finite H-multiplicities is that H
has an open orbit on G/P, see [Kobl4l, Corollary 6.8].

When the conditions of the corollary are not satisfied, the finiteness of H\G/P is not neces-
sary. Indeed, when P is a minimal parabolic subgroup defined over R, the finiteness of H\G/P
implies that all 7 € M(G) have finite multiplicities, by [KO13]. However, for general parabolic
subgroups, the finiteness of H\G/P is not sufficient, and a series of counterexamples is provided
in [Taul8]. These are examples of non-spherical H C G, and a parabolic P C G for which
H\G/P is finite, but the H-multiplicities of degenerate principal series representations IndIG; X
are infinite. For a very explicit description of the basic example in these series see [Taul9l
Outline of the proof of Theorem 2.2].

The recent work [GS21] allows also to give a microlocal necessary condition for the non-
vanishing of the multiplicity space. For this purpose we remark that by [BB85, [Jos85] (cf.
[Vog91], Corollary 4.7]), for any irreducible 7 € M(G), the annihilator variety AnV(r) is the
closure of a single orbit, that we will denote O().

Theorem 1.3.2 ([GS21, §9]). Let m € M(G) be irreducible. Suppose that 7 is a quotient of

S(X), for some O(m)-spherical G-manifold X. Then O(m) C Im pu(X). Moreover, if X = G/H
then

2dim O(7) N h* = dim O(7).

In [AGKLI16], it is shown that for any R-spherical subgroup H C G, and most choices of a
maximal compact subgroup K C G, the Harish-Chandra module of any 7 € M(G) is finitely-
generated over h. This implies both finite multiplicities, and finiteness of higher homology
groups. We wonder whether the same holds for Z-spherical subgroups and m € M=(G).

Theorem [E| implies that the relative characters of 7 € M=(G) corresponding to =Z-spherical
subgroups are holonomic. For spherical subgroups, it is further shown in [Li20] that the relative
characters are regular holonomic. We conjecture that this holds for =-spherical subgroups as
well.

1.4. Open questions. The first open question is to give a necessary and sufficient condition for
finite H-multiplicities in Mz(G). As discussed above, in some settings our sufficient condition
is also necessary, but in others it is not.

Another goal, which is probably easier, is to extend our results to covering groups.

Further, we can consider an “additive character” x of b, i.e. a differential of a group map
H — G,. Then, we think that under some conditions on h and Y, in all the statements above we
can replace the multiplicity spaces by Homy (7, ), and the set b~ by p;l(x), where py : g* — b*
is the standard projection. This would imply the finiteness of certain generalized Whittaker
models. Such a twisted version of Theorem is proven in [GS21, §9].
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We would also like to find an example in which O N b+ has dimension at most dim Q/2, but
for some O’ C O we have dim O’ N h*+ > dim O’/2, or prove that such examples do not exist.
We would also like to know whether the O-sphericity is equivalent to a certain subvariety of
T*X x O’ being isotropic, for every O’ C O, as we prove for Richardson O in Theorem
below.

Finally, we are very much interested in the non-archimedean analogues of our results.

1.5. Structure of the paper. In §2] we prove Theorem [B], as well as some other geometric
results needed for the corollaries on branching problems.

In §3| we prove Theorem [E| by showing that the system of differential equations satisfied by
the distributions in question is holonomic.

In §4 we deduce Theorem [D] from Theorem [E] and then deduce Corollaries [F] and [F] from
Theorem [D] and the geometric results in In Appendix [A] we prove a geometric proposi-
tion on non-reductive groups. Finally, in Appendix [B| we give an example in which the
inequality in Definition [A] is strict.

1.6. Acknowledgements. We thank Joseph Bernstein, Shachar Carmeli, Eitan Sayag, Dmitry
A. Timashev for fruitful discussions. We also thank Dmitri I. Panyushev for finding a mistake
in the previous version of this paper and providing Example [2.2.11] below.

2. GEOMETRY

2.1. Preliminaries and notation. From now and till the end of the section we let G be a
connected complex linear algebraic group. We will be mainly interested in the case of reductive
G. Let g denote the Lie algebra of G, and g* denote the dual space.

In general, we will denote algebraic groups by boldface letters, and their Lie algebras by the
corresponding Gothic letters.

We fix an algebraic G-manifold X. We start with the definition of the moment map. For any
point x € X, let a, : G — X denote the action map, and da, : g — T, X denote its differential.
The moment map p = ux : T"X — g* is defined by

px (2, ) (@) := §(dag(a))

Denote by Ug C G the unipotent radical of G, and by ugL C g* the space of functionals
on g that vanish on ug. We will call an element ¢ € g* nilpotent if ¢ € ué, and the closure
of the coadjoint orbit G - ¢ includes 0. Let N (g*) C g* denote the nilpotent cone. By
Kostant’s theorem, N (g*) consists of finitely many coadjoint G-orbits. Indeed, these orbits are
in bijection with the nilpotent coadjoint orbits of the reductive quotient Rg := G /U under the

identification vj = ugL C g*. The requirement ¢ € u; is motivated by the following proposition.

Proposition 2.1.1 (See Appendix [A| below). Let = C g* be a closed conical subset that is a
union of finitely many orbits. Then = C ué.

We will say that a subgroup P C G is parabolic if it is the preimage of a parabolic subgroup
of Rg under the projection G — Rg.

Definition 2.1.2. Let P C G be a parabolic subgroup, and let p+ C g* denote the space of
functionals vanishing on p. It is easy to see that p~ C N(g*), and thus there exists a unique



FINITE MULTIPLICITIES BEYOND SPHERICAL PAIRS 7

nilpotent orbit that intersects p* by an open _dense subset. It is called the Richardson orbit, and
we will denote it by Op, and its closure by Op.

It is easy to see that Op = G - pt = Im(vp), where vp : T*(G/P) — g* denotes the moment
map of G/P. For more information on Richardson orbits we refer the reader to [CM92, §7.1].

The definition of O-sphericity and Z-sphericity for non-reductive groups is identical to the
one given in Definition [Al Theorem [B] is also valid for non-reductive groups, and the proof
below works in this generality.

2.1.1. Preliminaries on symplectic manifolds. A symplectic manifold is a manifold with a sym-
plectic form, i.e. a closed non-degenerate 2-form. We will call a subvariety Z of a symplectic
algebraic manifold M isotropic if the restriction of the symplectic form to the tangent space
to Z at every smooth point of Z is zero. Similarly, Z is called coisotropic if at every smooth
point z of Z, the tangent space T,Z includes its symplectic complement (T.Z)+ C T,M, and Z
is called Lagrangian if it is both isotropic and coisotropic. We refer the reader to [CG97, §1.3]
for more details on these notions. In particular, we will need the following proposition.

Proposition 2.1.3 ([CG97, Proposition 1.3.30 and §1.5.16]). If a subvariety Y C M is
1sotropic then so is any subvariety Z C Y.

