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Abstract

We study the problem of finding a copy of a subgraph H in a graph G that is far from
being free of having copies of H. We consider this problem in the bounded-degree
graphs model. In this model, each of the n vertices has at most d neighbors, and an
algorithm is allowed to make queries regarding the neighbors of vertices in the graph.
The graph is said to be e-far from being H-free if more than € - dn of its edges must

be deleted to make the graph free from having copies of H.

We present an algorithm for finding a copy of H in graphs that are e-far from being
H-free and have bounded (constant) treewidth. This algorithm makes a number
of queries that is polynomial in 1/e, the size of H and the degree bound d. The

complexity of the algorithm is independent of the number of vertices, n.

We also present an algorithm for the special case in which H is a path of length
k. Our algorithm uses specific properties of graphs that are far from having k-
paths. Finding k-paths was previously studied by Reznik (Master’s thesis, Weizmann
Institute of Science, 2011). Reznik gave an algorithm for the case in which G is cycle-
free, where the query complexity of the algorithm is polynomial in k, d and 1/e. We
propose a conjecture that, if proven to be true, implies that our algorithm works for
any graph that is e-far from being k-path free with query complexity polynomial in
k, d, and 1/e. As a sanity check, we establish the conjecture for cycle-free graphs.
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1 Introduction

1.1 Property Testing

Property testing is the study of highly efficient algorithms that decide whether a given
object (e.g., a graph) has a certain predetermined property (e.g., bipartiteness), or
is significantly different from any object that has the property. The algorithm is
given access to an oracle for performing (local) queries to the input and a small
probability of failure is allowed. Property testing was first explicitly defined in the
work of Rubinfeld and Sudan [RS96], who considered testing whether a function is
a low-degree polynomial. A systematic study of property testing with special focus

on graph properties was undertaken in [GGR98|.

In order to define a property testing problem, we need to describe the type of
queries that the algorithm is allowed to perform, provide a distance measure between
objects and define the class of objects for which the property holds. The algorithm
is given a distance parameter, denoted €, and should accept inputs (with probability
at least 2/3) for which the property holds and reject inputs (with probability at least
2/3) which are e-far from any other object for which the property holds. If the input
neither has the property nor is far from having it, then the algorithm can either
accept or reject. In the following sections, when we use the term high probability, we
mean high constant probability, i.e., probability at least 2/3. In some cases testing
algorithms have a non-zero error probability only on inputs that are far from having
the property. In such a case, when they reject an input, they always provide evidence

that the input does not have the property.

The main complexity measure for property testing algorithms is their query com-
plexity. The aim is to design testing algorithms whose query complexity is sub-linear

in the size of the tested object, and possibly even independent of this size.



The study of testing graph properties was initiated by Goldreich, Goldwasser and
Ron [GGRYS8|. A graph property is a set of graphs closed under graph isomorphism
(renaming of vertices). When studying graph properties, the form of queries, and
in some cases the distance measure, depend on the graph representation. In this
work we are interested in bounded degree graphs, represented by adjacency lists. We

describe the precise model shortly.

1.2 Testing for Subgraph Freeness

In this thesis, we study the problem of testing H-freeness for a given small subgraph
H. A graph G has the property of H-freeness if there is no subgraph of G that is
isomorphic to H. We study the problem in the bounded-degree incidence-lists model
presented in [GRI7|. In this model, a tester for H-freeness is a randomized algorithm,
which gets as input a degree bound, d, a distance parameter, €, and the number of
vertices in the graph, n. The tester is given access to an oracle, allowing it to make
queries regarding the graph. These queries are of the form (v, i) where v is a vertex
in the graph and 7 is a number between 1 and d, with the answer being the ¢-th
neighbor of v (if v has at least ¢ neighbors, otherwise a special symbol is returned).
The algorithm should distinguish with probability at least 2/3 between the case in
which G has no copy of H and the case in which it is necessary to remove at least
edn edges from the graph for there to be no remaining copies of H in G. In the
first case the tester should accept GG, and in the second case it should reject G. We
are interested in testers that perform a sub-linear number of queries with respect to
the size of the graph. We shall actually design algorithms for which the number of
queries is independent of the number of vertices in the graph, and depends only on
the parameters €, d, the size of H, and possibly on properties of H. As we show in

Subsection 3.1, we can assume without loss of generality that H is connected.

Specifically, we will be interested in algorithms that have one-sided error. Namely,
the tester must accept the graph with probability 1 if it is H-free. This means that
in order to reject a graph the tester must find evidence of the subgraph H in G, since
otherwise it might reject graphs that are H-free. Therefore, another way of stating
the problem is of finding a copy of H in G (with high probability), when G is e-far
from being H-free. We will give special consideration to the case in which H is a
k-path, i.e., k vertices vy, vg, ..., v such that there is an edge between v; and v;,; for
1<i<k-1.



1.3 A Simple Algorithm for Finding Subgraphs

As observed in [GR97|, if G is e-far from being H-free, then it is trivial to find, with
high success probability, a subgraph H in G using O(d""!/¢) queries, where 7 is the
diameter of H. Notice that there should exist at least en vertices that participate in
some copy of H. Otherwise, we can just remove all edges incident to such vertices, so
that we are left with no copy of H in the graph, while removing less than edn edges.
Hence, if we choose a vertex in the graph with uniform probability and perform a
BFS up to depth 7, we will find a copy of H with probability at least e. By executing
this O(1/¢) times, we will find evidence of H with high probability, performing a total
of O(d™!/e) queries. Notice that using this method, we get query complexity that is
independent of the size of the input graph, but exponential in 7. We are interested
in the question of whether it is possible to find a subgraph H with query complexity
polynomial in d, 1/e and the size of H when G is e-far from being H-free.

1.4 Previous Work

The specific problem of finding a k-path in graphs that are far from k-path free,
was first addressed by Czumaj et al. [CGR™12]|, as a simple special case of finding
an M-minor (in graphs that are far from M-minor free) for M that is a tree. A
graph G is M-manor free for a given graph M, if M cannot be obtained from G
by a sequence of vertex removals, edge removals and edge contractions.! (We give
more details on previous work related to testing minor freeness in Subsection 1.6.)
Observe that while finding subgraphs and finding minors are very different problems
in general, in the case of a k-path, the problem of finding a k-path minor is the same
as finding a k-path. Czumaj et al. [CGR'12] raised the question whether there is
an algorithm for finding a k-path in bounded-degree graphs that are far from k-path
free whose query complexity is poly(d, k,1/€). Note that the desired bound is on
the query complexity and not the running time, since by setting d = n, £k = n and

¢ = 1/n?, we would get an algorithm for finding a Hamiltonian path (if one exists).

Reznik studied this question in [Rez11|. He shows that it is possible to find (with
high probability) a k-path in a cycle-free graph that is e-far from being k-path free,

1 An edge contraction is an operation that removes an edge from the graph and merges the two
vertices that it previously connected. Namely, an edge (u,v) is replaced by a single vertex u’,
where every vertex w that was a neighbor of either u or v, is now a neighbor of u/'.



with query complexity polynomial in k, d and 1/e. He gives two algorithms (random

DFS and random walks) for finding k-paths. The random DFS algorithm has query

complexity O (i—'f) and the random walk algorithm has query complexity O (dff?).

The analysis of these algorithms (on cycle-free graphs) is based on first establishing
the existence of a special subgraph (in which it is relatively simple to find a k-path)
in cycle-free graphs that are e-far from being k-path free. Reznik then shows that
both searches, given they had started from a vertex in this subgraph, generally stay

in it, while occasionally straying from the subgraph.

1.4.1 Partition Oracles

There has been some previous work on designing partition oracles for various fam-
ilies of graphs. These procedures are also given query access to the incidence lists
representation of a bounded-degree graph and a distance parameter ¢/. A partition
oracle is defined with respect to a class of graphs, C. When the procedure is queried
on a vertex in the graph, it returns the part (subset of vertices) to which the vertex
belongs in a partition of the graph vertices. The partition should be such that the
parts are small (relative to 1/¢’) and if the graph belongs to C, with high probability,
the total number of edges between parts is at most €’[V]. In particular, there has
been work done on designing partition oracles for graphs that are free from some

constant size minor, M.

One can make use of a partition oracle to find a subgraph H in a graph G, under
the premise that G is free from some minor M (of constant size) and given that G
is e-far from being H-free. This can be accomplished by uniformly selecting a set
of starting vertices and performing a local search for H from each of them, while
limiting the number of steps. During the walk, the partition oracle procedure is
called in order to make sure that the walk does not leave the part it started at.
Intuitively, because there aren’t many edges between parts, then there should be
many vertices that belong to a part with copies of H contained entirely in it. If we
start the search at one of these parts and use the oracle to make sure we do not leave
it, we will be able to find a copy of H while visiting a small number of vertices, since

the parts are relatively small.

