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Abstract

We study the query complexity of testing monomials (resp., affine and linear subspaces) with
one-sided error. Actually, we consider three versions of each of these properties, and obtain the
following results regarding the query complexity of testing them with one-sided error.

1. The general version, in which the arity of the monomial (resp., co-dimension of the sub-
space) is not specified, has query complexity O(1/€), where e denotes the proximity pa-
rameter.

2. The bounded version, in which the arity of the monomial (resp., co-dimension of the
subspace) is upper bounded by a fixed parameter, has query complexity O(1/e).

3. The exact version, in which the arity of the monomial (resp., co-dimension of the subspace)

is required to equal a fixed parameter (e.g., equals 2), has query complexity Q(logn), where
n denotes the length of the argument for the tested function.

The running time of the testers in the positive results is linear in their query complexity.

A preliminary version of this work was posted as TR20-068 of EFCCC. The current version eliminates
some inaccuracies and provides a more detailed and clear exposition. In particular, Section 5 was
revised most extensively.

1 Introduction

Property testing refers to probabilistic algorithms of sub-linear complexity for deciding whether a
given object has a predetermined property or is far from any object having this property. Such
algorithms, called testers, obtain local views of the object by performing queries and their perfor-
mance guarantees are stated with respect to a distance measure that (combined with a distance
parameter) determines which objects are considered far from the property. Following most work in
this area, the distance measure we consider here is the Hamming distance (see Definition 2.1).

Consequently, testers are modeled as (randomized) oracle machines and their input is modeled
as a function to which the tester has an oracle access. In addition, these testers obtain explicit
inputs that specify the domain of the input function and a proximity parameter, denoted €. (The
tester is required to accept inputs that have the property and reject inputs that are e-far from the
property, where both requirements are probabilistic.)

*This research was partially supported by the Israel Science Foundation (grant No. 1146/18).



We focus on two main distinctions within the context of property testing. The first distinction
is between size-oblivious testers and more general testers, where size-oblivious means that the com-
plexity of the tester depends only on the proximity parameter. The second distinction is between
testers that have one-sided error and testers that have two-sided error, where testers of one-sided
error are required to always accept functions that have the property, while rejecting with probability
at least 2/3 any function that is e-far from the property (see Definition 2.1).

We consider several testing problems for which size-oblivious (two-sided error) testers are
known [12], and study the complexity of one-sided error testers for them. The problems we consider
are versions of the problems of testing monomials and testing affine spaces.

1.1 Testing Monomials

We say that a function f : {0,1}"™ — {0, 1} is a (monotone) k-monomial if there exists a k-set I C [n]
such that f(z) = \,c;xi. In this case, we say that f has arity k. We consider three version of the
problem of testing monomials (equiv., sets of monomials).

1. The general (unbounded) version: Here we consider the set of monomials of unspecified arity.

2. The bounded version: Here, for a fixed parameter k, we consider the set of all monomials
having arity at most k.

3. The exact version: Here, for a fixed parameter k, we consider the set of all k-monomials (i.e.,
the set of monomials of arity exactly k).

Note that when considering two-sided error testers, the three versions are essentially equivalent.
This is the case because, when given oracle access to a function f : {0,1}" — {0,1}, we can
estimate the density of f~!(1), whereas the density of this set determines the arity of f in case f
is a monomial.! Such an estimate cannot be obtained without error probability, which means that
the foregoing equivalence does not necessary hold in the context of size-oblivious one-sided error
testers. This raises the question of whether two-sided error is inherent to size-oblivious testers for
the various versions of the problem (cf. [8, Prob. 5.8]). Our first result is that two-sided error is
inherent in the case of the exact version.

Theorem 1.1 (one-sided error testing of k-monomials cannot be size-oblivious): For every k > 2,
one-sided error testing whether f : {0,1}" — {0,1} is a monomial that depends on exactly k
variables requires query complexity Q(logn).

Following the initial posting of this work, Bshouty [2] proved a lower bound of Q(klog(n/k)).
His result is tight, since exact learning k-monomials can be performed using klogn queries. We
stress that Theorem 1.1 refers to testing whether f is a monomial that depends on exactly k
variables. In fact, the proof shows that the lower bound applies also to the task of distinguishing
k-monomials from (k — 1)-monomials, when requiring that k-monomials are always accepted (i.e.,
the distinguisher has one-sided error).? In contrast, testing whether a function is a monomial that
depends on at most k variables does admit a size-oblivious one-sided error tester.

1The exact details are irrelevant at this point, and will become clear later on.
2The requirement k > 2 is also tight, since a 1-monomial can be distinguished from the all-one function (i.e., a
“0-monomial”) by querying the function at 0™.



Theorem 1.2 (one-sided error testing monomials of size at most k): For every k € [n], there
exists a 5(1/6)-time one-sided error tester for the set of all functions f : {0,1}" — {0,1} that are
monomials that depend on at most k variables, where the time bound refers to a model in which
basic operations on n-bit long strings can be performed in unit time.

We present two different approaches towards proving Theorem 1.2. Both approaches generalize the
dictatorship tester of Parnas, Ron, and Samorodnitsky [12], but do so in different ways. Recall
that the dictatorship tester proceeds in two steps: first testing that the function is linear, and then
testing (via self-correction) that the function satisfies the conjunction condition.

Our first approach is much simpler than the second one, but it yields a complexity bound that
is typically weaker. When testing monomials of arity at most k, we first test that the function
is a polynomial of degree at most k, and then applying the conjunction check to a self-corrected
version of the function (see details in Section 1.3.1).3 This approach yields a complexity bound of
O(1/€) + O(2%%), and relies on the work of [1], which post-dated [12].

Our main approach, which establishes Theorem 1.2, follows the original (two-step) strategy
of [12], as implemented in [9]. This strategy also generalizes the dictatorship tester of [12], but the
generalization is in a different direction. Specifically, rather than viewing a k-monomial as a special
type of a polynomial of degree k, we view it as representing a special type of (n — k)-dimensional
affine subspace (i.e., an axis-parallel affine subspace). Consequently, we first test whether the
function f describes an (n — k)-dimensional affine subspace, and then check whether this affine
subspace is of the right form (i.e., is a translation by 1™ of a linear subspace spanned by axis-
parallel vectors). This approach, outlined in Section 1.3.2, also allows us to prove the following
result.

Theorem 1.3 (one-sided error testing monomials of unbounded arity): There ezists a O(1/e€)-time
one-sided error tester for the set of all functions f : {0,1}" — {0,1} that are monomials, where
the time bound refers to a model in which basic operations on n-bit long strings can be performed
i unit time.

This result improves over a recent exp(l/e)-time (one-sided error) tester that was presented by
Filmus et al. [5] (see discussion in Section 1.4).4

1.2 Testing Affine and Linear Subspaces

The aforementioned main approach to testing monomials is based on the observation that f :
{0,1}* — {0,1} is a k-monomial if and only if f~1(1) is a translation by 1" of an axis-parallel
(n — k)-dimensional linear subspace; that is, if f~1(1) = {yG + 1" : y € {0,1}"%} for some
(n — k)-by-n full-rank matrix G that has k all-zero columns. Hence, our first step is testing
whether h(z) = f(z) + 1" describes an (n — k)-dimensional linear subspace (i.e., h=1(1) is an
(n — k)-dimensional linear subspace), and the second step is testing whether this linear subspace
is axis-parallel. As in the case of monomials, we consider all three versions of the first testing
problem; that is, the case that the co-dimension must equal k, the case that it is at most k, and
the case in which it is unspecified (or unbounded).

3Indeed, dictatorship is a 1-monomial (i.e., k = 1).
“We mention that Filmus et al. [5] analyze a specific tester (i.e., the “and”-test, which is called conjunction testing
in [3, 12]), and that they actually proved that this tester is a proximity oblivious tester.



We first mention that the proof of Theorem 1.1 implies that the lower bound holds for the
task of testing whether a function describes an (n — k)-dimensional linear subspace (i.e., the exact
version). Hence, we turn to the other two versions, and state them for any finite field (whereas the
application to testing monomials only uses the two-element field).

Theorem 1.4 (one-sided error testing of linear subspaces): For any finite field F, there exist
O(|F|/e)-time one-sided error testers for the following two properties.

1. The set of all functions f : F™ — {0,1} that describe linear subspaces.

2. For any k, the set of all functions f : F" — {0,1} that describe linear subspaces of co-
dimension at most k.

The time bound refers to a model in which basic operations on n-long sequences over F can be
performed in unit time.

Theorem 1.4 builds on the randomized reduction of testing linear subspaces of co-dimension at
most k to testing the linearity of related functions that range over F* U {1}, where L ¢ F* is a
special failure symbol. While the original reduction, as presented in [9], incurs a two-sided error,
we adapt it to a one-sided error reduction for the cases in Theorem 1.4. In addition, we use this
related function when testing that the linear subspace is axis-parallel (i.e., the second step). See
details in Section 1.3.2. (We mention that a version of Theorem 1.4 holds also for testing affine
subspaces.)

1.3 Techniques

Recall that when allowing two-sided error, all versions of both problems reduce to the exact version
problem. Specifically, testing monomials with proximity parameter € reduces to testing monomials
that depend on at most log,(1/€) variables with proximity parameter e, and the latter reduces
to testing k-monomials for & € [[logy(1/€)]]. An analogous statement holds for testing linear
subspaces. The observation underlying all these claims is that a k-monomial evaluates to 1 on a
27k fraction of the domain (resp., a (n — k)-dimensional linear subspace of F" has density |F|™").
Needless to say, we can easily approximate the density of 1-values (up to an additive error of ¢)
by a two-sided error algorithm (that makes O(1/¢) queries). In contrast, this is not possible when
using a one-sided error algorithm (since it is required to always answer correctly on inputs of a
specified density).

1.3.1 Testing Monomials of Bounded Arity Via Low Degree Testing

As hinted above, for the case of k =1 (a.k.a dictatorships) Parnas, Ron, and Samorodnitsky [12]
presented a one-sided error tester of query-complexity O(1/¢). It operates by first testing whether
the function is linear, and then checking whether its self-corrected version depends on a single
variable by performing a so-called conjunction test. Here we generalize this approach by first
testing whether the function is a polynomial of degree at most k, and then checking whether its
self-corrected version depends on at most k£ variable by performing the very same conjunction test.
It seems that this route was not taken in [12] because such low-degree testers (for functions over
GF(2)), let alone self-correctors, were not known at the time.



We obtain a self-corrector of low-degree polynomials over GF(2) by relying on the self-corrector
that is implicit in the analysis of the low-degree tester of Alon et al. [1]. We also use their tester for
the aforementioned first step, while setting its proximity parameter to €/ = min(e, 2_k_3). Under
this setting of parameters, their tester’s complexity is O(1/€') + O(2?#).5 The conjunction test is
repeated O(22%) times, while using a self-corrector of complexity O(2¥), which works for functions
that are 2~%3-close to having degree k. This explains our setting of ¢’. Hence, the resulting tester
has complexity O(1/¢) + O(23), and its analysis is detailed in Section 3.

The foregoing falls short of establishing Theorem 1.2, since the complexity is O(1/e) + O(2%F)
rather than O(1/€). (Note that we may assume, w.l.o.g., that € < 2%, but not that e < 273%.) A
tester of complexity O(1/e) is derived via the connection to linear subspaces as described next.

1.3.2 Testing Monomials and Linear Subspaces

We follow the original (two-step) strategy of [12], but build on its implementation in [9]. Specifically,
we first test whether the function describes an affine subspace of co-dimension at most k, and then
check whether this affine subspace is of the right form (i.e., is a translation by 1™ of a linear subspace
spanned by axis-parallel vectors). This establishes Part 2 of Theorem 1.4, and then Theorem 1.2.
(Part 1 of Theorem 1.4 and Theorem 1.3 are established as special cases (i.e., by setting k = n).)

Testing affine subspaces. While Parnas, Ron, and Samorodnitsky [12] derive a tester for linear
subspaces by generalizing the celebrated linearity tester of [4], Goldreich [9] reduces the former task
to testing the linearity of a related function. Specifically, testing whether a function h : F™ — {0,1}
describes an (n — k)-dimensional linear subspace is reduced to testing whether a related function
g:F" — FFU{L} is linear, where the symbol L ¢ F* is in the image of g only when h does not
describe an (n — k)-dimensional linear subspace. We briefly review this (two-sided error) reduction
and the problems that arise when seeking a one-sided error tester.

Intuitively, when H = h~1(1) is an (n — k)-dimensional linear subspace and V is a basis of the
linear subspace that complements H, the function g = gg v (z) : F* — F¥ U {1} is defined such
that gg,v(x) identifies the unique coset in which x resides; that is, ggv(z) = cif x +cV € H. This
definition is applicable also when H is arbitrary, provided that ¢V & H holds for every ¢ € F*\ {0*},
except that in the general case the set {c € F* : x+¢cV € H} may not be a singleton; in such a case,
we define gy (z) = L. It turns out that if H is an (n — k)-dimensional linear subspace, then gg v
is linear (for any V' as above); whereas if H is e-far from any (n — k)-dimensional linear subspace,
then gp v is e-far from linear [9, Clm. 3.4]. This allows to reduce testing (n — k)-dimensional linear
subspaces to testing linearity of functions, provided we can find a suitable V' (i.e., such that ¢V ¢ H
holds for every ¢ € F*\ {0F}).

Finding a suitable V' is the main source of the two-sided error in the tester of [9]. Furthermore,
the tester of [9] is given the parameter k (i.e., it tests linear subspaces of a specific co-dimension
k), whereas our goal is testing linear subspaces of arbitrary dimension. Our solution is to increase
k along with the dimension of V' by iteratively trying to find vectors that are not spanned by the
current V. Unlike in [9], we do not reject when failing to find a suitable V' of a given dimension,
but reject only when encountering evidence that H cannot be a linear subspace. (Indeed, in the
“bounded dimension” version, we may also reject if the dimension of V' exceeds the given bound.)

®The more sophisticated analysis of [11], asserting a bound of O(2*/€’) is not significantly better (if at all) under
this setting of parameters.