The statement is nontrivial because Z may be contained in the set of singular points of Y.
Let us now give two standard examples of symplectic manifolds that will play an important
role in the next section.

Definition 2.1.4. Let X be a manifold. Define a 1-form 0 on T*X at any point (x,\) € T*X
by 0(&) == Mduypx(§)), where px : T*X — X is the natural projection, and d \npx is its
differential at the point (x,\). The natural symplectic form w on T*X is defined to be the
differential of the 1-form 6.

Lemma 2.1.5. Let S := py' ({0}). Then the following are equivalent:

(1) G has finitely many orbits on X.
(i1) S is a Lagrangian subvariety of T*X.
(111) S is equidimensional of dimension dim X.

(iv) dim S < dim X

Proof. ({)=-(i): The set S is the union of conormal bundles to orbits. The conormal bundle to
each orbit is irreducible and Lagrangian.

(i) = (i) and (fil)=-(iv]) are obvious.

:: Denote by px : T*X — X the natural projection. For every G-orbit R C X we have
SNpx (R) = CNE. By Rosenlicht’s theorem, there is an open non-empty subset U C X that
has a geometric quotient by G. Applying this theorem again to the complement X \ U, and
further by induction, we obtain a stratification of X by such sets T;. If for some i, T; is not a
finite union of orbits, then dim S N p)_(1 (T;) > dim X, contradicting the assumption. 0

Example 2.1.6 (cf. [Gin89, p. 211]). Let us compute the form on T*(G/H), for an algebraic
subgroup H C G at a point A = (1, a), where a is a point in the cotangent space to G/H at the
base point 1 € G/H. We can write any tangent vector at A to T*(G/H) in the form z -\ — a,
where x € g, - A denotes the action of x on A\, and is a “vertical” tangent vector:

a € bt 2 Tht = 7,77 (G/H) C Ty oT*(G/H).
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Then the standard symplectic form on T*(G/H) is given at A = (1,a) by
w(m‘)\7y‘A):<a7 [$7y]>7 w(x‘A7a):<a7x>7 w(a76)20 vx’y€g7 a’/BehJ_

Definition 2.1.7. Let O C ué C g* be a coadjoint orbit, and let a € O. The Kirillov-Kostant-
Souriau symplectic form on O is given at a by

wo (ad”()(a),ad"(y)(a)) = (a, [z,y]).

Proposition 2.1.8 ([CG97, Theorem 3.3.7]). For any orbit O C Op, the (set-theoretic) inter-
section O N p* is an isotropic subvariety of O. Moreover, if P C G is a Borel subgroup then
O Np* is Lagrangian in O.

2.2. =-sphericity criteria. Let us give a quantitative version of the notion of O-sphericity.

Definition 2.2.1. For any nilpotent coadjoint orbit O C ugL C g, we define the O-complezity
of X to be
co(X) :=dim z*(0) — dim X — dim O/2.
For a G-invariant subset = C N (g*) we define
CE(X) T orlg%%XCE CO(X)

If the orbit O does not intersect p(X), we say that co(X) = —oo. Even if O intersects
w(X), co(X) can be negative, see Example below. However, it is easy to see that
ci3(X) > 0, and thus for every closed G-invariant subset = C N(g*) we have c=(X) > 0.
Also, for Richardson orbits O we have co(X) > 0, as we show in Proposition below.
Let us now give a more explicit formula for the O-complexity of homogeneous varieties. Let
H C G be an algebraic subgroup, and let h be its Lie algebra. Let b~ C g* denote the space
of functionals vanishing on h. For any ¢gH € G/H, identify the cotangent space to G/H at
gH with ¢ - bt C g*. Under this identification the moment map sends (¢H,a) € T*(G/H) to
a € g*. Thus, the image of 1 is G - h+.

Lemma 2.2.2. For any nilpotent coadjoint orbit O C g*, there exists a map o : O N hT —
p=1(0), such that the image of a intersects every irreducible component of u=(O), and for
every ¢ € O N b+, we have

dim, (O N b*) + dim G/H = dim(,) p#*(O)

Proof. p=1(0) = {(¢gH,&)|€ € ONg-b*}. Let p: ' (0) — G/H denote the projection. We
get an identification p~!([1]) = O N h* which gives the desired map . O

Corollary 2.2.3. For any nilpotent coadjoint orbit O C g*, we have
co(G/H) = dim O N h* — dim O/2.
In particular, G /H is O-spherical if and only if dim O N h*+ < dim O/2.
We will say that H is O-spherical if G/H is O-spherical, and similarly for any G-invariant
subset = C N (g*).
Now we would like to prove Theorem [B] Let P C G be a parabolic subgroup, let Op

denote the corresponding Richardson orbit, and Op denote its closure. Let p : T*X — g* and
v:T*(G/P) — g* be the moment maps.
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Proposition 2.2.4. Let O C Op be an orbit. Let O := v=1(0), and let vo : O — O denote
the restriction of v.

(i) The smooth locus of the map vo is open and dense in 0.
(ii) For every smooth point X of the map vo, the pullback of the symplectic form on O unc?ver
the differential dyvo equals the restriction of the symplectic form of T\T*(G/P) to T)O.

For the proof of (i) we will need the following standard lemma.

Lemma 2.2.5. Let 7 : Y — Z be a dominant map of irreducible varieties. Then the smooth
locus of T is open and dense in Y.

Proof of Proposition[2.2.5 : Since G is connected, any irreducible component of O is G-
invariant. Hence vg maps it onto O. The assertion follows now from Lemma [2.2.5]

(ii): We can assume that A\ = (1,a), where a is a point in the cotangent space to G/P at
the base point 1 € G/P. Then we can write any tangent vector at A to 7%(G/P) in the form
r-A—a, where x € g, z-\ denotes the action of z on A, and o € pt C Th\T*(G/H) is a “vertical”

tangent vector. We have a = v(\) € O. Any tangent vector to O at A = (1,a) has the form
- A — «, where a = ad*(z')(a) for some 2’ € g. Indeed, for any v =z - X\ — a € T,T*(G/P),
d\vo(v) = dyvo(z - A — a) = ad*(x)(a) — «
Thus if dyvo € T,0 = ad*(g)(a) then a = ad*(2)(a) for some 2’ € g.
Since a = ad*(2')(a) and a € pt, o € T,(O N p*). Thus by Proposition for any two
vectors - A —a,y - A — B € T, O with 8 = ad*(y')(a) we have wo (e, 8) = 0. By Example
and Definition we have

w(r-A=a,y-A=f) = (a, [z, y])—(ad"(y') (a), )+ (ad"(«") (a), y) = (a, [r—2",y—y])=(a, [+', ¥']) =
wo(ad”(z — ) (a),ad"(y — ¢')(a)) — wo(a, B) =
wo(dyvo((x —2") - N),dxvo((y —y') - A) —0=wo(z- A —a,y-A— )
U

Let us now prove the following theorem, that is stronger than Theorem [B]

Theorem 2.2.6. The following are equivalent.