In [LR13] a quasi-polynomial partition oracle was given for graphs with an ex-
cluded minor M. We can use this to construct a quasi-polynomial (in 1/e, d and
the size of H, assuming constant size M) algorithm for finding H in graphs with an

excluded minor M which are e-far from being H-free.



In [EHNO11] a partition oracle was designed for the class of graphs with bounded-
treewidth (which will be defined in Section 2). Assuming that the bound on the
treewidth is constant, the oracle given in [EHNO11] has complexity poly(d/e). There
are known families of graphs with bounded treewidth, such as cactus graphs, out-
erplanar graphs and pseudoforests. On the other hand, there are families of graphs

with an excluded minor that do not have bounded treewidth, such as planar graphs.

1.5 Owur Main Results

Our first result is an algorithm that, given query access to a cycle-free graph G with
maximum degree d, tests for H-freeness (with one-sided error). The query complexity
of the algorithm is polynomial in d, 1/e¢ and the size of H. We take a different
approach from the one appearing in [Rez11], allowing us to find general subgraphs
(instead of just k-paths) and give a relatively simple proof that the algorithm works
for cycle-free graphs. The query complexity of our algorithm for k-paths in cycle-
free graphs is similar to what is shown in [Rez11|. We then extend this result to
bounded-treewidth graphs (which will be defined in Section 2). We do so by making
use of results appearing in [EHNO11], in which an efficient partition oracle is given
for bounded-treewidth graphs. As previously explained, it is possible to make a
more direct, black-box use of the partition oracle to give an algorithm for finding
H in bounded-treewidth graphs which are e-far from being H-free. However, we
have chosen to build on a lemma from [EHNOI11| to show that our simple and
more efficient algorithm works for bounded-treewidth graphs as well. We also use a
procedure (Procedure 1) that is similar to to a procedure that appears in [EHNO11]|
(Algorithm 2).

The second part of this thesis focuses on k-paths. Our original goal was to obtain a
one-sided error algorithm for testing k-path freeness in general graphs, whose query
complexity is polynomial in d, k, and 1/e. While this goal was not achieved, we
made a step that we hope will lead to achieving this goal in the future. We start
by presenting a basic property of DFS walks for which the set of vertices visited
during the DFS induces a subgraph that does not contain any k-path. We then state
a conjecture regarding a certain property of random DFS walks. This conjecture
allows us to design a framework for a proof which, given that this conjecture is
proven true, shows that the random DFS algorithm indeed finds a k-path with high
probability in general bounded-degree graphs that are e-far from being k-path free.



As a sanity check for the viability of this conjecture we prove its correctness for the
case of random DFS walks in cycle-free graphs. The question of the correctness of

this conjecture in general bounded-degree graphs is left open.

Note that we are only referring to the query complexity of the algorithms we
present in this thesis, and not the running time. As observed in Subsection 1.4, when
d=n,k=nande= # finding a k-path is equivalent to finding a Hamiltonian path.
The general approach we took involves traversing a subset of vertices S, querying the
edges incident to each of them, and then finding a k-path in the subgraph induced
by S. The task of finding a k-path in S might require exponential running time (in
terms of k, d and 1/€) but this does not affect the query complexity, which only
depends on the size of S.

1.6 Other Related Work

1.6.1 Minors

The problem of testing minor-freeness for any given constant size minor M in bounded-
degree graphs, was first studied by Benjamini, Schramm, and Shapira [BSS08]|. They
showed a general result for testing whether a graph holds some monotone 2 hyper-
finite ® graph property. We focus here on a corollary of this result, for minor free
graphs. They gave a two-sided error testing algorithm whose query complexity for
constant degree graphs and constant size M is O <2ddp01yw€) , il.e., independent of
the size of G. This result was later improved (in terms of the dependance on the
distance parameter, €, and the degree bound, d) by Hassidim et al. [HKNOO09|, who
obtained a testing algorithm for M-minor freeness whose complexity is O (dpoh/(l/ E)),
and later in [LR13], to dOUee*(1/e),

As mentioned earlier, the problem of one-sided error testing of M-minor freeness
(i.e., finding a minor in graphs that are far from M-minor free) was considered by
Czumaj et al. [CGR™12]. On the negative side they show that for any fixed M that
contains a simple cycle, the query complexity of one-sided error testing of M-minor

freeness is Q2(y/n). On the positive side they give an algorithm that finds a simple

2 A graph property P is monotone if every subgraph of a graph in P is also in P

3 A graph G = (V, E) is (4, k)-hyper-finite if one can remove §|V| edges from G and obtain a graph
with connected components of size at most k. A collection of graphs is hyper-finite if for every
d > 0 there is some finite k = k() such that every graph in the collection is (9, k)-hyper-finite



cycle in a graph that is e-far from being cycle free, with expected running time of
O (poly(d/e) - v/n). This positive result, which is equivalent to one-sided error testing
of Cs-minor freeness, is extended to Ci-minor freeness. They also consider the case
of finding a T-minor, where T is a tree (in graphs that are far from being T-minor
free), and give an algorithm whose complexity depends only on d, €, and the size of

T.

1.6.2 Random DFS Walks

We were interested in analyzing certain properties of random DFS walks, by which
we mean a DFS such that in each step of the search, the next vertex is chosen
uniformly at random among the set of unvisited neighbors of the current vertex (or
backtracking, as usual, in the case of an empty set). However, we were not able
to find previous work discussing properties of random DFS walks. There are some
works analyzing non-backtracking random walks, which are random walks that do
not return to the previous vertex visited, such as [ABLS07|. One can consider these
as random walks with a memory bank of one already-visited-vertezr, as opposed to
the random DF'S walks which are random walks with a memory bank of |V| already-

vistted-vertices.



2 Preliminaries

2.1 Basic Definitions and Notations

We denote by G = (V, E) a simple undirected graph with n vertices, such that each
vertex in V' has at most d neighbors. Also, we denote by N(U) the set of vertices in
V'\ U that are neighbors of vertices in U, i.e. N({U)={v e V\U|3Jue U, (u,v) €
E}. For a subset of vertices S C V', we denote by G(S) the subgraph induced by the

vertices in S.

2.2 Testing Graph Properties in the Bounded-Degree
Model

Let P be a property of graphs. That is, P defines a subset of graphs, where the
subset is closed under graph isomorphism. We say that a graph G has the property
if G € P. In the bounded degree model, a graph is said to be e-far from having a
property P if more than edn edge modifications should be performed on the graph
so that it obtains the property. In this case € measures (up to a factor of 2), the
fraction of entries in the incidence lists representation of G that should be modified
so that G € P.

In the bounded-degree model, a testing algorithm is allowed to probe the inci-
dence lists of the vertices in the graph. More precisely, the algorithm is given query
access to a function fg: V x [d] — V |JT such that f(v,7) = w if u is the i® neighbor
of v (according to some arbitrary but fixed ordering of the neighbors), and f(v,i) =T
if v has less than ¢ neighbors. We now spell the meaning of property testing in this

model.



Definition 1. A tester for a graph property P is a probabilistic algorithm that, given
input paramters n, d, € and query access to fq, outputs a binary verdict that satisfies

the following two conditions.

1. If G € P then the tester accepts with probability at least 2/3.

2. If G s e-far from having the property P then the tester rejects with probability
at least 2/3.

If the tester accepts every graph in P with probability 1, then we say that it has

one-sided error.

The query complexity of a tester is the number of queries it makes, as a function

of the parameters n, d, € and other parameters that relate to the tested property.

2.3 Random DFS scans

We use DFS scans to traverse the graph, with two small variations. First, we limit
the number of steps the search is allowed to do. Secondly, we scan the graph in a
random order, so whenever we reach a vertex we haven’t seen before or backtrack to
an already visited vertex, we choose the next neighbor to visit randomly from the
set of neighbors which were not already visited. Unless stated otherwise, when we

say that a DFS performed s steps, we mean that it visited s distinct vertices.

2.4 Treewidth

The definition of treewidth was first introduced in [BB73| where it was referred to as
dimension and later rediscovered in [RS84]. First, we define the tree decomposition
of an undirected graph G = (V,E). A tree decomposition is an undirected tree
T = (V', E') with nodes wy,ws,...,w,, and a function X: V' — 2V such that the

following conditions hold:

1. Each vertex in V must appear in some X (w;) in T, i.e. |J, X(w;) = V.

2. The subset of nodes w; € V' for which X (w;) contains a vertex v € V must

form a connected subtree in 7.



3. For each pair of vertices u,v € V' that are connected by an edge (u,v) € E,

there must exist some node w; in T for which u,v € X (w;).
The wndth of a tree decomposition is defined as the size of the largest subset of

vertices among {X(w;)}, minus one. The treewidth of a graph G is the minimal

width over all possible tree decompositions of G.