Specifically, we perform the test in iterations, starting with £ = 0 and ending at k =t def

log|£(2/€), where in each iteration we test whether h describes an (n — k)-dimensional linear
subspace by testing the corresponding gg vy for linearity (where V' is of dimension k). A negative
answer may leads us to either reject or augment the current basis V' by one vector (i.e., a vector
neither in H nor spanned by V), where we reject only when finding evidence that H = h~1(1)
is not a linear subspace. We can afford stopping at the end of iteration k¥ = t by relying on the
following dichotomy (and an auxiliary test):

e On the one hand, as shown in Claim 4.6, if h is e-far from any (n — (¢ 4+ 1))-dimensional
linear subspace and V' is a (¢ + 1)-by-n full-rank matrix (such that ¢V ¢ H holds for every
c € FF\ {0%}), then we can easily find an  such that |[{c € F**1 iz +cV € H}| > 1

e On the other hand, as implied by Claim 4.5, no such z (i.e., x such that [{c € F'*l: 2 +cV €
H}| > 1) exists if H is a linear subspace (and V is a (t 4+ 1)-by-n full-rank matrix such that
¢V & H holds for every ¢ € F*\ {0%}).

Hence, if in iteration k =t we obtain a (¢ 4+ 1)-by-n matrix V', then we try to find such an z (i.e.,
x such that [{c € F**1 : 2+ ¢V € H}| > 1), and reject if and only if it is found.

The foregoing outline (which is implemented in Section 4.1) yields a tester of query complexity
O(|F|**1 /€), where the complexity is dominated by the complexity of testing linearity of the function
guy @ F* — FH U {1} with proximity parameter e. Recall that the value of gg v (z) is defined
based on the value of h on the set {x + ¢V : ¢ € F*1}. The efficiency improvement, presented
in Section 4.2, follows the strategy of [9, Sec. 3.3], and replaces the linearity testing of ggy with
proximity parameter € by a two-step process. In the first step, we test the linearity of gy with
constant (say 0.1) proximity parameter (in a straightforward manner). In the second step, we check
whether the self-corrected version of gg 1, denoted ¢, is e-close to being consistent with H (i.e.,
g (x) = 0L iff h(z) = 1). Here, we use a sample of O(1/¢) pairwise independent points, which
allows for determining the value of ¢’ at all these points based on the value of ¢’ on O(log(1/¢))
points (cf. [10]).

Testing axis-parallel linear subspace. The function g = gpy plays a major role also in
our testing that H = h~!(1) is an axis-parallel subspace, assuming that H is a linear subspace.
Specifically, g is used in order to self-correct h, which is needed when A is only close to describing
a linear subspace. Recall that, in the case that H is an (n — k)-dimensional subspace, it holds
that h(xz) = 1 if and only if g(z) = 0F. Hence, we self-correct h at z € F™ by selecting uniformly
r € F" and using the value g(x 4 r) — g(r). (We slightly abuse the term self-correction, since h is
“self-corrected” based on g; however, this is not a big abuse since g is defined and computed based
on h.)

The key observation here is that the (n — k)-dimensional linear subspace described by h is axis-
parallel if and only if there are at most k pairwise disjoint vectors on which h evaluates to 0, where
two vectors u,w € {0,1}" are called disjoint if {i € [n] : u;=1}N{i € [n] : w;=1} = 0. Equivalently,
the (n—k)-dimensional linear subspace H = h~!(1) is not axis-parallel if and only if 7\ H contains
more than k pairwise disjoint vectors. Furthermore, if H is axis-parallel, then any non-zero linear
combination of the foregoing k vectors resides outside of H (see Claim 5.2), and so these vectors
constitute a basis, denoted V', of the subspace that complements H.

Hence, we test whether H is axis-parallel by trying to find as many disjoint vectors outside H
as possible, check whether all their non-zero linear combinations are outside H, and finally check



that the function gy defined by the corresponding basis V' is linear. Note that violation of the
first condition yields a witness that H is not axis-parallel, whereas violation of the second condition
implies that H is not a linear subspace (although we already verified that it is close to one). We
stress that V' (equiv., gi,v) is used only for self-correcting h.

Digest. As in [9], the function g = gg v plays a key role in several places in our strategy. Not
only that testing whether h describes a linear space is reduced to testing the linearity of g, but
rather g allows to self-correct h, which is something that seems infeasible with h itself. Specifically,
if g is close to a linear function ¢’, then we can recover the value of ¢’ at any desired point by
querying g at two random (but related) points, which in turn yields the value of A’ that describes
a linear subspace that is close to h=1(1). The self-correction of g plays a pivotal role both in the
tester for axis-parallel linear subspaces and in the efficiency improvement for both this tester and
the tester for general linear subspace.

Comparison to the testers of [9]. The foregoing one-sided error testers, presented in Sections 4
and 5, are related to the two-sided error testers presented in [9]. The crucial difference is that we
cannot afford to reject unless we see a definite violation of the tested property. This means that,
unlike [9], we cannot have size-oblivious testers for the exact parameter version (see Theorem 1.1),
and our testers are for the bounded and unbounded versions (see Theorems 1.2-1.4). Consequently,
rather than working with a single function gp y/, we work with a sequence of functions that corre-
spond to a sequence of matrices V’s of increased rank. The new elements introduced to cope with
the new situation are (i) the augmentation of V' with a new row (in each iteration in Section 4)
and (ii) the replacement of V' with a new basis of disjoint vectors (in Section 5).

1.3.3 A Lower Bound on the Complexity of Testing k-Monomials

In contrast to the foregoing results, which refer to testing monomials of unbounded or bounded arity
(resp., linear subspaces of unbounded or bounded co-dimension), we show that, for every k > 2,
testing k-monomials (resp., linear subspaces of co-dimension exactly k), has higher complexity,
where all results refer to one-sided error testing. The lower bound is proved by showing that no
algorithm of query complexity ¢ = o(logn/loglogn) can always accept any 2-monomial, and yet
reject a random 1-monomial with probability at least 1/2. (Note that any 1-monomial is at distance
1/4 from the set of 2-monomials.)

We prove the foregoing claim by presenting a random process that interacts with the potential
g-query algorithm, and selects a 1-monomial on-the-fly in response to these queries. Specifically,
the process proceeds in ¢ iterations, such that in each iteration it answers one query, while limiting
the set of consistent 1-monomials (see Construction 6.1.1). This is done such that the outcome of
the process (i.e., a uniformly distributed 1-monomial) is independent of the strategy employed by
the algorithm (see Claim 6.1.3), The key observation is that as long as this set contains more than
one element, the answers provided so far are consistent with some 2-monomial. We show that the
latter event occurs with high probability (see Claim 6.1.4), and in this case the algorithm must
accept (per the one-sided error requirement). Hence, with high probability, the g-query algorithm
accepts a random 1-monomial.



1.4 More on Related Work

As mentioned above, the problem of testing whether a Boolean function is a (monotone) k-monomial
was first studied by Parnas, Ron, and Samorodnitsky [12]. They provided an O(1/¢)-time two-sided
error tester for this property, and en route also provide a similar result for testing affine and linear
subspaces. The tester that they presented generalizes their tester of dictatorship (i.e., the case
k = 1), and its analysis mimics and extends the case of k = 1. Specifically, they follow the same
two-step strategy and use analogous arguments at each step.

An alternative approach is taken in [9], where the first step of [12] is replaced by a reduction of
testing (n — k)-dimensional linear subspaces to the testing the linearity of a related function, and
the second step is replaced by testing that this function depends on k variables. This yielded a
O(1/e)-time two-sided error tester for both properties.

In contrast to the foregoing works that yield two-sided error testers, a exp(1/e)-time one-sided
error tester for monomials was recently provided by Filmus et al. [5]. They focus on analyzing
the conjunction test (which picks two strings and compares the value of the function on them to
the value of the function on the bit-by-bit conjunction of the two strings), and show that it is a
proximity oblivious test with rejection probability that is independent of the size of the function
(cf. [8, Def. 1.7]): While any monomial passes this test with probability 1, any function that is J-far
from any monomial is rejected with probability at least exp(—1/9).

1.5 Organization

In Section 2 we recall the standard definition of property testing and formally define the main
properties considered in this paper (i.e., monomials, affine subspaces, and linear functions). The
simple tester for monomials that is based on low degree tests is presented in Section 3. The reduction
of testing affine subspaces to testing linearity of functions is presented in Section 4, whereas the
problem of testing monomials is considered in Section 5. Lastly, in Section 6 we present the lower
bound asserted in Theorem 1.1.

2 Preliminaries

We assume that the reader is familiar with the basic definition of property testing (see, e.g., [8]),
but for sake of good order we reproduce it here. The basic definition refers to functions with domain
D and range R.

Definition 2.1 (a tester for property II): Let II be a set of functions of the form f : D — R.
A tester for I is a probabilistic oracle machine, denoted T, that, on input a proximity parameter ¢
and oracle access to a function f: D— R, outputs a binary verdict that satisfies the following two
conditions.

1. T accepts inputs in IT: For every € > 0, and for every f € 11, it holds that Pr[T/(e)=1] > 2/3.

2. T rejects inputs that are e-far from II: For every e > 0, and for every function f : D— R that
is e-far from II it holds that Pr[T7(e)=0] > 2/3, where f is e-far from II if for every g € I
it holds that |{zx€ D : f(z)#g(x)} > €-|D|.

If the first condition holds with probability 1 (i.e., Pr[Tf(e) = 1] = 1), then we say that T has
one-sided error; otherwise, we say that T has two-sided error.



We focus on the query complexity of such testers, while viewing |D| as an additional parameter.
We seek testers of query complexity that is independent of |D|, which means that the complexity
will be a function of the proximity parameter e only.

Specific properties. The properties we shall consider refer to functions over the domain F",
where F is a finite field.

Definition 2.2 (affine subspaces): For fized k,n € N and a finite field F, we say that the function
f: F*—1{0,1} describes an (n — k)-dimensional affine subspace if f~1(1) = {x € F": f(z)=1} is
an (n—k)-dimensional affine subspace; that is, f~'(1) = {yG+s:y € F"F}, where G € Fn—k)xn
is an (n — k)-by-n full-rank matriz and s € F™*. When s = 0", the described subspace is linear.

We mention that, for 7 = GF(2), the set of k-monomials (see Definition 2.4 below) coincides with
the set of functions that describe (n — k)-dimensional affine subspaces that are spanned by unit
vectors (i.e., the rows of the matrix G are unit vectors).

Definition 2.3 (linear functions): For fized k,n € N and a finite field F, we say that g : F* — FF*
is linear if g(ax + By) = ag(x) + Bg(y) for all x,y € F™ and all o, f € F. Equivalently, g(z) = zT
for a n-by-k matrix T over F. We say that f is affine if f(z) = f(2) + s for a linear function f’
and some s € FF.

When k£ = 1 and F = GF(2) = {0,1}, it holds that f : F* — {0,1} describes an (n — k)-
dimensional affine subspace (resp., linear subspace) if and only if f is a non-constant affine function
(resp., f + 1 is a non-constant linear function). However, in all other cases, this does not hold;
in particular, for other fields, a non-constant affine function must range over F rather than over
{0,1}; whereas, for F = GF(2) and k > 1, the densities do not match (i.e., an (n — k)-dimensional
affine subspace over GF(2) has density 27%, but f~!(1) has density 1/2 for any non-constant affine
function f: GF(2)" — GF(2)).

Definition 2.4 (monomial and monotone monomial): A Boolean function f : {0,1}" — {0,1}
is called a k-monomial if for some k-subset I C [n] and 0 = o1---0, € {0,1}" it holds f(x) =
Nier(x; @ ;). It is called a monotone k-monomial if o = 0".

Indeed, the definitions of (general and monotone) 1-monomials coincide with the notions of (general
and monotone) dictatorships. We focus on the task of testing monotone k-monomials, while recall-
ing that the task of testing k-monomials is reducible to it (see [12] or [8, Sec. 5.2.2.1]).6 (A similar
reduction holds when k is not specified (resp., when k is upper-bounded by a given parameter).)

Testing linearity of functions. As is well known, the celebrated linearity tester of Blum, Luby
and Rubinfeld [4] is actually a tester of homomorphism between groups. Actually, linearity of
functions that map one vector space to another vector space, when both vector spaces are over the
same prime field, is a special case of group homomorphism. Specifically, for fixed k,n € N and
a finite field F, the foregoing tester is a tester for the set of functions g : F* — F* that satisfy
gz +y) = g(x)+ g(y) for all z,y € F™. In the special case that F is a field of prime order, this

5The reduction in [8, Sec. 5.2.2.1] has two-sided error, since it rejects in case it does not find an element in f~*(1).
However, by accepting in such an unlikely case, we derive a one-sided error reduction.



implies that g is linear (per Definition 2.3) since scalar product by a € F corresponds « additions.
In contrast, if 7 = GF(p™) for some m > 1, then g : F — F may not be linear and yet satisfy
g(z+y) = g(x)+g(y) (e.g., for p = 2, it holds that g(x) = x? satisfies g(z+y) = 2?+y? = g(x)+g(y),
but g(az) = a?g(z) # ag(zx) in general). In this case, low-degree tests for large fields will do. Note
that, in the special case of total degree 1, the standard low-degree test of [14] amounts to querying
the function f : F" — F on z,y and x + v - (y — =) such that (z,y) is uniformly distributed in
F™ x F™ and ~y is uniformly distributed in F. Nevertheless, for sake of simplicity, we will assume
in the sequel that F is a prime field, and use the tester of [4], which queries the function on two
random random points as well as on their sum.

Conventions. When writing Pr,[event(x)] we refer to the case that x is selected uniformly in
a set that is clear from the context; we sometimes spell out this set by writing Pr,cg[event(z)].
For sake of simplicity, we often use the phrase “with high probability” (abbrev., “w.h.p.”), which
mean that we can obtain arbitrary high constant probability smaller 1 (e.g., 0.99). The image of a
function f : D — R is the set {f(e) : e€ D} C R. The symbol L denotes a special symbol that is
not in F*.

We view F and n as parameters, and when using O-notation we refer to universal constants
that are independent of F and n. However, when stating time-complexity bounds, we shall assume
that basic operations on elements of F™ (e.g., addition, selection of a random element, etc) can be
performed at unit cost. For simplicity, we present all algorithms for fixed F and n, although all
algorithms can actually take these parameters as inputs.

3 Testing Monomials via Low Degree Testing

In this section we describe a one-sided error testing algorithm for the property of being a (monotone)
monomial of arity at most k, where k is a given integer parameter. This algorithm generalizes the
algorithm presented in [12] for the case of k = 1 (i.e., singleton/dictatorship functions). We start
with a short high-level description, and then give the precise details.