(i) P has finitely many orbits on X.
(i1) For every orbit O C Op, the subvariety T'o := {(z, —pu(x)) € T*(X) x g*| u(x) € O} of
T"(X) x O is isotropic.
(111) X is Op-spherical.
Proof. ([()=(i): Let To C T*X x T*(G/P) denote the preimage of I'o under Id xv. By
Proposition [2.2.4] it is enough to prove that Tg is isotropic. Note that
To T = {(2,9) € T"X x T*(G/P) | ) = —v(y)} = (1 x v}~ (Ag)*,

where Ag C g x g is the diagonal, and (Ag)t C (g x g)* is its orthogonal complement. Thus
T is also the preimage of zero under the moment map corresponding to the diagonal action
of G on X x (G/P). Since P has finitely many orbits on X, G has finitely many orbits on
X x (G/P) and thus Lemma implies that T is Lagrangian.
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([ii)=(i): dimp(O) = dimlo < (dim7T*X 4 dim 0)/2 = dim X 4 dim O/2, since I'g is
isotropic by ().

([i)=(): Let S := p~*(p"). Note that S also equals the preimage of zero under the moment
map for the action of P on X. Thus, Lemma implies that P has finitely many orbits on
X if and only if dim S < dim X. Further, dim S = maxg g, dim p~t(pt N O). Since the map
1 is G-equivariant, for any orbit O, the fibers of all its points are isomorphic. Thus

dim g~ (p N O) = dim *(0) + dimp~ N O — dim O
By Proposition , for every O C Op we have dimp* N O < dim O/2. Thus
dimpt N O — dim O < — dim Q/2,
and thus
dim z~*(p~ N O) < dim p(0) — dim O/2 < dim X,
since X is O-spherical. Thus dim S < dim X and thus P has finitely many orbits on X. 0

The implication :> was proven in a special case in [Li20, Theorem 3.8], and the proof
we give is merely a modification of the proof in [Li20].

Given this theorem, it is natural to ask if cg(X) equals the modality of the action of P on
X (in the sense of [Vin86, p. 2]). The argument in the proof of (iil)=-(i) allows to answer this

in the case when P is a Borel subgroup, obtaining the following result regarding the complexity
of X in the sense of [Vin86].

Proposition 2.2.7. If G is reductive then the complexity of X equals cpr(ge)(X).

Proof. Let B C G be a Borel subgroup, b be the Lie algebra of B, and S := p~1(b*). Then by
[Vin86l, Theorem 2] (see also [Bri86]), the complexity of X equals dim S — dim X. Since b lies
in the nilpotent cone, we have

dimS = max dimp '(b-NO).
OCN(g*)

Since the map p is G-equivariant, the fibers of all points in any orbit O are isomorphic. Thus
dim 71 (b* N O) = dim b* N O + dim z~*(0) — dim O.
By Proposition , for every O C NM(g*) we have dim b+ N O = dim O/2. Thus
dim (b N O) = dim 7 (0) — dim O/2 = co(X) + dim X.
Thus

dimS — dimX = dim g Y6t N0O) —dimX = X) = +(X).
im imX = max dim ) —dimX = max co(X) = e (X)

Corollary 2.2.8. If G is reductive then the following are equivalent:

(a) X is O-spherical for every O.
(b) X is spherical.

A similar argument gives the following statement for Richardson orbits.
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Proposition 2.2.9. Let O C g* be a Richardson nilpotent orbit that lies in the image of p.
Then every component of u=*(O) has dimension at least dim X + dim OQ/2. In particular,
Co (X) Z 0.

Proof. Let P C G be a parabolic subgroup such that O = Op. As in the previous theorem, let
S := p~'(pt) € T*X. Then S is a union of conormal bundles to P-orbits on X and thus the
dimension of every irreducible component of S is at least dim X. Let S° := p~1(OnNpt). Since
O = Op, the intersection O N p* is open in p*. Thus S° is open in S and thus the dimension
of every irreducible component of S° is at least dim X. Denote the irreducible components of
S° by Y;. Let » € ONpt, and let Y;; be the irreducible components of u~*({p}) NY;. We
have ' ({¢}) = U;; Yij- By [Mum99, Theorem 1.8.2],

dimY;; > dimY; — dim O Np* > dim X — dim O N p™*.

Thus every component of ! ({¢}) has dimension at least dim X —dim O Np*. Since the fibers
under 1 of all points in O are isomorphic, every irreducible component of ~*(O) has dimension
at least
dim X — dim O N p* + dim O.
By Propositionwe have dim ONp* < dim O/2. Altogether, we get that every irreducible
component of 4 ~(O) has dimension at least

dim X — dim O N p* + dim O > dim X + dim O/2.
O

Let us now derive the following corollary, that is equivalent to Theorem [C]

Corollary 2.2.10. Let P C G be a parabolic subgroup, and let O C Op be a Richardson orbit.
Then the intersection O N pt is Lagrangian in O, and in particular co(G/P) = 0.

Proof. By Proposition the intersection O N p* is isotropic. Thus, it is enough to prove
that the dimension of every component of O Npt is at least dim O/2. By Lemma [2.2.2] this
statement follows from Proposition applied to X' := G/P. O

The corollary is especially useful for G of type A, since in this type all nilpotent orbits are
Richardson. The assumption that O is Richardson cannot be omitted in the corollary, and thus
also not in Proposition as the following example shows.

Example 2.2.11 (D.I. Panyushev). Let G := Sp,,,, and let P C G be the stabilizer of a line.
Let O := Oy, C g* denote the minimal orbit, which under the trace form is identified with
rank one matrices. Then dim Oy, N pt = 1, while dim Oy, = 2n. Thus cg/p(Omin) < 0 for
n>1.

Lemma 2.2.12. The subgroup H C G s O-spherical if and only if the subgroup HUg C G s
O-spherical.

Proof. By Corollary and using the fact that O C ugl we have
H C G is O-spherical <= dim O Nt < dim O/2
«— dimON(h+u)t <dimO/2 < HUg C G is O-spherical.
O
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Lemma 2.2.13. Let = C v be a closed conical subset, and let X be a =-spherical algebraic Rg-
manifold. Embed Rg into G and consider the induced G-manifold G xg, X. Then G xgo X
18 also Z-spherical.
Proof. For any ¢ € ugL C g%, the fiber of ¢ under the moment map [Gxrg X is isomorphic to
G XRg f1x (). Thus

dim Né:lxRGx(E> = dim Ug + dim pi5}, () < dimUg + dim X = dim G Xg, X

O

2.3. Branching problems. Let H C G be an algebraic subgroup, and consider the subgroup
AH C G x H. Let O; C g* and Oy C b* be nilpotent orbits. In this subsection we study the
O; x O,- complexity of the G x H-space G x H/AH = G.

Theorem |B| gives the following immediate corollary.