10



3 Searching For Subgraphs

In this section we describe a polynomial time algorithm that aims to find a subgraph
H in a degree bounded graph G, given that G is e-far from being H-free. We start
by showing a reduction of the case in which H is not connected, to the case in which
H is connected. We then present a few claims and definitions relevant for general
graphs. After that we show that if the graph is cycle-free and e-far from being H-free,
our algorithm finds some copy of H with high probability. Finally, we make a slight
adjustment to the algorithm and prove that it also finds H in bounded-treewidth
graphs. We denote by h the number of vertices in H. All the algorithms we present

in this section are given query access to the graph G, as defined in Subsection 2.2.

3.1 Reduction of Unconnected H to Connected H

In this subsection we show that we can assume without loss of generality that H is
connected. The argument is very similar to the one appearing in [CGR*12, Sub-
section 7.2]. Let H be a graph with connected components Hy, ..., H,. We are
interested in finding a copy of H in a graph that is e-far from being H-free. Note
that simply finding a copy of H; for every i € [m], is not sufficient, since these copies
might overlap or have edges between them. The algorithm presented next assumes
query access to a subgraphs of G, denoted G;. This can be achieved by omitting,

from the query result on G, vertices that are not contained in G;.

Algorithm 1. Test-Unconnected-H-Freeness(e)

1. Set Gy = G. Fori=1 tom, perform

(a) Invoke the H;-freeness tester on G,—y with distance parameter ¢/2. We
invoke it O(logm) times, so that the probability we did not find any copy
of H; in Gi_1, if Gi_1 is €/2-far from being H;-free, is at most 3%”

11



(b) If the tester did not find a copy of H; in any of its executions, then accept.

(c) Otherwise, remove from G;_1 the copy of H; found by the tester. Also,
remove any vertex adjacent to a vertex that belongs to the copy of H;

found. Set G; as the resulting graph.

2. If every iteration found a copy of H;, reject the graph.

It is easy to see that if the algorithm rejects the graph, then it found a distinct
copy of H; for every i € [m], such that there are no edges between these copies.
Therefore, it found a copy of H in GG. Also, the query complexity of the algorithm
is O(logm) - >"1" q;(¢/2,k,d) where ¢; is the query complexity of a tester for H;-

freeness.

Note that if G is e-far from being H-free, then it is also e-far from being H;-free
for every i € [m]. Since we remove in all the iterations at most hd* edges, G; 1 is
¢/2-far from being H; free for every i € [m] (assuming that 2 > hd?, otherwise one
can easily query the entire graph with query complexity polynomial in A, d and 1/e).
Therefore, with probability at least 1 — ﬁ, the i*" iteration will find a copy of H; in
Gi_1. It follows that with probability at least 2/3, Algorithm 1 will find a copy of H

in G. From this point on, we assume that H is a connected graph.

3.2 The Procedure

We start by describing a procedure that we will use for finding copies of H both in
cycle-free graphs and in bounded-treewidth graphs. The parameters B and & will be
chosen in the following subsections. The parameter R is only used for the recursion

and the procedure will always be called with R = ().

Procedure 1. Local-Find-H(R, B, u, §)

1. Perform a DFS scan from u, without visiting any vertex in R, for at most B

steps and denote the set of vertices encountered by S.
2. For each v € S perform at most d queries to obtain all its neighbors.

3. If G(S) contains H, return True.

12



4. If € > 0 then for each v € S — {u} call Local-Find-H(R\J{v}, B, u, £ —1). If

one of these executions returned True then return True, otherwise return False.

By the above description, the query complexity of Procedure 1 is O (B*). Both
our algorithms for cycle-free graphs and bounded-treewidth graphs will simply per-
form Procedure 1, O(1/¢) times with different values of £ and B until the procedure
finds a copy of H or terminates. Notice that in Step 1 we perform a DFS scan,

however as we explain shortly, this can be any local search on the graph (e.g. BFS).

Lemma 1. Let U be a set of vertices such that G(U) is connected. If |[N(U)| = & and
G(U) contains a copy of H, then for any vertex u € U, executing Local-Find-H((,
\U|, u, £) with € > € returns True with probability 1

Proof: We prove the claim by induction on £. If |[N(U)| = 0, that is, there are no
neighbors of vertices in U which are outside of U, then the DFS performed reaches
all vertices in U and thus a copy of H is found in Step 3. Next, consider the case
that & > 0. If the DFS scan does not visit any vertices outside U, then the set S
discovered during the procedure contains U entirely and thus a copy of H is found
in Step 3. In such a case the algorithm returns True. Therefore, if we reached Step
4 of the procedure this must mean we reached a vertex v € N(U). This implies
that v € S and after removing it from the graph, u will be inside a set U’ such that
IN(U")| < € — 1. By induction, the procedure call Local-Find-H(G, |U|, u, € — 1)

with v removed should return True. O]

Notice that in Lemma 1 we made no use of the fact that we perform a DFS scan,

and any other local search on the graph has the same effect.

3.3 General Claims and Definitions

In this subsection we present a few general claims and definitions, relevant for general

graphs, and not specifically cycle-free or bounded-treewidth graphs.

Claim 2. If G is e-far from being H-free then it contains at least 5 verter-disjoint

copies of H

Proof: If G has less than ' vertex-disjoint copies of H, one can simply remove all

the edges incident to these vertices (less then edn edges) and obtain a graph which

is free from H, in contradiction to G being e-far from H-freeness. [

13



From this point we assume that G is e-far from being H-free. We let H{,H,,...,H,
denote the t > $ vertex-disjoint copies of H, referred to in Lemma 2. We would
like to show that with high constant probability, our algorithm will find one of these
copies of H. To this end, we wish to bound the number of edges leading "out” (in
some sense) of these copies of H. We first introduce some definitions. The first
definition will allow us to classify vertices in the graph as follows: vertices in some

H;, vertices in some T'(H;) and the rest of the vertices.

Definition 2. For each H; we let T(H;) C V denote the subset of vertices that satisfy

the following conditions:

1. T(H;) is disjoint from every H;, i.e. T(H;) CV'\ U§:1 H;.
2. There exists a path from each vertex in T(H;) to some vertex in H;.

3. Any path from u € T(H;) to v ¢ T'(H;) must pass through a vertex in H;.

Using this definition, the following claim easily follows.

Claim 3. T(H;) and T(H;) are disjoint for any i # j.

Proof: To verify this, assume in contradiction that there is some u € T'(H;)NT(H;).
By Definition 2, there is a path P’ from u to H; and u ¢ H;. Let us denote by v
the first vertex on the path P’ which belongs to either H; or H;. Without loss of
generality, we assume that v € H;. According to our definition of T'(H;) , any path
from u to v must go through a vertex in Hj;, in contradiction to our definition of v.

A similar argument holds if v € H;. O

Definition 3. An edge (u,v) € E is called an exit edge from H; if u € H; and

Notice that for an exit edge (u,v) from H;, it can’t hold that v is in any T'(H;).
By our definition v ¢ T'(H;) and there is a path from v to H; not going through any
H; # H;. We illustrate Definitions 2 and 3 in Figure 3.1.
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Figure 3.1: A case in which H is a k-path with £ = 4. The dashed
rectangles denote the classification of different subsets of vertices in
the graph and the bold edges are the exit edges

Lemma 4. If u belongs to H; that has at most & exit edges and such that |T(H;)| < %
, then Local-Find-H(), h + %7 u, f) with &€ > € returns True with probability 1

Proof: Let us denote U’ 2 H;|JT(H;). Note that v € U’ and since there are at
most & exit edges leading out of H;, it follows that |[N(U’)| < £. Therefore we can
simply use Lemma 1 with U = U". ]

3.4 Cycle Free Graphs

In what follows, we consider the case that G is cycle-free. We start by describing the

algorithm we use for finding H in cycle-free graphs that are e-far from being H-free.

Algorithm 2. Test-H-Freeness-Cycle-Free(e)

1. Repeat the following O(1/€) times.

(a) Uniformly select a vertex u in G.

(b) Call Procedure 1 with u, £ =2 and B = h + %. If Procedure 1 returned

True, the algorithm rejects.
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2. If no iteration caused rejection, accept the graph.

Our algorithm for testing H-freeness performs O (g—;) queries. Also, it rejects
the graph G only if it found some copy of H in it, so it indeed has one-sided error.

We wish to establish the following theorem.

Theorem 1. If G is cycle-free and e-far from being H-free, then Algorithm 2 finds
a copy of H in G with high constant probability.

Before showing this, we need a few more claims. We now give an upper bound

on the number of exit edges from a majority of the subgraphs Hj;.

Lemma 5. At least half of the sets {H;}i_, have at most two exit edges

Proof: Consider the graph G’ constructed by removing from G the set of vertices
which appear in U;Zl H; and U;zl T(H;), along with the edges incident to them.
We denote by {C;}5_, the set of connected components in G'. Note that by the
definition of connected components, there is no edge between any vertex in C; and

any vertex in Cj for i # j.