For fixed n, we consider Boolean functions over n variable. Let Mc; denote the class of
monotone monomials with at most £ variables, and P<j, denote the class of polynomials of degree
at most k over GF(2); indeed, M« C P<i, since we associate {0,1} with GF(2) (and A with
multiplication). Actually, following [1], we define P<j to contain only polynomials of degree at
most k that evaluate to 0 on 0"; that is, f € P<j, implies f(0™) = 0. Hence, f € P<y, if and only if
f = >ic; M; such that each M; is in M«

Given f:{0,1}" — {0, 1}, we shall test whether f € M« in two steps. First, we test whether
f € P<k, by using the one-sided error tester of [1], and reject if this tester rejects. Otherwise,
we may assume that f is very close to P<j, and in that case we can self-correct f by using the
self-correction procedure that is implicit in the analysis of the tester of [1]. Using this self-correction
procedure, we invoke the conjunction test of [12]. That is, letting g denote the self-corrected version
of f, the second step essentially consists of selecting uniformly z,y € {0,1}" and checking whether
g(x) Ng(y) = g(z A y), where z = x Ay is the bit-by-bit conjunction of x and y (i.e., z; = z; A y;
for each i € [n]).
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3.1 Background

In light of the foregoing, we start by citing two results of [1].

Theorem 3.1 ([1, Thm. 1]): For every k, there exists a one-sided error tester TestPoly, for P<j
of time and query complexity O(1/e + k - 22%),

Lemma 3.2 (implicit in the proof of [1, Thm. 1]): For every k, there exists a procedure SelfCor-
rectPoly that given x € {0,1}" and oracle access to a function f : {0,1}" — {0,1} makes O(2F)
queries and returns a value, denoted SelfCorrectPonf(m), that satisfies the following conditions.

1. If f is 27% 3-close to g € P<y, then SelfCorrectPoly/ (z) = g(x) with probability at least 2/3.
2. If f € P<, then SelfCorrectPolyf () = f(x) always holds.

A proof of Lemma 3.2 that only relies on explicit results of [1] can be found in Appendix A.2. We
shall also make use of the following fact (which generalizes [12, Clm 2], where it is stated for k = 1).

Claim 3.3 (analysis of the conjunction test): For k > 1, suppose that g : {0,1}" — {0,1} belongs
to P<j, \ M<y. Then, Pr[g(z Ay) = g(z) Ag(y)] <1— 272

We comment that the inequality in Claim 3.3 is quite tight; specifically, the function g(z) =

Z1-+- 2k + 22 - 241 18 accepted with probability greater than 1 — 2~ (2k-2)

Proof: It is instructive to move to the arithmetics of GF(2), and consider the equation
9@y, -y Tpyn) = g(@1, s Tn) - G(Y1,5 -, Yn),

where x1,...,Zpn, Y1, ..., yn € GF(2). In this case g has the form Zie[t] M; such that ¢ > 2 and the
M;’s are different products of at most k£ variables. Hence, the equation refers to the equality of
two distinct polynomials that are each of degree 2k (i.e., g(z1y1, ... ZpYn) = 3 ey Mi(21, .., Tn) -
M;(y1, ..., yn), whereas g(x1, ..., Zpn)  g(Y1, o, Yn) = Zi,je[t] M;(x1,...;xn) - Mj(y1, ..., yn)). The claim

follows by the Schwartz—Zippel Lemma for binary fields (see, e.g., [8, Exer. 5.1]). W
3.2 The Actual Tester

On input parameters k and €, and query access to a function f, the testing algorithm, denoted
TestMon, proceeds as follows:

1. Run the (low degree) tester TestPoly, on f with proximity parameter ¢ = min(e, 27%73). If
this tester rejects, then TestMon rejects (and terminates).

2. Repeat the following conjunction test (at most) O(2%) times.

(a) Select z,y € {0,1}", uniformly, independently at random.

(b) Using self-correction on f, compute

/
by <« SelfCorrectPolyy, ()
b, <+ SeIfCorrectPoné(k) (y)

bany SeIfCorrectPolyé(k)(x/\y),
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where SelfCorrectPon{(z) denotes invoking SelfCorrectPoly”(z) for ¢ times and taking a
majority vote.

(c) If byny # by A by, then output reject.
3. Output accept.
The query complexity of TestMon is O(1/¢ + k- 2%%) + O(2%¢) - O(k - 2F) = O(1 /e + k - 23F).
Theorem 3.4 For any given integer parameter k, TestMon is a one-sided error tester for M.

Proof: We first consider the case that f € M<y. Since M« C P<j and TestPoly, has one-sided
error, f passes the first step of the algorithm with probability 1. By Part 2 of Lemma 3.2, f also
passes the second step with probability 1, and is hence accepted.

We thus turn to the case that f is e-far from M. If f is €/-far from P<, then it is rejected with
probability at least 2/3 in Step 1. Hence, we assume from this point on that f is €-close to P<y,
and so it satisfies the hypothesis of Part 1 of Lemma 3.2; that is, letting g € P<j, be €¢/-close to f, it
follows that Pr[SelfCorrectPoly/ (z)=g(z)] > 2/3 for every z € {0,1}". Since f is e-far from My,
and € > €, it follows that g € (P<x \ M<). Combining Pr[SeIfCorrectPoné(k) (z)#£g(x)] < 272k3
with Claim 3.3, we infer that in each invocation of the conjunction test (i.e., Step 2), with probability
at least 272F —3.272k=3 > 9-2k+1 gyer the choice of z,y and the coin tosses of SelfCorrectPoly
the following events occur

L g(z) Ag(y) # g(z At),

2. ba: = g($)7 by = g(y)7 and bmAy - g(:):/\y)

Hence, each invocation of the conjunction test (i.e. Step 2) rejects with probability at least 272F~1,
Recalling that the conjunction test (i.e. Step 2) is invoked O(2%%) times, the claim follows. Il

4 Testing Affine and Linear Subspaces

We start by restating the problem. For a finite field F and a natural number n, we are given access
to a function h : F* — {0,1} and wish to test whether h~1(1) is an affine subspace. We do so by
reducing this problem to testing linearity of a function that is related to h. Actually, we present
two reductions: The first (and simpler) reduction increases the complexities by a factor of O(1/e),
whereas the second reduction only incurs an overhead of O(log(1/¢€)). The first reduction (presented
in Section 4.1) will be used as a subroutine in the second reduction (presented in Section 4.2).

Both reductions are obtained by modifications of the reductions in [9, Sec. 3]. Recall that,
unlike in [9], here we are not given the claimed dimension of the subspace nor do we need to verify
it. On the other hand, we are required to always accept yes-instances (i.e., have one-sided error).

As in [9], we simplify the presentation by first reducing the problem of testing affine subspaces to
testing linear subspaces. The following reduction is different from the one presented in [9, Clm. 3.2],
which has a two-sided error probability.

Claim 4.1 (reducing to the linear case): Testing whether a function h : F™ — {0,1} describes an
affine subspace can be randomly reduced to testing whether a function h' : F™* — {0,1} describes a
linear subspace, where the reduction introduces an additive overhead of O(1/€) queries and preserves
one-sided error.
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Proof: On input parameter ¢ > 0 and oracle access to h, we proceed as follows.

1. We select uniformly a sample of O(1/¢) points in F™. If h evaluates to 0 on all these points,
then we accept. Otherwise, let u be a point in this sample such that h(u) = 1.

2. We invoke the tester for linear subspaces on input parameter e and oracle access to h’' defined

by h'(z) def h(z + ), and output its verdict. That is, each query x to h' is emulated by

making the query = + u to h.

The overhead of the reduction is due to Step 1, whereas in Step 2 we just invoke the tester for the
special case.

If h describes an affine subspace, then either Step 1 finds u € h=1(1) or it accepts. In the former
case, the function b’ (i.e., h'(z) = h(z +u)) describes the linear subspace H’ def {z:h(z+u)=1} =
h71(1) —u. (Indeed, if h=1(1) = {yG +s:y € F*~*} for a matrix G and a vector s, then u = 2G + s
for some z € F* % and H' = {yG + 5 —u:y € F* %} = {wG:we F*F})

On the other hand, if h is e-far from being an affine subspace, then it must be that |[h=1(1)] >
e |F|" (or else h is e-close to describing the empty linear subspace). Hence, with high probability,

Step 1 finds some u € h~1(1). But in this case &’ (which was defined by h/(x) o h(z + u)) must
be e-far from describing a linear subspace.” Hence, in this case (i.e., A’ is e-far from describing a
linear subspace), Step 2 rejects with high probability. [l

4.1 The First Reduction

We follow the strategy of [9, Sec. 3.2], except that we refrain from rejection based on statistical
evidence. Needless to say, this complicates the algorithms and their analysis. In particular, this
requires an iterative process, which gradually increases the dimension of a basis of a subspace that
contains no point of h=1(1) \ {0"}; each iteration either accepts or augments the basis or finds a
witness for non-linearity of h=1(1). (In contrast, the algorithm of [9, Sec. 3.2] starts by finding a
basis of a given dimension, and rejects if it fails to find such a basis.) Once a basis is found, it is
used to define a function that is tested for linearity.

4.1.1 Elements Taken from [9]

The pivotal step in the reduction is the definition of a function g : F* — F* U {1} such that

if 7 h~1(1) is an (n — k)-dimensional linear subspace, then g is linear (with image F*) and

g 1(0%) = H. Furthermore, in this case, g(z) indicates one of the | F|* translations of H in which z
resides; that is, if v, ..., v*) € F" form a basis for the k-dimensional subspace that complements
H, then g(x) represents coefficients (ci, ..., cx) € F¥ such that x € H — D iclk] civ®.

Indeed, the definition of g is based on any fixed sequence of linearly independent vectors
v vk e F such that for every non-zero sequence of coefficients (c1,...,cx) € FF it holds
that Zie[k] civ® ¢ H. Such sequences of vectors exist if H is an (n — k)-dimensional linear sub-
space, but they may exist also otherwise. (The issue of finding such sequences of vectors will be
dealt with later.)

"This is so because if k' is e-close to g that describes an (n — k)-dimensional linear subspace (i.e., g’ describes the
linear subspace {yG : y€F"~*}), then g(z) = g'(z —u) (equiv., g(x + u) = g'(z)) describes an affine subspace (i.e.,
g describes the affine subspace {yG +u : y € F"~F}), whereas h is e-close to g (since h(z) = h'(z — u)).
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Fixing such a sequence of v()’s, we define g : F* — F¥ U {L} as follows. For each z € F", if
(c1,...,c) € FF is the unique sequence that satisfies = + Eie[k] civ® € H, then g(z) = (c1, ..., ),
and g(z) = L ¢ F* otherwise. Indeed, a unique sequence (ci, ...,cx) € F* exists for each z € F»
if H is an (n — k)-dimensional linear subspace, and in that case g(z) € F* for every z € F". But
when H is not an (n — k)-dimensional linear subspace, it may happen that for some z’s there is
no sequence (ci,...,c) € F* such that x + Zz‘e[k] c;v\) € H; similarly, it may happen that there
are several different sequences (c1, ..., cx) € F¥ that satisfy = + Zie[k] civ® € H. In these cases, g
assumes the value L on some inputs, and consequently it is not linear. In any case, using matrix
notation, we restate the foregoing definition next (where the v()’s are the rows of the matrix V).

Definition 4.2 (the function g = gnv): Let H C F", and V be a k-by-n full-rank matriz over
F such that ¢V ¢ H for every ¢ € F*\ {0F}. Then, guy : F* — FEU{L} is defined such that
guv(z) = cif c € F¥ is the unique vector that satisfies x+cV € H, and gy v(x) = L if the number
of such k-long vectors is not one.

Note that g(z) = c implies « + ¢V € H. Hence, in particular, gy v (z) = 0% implies = € H; that is,
gI_{’lV (0F) C H. The following result of [9] is pivotal to reducing testing linear subspace to testing
the linearity of functions.

Claim 4.3 (H versus gy, (see [9, Clm. 3.4])): Let H,V and g = gu,v be as in Definition 4.2.
Then, H is an (n—Fk)-dimensional linear subspace if and only if g is a linear function with image F*.

Given the importance of this result for the current work, we reproduce its proof in Appendix A.1.
We stress that whenever we say that g is linear, it holds, in particular, that it never assumes the
value L. (Indeed, when emulating g for the linearity tester, we shall suspend the execution if we
ever encounter the value L.)® Note that if g is e-close to being a linear function with image |F|¥,
then g~1(0¥) is e-close to being an (n — k)-dimensional linear subspace (i.e., the indicator functions
of these sets are e-close).”

For the sake of simplification. The analysis is simplified by using the following claim, which
has also appeared in a recent version of [9] (see [9, Clm. 3.6]).1°

Claim 4.4 (on the linear function closest to gy i (see [9, Clm. 3.6])): Let H,V and g = gu,v be
as i Definition 4.2. For every § <1 — ]f|_1 (e.g., 0 =0.499), if g is d-close to a linear function,
then this linear function has image F*.

Proof: We consider a partition of 7™ into |F \n_k equivalence classes such that x € F" resides in the

class C, def {z+cV : ce FF}, where, indeed, Cp = Cpy oy for every ¢ € F*. A class is considered
good if it contains a single element of H, which happens if and only if g(z) € F*. (Note that if H

8Unlike in [9], we shall distinguish between the case that g v (z) = L due to the non-existence of ¢ € F* such
that z + ¢V € H and the existence of several distinct ¢’s. In the latter case, we shall reject, but in the former case
we shall augment V' by x and test the linearity of the augmented function gg vy«

9To see this, consider a linear ¢’ (with image F*) that is e-close to g, and note that the (n — k)-dimensional linear
space H' = {x € F™ : g/(x)=0"} is e-close to g~ (0*), since ¢’ () # g(x) holds for any x that resides in the symmetric
difference of these sets.

10This claim was overlooked in earlier versions of [9], leading to an unnecessary complication of the algorithm and
its analysis.
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is an (n — k)-dimensional linear space, then all classes are good.) The key observation is that if C;
is good (equiv., g(z) € F¥), then, for every ¢ € F¥, it holds that g(x + c¢V) = g(x) — ¢, because
CoNH = {z+g(x)V} = {(z+cV)+(g9(x)—c)V} and C;NH = CpyevyNH = {(x+cV)+g(z+cV )V}
Now, let f : F* — F* be an arbitrary linear function that has an image that is partial to F*,
and note that this image has size at most |F |k_1 (since the image of f must be a linear subspace).
Noting that g(z) = f(x) implies g(z) € F*, we get

Procra[g(x)=f(z)] = Proerlg(z)eF* & g(z)=f(x)]
 Prype oot V) EFE & gl b V)= (o + V)]
= Procrnccrrlg(x) €FF & g(x+ V)= f(z +cV)]

< max  (Preemlgle+oV)= [l +eV)]).