Corollary 2.3.1. If Oy = Op for some parabolic subgroup P C G and Oy = Oq for some
parabolic subgroup Q C H then the following are equivalent
(i) G is Oy x Oy-spherical.
(i1) The set of double cosets P\G/Q is finite.
(i4i) G /P is Oy-spherical as an H-space.
(iv) G/Q is Oy-spherical as a G-space.

We would now like to obtain a version of this corollary in the case when only one of the
orbits is Richardson.

Proposition 2.3.2.
(i) If Oy = Op for some parabolic subgroup P C G then

0:(G/P) < ¢61.6,(G) < c;(G/P) — min_coy (G/P)

(it) If Oy = Ogq for some parabolic subgroup Q C H then
co;(G/Q) < 5,40, (G) < c57(G/Q) — O{né%CO§<H/Q)

Proof. For any two nilpotent orbits O} € O; and O} C O,, and denote
T (0}, 03) == {(¢,¥) € O x Oy |gly = ¥}

By Corollary applied to G =G x Hand H = AH C G/,

Proof of (i) Denote by v; the moment map T*(G/P) — g* and by v, the moment map
T*(G/P) — b*, which also equals the composition of vy with the restriction
g* — b*. Denote

def(0}, 0}) := v, 1(O)) Nvy 1(O}) — dim G /P — dim O} /2

Since the image of 1, equals Oy, we have

co,(G/P) = Jhax def(O}, O3)
1
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Denote

Sp :={(g. (¢,1)) € G x T(0},04) |g " -pep}.

Consider the natural projection Sp — T (0], O%). The dimension of the fiber of
any (¢, 1) € T(0O}, 03) equals

dim G, + dim O} N p* = dim G — dim O} + dim O} N p™ = dim G + co; (G/P) — dim O} /2
Thus we have
dim Sp = dim (0}, O}) 4 dim G + co, (G/P) — dim O} /2
We also have a natural map Sp — v; 1(0}) Ny ' (04) by
(9, (¢, ) = (9P, )

The dimension of every fiber is dim P, and thus
dim Sp = dimv; 1(O)) N vy *(0)) + dim P.
Altogether we get
co,x0,(G) = dim Y(0}, 03) — dim O} /2 — dim 0,/2 =
dim Sp — (dim G + co (G/P) — dim O} /2) — dim O} /2 — dim O)/2 =
dim ;' (0}) Ny 1 (04) + dim P — (dim G + coy (G/P) — dim O} /2) — dim O} /2 — dim O} /2 =
dim ;' (0)) Ny '(0}) — dim G/P — cor (G/P) — dim O} /2 = def(O}, 0}) — cor (G/P)

Thus we have

CO’1><O’2(G) + C()/1 (G/P) = def(O'l, 0/2)

Thus
o DX __Coyx0,(G) + min co(G/P) < max _ def(O},03) <
1C01,02C02 o C01 (e 14 CO1 (o4 COQ
max _ corxo,(G) + max co (G/P)
OiCOl,OéCOZ O/ C01
Thus
¢o,x0,(G) + min co;(G/P) < ¢5,(G/P) < ¢5,,0,(G)

0/ CO1

This implies the assertion.
Proof of (ii) We proceed in a similar way. Denote by p; the moment map 7*(G/Q) — g*.
Denote by g+ the orthogonal complement (annihilator) to q in g*, and by th the

restriction of g+ to h*, which also equals the orthogonal complement to q in h*.
Consider the natural map

n:Gxq- = T7(G/Q) given by (g, ¢) = (9Q.g ),
and let T :=n~'(x71(0})). Then dim T = dim x~*(0O}) + dim Q. Denote also
T(01,03) == {(g,¥) € T[ply € 05}
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For any (g, ) € T we have ¢y € g C Og, thus T = Uo,co; T(07, 03). Denote
d(0f, 0%) := dim T(0}, 03) — dim G — dim O/ /2
Since dim T = dim p~*(0) + dim Q and T = {Jo, 5, T(07, O3) we have
0, (G/Q) = max d(0}, 0})

2C02
Thus, as in the proof of , it is enough to show that
(1) d(07, 05) — CO’Q(H/Q) = CO’1><O’2<G)

For this purpose consider the map

¢ : T(0f,05) = 1(0,0%), (g.9) = (#,¢ly).
The image is T (0}, 05)NO) x (05Nqy ). Since the diagonal action of H preserves
T (0}, 0)), and commutes with the projection YT (O], Q%) — O}, all the fibers of
this projection are isomorphic. Thus we have

dim Y (07}, 05) N O] x (04 N gy ) = dim Y (0}, 0y) — dim O} + dim Oy N g =
dim Y(07}, 03) + co,(H/Q) — dim Oy /2.
Now, every non-empty fiber (7*(y, ) is isomorphic to G. Thus we have
dim T(0}, 03) = dim T (0}, 05) + co, (H/Q) — dim O5/2 + dim G,
and
d(0}, 05) = dim T(07}, O3) + co,(H/Q) — dim 05/2 + dim G — dim G — dim O} /2 =
coyx0,(G) + co,(H/Q)

This implies , which in turn implies the assertion.
U

Corollary 2.3.3.
(i) If O; = Op for some parabolic subgroup P C G and G is O; x Oy-spherical then G /P
is an Oq-spherical H-space.
(i) If O; = Op for some parabolic subgroup P C G and either all orbits O} C O, are
Richardson, or P is a Borel subgroup then
G is Oy x Os-spherical if and only if G/P is an Os-spherical H-space.
(iii) If Oy = Oq for some parabolic subgroup Q C H and G is Oy x Os-spherical then G/Q
is an Oy -spherical G-space.
(iv) If Oy = Ogq for some parabolic subgroup Q C H and either all orbits O) C 0, are

Richardson, or Q is a Borel subgroup then o
G is Oy x Ogy-spherical if and only if G/Q is an Oy-spherical G-space.

Proof. Parts (il) and follow immediately from Proposition q For Part (i) we note that

for any Richardson orbit Q! C Oy, co;(G/P) = 0 by Corollary [2.2.10, and if P is a Borel
subgroup of G then for any orbit O} C Oy, co; (G/P) = 0 by Proposition m Thus also
follows from Proposition The same arguments prove part (iv). O
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3. INVARIANT DISTRIBUTIONS AND D-MODULES

In sections |3 and {4] all the algebraic varieties and algebraic groups we will consider will be
defined over R. We will use boldface letters like X, G to denote these algebraic varieties and
groups, and the corresponding letters in regular font (like X, G) to denote their real points.
The Gothic letters (like g) will denote the complexified Lie algebras.

3.1. Preliminaries and notation.

3.1.1. D-modules. We will use the theory of D-modules on complex algebraic manifolds. We
will now recall some facts and notions that we will use. For a good introduction to the algebraic
theory of D-modules, we refer the reader to [Ber] and [Bor87]. For a short overview, see [AG09,
Appendix B]. By a D-module on a smooth algebraic variety X, we mean a quasi-coherent sheaf
of right modules over the sheaf Dx of algebras of algebraic differential operators. By a finitely
generated D-module on a smooth algebraic variety X we mean a coherent sheaf of right modules
over the sheaf Dx. Denote the category of Dx-modules by M(Dx).