We construct an auxiliary graph G'¢ which has ¢ + s nodes {ug, }_; U {uc, }5_;.
We add an edge between uy and ug if there is an edge e € E(G) between some
vertex in A and some vertex in B. Note that because the vertices in any set C; are
connected in G and so are the vertices in any H}, a cycle in G¢ must correspond to
a cycle in GG. Therefore the graph G is also a forest. Furthermore, there is no edge

between uc, and uc, for any ¢ # j, by the definition of connected components.

Any exit edge from H; in G corresponds to an edge in G¢ incident to uy,. Say
(u,v) is some exit edge from H;. This means that v ¢ H; and v is not in any 7'(H;),
so v must belong to some H; or C;. Hence, (u,v) corresponds to the edge between
ug, and ug,; or ug,. The opposite implication also holds. Any edge in G¢ incident to
some ug, corresponds to an exit edge from H;. Therefore, the number of exit edges

from H; is equal to the number of edges in G¢ incident to ugy;.

Let G, be the graph obtained from G¢ by removing all isolated nodes. This does
not affect the number of edges in G¢. As we mentioned above, u¢, is not connected
to any uc;. So if uc, was not removed from G¢, this means it must have at least one
neighbor wuy,. But if it only has one neighbor, according to our definition of T'(Hj),
it must mean that C; C T(H,), in contradiction to the definition of C;. It follows

that any uc, remaining in G, must have degree of at least 2.
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The average degree of nodes in a tree is less than 2. This implies that the average
degree of the nodes ugy; is also less than 2. Therefore at least half the nodes ugy,
have degree at most 2. This means that at least half the subgraphs H; have at most
2 exit edges. ]

From now on we only consider copies of H that have at most two exit edges.
Assume, without lost of generality, that these are the first copies of H in the union
U; Hi. That is, they are Hy, Hy, ..., Hy where t' > 5. The number of vertices in the

union of these copies of H is at least < because they are disjoint.

Lemma 6. At least half of the sets Hy,Hs,...,Hy satisfy |T(H;)| < 4—6}‘

Proof: We assume contrary to the claim that for at least half of the subgraphs
it holds that |T'(H;)| > 2. Since there at least £* such subgraphs, and since the

sets T'(H;) are disjoint, we will get a contradiction because this means that there are

en 4h

more than T

= n vertices in the graph. [

We are now ready to show Theorem 1.

Proof of Theorem 1: Using Lemmas 5 and 6 we now know that there are at least
4 disjoint copies of H taken from the original sets H;, for which there are only two
exit edges and T'(H;) is of size at most %. This means that there at least < vertices
that belong to the union of these sets. Using Lemma 4, we know that if we execute
Procedure 1 starting from one of these vertices u with & = 2, we will surely find the
copy of H which contains u. Since we perform the procedure O(%) times during our
algorithm, each one from a randomly chosen start veretx, we have high probability

of finding some copy of H. [

3.5 Bounded-Treewidth Graphs

Algorithm 2 can be adapted to find, with high probability, any fixed subgraph H in
G given that G is e-far from being H-free and has constant treewidth w. The only
modification to the algorithm is that we will apply Procedure 1 with a number of

exit edges that is polynomial in w and a larger value of B (but still polynomial in e,
h and d).

Algorithm 3. Test-H-Freeness-Bounded- Treewidth(e, w)

1. Repeat the following O(1/€) times.
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(a) Uniformly select a vertex u in G.

all Procedure 1 with u, £ =2(w+1) an = M . If the
(b) Call Procedure 1 with u, &€ = 2(w + 1) and B = O £

call returned True, the algorithm rejects.

2. If no iteration caused rejection, accept the graph.

Algorithm 3 makes O (BQ(“’“)/G) queries, which is polynomial in €, d and h for

constant values of w. We wish to show the following theorem.

Theorem 2. If GG is e-far from being H-free and has trecwidth w, then Algorithm 3
finds a copy of H in G with high constant probability.

In order to show that the algorithm indeed finds a copy of H in our case, we use
the following definition and claim from [EHNO11].

Definition 4 (Definition 2 in [EHNOL11]). Let G = (V, E) be a graph. A subset of
vertices S' C V is a neighborhood of v in G if v € S’ and the subgraph induced by

S’ is connected. We say that S’ is an (m,J,c)- isolated neighborhood of v if S” is a
neighborhood of v in G, |S'| < m, |[N(S")| < ¢ and X&) ‘S/ S < 5.

Proposition 3 (Lemma 4 in [EHNO11|). Let G be a graph with treewidth bounded
by w. For any €, & there exists a function g: V — 2V with the following properties:

1. ForallveV,veg).
2. g(v) is connected.

3. There are at least (1—€'/20)n vertices in G such that g(v) is an (m/, 0, 2(w+1))-

28860d3 (w+1)°
Se2 .

isolated neighborhood of v, with m' =

As mentioned before, Edelman et al. [EHNO11]| designed a partition oracle whose
complexity is polynomial in d and € for the class of bounded treewidth graphs (assum-
ing constant treewidth w). The oracle is based on a global partitioning algorithm,
which accesses the whole graph, and the oracle emulates this algorithm locally. We
show that if the global partitioning algorithm finds a partition with at most en
edges between parts, then this partition has a certain property that ensures that our
algorithm finds a copy of H with high probability. Since the global partitioning algo-
rithm presented in [EHNO11| has positive success probability (when the graph has
treewidth bounded by w), such a partition must exist. This algorithm is described

in the proof of the following lemma.
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Lemma 7. If G has trecwidth w, then there exists a partition P of G with the

following properties.

1. There are at most en/4 edges between different parts in P.

2. There exists a set of vertices U such that |U| > (1 —¢/80)n. Each vertex in U
belongs to a part P; for which there exists a set " C V with |[N(S")| < 2(w+1),
IS <m and P, C S'. m is of size O(%).

Proof: Algorithm 3, described in [EHNO11], attempts to construct a global parti-
tion of a graph GG. The algorithm is given as input the treewidth w and the parameter
¢’. In the proof of Theorem 1 in [EHNOT11] it is shown that the parts in this parti-
tion are relatively small and that if G has treewidth w, then the algorithm has high
constant probability of outputting a partition such that the total number of edges

between parts is at most €'n.

The algorithm works by iterating over the vertices in a random order and building
the different parts while doing so. For each vertex v, if v is not already contained in
some part of the partition, then the algorithm attempts to find an (m,d,2(w + 1))-
isolated neighborhood of v (using a deterministic algorithm similar to our Procedure
1), which we denote by S’. If v does not have such a neighborhood, S’ is set to
{v}. The algorithm then extracts, as a new part, the subset of vertices S C S’ that
are not already in some part in the partition. Note that S might contain several
connected components, in that case each of these components will be a different
part in the partition. The parameters m and 0 are chosen so that Proposition 3
applies, implying that almost all vertices (except for an O(€') fraction of them)
have an (m, d,2(w + 1))-isolated neighborhood. Specifically, m = O <w>

!

and 6 = 100.(2w+3)!.(1+f0gm+10g(2w+3)). We set € = €/4, so that there must exist some

partition P, produced by the algorithm, with at most en/4 edges between parts. From

this point on, for the sake of succinctness, we use the shorthand isolated neighborhood

when referring to an (m, d, 2(w + 1))-isolated neighborhood.

As we described above, a new part is built in the algorithm by taking some
isolated neighborhood of v (if such a neighborhood exists), denoted S’, and extracting
the subset of vertices in S’ that are not already contained in some part previously
constructed. The subset of extracted vertices constitutes the new part in the partition
(there might be more than one connected component in this subset, in that case each

component defines a different part). Note that, by definition, S’ is also an isolated

19



neighborhood of any other vertex in S’. Therefore, for any v € V that has an isolated
neighborhood in G, the part that v belongs to in P is a subset of some isolated
neighborhood that v belongs to. The parameters in the algorithm are chosen so that
S| = 0O (w). Since S is an (m, d, 2(w + 1))-isolated neighborhood, by
definition |N(S")| < 2(w + 1). Furthermore, the parameters are chosen such that
Proposition 3 applies, so we know there are at most en/80 vertices that do not have
such an isolated neighborhood (actually, even less than that because of details in the
proof appearing in [EHNO11]). O

We are now ready to prove Theorem 2.

Proof of Theorem 2: By Lemma 7, there exists a partition P of G with the
two properties stated in the lemma. For the sake of the analysis, consider removing
all edges between parts and all edges incident to vertices in V' \ U. In this process
we remove at most edn/2 edges from the graph, so the resulting graph G’ is at least
¢/2-far from being H-free. Using Claim 2, at least en/2 vertices in G’ belong to some
copy of H. We denote this set of vertices by U’. Since there are no edges incident to
vertices in V' \ U, all these vertices also belong to U, i.e. U' C U. By the definition
of U, every vertex in U’ belongs to a part which is a subset of some set S’ of size at
most m and it holds that |N(S")| < 2(w + 1). There are no edges between parts in
G', so every copy of H must be completely contained in some part of the partition
and therefore also contained in some S’. Using Lemma 1, we know that if we perform
our procedure on G starting at any vertex in U’, with £ = 2(w + 1) and B = m,
we would find that copy of H. After executing Procedure 1 O(1/¢) times, we find a
copy of H with high probability. [
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4 Random DFS Walks for Finding k-
Paths

In this section we focus on the case in which H is a k-path. Our original goal was
to design and analyze an algorithm whose query complexity is poly(k, d, 1/€), which
works for all graphs with degree bound d. We were not able to accomplish this goal,

but we have made some progress, presented in this section.