Lastly, we claim that for every z € F™ such that g(z) € F* it holds that Pr.czr[g(z + cV) =
f(z + cV)] < |F|!, because for (such an 2 and) a uniformly distributed ¢ € F* it holds that
g(x + cV) = g(z) — c is uniformly distributed over F* whereas the image of f contains at most
| F|*~! elements. It follows that g is at distance at least 1 — ||~ from any linear function that
has image that is partial to F*. W

4.1.2 Additional Observations

Recall that V is a full-rank k-by-n matrix such that ¢V ¢ H for every ¢ € F*\{0*}. While Claim 4.3
suffices for the analysis of the tester of (n — k)-dimensional linear subspaces presented in [9], it does
not suffice for the current context. Specifically, Claim 4.3 does not tell us what happens when H
is an (n — k’)-dimensional linear subspace for k¥’ # k. Note that ¥’ < k is not possible, because in
that case the linear subspace that complements H cannot contain k& > k' independent vectors (as
postulated in the definition of V). Yet, k' > k is possible, and in this case H UV spans a linear
subspace of dimension (n — k') + k < n. We observe that in this case (i.e., when H is a linear
subspace of dimension smaller than n — k), the function gy, assumes the value L on all vectors
that are not spanned by the vectors in H UV, but otherwise gy satisfies the linearity condition.

Claim 4.5 (more on gy, when H is a linear subspace): Let H,V and g = gm,v be as in Defini-
tion 4.2. Suppose that H is a linear subspace. Then:

1. For every x € F", if g(x) = L, then x is not in the span of H UV ; in other words, for every
c € Fk, it holds that x +cV & H.

2. For every x,y € F", if g(x), g(y) and g(x +1vy) are all in F*, then g(x +y) = g(z) + g(y).

Hence, an x such that x4+ ¢V € H for several distinct ¢’s constitute a witness that H is not a linear
subspace. Likewise, a pair (z,y) such that g(x),g(y),g(z +vy) € F* and g(z +y) # g(x) + g(y)
constitutes a witness that H is not a linear subspace.

Proof: For Part 1, suppose that for ¢, ¢ € F¥ it holds that z+cV € H and z+c'V € H. Then, using
the linearity of H, it follows that (x +¢V') — (x + V) € H, which implies that (¢ —¢)V € H. But
then, by the hypothesis regarding V, it must be that ¢ = ¢/ (equiv., [{c € FF:z+cV € H}| <1).
Hence, g(x) = L implies that |{c € F¥ :z + ¢V € H}| = 0.
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Turning to Part 2, suppose that g(z), g(y) and g(z+y) are all in F*. Then, z+g(2)V, y+g(y)V
and (z+vy)+g(z+y)V are all in H. Using the linearity of H, we have (z+g(x)V)+(y+g(y)V) € H,
which implies that (z +y) + (¢(z) + ¢g(y))V € H. Using the fact that g(x +y) # L, which implies
the uniqueness of ¢ such that (x +y) + ¢V € H, it must be the case that g(z) + g(y) = g(z + y).
|

Claim 4.6 (more on gy, iy when H is not a linear subspace): Let H,V and g = guv be as in
Definition 4.2. Suppose that k > logr|(1/p), where p e |H|/|F|". Then, for at least a p — |F| 7"
fraction of the points x € F™ there exist several distinct c € F* such that x+cV € H. Furthermore,
letting m o [k - logy | F|], there exists i € [m] such that for at least a 21 (p—|F|~)/m fraction
of the points x € F™, there are at least 2"~ + 1 distinct ¢ € F* such that x + ¢V € H.

The title of Claim 4.6 is justified by the fact that the premise (i.e., k& > logz(1/p)) cannot hold
when H is a linear subspace (since if H is a linear subspace of dimension at most n — k, then its
density must be at most |F Fk).n Furthermore, Claim 4.6 suggests a procedure for detecting that
H is not a linear subspace (in the case that k > logz(|F]"/|H]I)).

Proof: As in the proof of Claim 4.4, we consider a partition of F" into |F \nfk equivalence classes
such that x and y are in the same class if and only if x —y is spanned by the rows of V'; that is, both
x and y reside in the class {z +cV : c € F*} = {y+cV : ¢ € F*}. Letting N denote the number of
classes that contain more than one element of H, it follows that [H| < N - |F|¥ + (|F|" ™" = N) - 1.
Hence, \ﬂ% > p— |F|7%, which establishes the main claim.2

To prove the furthermore claim, let N; denote the number of classes that contain between
2i=1 41 and 2/ elements of H. Then, |H| < |F|" %+ D icpm) Nit 2¢, because N; = 0 for every i > m

(since the size of each class is at most |F|* < 2™). It follows that there exists i € [m] such that

N |H| - |F

[ o N S,
k P~ FI*
m -2
p—|FI "

m

= |7l
> 2m7i71‘

where the last inequality uses |F|* > 2™~1, The furthermore claim follows. i

4.1.3 The Main Procedure

The main procedure will be invoked iteratively with increasing values of k, starting with & = 1,
and ending with k = log| z/(1/€) + O(1) if not earlier. In each invocation, we provide the procedure
with a k-by-n full-rank matrix V such that ¢V ¢ H for every ¢ € F*\ {0F}. Each invocation yields
one of the following three results.

"Recall that H does not contain any non-zero vector that is spanned by V| which consists of k independent vectors.
2This is because |H| < N - |F|* + |F|[*~* — N implies N > (|H| — |F|"*)/|F|*, which implies

N |H| - |F|"~* —k
| F[n—k |7 =p—|FI7"
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1. The invocation accepts. This always happens when H is an (n — k)-dimensional linear sub-
space, but may also happen otherwise.

2. The invocation rejects. This is always based on a witness that H is not a linear subspace.

3. The invocation returns a full-rank (k + 1)-by-n matrix V' that augments V' with a single row
such that ¢V’ ¢ H for every ¢/ € FF+1\ {0F+1}.

The following Algorithm 4.7 is titled “quasi-tester for (n — k)-dimensional linear subspaces” be-
cause it is not guaranteed to reject no-instances with high probability. We shall only show (see
Proposition 4.8) that, with high probability, no-instances are either rejected or cause the algorithm
to return a matrix that extends V.

We shall assume, without loss of generality that 0™ € H, since we can check this condition and
reject if it is not satisfied. (In Section 4.1.4 we set the parameter € to €, but in Section 4.2 we shall
let € be a small positive constant.)

Algorithm 4.7 (quasi-testing whether H is an (n — k)-dimensional linear subspace): On input a
full-rank k-by-n matriz V', a proximity parameter € € (0,0.1], and oracle access to h : F* — {0, 1},
specifying H = h='(1), we test whether the function g = gu,v 18 linear by invoking a linearity tester
and emulating g by making queries to h. Specifically, we invoke a linearity test with proximity
parameter €, while providing it with oracle access to the function g = gu,v, where gy is as in
Definition 4.2. When the linearity tester queries g at x, we query h on x + ¢V for every ¢ € FF,
and answer accordingly; that is, the answer is c if ¢ is the unique vector satisfying h(x + cV) =1,
and otherwise (i.e., g(x) = L) the execution is suspended. In the latter case, we distinguish two

cases regarding the set G(x) & {ce FFix+cV e H}.
Case 1: |G(x)| > 2. In this case we reject.
(Recall that by Part 1 of Claim 4.5 distinct ¢q,co € F* such that x + ¢,V € H for both

i € {1,2} constitute a witness that H is not a linear subspace.)

Case 2: G(z) = 0. In this case we check whether G(z') = () for every 2’ that is a non-zero multiple

of x.

e If this condition holds (i.e., G(ax) = 0 holds for all a € F\ {0}), then we return the
(k 4+ 1)-by-n matriz V' that contains V as its first k rows and z as its k + 15° row.

(As claimed in the furthermore part of Proposition 4.8, this (k + 1)-by-n matrix V' is
full-rank and satisfies 'V’ ¢ H for every ¢/ € FF+1\ {0F+1}))

e Otherwise (i.e., G(ax) # () for some a € F \ {0}), we reject.

(Of course, the extra check is relevant only for |F| > 2.)

Assuming that the emulation of the linearity test was not suspended, we accept if the linearity tester
accepts, and reject otherwise.

Recalling that linearity testing with proximity parameter ¢ has complexity O(1/¢'), the complexity

of Algorithm 4.7 is O(1/¢') - | F|¥ + | F|"™, since each query to g is emulated using | F|* queries to
h (and the additional term of |F|*™! is due to checking that G(az) = 0 for every ae F \ {0}).
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Proposition 4.8 (analysis of Algorithm 4.7): Suppose that V' is a k-by-n full-rank matriz such
that ¢V ¢ H for every ¢ € F*\ {0F}. Then, on input V, a provimity parameter ¢ € (0,0.1],
and oracle access to h : F* — {0,1} specifying H = h=1(1), Algorithm 4.7 satisfies the following
conditions.

1. If H is an (n — k)-dimensional linear subspace, then Algorithm 4.7 always accepts.

2. If H is a linear subspace, then Algorithm 4.7 always either accepts or returns a (k + 1)-by-n
matriz V'.

3. If h is €'-far from describing a linear subspace, then, with high probability, Algorithm 4.7
either rejects h or returns a (k + 1)-by-n matriz V'.

Furthermore, whenever Algorithm 4.7 returns a matriz V' it holds that V' is full-rank and V' ¢ H
holds for every ¢ € FF+1\ {0F+1}.

Proof: We first show that whenever Algorithm 4.7 returns a (k + 1)-by-n matrix V’/, which
augments V by a row z, it holds that V" is full-rank and ¢'V’ ¢ H holds for every ¢’ € FF+1\ {0*+1}.
First, observe that this event occurs only when for every z’ that is a non-zero multiple of x it holds
that G(z') = 0. In this case, if ¢V’ € H for some ¢ = (¢,b) € F* x F, then b = 0 (since otherwise
cV + bx € H contradicting G(bx) = 0); hence, ¢V’ € H implies that ¢V € H, which in turn
implies ¢ = 0* (by the corresponding feature of V), and so ¢ = 0¥*!. Lastly, note that V' is
full-rank, since V' is full-rank and = cannot be in the span of the rows of V', because z = ¢V implies
x —cV = 0" € H, which implies G(z) # 0.

Next, suppose that H is an (n—k)-dimensional linear subspace. Then, the algorithm will always
accept, since (by Claim 4.3) the function gp is linear. This establishes Part 1. As for Part 2,
using Claim 4.5, it follows that in this case either the execution of the linearity test is suspended or
the test accepts. Furthermore, in the former case, a string x was encountred such that G(z) = 0,
and G(z') = () holds for every non-zero multiple of = (by linearity of H), which means that the
algorithm returns an augmented matrix V.

Turning to Part 3, we consider a function h that is €’-far from describing an (n — k)-dimensional
linear subspace, and recall that (by the premise of the proposition) also in this case V' is a k-by-n
full-rank matrix such that ¢V ¢ H for every ¢ € F*\ {0F}. We shall show (see claim below) that
gm,v is €-far from the set of linear functions, and so (w.h.p.) the algorithm will either reject it
or return an augmented matrix V’. (Specifically, given that gg v is far from linear, w.h.p., an
execution of the linearity test will either lead to rejection or to encountering a query x such that
g(xz) = L, which in turn leads either to rejection or to returning an augmented matrix V"'.)

Claim: The function gg,v is € -far from being linear. (Recall that we assumed that h is ¢/-far from
describing an (n — k)-dimensional linear subspace.)

Proof: Assume, towards the contradiction, that g = gy is €’-close to a linear function ¢, and
recall that by Claim 4.4 it must be the case that the image of ¢’ equals F* (since ¢ < 0.1). We
now make two observations.

1. We first observe that H' = {x € F" : ¢'(x) = 0%} is an (n — k)-dimensional linear subspace.
This is the case because z,2’ € H' implies x + 2’ € H' (since ¢'(z + 2') = ¢'(z) + ¢'(2') =
0F+0% = 0%) and |H'| = | F|"/|F|* (since each image of ¢’ has the same number of preimages).
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2. Next, letting A’ : F* — {0,1} describe H' (i.e., h'(x) = 1 iff x € H'), we observe that
g'(x) = g(x) implies h'(x) = h(zx). This observation can be verified by considering two cases.

o If ¢/(x) = g(x) = 0F, then 1/(2) = 1 and h(z) = 1 (since g~1(0%) C h=1(1)).

e Otherwise ¢'(x) = g(z) € {0, L}. In this case h/(z) = 0 and h(z) = 0 (since h(z) =1
implies g(z) € {0, L}).

By Observation 2, it follows that h is €'-close to k', whereas (by Observation 1) h' describes an
(n — k)-dimensional linear subspace. But this contradicts the claim’s hypothesis (that h is €’-far
from describing an (n — k)-dimensional linear subspace). [

Having established the foregoing claim completes the proof of Part 3, which completes the proof of
the entire proposition. [l

4.1.4 The Actual Tester

We focus on the unbounded version of the problem (i.e., testing functions that describes linear sub-
spaces of arbitrary dimension), while commenting on the bounded version (i.e., when the dimension
is upper-bounded) at a later point (see Remark 4.11).

Using Algorithm 4.7, we obtain a tester for functions that describes linear subspaces by using
the fact if f~1(1) has density p (i.e., p = |f~1(1)|/|F|"), then f is p-close to the all-zero function.
Hence, on proximity parameter €, we can afford to accept any function that seems to have density
at most . On the other hand, if h : F* — {0, 1} has density p > 2-|F| ™", where p > ¢, and we have
a full-rank k-by-n matrix V such that h(cV) # 1 for every ¢ € F*\ {0*}, then we can find a witness
to the non-linearity of h=1(1) (i.e., = such that |[{c : h(z + cV) =1}| > 1; see Claim 4.6). This
means that we may iteratively invoke Algorithm 4.7 till we get a k-by-n matrix V' as above, which
means that reaching k > log|(2/€) > log z(2/p) suffices. A straightforward implementation of
the foregoing idea follows, where we assume for simplicity that h(0") = 1.13

Algorithm 4.9 (testing linear subspaces, basic version): On input ¢ > 0 and oracle access to
h:F" —{0,1} such that h(0") = 1, we proceed as follows, while letting t = |log)r(2/€)].

1. (Attempts to find an element outside H): We take O(1/€) random samples of F", and accept
if all the sample points reside in H = h=1(1).
Otherwise, we pick an arbitrary sample point x € F" \ H, reject if some non-zero multiple of

x is in H, and otherwise proceed to Step 2, while setting k = 1 and letting V' be the 1-by-n
matriz that contains x.

2. (Iterative invocations of the quasi-tester): If k < ¢, then we invoke Algorithm 4.7 on input
a k-by-n matriz V and € = ¢, for at most O(t + 1 — k) times, and handle the outcomes as
follows.