For a smooth affine variety V, we denote D(V) := Dy (V). Note that the category M(Dy)
of D-modules on V is equivalent to the category of D(V)-modules. We will thus identify these
categories.

The algebra D(V) is equipped with a filtration which is called the geometric filtration and
defined by the degree of differential operators. The associated graded algebra with respect to
this filtration is the algebra O(T*V) of regular functions on the total space of the cotangent
bundle of V. This allows us to define the singular support of a finitely generated D-module M on
V in the following way. Choose a good filtration on M, i.e., a filtration such that the associated
graded module is a finitely-generated module over O(T*V), and define the singular support
SS(M) to be the support of this module. One can show that the singular support does not
depend on the choice of a good filtration on M. By Bernstein’s inequality, dim SS(M) > dim V.
If for every x € V we have dim, SS(M) = dim, V the module M is called holonomic.

3.1.2. Nuclear Fréchetspaces. For nuclear Fréchetspaces V and W, V ® W will denote the
completed projective tensor product and V* will denote the continuous linear dual, endowed
with the strong dual topology (see e.g. [Tre67), §50]).

Lemma 3.1.1 ([Tre67, (50.18) and (50.19]). (V@ W)* = V* @ W* and L(V,W) =2 V* W.

3.1.3. Schwartz functions and tempered distributions. We will use the theory of Schwartz func-
tions and tempered distributions on Nash manifolds, see e.g., [dCI91) [AGOg|. Nash manifolds
are smooth semi-algebraic manifolds, e.g. real points of algebraic manifolds defined over R.
This is the only type of Nash manifolds that appears in the current paper.

We denote the space of complex valued Schwartz functions on a Nash manifold Y by S(Y').
For a Nash bundle £ on Y, we denote its space of complexified Schwartz sections by S(X, E).
We denote by S*(Y) the (continuous) dual space to S(Y'), and call its elements tempered
distributions. Similarly, we denote S*(Y,€) := (S(Y,€))*. If £ is a vector bundle over an
algebraic manifold Y defined over R, we will also consider it as a Nash bundle over the Nash
manifold Y of real points of Y. For a Nash manifold Y we denote by Sy the sheaf of tempered
distributions on Y defined by S5 (U) := S*(U). For an algebraic manifold Y defined over R, we
will denote by S¢ the quasi-coherent sheaf defined by 8¢ (U) := S*(U). This is a sheaf of Dy-
modules. A distribution in §*(Y’) is called holonomic if it generates a holonomic Dy-module.
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Since this notion is local and is invariant with respect to linear transformations, it naturally
extends to elements of S*(Y, E).

Theorem 3.1.2 (Bernstein—Kashiwara, see e.g. [AGM16, Theorem 3.13], cf. [Kas83, Theorems
5.1.7 and 5.1.12)). Let Y be an algebraic manifold defined over R, and let M be a holonomic
Dy -module. Then the space of solutions Homp,, (M, S%) is finite-dimensional.

We will also need the following version of the Schwartz Kernel theorem.

Lemma 3.1.3 (See e.g. [AGI0, Corollary 2.6.3]). Let X and Y be Nash manifolds, and let &
and & be Nash bundles on them. Then

S(X xY, & KE)=S(X, &) @S, &)

3.1.4. Notation. Let X be the manifold of real points of an algebraic G-manifold X. We will
say that a G-equivariant bundle £ on X is a twisted algebraic G-bundle if there exists a finite-
dimensional (smooth) representation o of G and an algebraic G-bundle £ on X such that
E=¢8®o.

For any two-sided ideal I C U(g), denote by V(I) its associated variety, i.e. the closed conical
subset of g* defined to be the set of zeros of the symbols (in S(g)) of the elements of I. If [
intersects the center 3 of U(g) by an ideal of finite codimension then V(I) is known to be a
union of nilpotent orbits.

3.2. Holonomicity and finite-dimensionality of spaces of invariant distributions.

Theorem 3.2.1. Let I C U(g) be a two-sided ideal, and let V(I) C g* denote its associated
variety. Suppose that V(I) is a union of finitely many G-orbits. Let X,Y be V(I)-spherical
G-manifolds. Let &1, & be twisted algebraic G-bundles on X and Y respectively.

Let S*(X x Y, £, E)A¢ denote the subspace of S*(X x Y, EKEy) consisting of elements in-
variant under the diagonal action of g, and annihilated by the action of I on the first coordinate.
Then S*(X x Y, & R &)A% s finite-dimensional, and consists of holonomic distributions.

For the proof we will need the following straightforward statements.

Lemma 3.2.2. Let X be an algebraic manifold. Let € be a vector bundle over X, and let Ox ¢
be the locally free coherent sheaf of reqular sections of £. Then we have canonical isomorphisms
HOmDX(OX’g ®Ox Dx, 8;() = Hom@x((’)xf, S;() = S*<X, 8)

such that

(1) these isomorphisms are functorial on the groupoid of pairs (X, E).
(11) If a map ¢ € Homp, (Ox ¢ ®ox Dx, Sx) factors through a holonomic Dx-module then the
corresponding distribution in S*(X, &) is holonomic.

Corollary 3.2.3. Let an algebraic group G act on an algebraic manifold X. Let € be a twisted
algebraic G-bundle on X. Then we have an isomorphism of g-modules

HOIIlDX(OX,g ®Ox Dx, S;() = S*(X, 5)

Proof of Theorem[3.2.1. Consider N := Oxyyexe Q@ox,y Pxxy as a Dxxy-module equipped
with an action of g x g, and thus an action of U(g) ®cU(g). Let J C U(g) ®cU(g) be the ideal
generated by Ag and by I ® 1. Let M := N/JN. The right action of Dx,y on itself defines
Dx «y-module structures on N and on M.
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By Corollary the linear space S*(X x Y, & X &)2%! is isomorphic to the space of
solutions Homp, (M, Sx.v). The singular support of M lies in the preimage of

R = (V(I) x V(I)) N (Ag)*

under the moment map puxxy : 7" X x T*Y — g* x g*. For every point (z, —x) € R with orbit
O x O we have

dim g~ ({(z, —2)}) = dim %' (0) + dim p3' (0) — 2dim O < dim X 4+ dim Y — dim O.
Thus, dim = 1((0O x O) N Agt) < dimX x Y. Since R is a finite union of sets of the form
(0O x O)NAgt, we get that dim p~}(R) < dim X x Y, and thus M is holonomic. By Theorem

3.1.2| this implies that the space of solutions is finite-dimensional. By Lemma [3.2.2] the space
S*(X x Y, & K E)A% consists of holonomic distributions. O

4. REPRESENTATION THEORY
Throughout the section we fix a connected linear algebraic group G defined over R.

4.1. Preliminaries. We denote by Rep™(G) the category of smooth nuclear Fréchet repre-
sentations of G of moderate growth. This is essentially the same definition as in [dCI91] §1.4]
with the additional assumption that the representation spaces are nuclear (see . For
example, for any algebraic G-manifold X and any twisted algebraic G-bundle £ over X, the
representation S(X, £) lies in Rep™(G).