We start by presenting a property of a DF'S search when it is executed to find
k-paths. We then present an algorithm that searches for k-paths, based on random
DF'S walks. After that we provide a framework for a proof that this algorithm indeed
finds k-paths with high probability in graphs which are e-far from being k-path
free, conditioned on a conjecture regarding random DFS walks. We establish this
conjecture for the specific case of cycle-free graphs. This gives us another algorithm
for finding k-paths in cycle-free graphs which are e-far from being k-path free, and

also servers as a sanity check for the viability of the conjecture.

Finally, we prove the necessity of randomness in the DFS walks. We show this
by constructing a graph that is e-far from being k-path free, such that performing
specific non-random DFS walks on it requires relatively many steps for finding a
k-path.

4.1 Small Cuts Property

Recall that a vertex cut is a set of vertices whose removal from G renders G dis-
connected. Our starting point is a property of the DFS search that states that if
such a search did not find any k-path, then there is a relatively small vertex cut S’
separating the vertices visited during the DFS, S, from the rest of the graph. In

other words, the vertex cut S’ is a set of vertices whose removal from G renders the
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set of vertices S\ S’ disconnected from the rest of the graph. The following lemma

describes this property.

Lemma 8. If a DFS search on a connected bounded degree graph G = (V, E) which
visited a set of vertices S did not find a k-path, then there exists a subset S" C S
such that N(S'\ S") C S and |S'] < k.

Proof: The DFS holds a stack of vertices S’ that were visited during the search
but were not backtracked from. Every vertex v € S\ S’ was visited during the DFS
search and backtracked from. Therefore, all of the edges incident to v were traversed.
This means that every vertex in S\ S’ only has edges connecting it to .S, implying
that N(S\ S’) C S’. The set S’ contains the vertices in the DFS stack, that were
not backtracked from. Because the graph is connected, these vertices are connected
by a path, following the order in which they were visited by the DFS. Since the DFS
did not discover a k-path, it follows that |S’| < k. O

In other words, if the DFS search failed to find a k-path while visiting s vertices,
then it found a set S = S\ S’ such that |S| > s — k and |[N(S)| < k. Note that S
might not be connected. Also, since the graph is degree bounded by d, there are at

most dk edges connecting vertices in S with vertices in V' \ S.

4.2 The Algorithm

We wish to use Lemma 8 in order to define a sufficient condition for proving that a
random DFS based algorithm finds evidence of a k-path with high probability in a
graph which is e-far from being k-path free.

Algorithm 4. Test-k-Path-Freeness(e, k, d, s, a)

vertices in G, denoted Y .

1. Uniformly select a set of ¢ = %

S
ka

of s vertices. If the subgraph induced by the vertices visited in any of these

2. For each vertex in'Y, perform p = random DFS walks, each visiting a total

walks contains a k-path, reject the graph. Otherwise, accept it.
The query complexity of the algorithm is O (%), where o and s are two param-

eters of the algorithm. When executing the algorithm, the parameter s will be chosen

to be polynomial in ¢, k£ and d and « will be a constant. We will also sometimes use
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p(€, k,d) and q(e, k, d) as both of these are functions of s. Notice that as before, since
the algorithm has one-sided error, we only need to show that with high probability
it will find evidence of a k-path in a graph that is e-far from being k-path free. First,
we give a definition for an “easy" vertex and another definition which we will also

use shortly.

Definition 5. Let v be a vertex in a graph G. We will say that v is an easy vertez, if
a random DFS starting from v and visiting a total of s(e, k, d) vertices finds a k-path
with probability higher than 1/p(e, k, d)

Definition 6. Let v be a vertex in a graph G. We denote by DFS*(v) the random
variable whose value is the set of wvertices wvisited in a random DFS, for s steps,
starting from v. We will make a slight abuse of notation and also use it as a function
of a randomly chosen verter, i.e. DFS*(u) where u is chosen randomly from the set

of vertices of a graph.

We denote by U the subset of vertices in G that are easy. Notice that if |U| >
c|V|/q(e, k,d), for a constant ¢, then with high probability our algorithm will sample
a vertex v € U. Thus, by the definition of U, one of the p walks performed starting
at v will find a k-path with high probability. In this case our algorithm will find
evidence of such a path with high probability. Hence we only need to handle the

V] en

case in which ’U| < ehd) = T6s

lemma that holds if this is indeed the case.

for a large enough constant c. We now show a

Lemma 9. Suppose that the following conditions hold for a graph G:

1. Algorithm 4 finds a copy of a k-path with probability less then 2/3.

2. There exists a set W = {uy, ug, ..., uy } of vertices in G, such that |W| =w = &

8k
and with probability at least o, it holds that || J;_, DFS®(u;)| > en/16.

Then G s e-close to being k-path free.

Proof: We assume that the conditions described in the lemma hold. Let W =
{uy,us, ..., uy} be as defined in Item 2 of the lemma and observe that the random
variables DF'S®(u;) are independent. Suppose we perform a single random DFS walk
DFS*(u;) from each vertex u; € W. We assume, without lost of generality, that the

first w’ vertices wuq,us, ..., U, in the set W are non-easy vertices. By Definition
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5, a DFS starting at a non-easy vertex has probability at most 1/p of finding a k-
path. Therefore, the expected number of DFS walks, starting from non-easy vertices,
which contain a k-path, is bounded by w'/p < %. Using Markov’s inequality, the

probability that there will be more then 4122;7 such DFS walks is bounded by a/2. In

other words, with probability at least 1 — /2 there will be at most 41?;;; DFS walks

in {DFS*(uy), DFS*(us), ..., DF'S*(u,) }, which contain at least one k-path.

Since the probability that ||J;_, DFS®*(u;)| > en/16 is at least «, there must be

at least one set of DF'S walks that both cover almost the entire graph and have at

€N

dkap
We will now look at one of these sets of DFS walks and show how we use it to make

most

walks, starting from non-easy vertices, which contain at least one k-path.

the graph k-path free by removing less than edn edges. We denote this fixed set

of DFS walks by S(u;) o DF'S; (u;), where 75 is the vector of choices indicating

which edge to traverse in each step of the DFS walk. Note that S(u;) is not a
random variable. It holds that |{J;", S(u;)| > en/16 and at most Thap Of the sets
S(uy), S(uz), ..., S(uy) induce a subgraph in G which contains a k-path.

For the sake of the analysis, consider removing all edges incident to vertices not
in (J;”, S(u;). Since there are at most en/16 such vertices, we will need to remove
at most edn/16 edges. Next, for each DF'S walk S(u;) which contains a k-path, we
remove all edges incident to vertices in S(u;). Since |S(u;)| = s for all 7, we will

need to remove at most sd edges for each S(u;) that contains at least one k-path.

en
dkap

a k-path. Also, in the entire graph there are at most

There are at most

sets S(u;), starting from a non-easy vertex w;, which contain

£n
16s

edges. By choosing 1/p < %0‘ we get that we need

easy vertices. Therefore,

edn
16

to remove at most bedn/16 edges.

we will remove at most <42 4
4kap

Now, we are only left with edges incident to vertices that belong to at least one
S(u;), such that S(u;) does not contain any k-path. We denote these DFS walks by
Z ={S(ui,), S(ui,), ..., S(u;,) }. Using Lemma 8, we know that each S(u;) defines an
edge-cut with at most kd edges, which separates S(u;) from the rest of the graph.
Every DFS walk S(u;) € Z does not contain any k-path, so after removing the edge
cut separating S(u;) from the rest of the graph, for each S(u;) € Z, the resulting
graph will be k-path free. Since [Z| < gF, we need to remove at most edn/8 more
edges to have the graph completely k-path free.

We made the graph k-path free by removing less than edn edges, hence it is closer
than € to being k-path free. m

We now present a conjecture regarding random DFS walks which, if proven to be
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correct, is enough to establish that Algorithm 4 finds a k-path in any graph that is
e-far from being k-path free, given the correct choice of s (polynomial in €, k and d)
and « (constant). There are also alternative possible conjectures to this that achieve

the same result.

Conjecture 10. For any connected graph G that is e-far from being k-path free and

verter v € V, if we uniformly choose a start vertex u, then Pr (U € DFSS/(u)) >

1 s’

T TeEd) n where m(1/e, k,d) is some polynomial.

The following lemma shows that if this conjecture is indeed true, there exist some
set of vertices as the one required for Lemma 9. Hence, Algorithm 4 works for general

graphs.

