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Joseph Bernstein

April 16, 2018

Question 1
In this question we consider the Eisenstein series and its Fourier coefficients.

(a) Compute the Fourier transform
<1
— —2miz€)d
/_OO e exp(—2miz€)dz

of the function
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(b) Use this to compute the Fourier expansion
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where k is an even integer. You may use the identity (k) = (-1 )k/2+lB (QW) for even
k, where By, are Bernoulli’s numbers. Also recall that oj—1(n) =34, dk_l.

(c) Using the ﬁrst few values of By, By = 5, By = 30, Bg = 4% Bs =

By = 2730 , deduce the number theoretlc identities:
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where A = > 7(n)q" is the modular discriminant, normalized so that 7(1) = 1.

Question 2
In this question we consider Hecke operators and Euler products. Recall that the Hecke
operators are defined to act on periodic functions by:
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(a) Prove the identities:

Toin =TT, for (m,n) =1,

Ty =TTy — pk_lTp”—la

and use them to conclude that

T T, = Z rk_lT%n.

r|(m,n)

(b) Let f = > anq"™ be a Hecke cusp form (meaning that ap = 0 and there are numbers
Am such that T, f = A\, f). Assume that f is normalized so that a; = 1. Show that
am = Am, and prove that if Lf(s) =" a,n™* is the associated L-function, then

Ly(s) = (1 = xpp~ +pF1p72) 1.
p

(c) Using the fact that Hecke operators preserve cusp forms, prove that the modular
discriminant is a Hecke cusp form and show that if |7(n)| < O(n%“) then |7(p)| <
Qp%. Note that this implies that

k—1 k—1
Q=7+ p ) =(1-apz *)1-0,'pz %)

for some imaginary o,.

(d) What about Eisenstein series? Show that for k an even integer,

Lp,(s) = ——C(s)¢(s — (k — 1)) (1)

meaning that the L-function factorizes into two Dirichlet L-functions. Note that this
L-function ignores the first coefficient ag of the Fourier transform of the Eisenstein
series, and in particular is not exactly the Mellin transform of Ej (which diverges
badly).

Question 3
In this question we consider the Fourier coefficients of the modular discriminant. Define
the Eisenstein series Fo by:

4 o o
BEy(r)=1— 5 > o1(n)exp(2minT) =1 - 24 o1(n) exp(2minT).
n=1 n=1

We claim that Es has almost modular transformation properties:

By (Z:S) = (er + )P Bo(r) — eler +a), 2)

for all (Z Z) € SLy(Z). This can be proven using the properties of the associated L-

function (see equation (1))
Lp,(s) = —24¢(s)¢(s — 1)

as follows.

(a) We first need the auxiliary identity I'(s)I'(1 — s) sin(ws) = 7. You should try to prove
it (but it is not very related to modular forms).
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(b) Begin by showing that the completed L-function
Mg, (s) = (27) " °T'(s)LE,(s)
satisfies the functional equation:
Mg,(2 —s) = —Mg,(s).

(You may use the functional equation {(s) = 257~ 'I'(1 — s) sin(%5)((1 — s).)

(c) Let g be the auxiliary function
9(y) = Ex(iy) — L.
Show that for R(s) > 2,

ME,(s) = /Ooo g(y)ysiy-

Now, use the Mellin inversion formula, which means that
1 24e+i00
o) =i [ Moy s
2mi 2+e—1i00

(the path of integration needs to pass within the domain of absolute convergence) to
show that 1 ]
gW) + —59(1/y) =— Y. Res.(y°Mpg,)
4 y —e<RN(s)<2+¢

(d) Use the Taylor expansions ((s) = -5 + v+ ... and I'(s) = 2 — v + ..., together with
known values of I' and ( to show that:

6y
ﬂ_?

Z Res,(y*Mp,) = —1 — > +
—e<R(s)<2+e

and deduce equation (2) for (Z Z) = <(1) _01> and R(7) = 0, and hence for all of
SLy(Z) and all .

(e) Now, consider the modular eta function 7(7) = ¢'/?* H(l —¢"). Show that:
n=1

and deduce that n?* is a modular cusp form of weight 12. Conclude that A = 7?4, In
particular, using Euler’s pentagonal number theorem,

H(l _ xn) — Z (_1)kxk(3k—1)/2’
n=1 k=—o00

show that 7(n — 1) is the number of ways to represent n as a sum of 24 pentagonal
numbers, counted with signs.

Question 4
In this question we consider theta functions. Recall that 6(7) = > ¢

n2
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(a) Use the Poisson summation formula Z p(n) = Z $(n), where ¢ is a Schwartz func-
R nez nez
tion and ¢ is its Fourier transform, to show that:

o) = Zoto)

0 <_4:+1> = (=47 + 1)'/20(7).

(b) Conclude that

Finally, use these results and the periodicity of 6 to show that

0 (“E0) (@ er + ey
errd) X T T

whenever <(CL Z) € SLy(Z) and ¢ = 0 (mod 4), and where x(d) is the Dirichlet

character

x(d) =

1 ifd=1 (mod4)
—1 ifd=-1 (mod4)
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