For any two-sided ideal I C U(g), and any representation II € Rep®, denote by II; € Rep™
the representation II/ITI, where ITI denotes the closure of the action of I.

For any Fréchetspace V, [dCI91, §1.2] defines the space of V-valued Schwartz functions
S(Y, V), and shows that the natural map S(Y)® V' — S(Y, V) is an isomorphism.

Definition 4.1.1. For a closed algebraic subgroup H C G and m € Rep™(H), we denote by
ind% () the Schwartz induction as in [ACI91, §2]. More precisely, in [dCI91] du Clouz considers
the space S(G, ) of Schwartz functions from G to the underlying space of w, and defines a map
from S(G, ) to the space C=(G, ) of all smooth T-valued functions on G by f +— f, where

@) Fla) = / w0l

and dh denotes a fived left-invariant measure on H. The Schwartz induction ind$(r) is defined
to be the image of this map. Note that ind$ (7) € Rep™(G).

Definition 4.1.2. For m € Rep™(G), denote by mg the space of coinvariants, i.e. quotient of
7w by the intersection of kernels of all G-invariant functionals. Ezxplicitly,

e =7/{r(g)v—v|vemr ge G}

Note that if G is connected then 7o = 7/gm which in turn is equal to the quotient of Hy(g, 7)
by the closure of zero.
We will need the following two versions of the Frobenius reciprocity for Schwartz induction.

Lemma 4.1.3 ([GGS17, Lemma 2.3.4]). Let p € Rep™(H), m € Rep™(G) and let 7* denote
the dual representation, endowed with the strong dual topology. Then

Homg (ind% (1), ) = Hompy (7, 765" 6¢),
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where 0y and g denote the modular functions of H and G.

Lemma 4.1.4 ([GGS21), Lemma 2.8]). Let 7 € Rep™(H), m € Rep™(G). Consider the diagonal
actions of H on © @1 and of G on 7 ®ind%(7). Then (7 ® 10505 ) i = (7 ® ind$ (1))

4.1.1. Admissible representations. Let us now define the category of representations to which
our main results apply. We will call such representations admissible and denote the category
of such representations by M(G). If G is reductive then we let M(G) C Rep™(G) be the
subcategory of finitely generated admissible representations (see [Wall92, §11.5]).

For a general G, fix a Levi decomposition G = M x U.

Definition 4.1.5. We call a representation m € Rep™(G) admissible if 7|y is admissible and
7 4s U(u)-finite, i.e. Annyy T has finite codimension in U(u).

Remark 4.1.6. This definition does not depend on the Levi decomposition.
The following proposition explains the structure of admissible representations of G.

Proposition 4.1.7. Any admissible 1 € M(G) admits a finite filtration with associated graded
pieces of the form m; ® x; where m; € M(M) (considered as a representation of G using the
projection G — M ) and x; are unitary characters of G.

Proof. Since |y, is admissible, it has finite length. Thus 7 also has finite length, and thus it is
enough to show that U acts by a unitary character on every irreducible 7 € M(G).

Since Anny 7 has finite codimension in ¢(u), the action of u on 7 is locally finite. Lie’s
theorem implies now that u acts by a character on a non-zero subspace of 7, and thus so does U.
Denote this character by ¢». We would like to show that v is G-invariant. Since U (u)/ Anng ) 7
is finite-dimensional, it has only finitely many simple modules. Therefore, there are only finitely
many v; with non-zero (u,1);)-eigenspaces in 7. We conclude that the G-orbit of ¢ is finite,
and thus 1 is fixed by g. Since G is connected, and the action of G on the space of characters
of u is algebraic, we get that ¢ is G-invariant. Hence so is the -eigenspace of u in 7. It is
easy to see that this space is closed, and thus it has to equal 7. We can extend 1 to G and get
7= (m®Y 1) @. Finally, it is easy to see that all moderate growth characters of unipotent
groups are unitary. [

The requirement that 7 is U (u)-finite implies that V(7r) C u* = m*. This, together with the
admissibility of 7|y, implies that V() is a finite union of G-orbits. Vice versa, the inclusion
V(m) C ut is also necessary to have finitely many orbits, by Proposition m

For any m € M(G), we define the contragredient representation by 7 := S(G)7*.

e~

Lemma 4.1.8. 7|y & (7|y)

Proof. We need to show that any M-smooth vector v € 7* is also G-smooth.

Step 1: Proof for the case when 7 is irreducible.
By Proposition we can write T = m ® 1, where m; € M(M) and v is a character.

Then v is infinitely differentiable under the action of G' on the Fréchet space 7/T|\]\/4 The
Dixmier-Malliavin theorem implies now that v is smooth, i.e. v € 7 = S(G)7*.
Step 2: Proof for the general case.

We prove by induction on the length of w. Let ¢ C 7 be a closed irreducible submodule
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and let vy := v|,. By the previous step we can write vy = > . g; * w; where g; € S(G),
w; € o and the sum is finite. By the Hahn-Banach theorem there exist w} € 7* s.t.
wi|, = w;. Let w:=wv—7>" g; *w]. It remains to show that w is G-smooth. It is easy
to see that w|, = 0. Hence the assertion follows from the induction assumption applied
to w/o.

O
The lemma implies that 7 = 7. From this and Lemma we obtain the following corollary.

Corollary 4.1.9. For any algebraic subgroup H C G and any 7 € M(H) and 7 € M(G) we
have

Homg(ind% 7, 7) = Homey 1 (S(G), m @ 705),
where G X H acts on G by left and right shifts.

Proof. Since S(G)ind$ 7 = ind$, 7, we have Homg (ind$ 7, 7) = Homg(ind$, 7, 7). By Lemma

[4.1.3] we have
Homg(ind$, 7, ) = Homg (ind% 7, 7*) 22 Hompy (7, 7| 505 0¢) = Hompy (7|, 7505 06)
Now we note that S(G) 22 ind$}” C and use Lemma again.
Hom (7|, 7657 0¢) = Homap (C, 7 @ 7705 0¢) = Homay iy (S(G), 7 @ 7%0,") =
> Homgy gy (S(G), 7 ® ngl/{)
O

Proposition 4.1.10 ([Cas89l Corollary 5.8]). Let K C M be a mazimal compact subgroup, and
let V be an (m, K)-module. Suppose that its annihilator Ann(V') C U(m) has finite codimension,
and that V' has finite multiplicities as a representation of K. Then V has finite length.

Definition 4.1.11. For any I, 7 € Rep™(G), we define the multiplicity of T in I as
m(m,7) := dim Homg (11, 7).
We say that T1 has finite multiplicities if m(I1, 7) is finite for every T € M(G).

For any g-module 7, denote by AnV(7) C g* the associated variety of the annihilator of M
in U(g), i.e. AnV(m) = V(Ann(n)).