Lemma 11. Assume that Conjecture 10 holds. If we select a multi-set of vertices
W = {1, ug, ..., us} uniformly at random for t = gz, then |Ul_, DFS*(u;)| > en/16
with high constant probability, for s = poly(e, k,m).

Proof: If Conjecture 10 is true, then for each v € V it holds that Pr (v € DFSS/(u)) >

ms—;b for a uniformly chosen u. Therefore, it holds that

en

Pr <v ¢ DFS(ui)> = HPr (v ¢ DFS(u;)) < (1 B )k S

. mn
=1

By choosing s = s > 12814:771%105;6—64 we get that the expected number of vertices
not covered by these walks is at most en/64 and using Markov’s inequality we know
that with probability at least 3/4 we cover the entire graph except for at most en/16

vertices. O

4.3 Cycle Free Graphs

We now prove Conjecture 10 for cycle-free graphs and thus show that by executing
Algorithm 4 with correct parameters, one can find a k-path, with high constant

probability, in every cycle-free graph which is e-far from being k-path free.

Lemma 12. Let G be a connected cycle-free graph. For any vertex v € V, if we
randomly choose a start vertex u and perform a random DFS walk for s steps starting

at u, the probability of visiting v during the DFS is at least 535—.
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Proof: Until this point, when we said that a DFS performs s steps, we meant that
it visits s distinct vertices. In this proof when we use the term DFS step we refer
to a transition made by the DFS from one vertex to another, including the steps
performed while backtracking from a vertex. Therefore, if a DFS performs s such

steps, it might visit less than s distinct vertices, but this only helps our argument.

Let us denote the sequence of vertices encountered during the random DFS walk
by m(u) = {Xo(u), X1(u), ..., Xs(u)} where X;(u) is the vertex the DFS search
encounters in its i"-step. In particular, Xy = u. We wish to lower bound the
probability of visiting v during the DFS walk, where the probability is taken over
the uniformly selected starting vertex u € V and the vector of choices indicating
which edge to traverse in each step of the DFS walk, which we denote by 7. i.e, we
seek a lower bound on Pry, [v € lﬁ(u)]

Notice that lﬁ (u) is a function of a random variable - the starting vertex
u, however we will make a slight abuse of notation and also use it as a func-
tion of a constant vertex (although it is still a random variable). There might
be duplicates in lﬁ (u) because the DFS backtracks to already visited vertices
during the search. We will also denote by m{ (u) the sub-sequence of vertices
{Xi(u), Xi + 1(u), ..., X;(u)}. Notice that:

Prey [ve DFS(w)] > - 37 Pre[v e DFSW))
u' eV\{v}
— % Z Prr[(v = Xo(u')) U (v =X1(¢))U...U (v =X (u))]
u'eV\{v}
=2 3 3 Preflo =X nlo ¢ DFS; W) (41

uw eV\{v} 1<i<s

We need to bound the probability that a random DFS reaches v in the i*P-step
and that it hasn’t reached v before that. Similarly to the proof of Claim 6 in [Rez11],
we can build a one-to-one mapping between DFS walks starting at w and reaching
v for the first time in the i*"-step, to DFS walks starting from v and reaching w
in the i‘*"-step, without returning to v before that. Let us denote by D some DFS
starting from w and reaching v for the first time in the i*"-step. Since the graph is
cycle-free, there is only one unique path connecting w to v. We denote this path by

P = (w = #,...,z; = v). The graph is cycle free, therefore any DFS from w reaching
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v must traverse the edges of P while occasionally leaving the path. The DFS will
not stray from v, as D is defined as a DFS walk first reaching v in the last step. An
example of such a DFS is depicted in Figure 4.1.

R

w 2o Z3 Rq—1

Figure 4.1: An example of a DFS walk from w to v. The clouds
indicate a set of vertices to which the DFS strayed. Once it fin-

ishes visiting every vertex in the clouds, it backtracks and returns to
traversing P.

We construct the bijection M (D) of D by performing a DFS walk on the same
vertices as D, but starting from v and reaching w at the end, i.e traversing the edges
of P in the opposite direction. All other DFS steps will be the same in M (D) as
they were in D, except that we will first take stray walks from z,_; (since we do not
stray from v), then from z,_» and so on until we reach w, where again we will stray
just like the DF'S walk D has. It is easy to see that M (D) is also an i-step DF'S walk

and that it does not return to v before reaching w.

Almost all corresponding steps taken by D and M (D) have the same probability,
except for the last step taken in D (reaching v), which has no corresponding step
in M(D), and the first step taken in M (D) (leaving v). Therefore , it holds that
LPry(M(D)) < Prz(D) < dPrz(M(D)). Using this and summing over all such DFS
walks D, it is easy to see that for any w € V' \ {v} it holds that:

Cliprf w = X,(v).v ¢ DS} (v)] < Pre[v = X,(w).v ¢ DFS} ()
<d-Prefw=X,(v),v ¢ Eﬁfgg—l(v)}

After substituting this in Equation (4.1) we get:
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Pry, [v € DFg(u)} > ﬁ Z Z Pry [u' = X;(v),v ¢ Dngl_l(v)}
w' eV\{v} 1<i<s
= % S Prr[v ¢ DESi(v)]

1<i<s

Since we assume the graph is connected and it’s maximum degree is d, there

must be an edge connecting v to a vertex u, such that if we remove all edges incident

n—1
d

5 < ”T’l, if the DF'S would choose this edge as the first edge to traverse, we know

to v from G, @ will belong to a connected set of at least vertices. Assuming

that with probability 1 the DFS will not return to v in less than s steps. Therefore

Pry, [v € lﬂ(u)} > O

_S5__
2d2n

4.4 A Lower Bound For Deterministic DFS Walks

Algorithm 4, as well as one of the algorithms presented in [Rezll1|, is based on
selecting, uniformly at random, a set Y of vertices and for each u € Y performing
a random DFS starting at u. If any of these walks finds a k-path then the graph
is rejected, otherwise it is accepted. The property we presented in the previous
subsection holds for any DFS performed, and not necessarily a random DFS. We
were interested in the question of whether it is necessary that the DF'S be random.
In this subsection, we present a specific cycle-free graph, which is e-far from being
k-path free. We then show an ordering over the edges, such that if a deterministic
DFS (following the edge order) is executed starting at any vertex in the graph, the

number of steps performed before finding a k-path will be exponential in k.

We assume that k is an odd number, however this is only for our convenience
and can easily be generalized. We also require that d(k 4+ 1) < 1/e. We construct

the graph in the following manner:

1. Let T be a full d/2-tree with depth k/4 and denote its root by r.
2. For each vertex v € T, add k — 1 new vertices P(v) = {vy, v, ..., v5_1}. Also,

add edges such that the vertices in P(v) U {v} form a k-path, with v at the

center. That is, connect the path (v, ..., Ve-1,0, Vks1, ..., Vp_1).
2 2
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3. Construct a separate, full d/4-tree with depth k/8, denoted T”, with it’s root

also at r. Hence, every vertex in 7" is new, except for the root r.

This graph is depicted in Figure 4.2.

Vk—1

Figure 4.2: The graph we construct for showing a lower bound in
the non-random DFS case. v is a vertex in 7T, depicted with edges
connecting it to other vertices in 7. Also, v is the middle vertex in
the k-path (vl,...,v%,v,v%,...,vk_1>.

Note that every vertex in the graph has degree less then d. The total number
of vertices in the graph is n = k|T| + |T"| — 1 < (k + 1)|T|. There are |T'| disjoint
k-paths in the graph, so one has to remove at least |T'| edges to make the graph

k-path free. Therefore, the graph is at least m—far from being k-path free. We

29



require d(k + 1) < 1/e, hence it is also e-far from being k-path free. We now select
the DF'S steps performed, starting at each possible vertex in the graph:

1. For any starting vertex v € T, the DFS will traverse the edges of T" towards
the root, until it reaches r. Then it will start traversing 7”, in any order. We
only require that it does not leave T” until it covered T” entirely. Since T is of
depth k/4 and T is of depth k/8, we will only find a k-path after completely

covering T".

2. For each vertex v € T, if the DFS starts at a vertex in P(v), the search will
start by walking to v, traversing at most k/2 edges, and then perform the DFS
as if it started at v. Again, note that no k-path will be found before covering
T’, since the maximum length of a path found until then is k/2+k/4+k/8 < k.

3. For each vertex v € T, simply traverse 7", and avoid leaving it until covering

T’ entirely.

Notice that the different DFS walks described above define a single global ordering
over the edges, such that a DF'S walk starting at any vertex in the graph follows this
ordering. A DFS starting at any vertex in the graph will have to cover 7" entirely
before finding a k-path, hence it will perform Q ((d/4)¥/*) steps before finding a
k-path.
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5 Further Observations

In this section we present a few additional approaches and ideas that we have encoun-
tered during our research. In the appendix we discuss another direction for proving

our conjecture, which involves some technical calculations.