(a) If any of these invocations rejected, then we reject.

(b) If any of these invocations returned a (k+1)-by-n matriz V', then we proceed to the next
iteration (of Step 2) using V « V' and k <+ k + 1.

3Indeed, this assumption can be eliminated by checking whether h(0™) = 1 and rejecting if this does not hold,
while relying on the fact that 0" reside in any linear subspace.
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(¢c) Otherwise (i.e., if all invocations accepted), then we halt and accept.'*

If k > t, then we proceed to Step 3.

(Note that we may proceed to Step 3 both in case H is a linear subspace of dimension smaller
than n — ¢ and in case h is e-far from describing a linear subspace.)

3. (Additional attempts to find witnesses for the non-linearity of H): We select a random sample
S of O(1/€) elements of F", and reject if for any x € S it holds that |{c € F* : h(z + V)=
1}| > 2. Otherwise, we accept.

Whenever we halt while accepting, we also output the current matrix V', where V is fictitiously
defined as empty in the case of halting in Step 1.

The complexity of the foregoing Algorithm 4.9 is

O(1/e)+ Y O(t+1—k)- (O(F[*/e) + |FI*1) + O(F[/41)
kelt]

= O(IFI"/e) = O(F/e), (2)

where the second and third terms in Eq. (1) account for the complexity of Steps 2 and 3 (and
| F|* < 2/e holds by the definition of ).

Proposition 4.10 (analysis of Algorithm 4.9): Algorithm 4.9 constitutes a one-sided error tester
for linear subspaces of F". Furthermore:

1. If the tested function h describes an (n— k*)-dimensional subspace and € < ]]-"|_k*, then, with
high probability, Algorithm 4.9 also outputs a k*-by-n full-rank matriz V' such that h(cV) =0
for every ¢ € F¥"\ {0F"}.

2. If |h=Y(1)| > e- |F|", then, with high probability, Algorithm 4.9 either rejects or outputs a
matriz V- with at most t rows.

3. Whenever Algorithm 4.9 outputs a matriz V', for some k € [t+ 1], it holds that V is a k-by-n
full-rank matriz and h(cV) = 0 for every c € F*\ {0F}.

Proof: We first establish the main claim. Suppose that h : F" — {0,1} describes an (n — k*)-
dimensional linear subspace H. Since Step 1 never rejects (actually, it may even accept (and surely
does so in case k* = 0)), we consider Steps 2 and 3. Step 2 features invocations of Algorithm 4.7,
and by (Parts 1 and 2 of) Proposition 4.8, each of these invocations either accepts or returns
an augmented matrix. Hence, we either accept in Step 2 or proceed to Step 3. Furthermore,
in the latter case, k = t + 1, and the current matrix V is a full-rank k-by-n matrix such that
cV ¢ H for every ¢ € F*\ {0}, which implies that & < k*. Anyhow, by Part 1 of Claim 4.5,
Hee FF: x4 cVeH}| <1 for every z € F", and it follows that Step 3 accepts.

We now turn to the case that h : F™ — {0,1} is e-far from describing a linear subspace.
Note that H = h~!(1) has density between € and 1 — ¢, since otherwise h is either e-close to

141ndeed, we risk a small probability of accepting a function that is far from describing a linear subspace, but this
could have happened also if we were to proceed to the next step (i.e., Step 3).
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the function that describes the linear space {0"} (i.e., the 0-dimensional linear space) or is e-
close to the all-ones function (which describes an n-dimensional linear space). Using the upper
bound on |H|, it follows that, with high probability, we proceed to Step 2 (rather than accept in
Step 1). Now, by Part 3 of Proposition 4.8, with high probability, each invocation of Algorithm 4.7
either rejects or returns an augmented matrix. Hence, the probability that we accept in iteration
k is upper-bounded by exp(—O(t + 1 — k)), which means that the probability of accepting in
Step 2 is at most } ,.pexp(—O(t +1 — k)) < 0.01. Hence, with high probability, we reach
Step 3. Using (the main part of) Claim 4.6, it follows that Step 3 accepts with probability at most
(1—(e— |.7-"] (t+1) ))O(I/E), since w > €. Using ¢t + 1 > log|r|(2/e€), the latter probability is
upper-bounded by (1 — (¢/2))°(1/9) < 0.01. Hence, Step 3 rejects with high probability. Note that
thls also establishes Part 2 of the furthermore clause, since our analysis of Step 3 only relies on
\f\( I > .

Turning to Parts 1 and 3 of the furthermore clause, we first note that Part 3 follows by inspection
(and the furthermore clause of Proposition 4.8). As for Part 1, recall that it refers to the case that
h describes an (n — k*)-dimensional linear subspace H (and € < |F|™*"). Observe that if k* > 0,
then (w.h.p.) Algorithm 4.9 does not terminate at Step 1, but rather proceeds to Step 2 with some
1-by-n matrix consisting of a row not in H, since a uniformly selected point in F" hits H with
probability |]-"|7(”7k*). Similarly, relying on € < |]-"|7k*, (w.h.p.) all invocations of Algorithm 4.7
with k& < k* (which take place in Step 2) return an augmented matrix, since the linearity test
(invoked by Algorithm 4.7) queries gg,y on uniformly selected points in F", whereas the density
of points that do not activate Case 2 is

JFI" - F

Prcr. |3ceFF st. r+cVeH| = 7

|f| k*—k

Hence, the probability of not reaching iteration k* < ¢+1 of Step 2 is upper-bounded by kelk*—1] | F|
0.01, where k* <t + 1 holds because k* < log|z(1/€) and t + 1 > log|z|(2/€). In this case, at ter-
mination, which occurs when k = k*, Algorithm 4.9 outputs a matrix as claimed. This establishes
Part 1 of the furthermore claim. |

Remark 4.11 (the bounded version): In order to test the set of functions that describes linear

subspaces of co-dimension at most B < t & [log|£(2/€)], we modify Algorithm 4.9 such that it
rejects in Step 2 if k > B. Indeed, Step 3 is not used in this case.'> Note that if h describes a
linear subspace of co-dimension k* < B, then Step 2 never reaches k > k*.

Reducing the complexity of Step 3 of Algorithm 4.9. Towards obtaining a more efficient
tester, we show that the complexity of Step 3 can be reduced from O(|F|"*t Je) = O(|F|/€) to
O((t-log | F])2/e) = O((log | F])?/€)). This is achieved by using the furthermore clause of Claim 4.6,
rather than its main part. Specifically, using the furthermore clause of Claim 4.6 (and employing
Levin’s economical work investment strategy (cf., [8, Sec. 8.2.4])), we present a more efficient way
of finding a witness for non-linearity in this case.

Algorithm 4.12 (revised version of Step 3 of Algorithm 4.9): On input parameter €, a k-by-
n full-rank-matriz 'V, and oracle h, letting m = k - logy | F| (equiv., \.7-'|k = 2™), we proceed as

151f B > ¢, then no change is needed.
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follows. For every i € [m], we select a random sample S; of O(me~1/2m~%) elements of F", and
a random sample T; of O(2™~%) elements in F*. If for some i € [m] and x € S; it holds that
H{e e T;: h(x+cV)=1}| > 2, then we reject. Otherwise, we accept.

The complexity of the Algorithm 4.12 is O(m?/e) = O((k - log|F|)?/¢), and replacing Step 3 of
Algorithm 4.9 by it yields a tester for linear subspaces. The latter claim follows by modifying
the proof of Proposition 4.10. Specifically, when reaching Step 3 we use the furthermore clause of
Claim 4.6, which guarantees the existence of i € [m] such that for at least a 2™~ (e— | F|7%) /m =
Q(e2™~%/m) fraction of the points x € F" satisfy |{c € F* : h(z + cV)=1}| > 2=, For this 1,
with high probability, the sample S; contains at least one point  such that |{c € F* : h(x +cV)=
1}| > 271, and (with high probability) 7; contains two distinct ¢’s such that h(x + ¢V)=1. For
sake of clarity and future reference, we summarize the result of foregoing argument as follows.

Claim 4.13 (analysis of Algorithm 4.12): Let H,V and g = gu,v be as in Definition 4.2, and
recall that V' is a k-by-n full-rank matriz. If the density of H is at least p and p > max(€,2- \]:|_k),
then Algorithm 4.12 rejects with high probability.

In Section 4.2, we shall use Algorithm 4.12 with p = € and k = t+1, where ¢ = |log| z(2/¢)], which

implies € > 2 - |F|7*. (Recall that € is the proximity parameter that is given to Algorithm 4.12; in
general, we only assume p > e and p > 2 - |.7-"|_k.)

4.2 The Second Reduction

We follow the strategy of [9, Sec. 3.3], except that we refrain from rejection based on statistical
evidence. In contrast to Section 4.1, here a simple modification to [9, Sec. 3.3] suffices. Specifically,
it suffices to distinguish the two cases of gy v () = L (i.e., the case of {c € F¥: h(z+cV)=1} = ()
and the case of [{c € F¥ : h(z +cV)=1}| > 2).16

Given the revised version of Step 3 of Algorithm 4.9, presented in Algorithm 4.12, the complexity
of the revised algorithm is dominated by Step 2, in which Algorithm 4.7 is invoked with its proximity
parameter, denoted €, set to e. Recall that when invoked with a k-by-n matrix and proximity
parameter ¢, Algorithm 4.7 makes O(|F|*/€') queries.

4.2.1 Overview

We improve the complexity of Step 2 of Algorithm 4.9 by replacing each invocation of Algorithm 4.7
(in Step 2) with two sub-steps. First (in Step 2A) we invoke Algorithm 4.7 while setting its proximity
parameter to a small constant (e.g., ¢ = 0.1), and then (in Step 2B) we check whether the function
h' defined based on the linear function that is closest to g = gm,v is e-close to h.

Our starting point is the fact that, for every ¢’ < 1/4, if g is €/-close to being a linear function,
then it is €-close to a unique linear function ¢’, which can be computed by self-correction of g
(where each invocation of the self-corrector makes two queries to g and is correct with probability
at least 1 —2¢'). Furthermore, the corresponding Boolean function &/ (i.e., b'(z) = 1 iff ¢'(z) = OF)
describes an (n — k)-dimensional linear subspace, whereas if h describes an (n — k)-dimensional
linear subspace then ¢’ = g and ' = h.

16 A5 in Section 4.1, in the first case we augment the matrix V, whereas in the second case we reject.
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The key observation is that if h is e-far from describing an (n — k)-dimensional linear subspace,
then, with high probability, either Step 2A rejects or it yields a function g = gp,yv that is €’-close
to a linear function ¢’ with image F*. In the latter case, the corresponding i/, which describes an
(n — k)-dimensional linear subspace (i.e., {x € F": W/(z) = 1} = {x € F": ¢’(z) = 0F}), must be
e-far from h (by the foregoing hypothesis).

As hinted above, Step 2B consists of testing whether A’ equals h, where this testing task is
performed with respect to the original proximity parameter e. This testing is performed by using a
sample of O(1/¢) points. For each sample point, the value of h is obtained by querying h, whereas
the value of ' on all sample points is obtained by obtaining the values of ¢’ on these points (since
W (z) = 1iff ¢’(z) = 0%), where the values of g’ on these points are computed via self-correction of
g.

The problem with the foregoing description is that each query to g is implemented by making
|F |k queries to h. Hence, a straightforward implementation of the foregoing procedure will result
in making O(|F|¥/€) queries to h, which is no better than Algorithm 4.9. Instead, we shall use a
sample of O(1/¢€) pairwise-independent points such that their ¢g’-values can be determined by the
value of g’ at O(log(1/€)) points, which in turn are computed by self-correction of g that uses | F|*
queries to h per each point. The details are given in Algorithm 4.14, which has query complexity
O(log(1/e)) - |F|* + O(1/e).

Note that if h describes an (n — k)-dimensional linear subspace, then g = ¢, and Step 2B
accepts once reached (which always happens). On the other hand, if h is e-far from this property
and Step 2B is reached (which implies that g, ¢’ and b’ are well-defined), then h is e-far from h’,
and a sample of O(1/e) pairwise-independent points will contain (w.h.p.) a point of disagreement
(between h and h’). As in Step 2 of Algorithm 4.9, such a point will yield either a witness that
h~1(1) is not a linear subspace or an augmentation of the current matrix.

4.2.2 Using Pairwise Independent Sample Points to Implement Step 2B

The key observation here is that Step 2B can be implemented within complexity O (1/€) by taking a
sample of m = O(1/e€) pairwise independent points in F™ such that evaluating ¢’ on these m points
only requires time O(m + | F|* - O(logm)) rather than O(|F|" - m) time. This is done as follows.
For t' = [log|z(m + 1)], select uniformly at random s, ....,s) € F compute each ¢'(s\))
via self-correcting g, with error probability 0.01/#, and use the sample points r(X) = L(s(), ..., s(t))
for m arbitrary distinct non-zero linear functions L : F!" — F" where L(z®, ... z®)) =
> je] 1iz(® for some Ij,...,ly € F. The key observations are that (i) the r(1)’s are pairwise

independent, and (ii) the values of ¢’ at all 7(/)’s can be determined based on the values of ¢’ on
the s()’s. This determination is based on the fact that

g (") = g (L(sW, ... s®)) = L(g'(sV), ... g/ (s)), 3)

where the second equality is due to the linearity of ¢'. ﬁence, the values of ¢’ on ¢’ random points
(i.e., the sU)’s) determines the value of ¢’ on m < |F|" — 1 pairwise independent points (i.e., the
r(L)s) 17 This yields the following —

Algorithm 4.14 (implementing Step 2B): On input prozimity parameter € € (0,0.1], a full-rank
k-by-n matriz V', and oracle access to h : F* — {0,1}, we let m = O(1/e), t' = [log| (m + 1)],
and t" = O(logy t'), and proceed as follows.

'"This procedure is inspired by [10] (as presented in [7, Sec. 7.1.3] for F = GF(2)).

23



1. Select uniformly sV, ..., s) e Fm.

2. Determining the value of ¢’ at the s)’s: For each j € [t'], compute the value of ¢'(s9)) by
using self correction on g = gp-1(1y,y, which in turn queries h on |]:|k points per each query
to g. The self-correction procedure is invoked t" times so that the correct value is obtained
with probability 1 — 0.01/t'.