If 7 € M(G), AnV(x) is a union of nilpotent orbits in m*. For any closed conical G-
invariant subset = C N (m*) C g*, denote by M=(G) C M(G) the subcategory consisting of
representations 7 with AnV(m) C =.

4.2. Main results. Fix a Levi decomposition G = MU, and let X be an algebraic G-manifold.
The natural projection p : g — m defines an embedding i : m* < g*. Let 3(m) denote the
center of U (m).

Theorem 4.2.1. Let I C U(g) be a two-sided ideal such that I Ng(m) is cofinite in 3(m), and
INU(u) is cofinite in U(u). Assume that X is V(I)-spherical, and let € be a twisted algebraic
G-equivariant vector bundle on X. Then S(X,E)r € M(G).
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Proof. We have §(X,€) € Rep™(G), and thus S(X, E); € Rep™(G). Thus, by the assumptions
on I, it is enough to show that S(X,&); € M(M).

Let K C M denote a maximal compact subgroup, and let K be the corresponding subgroup
of M. Since S(X, E); is 3(m)-finite, by Proposition it is enough to show that it has finite
multiplicities as a representation of K. Let £ denote the tensor product of the dual bundle to
& with the bundle of densities on X. Then S((X,&);)* = 8*(X,&")!. Fix a K-type p € K.

We have Homg (S(X, €)1, p*) < Homg (p, S*(X,£")!), and by Lemma [4.1.3) we have

Homg (p, S*(X, ') = Homg (d¢ ind$ p, S*(X, E)T)

Let £ be the twisted algebraic G-equivariant vector bundle on G/K such that ¢ ind% p =
S(G/K,&"). By Lemmas [3.1.1| and [3.1.3]

Homg (3¢ ind% p, S*(X,£)') = 8*(G/K x X,£" R )AC

Since I NU(u) is cofinite in U(u), we have V(I) C m*. Since I N 3(m) is cofinite in 3(m),
we further have V(I) € N (m*). By Corollary we obtain that M /K is a V(I)-spherical
M-manifold, which by Lemma implies that G/K is a V(I)-spherical G-manifold. By
Theorem [3.2.1] the space S*(G/K x X,E" K &')1AC is finite-dimensional. O

It is easy to see that the condition that I N 3(m) is cofinite in 3(m) does not depend on the
choice of the Levi decomposition.

Corollary 4.2.2. Let = C N(m*) be a closed conical subset. Assume that X is Z-spherical,
and let € be a twisted algebraic G-equivariant vector bundle on X. Then any 7 € Mz=(G) has
(at most) finite multiplicity in S(X,E ® o), i.e. dimHomg(S(X,E),7) < 0.

The corollary follows from Theorem by taking I := Ann(r).

Remark 4.2.3. Corollary stays true under a weaker assumption on w: it works for any
g-module w, such that V(m) C =, and the action of m on 7 integrates to an admissible repre-
sentation of M. Indeed, the argument in the proof of Theorem[{.2.1] shows that the assumption
V(m) C = implies that S(X,E) amn~ € M(M).
Corollary 4.2.4. If G is reductive and X is spherical then for every ideal J C 3(U(g)) of finite
codimension, S(X, E) g € M(G).
Corollary 4.2.5. Assume that G is reductive and let 11 € Rep™(G). Then the following are
equivalent

(1) 11 has finite multiplicities

(ii) For any ideal J C 3(U(g)) of finite codimension, Il g € M(G).
Proof. = () is obvious. For the implication ({)= denote I := JU(g). By Proposition
4.1.10]it is enough to show that any K-type has finite multiplicities in 11, since 1l is 3-finite
by construction. Let ¢ € K. Then by Lemma ,

0 R H[ = il’ld?(O' ®G H] = (ind?(()')] ®G H,

and to show that this is finite-dimensional it is enough to show that (ind% o); has finite length
(since IT has finite multiplicities). To show this it is again enough to show that every K-type
has finite multiplicities in it. Using the compactness of K and Lemma we have

Homg (p, (ind§ 0)7) = (p* ® (indf o)1)k = (ind§ p* ® (ind§ 0)1)e
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Since I is central, I x I acts on (ind% p* ® ind$ o)¢, and we have
(ind% p* @ (indf 0)1)¢ = ((ind p* @ indg o)) rxr
Since K is compact, we have
(ind% p* ® ind% 0)¢ = Homgx (p @ 0%, S(G x G/AG))

Altogether, we have Homg (p, (ind% o);) = Homgy g (p® 0%, S(G x G/AG) 1« 1), which is finite-
dimensional since S(G x G/AG)x; € M(G x G) by Corollary [1.2.4]
U

4.3. Applications to branching problems. Let H C G be an algebraic subgroup defined
over R. Let L denote the quotient of H by its unipotent radical, and let pr, : H — L denote
the projection.

Proposition 4.3.1. Let O; C m* and Oy C [* be nilpotent orbits. Suppose that one of the

following holds:

(a) G x H/AH is O; x Oy-spherical

(b) dim O N p, ' (0%) < (dim O + dim O})/2 for any O} C Oy and O} C O.

(c) O, = Op for some parabolic subgroup P C M, M/P is an Oy-spherical H-space, and
either P is a Borel subgroup of M or [m,m] is a product of Lie algebras of type A.

(d) Oy = Ogq for some parabolic subgroup Q C L, G /p.*(Q) is an O,-spherical G-space, and
either Q is a Borel subgroup of L or [, 1] is a product of Lie algebras of type A.

(e) Oy = Op for some parabolic subgroup P C G, Oy = Ogq for some parabolic subgroup
Q C H, and the set of double cosets Q\G/P is finite.

Then for every m € Mg-(G) and T € Mg, (H), we have

dim Hompy (7|g, 7) <

Proof. By Corollary [2.2.3[ and Lemma [2.2.12] conditions (a)) and (b)) are equivalent. By Corol-
lary- (¢) implies 15 By Corollary 2.3.3] conditions (d) and (d) also imply condition (a)),
since in Lie algebras of type A all nilpotent orblts are Richardson. We will thus assume that
@) holds.
By Corollary this implies that for every 7 € Mg(G) and 7 € Mg, (H), we have
dim Homgx g (S(G X H/AH),T/@S(;/G ®7T) < 00

Now we note that S(G'x H/AH) = ind 5 and by Frobenius reciprocity for Schwartz induction
(Lemma [4.1.3) we have:
Homgy (S(G x H/AH), 7 66 ® 7) = Homgy i (ind$ C, (1 ® 66)* @ 7) =
>~ (7" @ 1) =2 Hompy (7|g, T)
0J

Corollary 4.3.2. Let = C N (m*) be a closed G-invariant subset, and suppose that G/H is
=-spherical. Then for any 7 € Mz=(G) and any finite-dimensional T € M(H) we have

dim Hompg (7|g, 7) < 0o
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Corollary 4.3.3. Suppose that G is reductive, and that the unipotent radical V of H equals
the unipotent radical of a parabolic subgroup R C G. Let Q C L be a parabolic subgroup, and
suppose that Q is a spherical subgroup of R/V. Then for every T € MQ(H), the induction

ind% 7 has finite multiplicities.