5.1 Extending the Bijection for General Graphs

Notice that in the proof of Lemma 12, the only use we made of the fact that the
graph is cycle free was in the symmetric bijection between DFS walks from u to v
(reaching v for the first time in the last step) and DFS walks from v to u (which do
not return to v before reaching u). A natural approach would be to try and show
that such a bijection, or a similar one, exists for general graphs. The problem with
simply applying the original proof for general graphs is that a certain DFS walk
between u and v might not even be reversible as described in the proof of Lemma
12. Consider the case depicted in Figure 5.1.

3

1
@ ¢

N2

Figure 5.1: DFS walk D, starting from v and reaching v. The edge
numbering indicates the order in which the edges were taken during
the walk. Notice that there may be other edges incident to the
depicted vertices (u,v,w,z). Also, the edge connecting = and u was
not traveresed during the walk, since when we reached z we had
already visited u.

The bijection we constructed for cycle-free graphs would attempt to map D to
the (illegal) DF'S walk depicted in Figure 5.2.
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vV —W — U

%

Figure 5.2: M(D), starting from v and reaching u. The edge num-
bering indicates the order in which the edges were taken during the
walk. This is not a legal DFS walk, since when we reached z we were
not allowed to backtrack from it to w, because it has an incident edge
leading to u, and u was uncovered at that point.

5.1.1 Building a Bijection Between Sets of DFS Walks

An alternative approach one might take, would be to construct a bijection between
sets of DF'S walks leading from u to v and sets of DFS walks leading from v to w.
Consider a DFS walk D in a connected graph G, leading from u to v, reaching v
in its last step. The DFS holds a stack of vertices, connected by a path, that were
visited during the DFS but were not backtracked from. We denote these vertices by
P(D) = (2, ..., z,) where z; = u and 2z, = v. We also denote by P%(D) the reversed
path, i.e., PR(D) = (z,,...,21). The walk D traverses the edges connecting (z;, zi11)
for 1 <4 < ¢ — 1 while occasionally straying from the path P, and returning to it
afterwards. In each such excursion, an entire connected component (if we were to
remove P from the graph) was completely traversed and backtracked from. Let us
denote these components by C(D) = {C4, ..., Ci}.

Consider some components C;. There is some vertex z; € P, such that when
the walk D visited z;, it selected the edge connecting z; to a vertex in C;. However,
note that there might also exist an edge between C; and some vertex from the set

21, ..., 2i_1}, which is what made our original bijection invalid for the general case.
J g 3|

We define DFS(u,v, P,C) as the set of all DFS walks D from u to v, reaching
v for the first time in the last step, such that P(D) = P and C(D) = C. We also
define DFST(u,v, P,C) as the set of all DFS walks D’ from v to u, which do not
return to v before reaching u, such that P(D’) = P® and C(D’) = C. Our bijection
will map the set DFS(u,v, P,C) to the set DFSE(u,v, P,C).

Given the set DFS(u,v, P,C), one can construct DEFSE(u,v, P,C) by first re-
versing P and getting P = (2,,...,21). Then, the excursion to each C; € C' must
take place from the minimal j such that z; is connected by an edge to some vertex
in Cj, since otherwise the DFS will not be legal. We denote by «(z;) the set of
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edges leading from z; to some component in C, such that there is no edge from z;
with k < j to that component in C. The set DFS%(u,v, P,C) will contain every
permutation possible over the edges in a(z;), for every 1 < j < ¢. Each permutation
indicates the order in which the edges leading out of z, into sets in C' are taken (there
might be multiple edges leading from z; to some Cj, the DFS will only take the first

of them occurring in the permutation). An example of the mapping is depicted in

Figure 5.3.

29 — 3 — 24 — 25 2] «— R9 «— B3 «— 24 «— Z5

2D (oo

Figure 5.3: An example of a mapping between a single DFS from
z1 to z5 and a single DFS from z5 to z;. The bold edges indicate
edges actually taken by the DFS. Note that if, for example, there
were more edges connecting z4 and C5, there would have been more
possible DFS walks in the left figure.

21

|

This bijection is indeed valid. However, it does not hold the main property
we need - that the sum over all probabilities of DFS walks in DFS(u,v, P,C) is
close (up to a polynomial factor) to the sum over all probabilities of DFS walks in
DFS®(u,v, P,C). Consider the case in which P = (21,...,2x_1), C = {C1, ..., Cq_s}
such that there are d — 2 additional edges incident to z;_, connecting it to a vertex
in each C;. Also, for each 1 <i < d — 2, there are d — 2 edges, each connecting z;,1
to some vertex in C;. This is only possible if d +1 < k. The set DFS(u,v, P,C)
contains DFS walks over P that stray from P when visiting z,_5. The sum over all
probabilities of DFS walks in DFS(u,v, P,C) is d~Y, because we need to avoid
taking any edge incident to z;, leading out of P, for ¢« < k—2, and we need to traverse
all edges incident to z;_», leading out of P, in some order, before moving to z;_;. On
the other hand, the set DF ST (u,v, P,C) holds DFS walks, such that the excursion

to C; is taken from the vertex z;;;. The sum over all probabilities of DFS walks

33



in DFSE(u,v, P,C) is 1 (1 - )d 7S s since we need to avoid straying from P*#
when visiting zx_o, and then take some edge leading to C; when visiting z;,1 before

moving on to z;.

5.2 An Auxiliary Graph for Analyzing Random DFS
Walks

We would have liked to better understand properties of random DFS walks. As we
mentioned in the introduction, we were unable to find previous work on random DFS
walks. A tool one might use, is to model the random DFS walk as a finite Markov
chain M = (X, ..., Xx). A state in the state space S of this chain is a pair (¥, 1)
where ¥ is a vector of length 0 < |¢] < n, with elements which are vertices in the
graph (without repetitions in the vector), and I C E. # represents the sequence
of vertices that were visited during the DF'S walk and not yet backtracked from. [
are edges incident to vertices in ¢ that were already taken during the DFS walk, or
leading to vertices that were already visited during the DFS. The vertex at position
i in ¥, ¥y, is the i*® vertex in the stack that the DFS keeps, which holds vertices that

were not backtracked yet from.

The initial state would be Xy = (¢,I) = ((,0). The transition probability be-
tween two states Pr[X; = (,1) | X;_1 = (¢, I")] would be:

1. 0 if it impossible to change from state X; ; to X; in a single step.
2. 1 if all edges incident to 17"17,| appear in I’ and X; is the next appropriate state.

3. 1 over the number of edges incident to 17"17,| which do not appear in I’ otherwise

One can now use methods for analyzing Markov chains, in order to understand
properties of random DFS walks. For instance, the probability of being at a vertex u
during the i""-step of the DFS would be Z(W)GS%ZH Pr[X; = (U, I)]. Note that we
are interested in walks that find k-paths, so it might be helpful to limit the length

of the vector v to k — 1, since otherwise we already found a k-path.
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5.3 Partition Oracle for Graphs Without k-Paths

As we discussed in the introduction, there has been work done on designing partition
oracles for various families of graphs, and in particular, graphs with an excluded
minor. We noted in Subsection 1.4.1 that a quasi-polynomial partition oracle was
given for graphs with an excluded minor in [LR13]. It is still unknown whether
there exists a partition oracle for graphs with an excluded minor, which only makes

a polynomial number of queries.

A problem one might consider is of designing a partition oracle for graphs without,
a k-path minor. As we explained in Subsection 1.6.1, this is equivalent to designing a
partition oracle for graphs without a k-path as a subgraph. The question that arises
is whether it is possible to build a partition oracle that makes a polynomial number
of queries (assuming constant k) for this particular family of excluded minors. This

is similar to work done in [EHNO11] for graphs with constant tree-width.

Recall the partition oracle given in [EHNO11], that we explained in Subsection
3.5. One approach that we considered, is making a small variation in the procedure
used in [EHNO11] for finding an isolated neighborhood of a vertex v, while keeping
the rest of the algorithm the same as in [EHNO11]. An isolated neighborhood of a
vertex v is, intuitively, a connected subset of vertices that contains v and has a small
vertex cut separating it from the rest of the graph. As we have shown in Lemma
8, if the graph G has no k-path, then the DFS we perform also finds a small vertex
cut seperating almost all of the vertices visited during the DFS from the rest of the
graph. So it is tempting to simply replace the procedure used in [EHNO11| with
performing a DFS walk (even a deterministic one). However, the problem that arises
is that when we perform a DFS walk starting at v, the subset of vertices found with
a small vertex cut might not contain v. Also, it might not be connected. Thus, it is

unclear how to find an isolated neighborhood of v in a graph that is k-path free.
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A Iterative Approach

In Lemma 12 we’ve shown that in the case of cycle free graphs, if we perform a DFS

walk for s steps starting from a uniformly chosen vertex, then the probability of

p(usl)n
d. An approach one might take, for general graphs, is showing this iteratively. We

finding any given vertex in the graph is at least where p(d) is a polynomial in
know that this property holds for trees, so by showing that after adding each edge
the lower bound on the probability of reaching a vertex in the graph isn’t rapidly
decreasing, we might hope to prove this for general graphs. We first introduce the

following definition.

