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8. LECTURE 8. TATE-SEN THEOREMS.

[ would like to come back and discuss proofs of some
results about the field C' = C.

8.1. Basic results about the field C' = Cy.

Theorem 8.2. 1. Field C is algebraically closed.

2. Let H C Gal(K/K) be a closed subgroup and
L = K the corresponding subfield. Then C* = L -
the closure of the field L in the topology of C.
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8.3. Galois structure of the field K and its clo-
sure K ... One of the lessons we have seen from the con-
struction of the field Bpg was that a very important role
is played by the field K and its closure K. We will
discuss this in more detail.

Fix a p-adic field K. For every integer m > 0 consider
the group g, € K of roots of 1 of degree p™ and denote
by ;.;:;),,, the subset of primitive roots. We denote by f1,~
the union of the groups g, for all m.

We denote by K, the field extension K,, = K(p,m~
and by K, the union of all these fields.

Proposition 8.3.1. 1. For every m the field exten-
sion K,/ K is Galois and its Galois group is naturally
embedded into the group T,,, = Aut(pi-

2. The Galois group Gal(K./K) is a closed sub-
group of the group D = Aut(u) = Z,".

3. If K = Q, then embeddings in 1 and 2 are

isomorphisms.
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Fix a number m and consider the field K,, ¢ K.
We denote by D,, the Galois group D,, = Gal(K../K,,).
Let T,, be the subspace of elements x € K, such that
tri, (z) = 0.

Claim. We have canonical decomposition K. = K,,®
Ty.. This decomposition is invariant with respect to the
Galois group D,,.

In fact, this decomposition extends to the closure K, =



K,, ® T, and is invariant with respect to the action of the
Galois group H,,.
Theorem 8.4. Fix m > 0.

(i) The Galois group D,, is isomorphic to the group
L.

(ii) We have a canonical decomposition Koo = KB
T invariant with respect to the action of the group D,,

(i1i) Choose a topological generator d € D,,. Con-
sider the operator] = d—1 on K. Then the operator
[ annihilates K,, and is invertible on T .

&) Aore Lo
Tt b3

Kﬂbl/LW @ T

Rlv = 220 — jc
gy (M=o
BT, ¥ G=Csriy E ik o, s

1
M\/ (7‘5\;:// ) ‘—D’I;—W LN (')C}
'bé/ku,\
pi
£ —p" .
Ve o () =P
v [p =t



e L R o pesls by
Tretn el (foo fE) i< o ﬁmig%%f
e =

>

Lt A &Q@L@(
[ﬁoﬁu/‘%(/(/

VAN

Pep (k)

Mosd ® VMMB“’_? Fen, (el
W >N D

o rpeg, [ \s{u@z&/@)
iV stf%u/ﬂ’(/

bl yer (VN =/

We sy et v/ ps
Aeseo, X T ML
%’3;% Cop ety

—— T

\}/{ WW/L WL\ ‘éﬁ COLUZ\ .

S —
M%)é wvb/ Cetypne

Ctlon, t20c 0E Lo,

Adene et wte e

v m-—mﬂﬁh —-C’\‘AZ.—Q A




e e e
P _M,O/Aém/ww@
Q=G =K~ e 2T
Wou_ /&2@@,
. c/L
Lot g;,ﬁé;ﬁ.(?//c)
W =S sty oW L,
= é%/(%/éﬁﬂé /fe)
Syl PpopbSiim Aty tas,
pepoe v Frre GV &

oy Aetezet  wob L

GG vetay Sppac,

Pep, (6] =Pep 5F>
Fetp, (D= Pep,, (r)
S2ec e b co F/%
Vtp - of— T s (o & ey
N Pon e Voo

—_ e T~ T/ ’\_’_\\

N grep 2 =k

v M=

tt Ve (4] vz
it Ao X

C/Kt’ﬂ& a«mc’f’fﬁ/~
e, v Ceery ek

we st cagiley oy
[ N P



ey U

hle\—= MW €
fr/tul e &Ll A, )
Eorie o Aottt forgy

*P- W 1&/52)

BE LI )
(o B et (™
ﬁct l/ﬁ ——\\é-L'/t/{\A/)
(%) of kb= el » (e

e o Ao d) =
WW@M /u&owﬂ(%

k' (ke @uox V2%

—_— e — —

Sy /-
H [[_ él—// L,,j} :‘L)/'t (g_ s{gd//
5756‘721
4%& (5 &L{d. ICWJ_T[" (‘»/Q

e
—_—

Soes8,
H' LD eetot v )

lﬂ‘fr A G a
St g A, g

—

¢£~F —%&17//0( ;/(,@JJ(

Mecvnfor

&> =t (oA 2
Er- Zeue m

Lehnt &, <
/ ”ﬁm\é&%
7=l

WMW

e S~ e AR




A W\%
Aefev na S y(

() el (u, ,zwfj/

ez :a(\(\eﬁ«/a(//%\}
fr Swme 1o«

ReAtps b e B, g,

. stpalld Avlyy <

i 741—/1 Yy /[@”/C'MS,

\/(‘C[/.LZ/ Jo Y S y{\ [\/
o GG Bt
Mese 6 @ 1 = EL M )

e o }’“VM/LWAW/%‘_%
Q“—/‘&)V%mﬁ ’
¢ ~1r( 25;{_(&'1)72,18 .

&

Zr

Tota Lou T L)
X e, ~p “2 L % ()]

rlf%/@//c)g;%ﬁ&é

P & Mot (),

Sl e Ve,

N A (C\:aéf/bl,d)
CALYe A e a1y oy
0(12//&4%7/* nga(/%ﬁj

p%e/o\@ %/l/_fi @o/z,}/@e@%

>