Proof. By the assumption Q is a spherical subgroup of R/V. This implies that the parabol-
ically induced subgroup QV C G is also spherical. Thus that the condition of Proposi-
tion is satisfied for any Borel subgroup P € G . Thus for every 7 € M(G) we have
dim Hompg (7|, 7) < 0o. The corollary follows now from Corollary on Frobenius reci-
procity. 0

Proof of Corollary[G. In this corollary both G and H are reductive. Thus part follows from
the previous corollary by taking R = G. To prove part (i) we let Q C G be a Borel subgroup.
Then the condition (€] of Proposition is satisfied and the finiteness of multiplicities follows.

O

Proof of Example[]. Let G be GLg,, L’ C G be the Levi subgroup GL,, x GL,,, R = L'V be
the corresponding standard parabolic, L := AGL, C I/, and H = LV. Let Q C L be the
mirabolic subgroup. Then it is easy to see that Q is a spherical subgroup of L (this is also
shown in [MWZ99] and [Ste03]). By Corollary this implies that for every 7 € Mg (H),

the induction ind% 7 has finite multiplicities. O

APPENDIX A. PROOF OF PROPOSITION [2.1.1]

Let G be an algebraic group, U be its unipotent radical, and M = G/U.
For the proof we will need the following lemma.

Lemma A.0.1. Let V be an m-module, and let v € V be a non-zero vector such that there
exists a semi-simple s € m with sv = v. Then there exists a non-nilpotent t € m* that is
orthogonal to the stabilizer m,, of v.

Proof. Let [ :=m® C m denote the centralizer of s. We have a decomposition m = [ & ¢, where
t is the direct sum of all eigenspaces of ad(s) on m corresponding to non-zero eigenvalues. This
defines a dual decomposition m* = [* @ v*, with [* orthogonal to r. Under this decomposition,
an element t € [* is nilpotent as an element of [* if and only if it is nilpotent as an element
of m*. One can see this using an identification m = m* given by a non-degenerate invariant
quadratic form.

Since the adjoint action of s preserves m,,, we have a decomposition m, = [, @ t,. Thus it is
enough to find a non-nilpotent element ¢ € [* orthogonal to [,,.

Let ¢ denote the center of . We will prove more: there exists ¢ € [;- that does not lie in ¢*.
Suppose the contrary: [X C ¢t. But then ¢ C I,, which is not true since s € ¢ and s ¢ [,. O

Proof of Proposition [2.1.1. We will prove the proposition by induction on the depth of u. Let ¢
be the center of u. By the induction hypothesis, it is enough to prove that = C et. Assume the
contrary, and let O C = be an open orbit s.t. O ¢ ¢t. Let p: g* — ¢* denote the restriction.
We will consider the Lie algebra action of g on g*. For @ € g and v € g* we will denote the
result of this action by « - v. Since U acts trivially on ¢ and on ¢*, the action of G on ¢* factors
through M.



Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.
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For any y € p(O) there exists p, € ms.t. p, -y =v.

Let x € p~(y) N O, and let A := Span{x}. Since = is conical and O is open in =,
[N O is open in [. Thus x lies in the tangent space to O at x. Thus there exists some
a € gs.t. a-x =z Since p is G-equivariant, we have o -y = y, and thus p, -y = v,
where 1, is the projection of & to m = g/u.

For any y € p(O) there is a semi-simple s, € m s.t. s,-y = y. By semi-simple we mean
that s, acts semi-simply on any algebraic representation of M.

Let 1, be as in the previous step, and let p, = s, +n, be the Jordan decomposition
of p,. Since n,, acts nilpotently on ¢*, and the actions of s, and n, commute, we have
Sy Y=Y
For any y € p(O), there exists a non-nilpotent ¢, € m* such that O Np~!(y) is locally
invariant w.r.t. shifts in ¢,, i.e. for any 2 € O Np~*(y), we have ¢, € T,(O Np~'(y)).

Fix y € p(O). By the previous step and Lemma there exists a non-nilpotent
t, € m* orthogonal to the stabilizer of y in m. Let x € ONp~'(y). It is enough to show
that ¢ -2 > t,. Consider the map ¢, : ¢ — g* defined by ¢(a) := a - z. It is easy to
see that Im(¢) C m*. Thus we will consider ¢ as a map ¢ — m*. Let ¢) = ¢' : m — ¢*.
Then Im ¢ = (Kert)®. It is easy to see that ¢(a) = a - y. Thus Ker¢) = m,. Thus,
t, € (Kery)t =Im¢p =e-x.

For any y € p(O), there exists non-nilpotent ¢, € m* such that O N p~!(y) includes an
affine line in the direction of ¢, through any point 2 € O Np~!(y).

We take ¢, as in the previous case. Note that ONp~!(y) is an orbit of G, and thus is
smooth. Let N := (ONp~!(y))(C). We can consider t, as a constant vector filed on N.
Let x € N. The existence and uniqueness theorem for solutions of ODEs imply that
x + Ct, N N is open in z 4+ Ct,, and thus it is Zariski dense in x + Ct,,. Let L C p~*(y)
be the affine line through « in direction ¢,. We get that L NONp~Y(y) is Zariski dense
in L. But it is also closed there. Therefore LN O Np~t(y) = L.

There exists non-nilpotent to € O N m*.

Take y € p(O) and 2 € ONp~*(y). Let A := Span{z} and IT := Span{z,t,}. Since
= is conical and O is open in =, AN O is dense in A. Together with the previous step,
this implies that IIN O is dense in II. Therefore IT C O, and thus t, € O Nm*.
Contradiction.

The fact that O Nm* is conical and has finitely many orbits implies that it lies inside
the nilpotent cone of m*. This contradicts the previous step.

O

APPENDIX B. EXAMPLE OF STRICT INEQUALITY IN DEFINITION [A] - BY IDO KARSHON

Let W be a symplectic vector space of dimension 2n. Let G := Sp(W) x Sp(W & W) and

Then

He (0 () y)ce

i (-0 (e f)la=-ac=—Chca
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where A*, B*, and C* denote the conjugate operators w.r. to the symplectic form. Let O C
N (g*) be the product of minimal orbits of sp*(W) and sp*(W @ W). We identify g with g*
using the Killing form, and recall that the minimal orbit in the symplectic Lie algebra consists
of rank one operators of the form vv*, where v is a vector. Thus

aa* ab*

i L (nk % a
bt N0 = {(—(aa* + bb*), (ba* o

)) |a,b € W are colinear} C g

Thus dimht N O = dimW + 1, while dimO = 3dimW. Thus for dimW > 2 we have
dim bt N O < dim O/2, and thus, by Corollary 2.2.3, c¢5'(G/H) < 0.
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