Specifically, select uniformly w®, ... w®) e F* and set o9 to equal the majority vote
among the values g(s%) +w®) — g(wM), ..., g(s9) + wt)) — g(w), where the values of g
at each point x is determined according to the value of h at the points {x +cV : c € F*¥}. As
in Algorithm 4.7, if the value of g at any point we evaluated is set to 1, then we suspend the
execution and either reject or return an augmented matriz (where the decision depends on
the reason g is set to 1).18

(Indeed, o9 is the self-corrected value of ¢’ (s(j )), and it is correct with probability at least
1 —exp(—Q(t")) >1-0.01/t).

3. Determining the value of ¢’ at the r()’s and checking them against the values at h: For
each of m mon-zero linear functions L : Ft'n Fr, let rib) = L(s(l),...,s(t/)) and check
whether h(r(F) equals our guess for h'(r(F), where the latter value is set to 1 if and only
if LioW,..,oW)) = 0%, Accept if all checks were successful (i.e., equality holds in all).
Otherwise (i.e., a point of disagreement if found), reject.

(Recall that by Eq. (3) it holds that ¢’ (r(®)) = L(¢'(sM), ..., ¢'(s®))). Hence, L(c™, ...,c®")
is our educated guess for ¢’ (’I“(L)), and this guess is correct if the self-corrected values for the
g (s(j ))’s are all correct, which happens with probability at least 0.99).

The time complexity of Algorithm 4.14 is O(¢' -t -|F|* +|F|**' +m) = O(log # (1/€))-|F|*+0(1/e),
which is O(|F|/€) when € = O(|F| ™). Hence, the time complexity of Step 2B dominates the time
complexity of Step 2A, which is O(|F |k) For sake of clarity, we spell out the final resulting
algorithm.

4.2.3 The Actual Algorithm and Its Analysis

Recall that the following algorithm is obtained by replacing Step 3 of Algorithm 4.9 with Algo-
rithm 4.12, and replacing the invocation of Algorithm 4.7 (with proximity parameter set to €) in
Step 2 of Algorithm 4.9 with the foregoing Steps 2A and 2B. Recall that Step 2A invokes Algo-
rithm 4.7 with proximity parameter ¢ = 0.1, whereas Step 2B is as detailed in Algorithm 4.14.
Hence, we get

Algorithm 4.15 (testing linear subspaces, improved version): On input € > 0 and oracle access
to h: F" — {0,1} such that h(0") =1, we let t = |logz|(2/€)], and proceed as follows.

1. (Attempts to find an element outside H = h=1(1)): As Step 1 of Algorithm 4.9.

18Recall that g(z) = c if ¢ is the unique point in F* such that h(z + c¢V) = 1, and g(z) = L otherwise. Letting

G(z) of {c € F* : h(x) = ¢}, we suspend the execution if we encounter x such that |G(x)| # 1. If |G(x)| > 2, then we
reject, since this event yields a witness to the non-linearity of A='(1). Otherwise (i.e., when G(x) = (), we augment
the matrix with = if G(z") = () for every z’ that is a non-zero multiple of = (and reject if G(x’) # ().
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2. (Iterative invocations of the quasi-tester): We replace the invocations of Algorithm 4.7 per-
formed in Step 2 of Algorithm 4.9 by the foregoing Steps 2A and 2B, where Step 2A invokes
Algorithm 4.7 with prozimity parameter € = 0.1 and Step 2B is as detailed in Algorithm 4.14.
This means that for any k < t, we invoke the combined Steps 2A and 2B for at most O(t+1—k)
times, while providing them with a full-rank k-by-n matriz V and oracle access to H, and han-
dle the outcomes as follows.

o If any of the O(t + 1 — k) invocations of Steps 2A and 2B rejected, then we reject.

e If any of these invocations returned a (k+1)-by-n matriz V', then we proceed to the next
iteration of the current step (i.e., this revised Step 2) using V < V' and k + k + 1.

e Otherwise (i.e., if all invocations accepted), then we halt and accept.
If k > t, then we proceed to the next step (i.e., Step 3).

3. (Additional attempts to find witnesses for the non-linearity of H): We replace Step 3 of
Algorithm 4.9 by Algorithm 4.12.

As in Algorithm 4.9, whenever the algorithm halts while accepting, it outputs the current matriz 'V,
which in the case of Step 1 is fictitiously defined as empty.

The complexity of the foregoing algorithm is
O(1/e) + (O(FI™) + O(F|/0)) + O((t-log|F)*/e) = O(IF|/e),

where the three terms correspond to the complexities of the three steps, and the inequality uses
t < log‘f|(2/e).

Proposition 4.16 (analysis of the foregoing algorithm): Algorithm /.15 constitutes a one-sided
error tester for linear subspaces, and the furthermore claims of Proposition 4.10 hold too.

Proof Sketch: Recall that we have already established these claims for Algorithm 4.9 as well
as for its version in which Step 3 is replaced by Algorithm 4.12. Hence, we only need to verify
that replacing the invocation of Algorithm 4.7 (with proximity parameter set to €) in Step 2 by
Steps 2A+2B preserves the validity of these claims.

We consider a single invocation of Steps 2A and 2B, where V is a full-rank k-by-n matrix such
that h(cV) = 0 for every ¢ # 0F. We merely need to establish that the claims of Proposition 4.8
hold for Step 2A+2B.

If H= h~!(1) is an (n — k)-dimensional linear subspace, then both Steps 2A and 2B always
accept, since in this case gg,v : F'* — F k is a linear function (with image F *). This establishes the
claim of Part 1 (of Proposition 4.8). Turning to Part 2, we observe that if H is an arbitrary linear
subspace, then each of these two steps never rejects (i.e., it either accepts or returns an augmented
matrix), where the crucial observation is that rejection (in either steps) is always backed by a
witness of non-linearity of H. (In particular, note that a point of disagreement, r(X), found in
Step 2B.3 means that h(r(2) # b/ (r(1)), where A’ is defined according to the function ¢’ that is the
linear function closest to gp,v, and this inequality implies that g(rt0)Y £ L(g'(sM), ..., ¢'(s)),
which in turn yields a violation of the linearity of g.)'® This establishes the claim of Part 2. Lastly,

PIndeed, g(r™) # L(g'(sV), .., g'(s*")) implies g(r") # L(g(s®+w))—=g(w™), .., g(s“)+w)) —g(w )
for some 41, ..., iy € [t"].
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we consider Part 3 (of Proposition 4.8): Assuming that h is e-far from describing a linear subspace,
we consider two cases.

1. If h is 0.1-far from describing a linear subspace, then (w.h.p.) Step 2A either rejects or returns
an augmented matrix. Furthermore, Step 2A rejects (whp) if g = gp v is 0.1-far from being
linear (with image F*), regardless of the distance of h from describing a linear subspace.

2. Otherwise, assuming that Step 2B is reached, we consider the corresponding functions g =
g,y and ¢’ such that ¢’ is the linear function closest to g. Note that ¢’ is 0.1-close to g,
since otherwise the foregoing case holds, and that the image of ¢’ equals F* (see Claim 4.4).
Hence, h must be e-far from h/, which is defined based on ¢’ (i.e., #'(z) = 1 iff ¢(x) = 0F),
since in this case b’ describes an (n — k)-dimensional linear subspace (see Claim 4.3).

In this case, with high probability, in Step 2 of Algorithm 4.14 (which implements Step 2B),
the algorithm either rejects or returns an augmented matrix or obtains the correct values of
¢ at all sU)’s, where the first two cases are due to encountering L. In the latter case, these
values (i.e., the ¢’(s\9))’s) correctly determine the values of ¢’ at all the r(/)’s. Since these
L) are uniformly distributed in F™ in a pairwise independent manner, with probability at
least 1 — (nznﬁ > 0.99, the sample contains a point on which h and b’ disagree. In this case

Step 3 of Algorithm 4.14 rejects.

In conclusion, if h is e-far from the being a linear subspace, then (w.h.p.) an execution of Steps 2A
and 2B either rejects or returns an augmented matrix. This establishes the claim of Part 3.
Combining this with the rest of the proof of Proposition 4.10, the current claims follows. [l

Conclusions. Proposition 4.16 implies that there exists a one-sided error tester of complexity
O(|F|/e) for linear subspaces. This establishes Part 1 of Theorem 1.4. Part 2 of Theorem 1.4 is
proved by applying the modification of Remark 4.11 to Algorithm 4.15.

5 Testing Monomials via Testing Affine Subspaces

As stated in Section 2, the function f : {0,1}" — {0,1} is a monotone k-monomial if and
only if f describes an (n — k)-dimensional affine subspace (over GF(2)") that is a translation
by 1" of an (n — k)-dimensional axis-parallel linear subspace; that is, if f~!(1) has the form
{yG+1":y € {0,1}"F}, where G is a full-rank (n — k)-by-n Boolean matrix that contains k
all-zero columns. Hence, we may focus on testing that the function h : {0,1}" — {0,1} defined

by h(x) & f(z +1™) describes an (n — k)-dimensional azis-parallel linear subspace. (Indeed, the
reduction used in the proof of Claim 4.1 is instantiated here by mandating that u = 1™.)

Actually, analogously to the previous section, we aim at presenting one-sided error testers for the
case that the co-dimension is not specified (or is only upper-bounded). Furthermore, we consider
the more general task of testing that a function h : F* — {0, 1} describes an axis-parallel linear
subspace, where F is an arbitrary finite field (and F = GF(2) is merely the special case used
for testing monomials). As in the previous section, we denoted the tested function by h and let
H=h"1(1).
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5.1 Overview

Our starting point is the strategy of [9, Sec. 4], where one assumes that H is an (n— k)-dimensional
linear subspace. In that case, if H is axis-parallel, then A has k influential variables, and otherwise
h has at least k + 1 influential variables. In the latter case, with high probability, a random O(k?)-
partition of [n] yields at least k + 1 disjoint sets that are influential (i.e., contains at least one
influential variables). Hence, if we find k + 1 such sets, then we may reject, and otherwise we
accept.

The problem is that at the current setting we do not know the dimension of H = h~1(1), we
only know that H is (close to) a linear subspace. We may assume this since we can test the latter
property. Furthermore, having employed a tester such as Algorithm 4.9 (or Algorithm 4.15), we
also obtain a k-by-n matrix V' that yields a function g = gg v as in Definition 4.2, and may assume
that g : F* — F* U {L} is close to a linear function with image F*. If indeed H is close to being
an (n — k)-dimensional linear subspace, then the foregoing reasoning holds, but if H is (close to
being) a linear subspace of lower dimension then finding k£ 4 1 influential subsets does not indicate
that H is not axis-parallel. Instead, in this case we replace V' (rather than augment V' by a single
row) with a (k + 1)-by-n matrix V' that yields a function g = gg v as in Definition 4.2, and try
again. Of course, the main issue is which matrices V' we may use and how to find them.

Before addressing the main issue, let us spell out the general outline of our tester, which proceeds
in two stages. In the first stage, it invoke a tester of linear subspaces such as Algorithm 4.9 or
Algorithm 4.15. Ignoring the case that this tester halts in Step 1 (while ruling that H = F™),
recall that whenever this tester does not reject, it provides a k-by-n matrix V that yields a function
g = guv (as in Definition 4.2) such that g : F* — F* U {1} is close to a linear function with
image F*. In the second stage, to be detailed next, the tester proceeds in iterations such that, in
each iteration, it try to find more than k influential and disjoint subsets along with a matrix V' of
higher (than k) dimension. If it finds such a matrix V’, then it proceeds to the next iteration (with
V + V'); otherwise, it rejects if it found evidence that H is not a linear subspace and accepts if
such evidence was not found.

The second stage. As stated above, this stage consists of iterations, where in the first iteration
we use the k-by-n matrix V provided by the first stage. In each iteration, we try to find k£ + 1
disjoint subsets of [n] that influence h (i.e., each subset contains a variable that influences h) along
with Boolean vectors that are not in H and are “supported” by these subsets (i.e., the locations
of the 1-entries of each vector lie in the corresponding subset). This is done by selecting a random
O(k?)-partition of [n] and random vectors that are supported by each of the parts, where we check
the influence of a part on h by checking whether the value of h at such a vector is 0. (Recall that
h(0™) =1 and so h(v) = 0 implies that some variable in the set {i€[n] : v;=1} influences h.)

Note that if H is an (n — k)-dimensional axis-parallel linear subspace, then this attempt is
bound to fail (since in that case h and gp y are influenced by k locations in [n]). Indeed, in case of
failure, we halt accepting. On the other hand, we show that if H is an (n — k)-dimensional linear
subspace that is not axis-parallel, then such k + 1 vectors are found (w.h.p.). Ditto if H is a linear
subspace of dimension smaller than (n — k).

Now, suppose that we found such vectors, denoted v}, ey, 0D that s, 0@ ¢ H and the
non-zero entries of the v(¥’s are supported by disjoint sets of locations. Then, we check whether
D icl+] civ® ¢ H for every (ci, ..., cpy1) € FFH1\ {051}, and reject if this condition does not hold.
As shown below (see Claim 5.2), this condition holds when H is an axis-parallel linear subspace.
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Hence, assuming that the condition does hold and letting V’ be the corresponding (k + 1)-by-n
matrix, we proceed to the next iteration (with V <— V' and k < k + 1).

Note that the foregoing discussion referred to the case that H is a linear subspace and g = gg v
is a linear function. However, passing the test of Stage 1 (w.h.p.) only guarantees that h is close to
describing a linear subspace and that ¢ is close to a linear function ¢’. So we are actually talking
about the influence on ¢’ (and on a related A’ such that h/(z) = 1 iff ¢/(x) = 0¥), where we may
obtain the value of ¢’ at any point by using self-correction on g.

5.2 Additional Preliminaries

Recall that we say that h : F* — {0,1} describes an (n — k)-dimensional axis-parallel linear space
if h1(1) = {yG : y € F**} for some full-rank (n — k)-by-n matrix G with & all-zero columns. Our
tester is based on the observation that an (n — k)-dimensional linear subspace H is axis-parallel if
and only if the corresponding function gg, 1y depends on £ variables. In fact, we have

Claim 5.1 (on axis-parallel linear spaces (generalizing [9, Clm. 4.2])): Let ¢’ : F* — F* be a linear
function with image F*, and H' = {x € F" : ¢'(x) =0F}. Then, for every k-subset I, it holds that
H' ={xz € F*:21=0%) if and only if ¢’ depends only on the locations in I (equiv., there exists an
invertible linear function 7 : F* — F* such that ¢/(x) = T(x1)), where Tiiy,iny = (Tigs ey Ty )

In case of k = 1 and F = GF(2), Claim 5.1 coincides with the assertion that H' = {z € {0,1}" :
z; =0} if and only if ¢’ is the i dictatorship function (i.e., ¢'(z) = ;).

Proof: First note that if ¢/(z) = T'(z) for some linear function 7' : F* — F*, which must be
invertible (since the image of ¢’ equals F¥), then H' = {z : T(z;) = 0%} = {x : 21 = 0%}, since
T(z) = 0 if and only if z = 0*. Turning to the opposite direction, suppose that H' = {z : z; =0*},
and recall that H' = {z : ¢/(x) = 0¥}. Hence, ¢’(z) = 0* if and only if 2; = 0F. Recalling that
g’ is a linear function (with image F*), it follows that ¢'(x) = T(z) for some invertible linear
transformation 7.2 |

Notation and another important observation. The support of a vector v € F', denoted
supp(v), is defined as the set of locations in which v holds non-zero entries; that is, ¢ € supp(v) if
and only if the i*" element of v is not zero. Hence, the second stage in our algorithm (as outlined
in Section 5.1) is searching for (distinct) vectors v(M, ..., v**+D) ¢ F*\ H such that supp(v®) N
supp(v¥)) = () for every i # j € [k+1]. We claim that if H is an axis-parallel linear subspace (which
means that its co-dimension is at least k + 1), then > ;cp. ) civ® & H for every (ci,...,cpp1) €
fk-l-l \ {Ok—l-l}'

Claim 5.2 (on vectors that lie outside an axis-parallel linear subspace): Suppose that H C F™ is an
azis-parallel linear subspace; that is, for some J C [n] it holds that H = {x € F™ : x;=01"1}. Then,
for any vectors vV, ..., 0" € F*\ H such that supp(v®) N supp(v?)) = O for every i # j € [t], it
holds that 3 v & H for every (ci,...,c;) € Ft\ {0},

20Suppose, on the contrary, that for some i € [k] it holds that ¢'(z); depends on variable j ¢ I. Then, letting
el = 077110"77, we derive a contradiction, because ey) = 0" but g'(e")); # 0 (since g'(x); is a linear function that
depends on location j).
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Proof: The claim holds trivially for t = 1 (since for v € F" \ H and o € F \ {0}, it holds that
av & H). We shall first prove the claim for ¢ = 2. Specifically, we prove that for any u,w € F*\ H
such that supp(u) N supp(w) = 0, and every o, € F \ {0}, it holds that au+ fw & H.

Let H and J C [n] be as in the hypothesis. Then, for every v € F" it holds that v € H if
and only if supp(v) NJ = 0. Hence, u & H implies that supp(u) N J # 0, and ditto for w. Using
supp(u) N supp(w) = ), we have supp(au + fw) = supp(u) U supp(w) for every a, € F \ {0}.
Hence,

supp(au + fw)NJ = (supp(u) U supp(w)) N J
= (supp(u) N J) U (supp(w) N J)
£ 0

which implies that au + fw ¢ H.

The general case (i.e., t > 3) is proved by induction. Assuming that the claim holds for ¢t — 1, we
prove it for ¢ by considering any ¢ vectors v!), ..., v® € F™\ H (such that supp(v(?)Nsupp(v?)) =
for every i # j € [t]) and any (cy, ..., ;) € F'\ {0'}. We can discard the case of (c1,...,c;—1) = 0071,

which implies that ¢; # 0 (since then ¢;0(Y) ¢ H). In the case that (ci,...,ci—1) € Fr=1\ {001},

we invoke the two-vector claim with u Zz‘e[t—l] c;o® and w def v®, while noting that u ¢ H

(by the induction hypothesis) and supp(u) N supp(w) = Uie[tfl](supp(v(i)) N supp(v®)) = 0. The
claim follows. I

5.3 The Main Procedure: A Single Iteration of Stage 2

Recall that we enter Stage 2 with a k-by-n full-rank matrix V' such that ¢V ¢ H for every ¢ €
F¥\ {0*}, where H = h™1(1), and that we are given oracle access to h : F* — {0,1}. (Initially
k <logr(2/€) + 1, and this condition will be maintained in all iterations.)

In each iteration, we either decide (based on solid evidence) or proceed to the next iteration with
an augmented matrix. Typically, g = gu v is 0.1-close to being a linear function with image k and
h is e-close to the function h’ defined based on the self-correction of g; both these conditions (which
hold initially but may be violated by subsequent iterations) are checked in the preliminary steps
(i-e., Steps 1-3) of the following Algorithm 5.3, which also handle the case of k > [logz(2/e€)].
Indeed, Steps 1-3 correspond to a single iteration of Step 2 of Algorithm 4.15, whereas Steps 4-5
are the actual core of the Algorithm 5.3. Hence, a single iteration of Stage 2 (i.e., Algorithm 5.3)
constitutes a quasi-tester for the property of being an (n — k)-dimensional axis-parallel linear
subspace.?! (Again, we assume for simplicity that h(0") = 1; clearly, this assumption can be
verified by making a single query to h.)

Algorithm 5.3 (quasi-testing (n — k)-dimensional axis-parallel linear subspace): On input a full-
rank k-by-n matriz V, where k < logz(2/€) + 1, a prozimity parameter ¢ € (0,0.1], and oracle
access to h : F* — {0,1} such that h(0™) = 1, we proceed as follows, where H = h=1(1).

1. (Dealing with too large k’s): If k >t def |log|7((2/€)], then we invoke Algorithm 4.12 (with
proximity parameter €, matrix V', and oracle access to h), and output its verdict (along with
the matrix V in case of acceptance).

2! Again, ithe term “quasi-tester” is used because Stage 2 is not guaranteed to reject no-instances with high prob-
ability. It may return a matrix V' of higher rank (i.e., ¥ > k): See Step 5.
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2. (Testing linearity of gy v): Otherwise (i.e., k < t), we test gy : F* — FFU{L} for linearity
with proximity parameter set to 0.1, while emulating g v by querying h and handling 1 -values
of guv as in Algorithm 4.7.22 If the test reject, then we reject. Otherwise (which exclude
also the case that we halt and return an augmented matrix), we proceed to the next step.

3. (Testing correspondence between h and the self-corrected version of ggv): Letting g’ : F™* —
F¥ be the linear function that is closest to gc.m, and b+ F" — {0,1} be defined according
to g (ie., h(x) = 1iff ¢'(x) = 0%), we use Algorithm 4.14 to test whether h' equals h (using
proximity parameter €).

4. (Search for influential sets and corresponding vectors): We select a random partition of [n]
into t' = O(t?) sets, denoted Sy, ..., Sy, and test, for every i € [t'], whether S; influences h by
selecting random assignments to the variables in S; and checking whether h' evaluates to 0
under any of these assignments.

Specifically, for each i € [t'], we perform t” = O(logt) such trials, where in each trial we select
a random vector v uniformly among all vectors that have non-zero entries only in locations
that reside in S; (i.e., v is selected uniformly in {x € F" : supp(z) C S;}), and check whether
v is in H. We check whether v is in H = h=1(1) by selecting a random r € F™ and checking
whether gp v (v + 1) = gu,v(r). We proceed in each trial according to the following cases.

(a) (The case of L-values): If either ggy(v+71) =1L or guyv(r) =L or guyv(v) =L, then
we proceed as detailed in Step 2. Otherwise, we proceed to the next sub-step.

(b) (Clear violation of linearity): If gy v (v + 1) — guv(r) # gu,v(v), then we reject.

(¢) (Evidence for influence): If giyv (v +7) — guv(r) = gry(v) # 07, we let v + v, say
that v\ 4s a witness for the influence of S; on h.

(The assertion that S; influences h is justified by the hypothesis h(0™) =1 and the fact
that h(v) = 0, where the latter fact is due to gg v (v) € F* \ {0"}.)

Otherwise (i.e., ggv(v+71) —guv(r) = gu,v(v) = 0" holds in all trials), we say that S; does
not influence h.
(Recall that gg v (v) = 0" implies h(v) = 1.)

5. (Final decision): Let I C [t'] be the set of indices of the influential sets. If |I| < k, then

we accept (with output V). Otherwise (i.e., [I| > k), if |I| > t, then let I be an arbitrary
(t + 1)-subset of I.

Let T = {iy,...,ip }. If there exists (cy,...,cp) € F¥ \{0¥} such that > ek cjol) € H, then
we reject. Otherwise (i.e., 3 ;cp c;jol) & H for every (cq,...,cp) € F¥ \ {0¥}), we return

the k'-by-n matriz consisting of the vV ’s (i.e., the matrix having o) as its 5 row).

*?This means that we distinguish two cases regarding gu,v(r) = L (equiv., regarding the cardinality of G(x) =

{c € F¥ .z + ¢V € H}), where gnv(z) = ¢ € F* (equiv., G(z) = {c}) if ¢ is the unique vector that satisfies
x4+ cV € H and gu,v(z) = L (equiv., |G(z)| # 1) otherwise.
o If |G(x)| > 2, then we reject.
e If G(x) = 0, then we check whether G(z') = @ for every 2’ that is a non-zero multiple of z. If this condition
holds, then we halt and return the (k4 1)-by-n matrix V'’ that contains V as its first k rows and z as its k 4 1%
row. Otherwise, we reject.
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The complexity of Algorithm 5.3 is
O((klog|F|)*/e) + O(F[Y) + O(1F|/e) + OF) - |[FI" + |F[™! = O(|1F|/e),

where the i*" term accounts for Step 4, and the equality uses k < t = [log|7|(2/€)]. Note that
Steps 2-3 (of Algorithm 5.3) are identical to Steps 2A+2B (of Section 4.2), and that passing both
these steps (whp) implies that (1) ¢’ can be recovered by self-correction of gg v and (2) if h is e-far
from being an awis-parallel linear space, then ¢’ is influenced by more than k variables. These facts
will be instrumental in our analysis.

Proposition 5.4 (analysis of Algorithm 5.3): Suppose that V' is a k-by-n full-rank matriz such
that ¢V ¢ H for every ¢ € F*\ {0F}. Then, on input V, a proximity parameter ¢ € (0,0.1],
and oracle access to h : F™* — {0,1} specifying H = h=1(1), Algorithm 5.3 satisfies the following
conditions.

1. If H is an (n—k)-dimensional axis-parallel linear subspace, then Algorithm 5.3 always accepts
(with output V).

2. If H is an (n — k*)-dimensional axis-parallel linear subspace such that k* # k, then k* > k
and Algorithm 5.3 always either accepts (with output V') or returns a k'-by-n matriz V' such
that k' € [k + 1, min(k*,t + 1)].

3. If h is e-far from describing an axis-parallel linear subspace, then, with high probability, Al-
gorithm 5.3 either rejects h or returns a k'-by-n matriz V' such that k' € [k + 1,t 4 1].

Furthermore, whenever Algorithm 5.8 returns a k' -by-n matriz V' it holds that V' is full-rank and
dV' & H holds for every ¢ € F¥ \ {0F'}.

Proof: We first show that whenever Algorithm 5.3 returns a k’-by-n matrix V’, it holds that V' is
full-rank and ¢V’ & H holds for every ¢ € F* \ {0*'}. In the case that V" is returned in Steps 24,
this claim follows as in the proof of Proposition 4.8, whereas the other case (i.e., V' is returned by
Step 5) holds by the explicit check performed in Step 5.

Turning to Part 1, suppose that H is an (n—k)-dimensional axis-parallel linear subspace. Then,
unless Step 1 itself accepts (due to k > t), we successfully pass the tests of Steps 2-3, since gg,y is
linear, and Step 4 selects a t’-partition that has at most k influential sets. Step 4 then declares a
subset of these sets as influential, because Step 4 never rejects (since g,y is linear, and in particular
guv(z) € F* for every z € F™). In this case, Step 5 accepts (with output V).

As for Part 2 (i.e., H is an (n — k*)-dimensional axis-parallel linear subspace), again we as-
sume that Step 1 did not accept (due to k > t). To see that Steps 2-3 never reject, recall that
g (2), g v (y), guv (z +y) € F* implies gy v (2 +y) = guv () + g v (y), whereas gy v (z) = L
iff G(x) = 0 (see Claim 4.5). By the same reasoning, Step 4 either returns a (k + 1)-by-n matrix V'
or proceeds to Step 5 with &’ witnesses. As for Step 5, it accepts if k¥’ < k, and otherwise returns a
k'-by-n matrix V’ such that k¥’ € [k+ 1, min(¢ + 1, k*)], because by Claim 5.2 the condition checked
in this step is always satisfied whereas k < k* (since V' spans a subspace that intersects H only at
0™). To summarize, in the current case, the algorithm either accepts (with output V') or returns a
K'-by-n matrix V' such that k¥’ € [k + 1, min(¢ + 1, k*)].

Finally, we consider Part 3. We first prove that if £ > ¢, then Step 1 rejects with high probability.
This is the case because the hypothesis that h is e-far from being an axis-parallel linear subspace
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implies that |H| > € |F|" (since otherwise H and {0"} C H differ on at most [H| —1 < e - |F|"
points) and the claim follows by Claim 4.13. Hence, we may assume that k& < t. We may also
assume that g = gg,v is 0.1-close to a linear function ¢’ : F* — F* and that h is e-close to the
function A’ : F* — {0,1} defined as h'(x) = 1 iff ¢’(x) = 0¥, because otherwise either Step 2 or
Step 3 rejects (w.h.p.).

Assuming that we reached Step 4 (which happens iff Steps 1-3 did not reject), we shall show
that, with high probability, Step 4 either rejects or returns a (k 4 1)-by-n matrix V' or finds more
than k influential sets along with corresponding witnesses. In other words, we show that if Step 5 is
reached, then (w.h.p.) it is reached with &’ > k + 1 witnesses (for the influence of £k’ disjoint sets),
while noting (by inspection) that failure to reach Step 5 results in one of the other two events (i.e.,
either rejection or returning a (k 4+ 1)-by-n matrix V).

Recall that ¢’ : F* — FF is a linear function that is 0.1-close to g, and let H' denote the linear
subspace defined by ¢’ (i.e., H = {x € F" : g’(x) = 0*}). Also recall that H' is e-close to H,
and it follows that H' is not axis-parallel (since H is e-far from being axis-parallel). In this case,
¢’ depends on more than k variables (see Claim 5.1), and (with high probability) the ¢'-partition
selected in Step 3 contains more than k parts that influence ¢’. For each of these influential parts,
with probability at least 1/2, a vector v selected uniformly among the vectors that are supported
by this part resides outside H' (equiv., ¢’(v) # 0F). In this case, using ¢'(v + 1) # ¢'(r) for every
r, we have

Pr.cre(gav(v+7r)=g"(v+7r)Aguy(r)=g(r)]
0.8,

Pricrnlgny(v+71)# guyv(r)] >
>

since g,y is 0.1-close to ¢'. It follows that, for each influential part and each trial (of selecting a
random v supported by this part), with constant probability we either reject or returns a (k + 1)-
by-n matrix V' or finds a corresponding witness for this part. The claim follows by noting that
these trials are repeated sufficiently many times.

We have shown that if Step 5 is reached, then it is reached with &’ > k + 1 witnesses (for the
influence of k" disjoint sets). In this case, Step 5 never accepts: It either rejects or returns a k’-by-n
matrix V.

5.4 The Actual Algorithm and Its Analysis

In order to obtain complexity O(1/€), we perform the first stage (of testing linear subspace) by
using Algorithm 4.15, although using Algorithm 4.9 (or any other tester that also provides a basis
V for a space that intersects h=1(1) only at 0") would also yield a tester.

Algorithm 5.5 (testing axis-parallel linear subspaces): On input € > 0 and oracle access to h :
F™ — {0,1} such that h(0") = 1, we proceed as follows.

Stage 1: Testing that H = h~!(1) is a linear subspace. We invoke Algorithm 4.15 with prozimity pa-
rameter set to € and oracle access to h, and reject if it rejects. If the said invocation accepted
in its first step (i.e., Step 1 of Algorithm 4.15), then we accept. Otherwise (i.e., the invocation
accepted at a later step), we let V' denote the k-by-n matriz output by the invocation, and

proceed to the next stage using V. Recall that k <t &f [log|7(2/€)] + 1
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Stage 2: Iteratively searching for influential sets and corresponding vectors. We proceed in iterations
such that, in each iteration, we invoke Algorithm 5.3 at most O(log(1/t)) times, with prozimity
parameter set to €, providing it with input V and oracle access to h. The outcome of each
invocation is handled as follows.

e [f the current invocation of Algorithm 5.3 rejects, then we reject.

e If the current invocation of Algorithm 5.3 returned a k'-by-n matriz V' (where k' > k
must hold), then we proceed to the next iteration with V < V' and k + k'.

Otherwise (i.e., all invocations accepted with output V'), we accept with output V.

(Recall that & increases from iteration to iteration, and that Algorithm 5.3 either rejects or
accepts when k >t + 1.)

The complexity of this algorithm is O(|F|/€) + O(t/€) = O(|F|/e), where the first (resp., second)
term accounts for Stage 1 (resp., Stage 2), and the equality uses ¢t = O(log(1/¢)).

Proposition 5.6 (analysis of the algorithm): Algorithm 5.5 constitutes a one-sided error tester
for axis-parallel linear subspaces.

Proof: If h describes an axis-parallel linear subspace, then Algorithm 4.15 (invoked in Stage 1)
always accepts, while outputting a matrix of dimension k € [t + 1] (see Proposition 4.16).2> Hence,
we reach Stage 2, which proceeds in at most ¢ + 1 iterations, where each iteration returns a matrix
of larger dimension (see Part 2 of Proposition 5.4), and the last iteration always accepts (see Part 1
and 2 of Proposition 5.4).

Turning to the case that h is e-far from describing an axis-parallel linear subspace, we distinguish
the case that h is e-close to describing some linear subspace from the case it is e-far from such
functions. In the former case Stage 1 leads the algorithm to reject, with high probability, and in
the latter case (w.h.p.) either Stage 1 rejects or Stage 2 is reached. If Stage 2 is reached, then, with
high probability, each iteration of Stage 2 either rejects or returns an augmented matrix, whereas
the last iteration rejects (see Part 2 and 3 of Proposition 5.4). [l

Conclusions. Proposition 5.6 implies that there exists a one-sided error tester of complexity
O(|F|/€) for axis-parallel linear subspaces, and thus for testing monomials. This establishes The-
orem 1.3. Furthermore, a closer look at the proof reveals that whenever the tester accepts it may
also output a lower bound on the co-dimension of the corresponding axis-parallel linear subspace;
that is, whenever the tester accepts it may also output k such that (whp) the tested function is
close to describing an (n — k)-dimensional axis-parallel linear subspace and is far from describing
an axis-parallel linear subspace of smaller co-dimension. Hence, for any B, we obtain a tester for
the class of axis-parallel linear subspaces of co-dimension at most B. This establishes Theorem 1.2.

6 Lower Bounds for the Exact Versions

Recall that we say that f : {0,1}" — {0, 1} is a k-monomial if f is the product of exactly k variables;
that is, there exists a k-subset I C [n] such that f(z) = [[;c; =:.

28Recall that if A = 1, then Algorithm 4.15 always accepts (in Step 1), and in that case Algorithm 5.5 always
accepts.
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Theorem 6.1 (on the complexity of one-sided error testers for k-monomials): For every k >
2, every one-sided error tester for the set of k-monomials on n variables has query complexity
ﬁ(log(n —k)), provided that the prozimity parameter is smaller than 27%. Furthermore, this holds
even if it is promised that the tested function is either a k-monomial or a (k — 1)-monomial.

Equivalently, the lower bound holds for testing (n — k)-dimensional axis-parallel linear subspaces
(over GF(2)), even when guaranteed that the tested function describes an (n — k’)-dimensional
axis-parallel linear subspace for k' € {k — 1, k}. Indeed, this establishes Theorem 1.1.

Proof: We prove the furthermore claim for k& = 2, and it follows for general k by considering
monomials that always contain the last & — 2 variables. Moreover, we shall prove that Q(logn)
queries are required from any algorithm that satisfies the following two conditions.

1. The algorithm always accepts any 2-monomial.

2. When given oracle access to a random 1-monomial, the algorithm rejects with probability at
least 1/2, where the probability is taken over the choice of the monomial.

Indeed, it suffices to consider deterministic algorithms, since one may consider the best possible
random-choices of a randomized algorithm. To prove this claim, we fix an arbitrary (deterministic)
algorithm that makes ¢ queries and consider a random iterative process that selects a random
1l-monomial on-the-fly, in response to the queries of the algorithm. We shall show that, with
probability exceeding 1/2, after ¢ queries the function is still undetermined and the answers received
are also consistent with some 2-monomial. Since in such a case the algorithm must accept (per
the one-sided error condition), it follows that it accepts a random l-monomial with probability
exceeding 1/2. This proves that the query complexity of an algorithm that satisfies the foregoing
two conditions must exceed gq.

In light of the above, we focus on describing and analyzing the aforementioned random iterative
process. The process maintain a set of indices (of variables), denoted S, such that the corresponding
1-monomials are each consistent with the answers provided so far. Initially, S = [n], and after
q iterations (i.e., queries) we select an index uniformly in the current set S and consider the
corresponding 1-monomial. We shall also show that if | S| > 2, then any 2-monomial with variables
indices that reside in S is consistent with the answers obtained so far.

Construction 6.1.1 (an iteration of the random process): Suppose that the current set of indices
equals S, and that the algorithm makes the query x. Let X be the set of 1-coordinates in x; that is,
X ={i € [n]:x;=1}. Then, with probability %, the process answers 1 and resets S < SN X,

and otherwise it answers 0 and resets S < S\ X (equiv., S <~ SN {i € [n]:z;=0}).

Note that, in each iteration, the size of the set S decreases if and only if SNX ¢ {0, S}. Evidently,
the process always stops (after ¢ iterations) with a non-empty set S. We call this set the output of
the process. We now analyze this output.

Claim 6.1.2 (monomials consistent with the output of the random process): If the random process
outputs the set S, then any monomial that has all its variables in S is consistent with the answers
provided by the random process; that is, for any I C S, the monomial fr defined by fr(x) = [];c; =i
1s consistent with all answers.
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Proof: Fixing the random choices of the process, let S be its output and = a query made to it
by the algorithm. If z was answered 1 (resp., answered 0), then {i € [n] : z; =1} D S (resp.,
{i € [n]:2;=0} D 9). It follows that, for every I C S, it holds that fr(z) =1 (resp., fr(z) = 0),
since [ CSC{i€n]:z;=1} (resp.,, [ C S C{i€[n]:x;=0}). O

Claim 6.1.3 (the distribution of a random element in the set output by the random process):
Suppose that the random process outputs the set S and then we select © uniformly in S. Then, i is
distributed uniformly in [n].

Proof: The execution of the random process can be visualized as traversing a tree of depth ¢ in which
the paths represent possible sequences of answers, and the vertices represent the corresponding sets.
The root corresponds to the set [n]; if an internal vertex corresponds to the set S, then its children
correspond to the sets SN X and S\ X, where X corresponds to the query made at this point.
Now, observe that the vertices at each level of the tree correspond to a partition of [n], and that a
vertex that corresponds to the set S is reached with probability |S|/n. (The latter claim is proved
by induction: If a vertex that corresponds to the set S is reached with probability |S|/n, then the
edge that leads to a child that corresponds to S’ C S is traversed with probability |S’|/|S|, and the

child is reached with probability 2l - 15— ‘il') O

ERREE

Claim 6.1.4 (the size of the set output by the random process): For some q = Q<1o§1gogn> , with

probability at least 2/3, the output of the random process has size at least 2.

Proof: Consider the sequence of sets St, ..., S, selected in the ¢ steps of the process, where Sy = [n],
and let X (S, ..., S;_1) denote the i*" query made by the algorithm (when given the corresponding
sequence of answers). Fixing i and letting X = X (51, ...,.5;—1), it holds that S; = S;—1 N X with
g
that S, is a singleton. Hence, without loss of generality, we may assume that X (S, ...,.S;—1) only
depends on S;_; and that it can be replaced by a function of |S;_1| that merely specifies the relative
sizes of S;_1 N X and 5;_1 \X, that is, pi(|Si71’) = ‘51;1 N X|/|Sz|

In light of the above, it suffices to consider the sequence of random variables (i, ...,(, that
represent the sizes of the S;’s such that ¢; = p;((—1) - G;—1 with probability p;(¢;—1) and ¢(; =
(1 —pi(Gi—1)) - Ci—1 otherwise. Letting (o = n, our aim is to prove that Pr[(,=1] < 1/3. Observing

probability , and S; = S;—1 \ X otherwise. Our aim is to upper-bound the probability

that (,=1 if and only if Hie[q] Cgl =n, our aim is to prove

Pr HCHzn <1/3. (4)

iclg]

Letting & = logy(¢i—1/¢i) > 0, we have & = logy(1/p;) with probability p; and & = logy(1/(1 —
pi)) otherwise, where we can think of p; as adversarially chosen (given &_;). Observe that
E[&il&1, - &i—1] = Ha(pi) < 1, where Hj is the binary entropy function, and that Eq. (4) can
be written as

Pr|Y &>1| <13, (5)

i€[q]
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where | = logyn. Note that the &’s essentially satisfy the Martingale condition, so Eq. (5) would
have held if the &;’s were bounded, alas they are not. We address this problem by using the fact
that Pr(¢; > logy(4q)] < 1/4¢, defining & = &; if & < log,y(4¢) and & = 0 otherwise, and using

Pr|Y &>1| <Pr | ¢>I 41 (6)

i€lq] i€[q] y
where the benefit is that £ € [0,logy(4q)]. Lastly, recalling that E[¢/] < 1, assuming that ¢ =
Q(1/log 1) is small enough, and using the Martingale Tail Inequality, we upper-bound Pr [Zie[ d g >
by exp(—Q((I — q)/log(4q))) = o(1), and the claim follows. [J

Conclusion: Combining the foregoing claims, we conclude that for some ¢ = Q((logn)/loglogn),
no algorithm that makes ¢ queries can always accept any 2-monomial, while rejecting a random
1-monomial with probability at least 1/2. The theorem follows. W

Appendices

A.1 Proof of Claim 4.3 (reproduced from [9, Sec. 3])

Recall that Claim 4.3 asserts that for H,V and g = gm,v as in Definition 4.2, it holds that H is
an (n — k)-dimensional linear subspace if and only if g is a linear function with image F*.

Proof: Recall that g~!(0%) C H always holds. Furthermore, if g(z) € F* for every z € F", then
r € H implies g(z) = 0% (equiv., H C g~(0%)). (Indeed, if g(z) € F* for every z € F", then
x+cV € H implies g(z) = ¢ for every = and ¢.) Now, if g is a linear function with image F*, then
g(x) = 2T for some full-rank n-by-k matrix 7. It follows that H = g1 (0%) = {x : 2T =0"} is an
(n — k)-dimensional linear subspace.

On the other hand, if H is an (n — k)-dimensional linear subspace, then, for some full-rank
(n — k)-by-n matrix G, it holds that H = {yG : y € F*¥}. In this case, for every z € F" there
exists a unique representation of z as yG —cV/, since V is a basis for a k-dimensional linear subspace
that complements the (n — k)-dimensional linear subspace H. Hence, for every x € F", there exists
a unique (c,y) € F¥ x F*=F such that z + ¢V = yG € H, and g(x) = g(yG — c¢V) = c follows.
Lastly, we observe that the image of g equals F*, because g(0" — cV) = ¢ for every ¢ € FF,
and that ¢ is linear, because for every x = yG — ¢V and 2/ = /G — ¢V in F", it holds that
g(@) +g(a') =c+ =gz +2') (since c+ ¢ = g(y"G — (c + ¢)V) holds for every y" € F*~* and
in particular for " =y +7v¢'). W

A.2 Proof of Lemma 3.2

The following self-correction procedure, denoted SeIfCorrectPonf (z), is presented in the analysis of
tester underlying [1, Thm. 1]. On input z € {0,1}" and access to a function f : {0,1}" — {0,1},
the procedure selects uniformly at random vectors y1,...,yx € {0,1}" and outputs the sum of
all vectors in the span of z,y1, ..., yi, except for x and the empty linear combination; that is, the

output is
> f (Z yz> (7)

0£I1C{0,1,... n}:I£{0} il
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where 1o = x. Note that each of the 2871 —2 inputs to f (i.e., > ic1 Yi for each non-empty I # {0})
is uniformly distributed in {0, 1}".

Claim A.1 ([1, Lem. 1]): If f € P<g, then Eq. (7) equals f(yo) for every yo,yi,...,yx € {0,1}".

This establishes Part 2 of Lemma 3.2. We establish Part 1 by observing that if f is d-close to f’,
then for every z it holds that SelfCorrectPoly/ () is (28! — 2) - d-close to SelfCorrectPoly/ (z). It
follows that if f is 2% 3-close to g € P<, then for every x we have

Pr[SelfCorrectPoly” (z) = g(z)] > Pr|[SelfCorrectPoly?(z) = g(z)] — (281 —2).27+=3
1— (2k+1 . 2) . 27’6*3’

which is larger than 3/4. This establishes Part 1 of Lemma 3.2.
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