Definition 7. For a vertez v in G = (V, E) its neighborhood of depth s is the set of

vertices of distance at most ' from v, i.e., N*(v) = {u € V | dist(u,v) < s'}.

For a graph G = (V, E), we start by looking at the first edge added to some tree
connecting all the vertices in the graph, spanned by the original edges F. In other

words, given some order on F, the first edge that creates a cycle in the graph.

First, we note that the proof for cycle free graphs can be extended to a more
general class of graphs. If it holds that for every vertex v € V' the subgraph induced
by N*®(v) forms a tree, then Lemma 12 holds. This is easy to see by noticing that
any DFS walk visiting a vertex not in N*(v) will never reach v in s steps. Therefore,
one can obtain F’ by removing from E any edge that is not in the subgraph induced
by N*(v), add new edges to E’ such that the entire graph becomes a tree, and still

get the same probability of reaching v in a random DFS walk for s setps as it was in

G.

Following this observation, we actually only need to examine the first edge added
to the cycle-free graph which, for some vertex u, connects two vertices v, w for which
dist(u, v) 4 dist(u, w) < 2s. Actually, it can be proven that only edges connecting

two vertices of distance at most s from w are of interest to us.
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We were not able to find an iterative proof for lower bounding the probability of
reaching a vertex in GG, during a DFS walk for s steps. In the rest of this section,
we examine a few specific examples of cycle-free graphs that we looked at in order

to better understand the effect of adding an edge to them.

A.1 Chain Graph

We start by examining the simple case of a chain graph, ie., G = (V| F) with
V = {v1,v9,...,0,} and E = " {(vi,vi41)}. We consider an edge e = (vj,v;)
added to E and we are interested in calculating the change in the probability of
reaching the vertex v; in a random DFS walk. For simplicity, we assume that ¢, j, k
are all far enough from 1 and n (with respect to the size of s) so we don’t have to
take into considerations the effect of reaching either ends of the chain during the
DFS walk. Before adding the edge, the probability of reaching v; during a random

DFS walk for s steps, starting at a uniformly chosen vertex, is:

1 2 1
Prry (v; € DFS(u)) = — + =5 = 2

n  2n n

First, we handle the case in which ¢ < j < k < i+ s. The probability of reaching

v; 1S now:

. S
Prry (v; € DFS(u)) = — + — + 27—~

n 2n 2n
n 1 +l<:—j—1+ 2
3n 2n 3n
+s—k‘—|—i+k—j—1_s+1+k‘—j—1
2n 4n on 4n

Now, for the case 1 < j <14+ s <k < 2s+2i — j:

Prry (v; € DFS(u)) = — + — + 2=

n 2n 2n

. 1 +s+i—j+s+i—j—1
3n 4n 4n

. 1 +s+i—j—1_s+1+s+i—j—2
6n 4n n 4n

Notice that this does not depend on k. In both cases, the probability of reaching

v; increased after adding an edge.
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A.2 Full Tree Graph

We now examine the case of a full tree graph, where each vertex has d neighbors
(except for leaves) and we assume the degree bound is d + 1. During this analysis,
we avoid handling vertices near leaves (with respect to the size of s). For any vertex
v in the tree, there are d(d — 1)"~! vertices of distance i from v and each such vertex
starting a DFS walk has probability W of reaching v during the walk. So the
probability of reaching v during a DFS walk for s steps starting at a uniformly chosen

%. In the following analysis, we denote by A the difference incurred in

vertex is
the probability of reaching v as a result of adding an edge, i.e., the probability of

reaching v before we add the edge minus the probability after.

A.2.1 Adding an edge between a vertex and a descendant of
it
Consider adding an edge between a vertex v; at distance ¢ from v and a descendant

of it v; of distance j from v. Also ¢ < s and j < s. This case is depicted in Figure
ALl

Figure A.1: Tree rooted at v, such that v; is a descendant of v;. We
add an edge connecting v; and v;, depicted as the curved edge

Notice that for each vertex in the graph, there are at most two possible paths

for reaching v: traversing the tree edges connecting the vertex to v, just as before,
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and walking to v;, moving to v; using the newly added edge and walking towards v
using the tree edges. We sum over these paths seperately. If we look at the original
tree as if it was rooted at v, every vertex that is not a descendant of v; has the same
probability of reaching v. This is true because it can only reach v using the first type
of paths, and since this path does not include v; or v;, the probability remains the
same. So we actually only need to compare the probability of reaching v before and
after adding the edge from vertices in the subtree of v;. Let us denote this subtree
by T;. Also, we will denote by v;, 1 the vertex connected to v; which is on the path

connecting v; and v;.

We start by upper bounding the difference in the probability of reaching v before
and after adding the edge, indicating that the probability decreases and then we will
give an exact analysis of this case. Let us calculate the probability before we add
the edge. We are only interested in the subtree of v;, so we will denote by £ the
distance of a vertex w from v;. The probability of reaching v after starting a DFS

at u is ﬁ and there are (d — 1)* vertices of distance k from v;. Therefore, it

d(d—1
holds that:

S—1 (d_l)k S_Z—|—1
Pry, (v € DFS(u),u € T;) = Z nd(d — 1)+k-1 - nd(d —1)i-1
k=0

We next examine the two types of paths, after we add the edge:

1. For the first type of paths, the probability of reaching v from any vertex in T;
decreases (if it was non zero to begin with). This is because the degree of v;
and v; increases. Notice that if we start the DFS from a descendant of v, in
order to remain in the first type of path we must not take the newly added
edge connecting v; to v; when we visit v;, but on the other hand we don’t
have the option of taking the edge from v; to v; because we already visited v;.
Similarly, if we start a DFS at a vertex in 7; which is not a descendant of v,
we must not take the edge leading from v; to v;. Therefore, the probability of
reaching v using the first type of paths, starting at a vertex of distance k from

v; 18 W. So the probability of reaching v if we start at a vertex in T},
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using the first type of path, is:

i (d—1* 1
— nd2(d _ 1)i+k—2 ndz(d _ 1)z’—2
1 1
+ — — + —
n(d+1)(d—1)"1 nd*(d—-1)"2 n(d+1)(d—1)i"1
s —i+1 n 1 . 1
Cnd?(d—1)2 " nd* (d+1)(d— 1)1 nd?(d+1)(d —1)i-1

Where the additional terms are added because we need to give special care for

v; and v;.

. For the second type of paths, the analysis becomes a bit more complicated. A
vertex at distance k from v; will need to traverse k£ + 1 4 ¢ edges in order to
reach v using this type of paths, so we can examine all vertices of distance at
most s —i—1 from v;, i.e, look at the tree as if it was rooted at v; and sum these
probabilities for all vertices in the subtree composed of vertices with distance
at most s — 7 — 1 from v;. However, there are certain vertices in this subtree
for which this path is not possible: v; and any vertex w for which the path
connecting u to v; passes through v;. Additionaly, even for vertices for which
this path is possible, the probability of reaching v; is not always of the same
form. For most vertices of distance k& > 1 from v;, the probability of this path is
W because there are three vertices we visit during the walk for which
the probability of choosing the correct edge is 1/d: the start vertex, v; and

1
PA—DF T

because if we already visited v;;; during the walk, when we reach v; we will

v;. However, there is a set of vertices for which this probability is

have probability 1/(d — 1) of choosing the correct edge. This set of vertices are

the descendants of v;,; which are not descendants of v;.

We upper bound the probability for these paths, by ignoring these two prob-
lems. We sum over all vertices of distance at most s —¢ — 1 from v; and we
will take the higher probability for each of them. We get that the probability

of reaching v using the second type of paths is:
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8"2‘1 (@-1* 1
2o nd(d— 1)1 n(d+ Dd(d — 1)1
1

s—1—1

T a@(d—17  n(d+ Dd(d— 1)

s—1

1
T nd(d— 1)1 nd?(d+ 1)(d — 1)1

Now if we take the original probability of reaching v, before adding the edge, and
subtract the new probability we get:

A > s—1+1 _ s—i1+1 _ s—1 _ 1
“nd(d—1)""  nd(d—1)"2 nd*(d—1)"1 nd(d+1)(d—1)i"!
os—i+1 s—1 1
T nd2(d—1)"1 nd?(d—1)"1  nd?(d+1)(d— 1)1

1 1

nd?(d —1)='  nd?(d+1)(d — 1)i~!

It is easy to see that the probability decreases after we add the edge connecting
v; and v;. Actually, the probability decreases by much more, because the bound we

gave for the second type of paths is not tight at all.

In order to find the exact value of A, instead of a lower bound, we give an accurate
calculation for the second type of paths. As we have said, we are interested in vertices
at distance of at most s —i — 1 from v;. We will now look at the tree as rooted at v;.
With this outlook, we will not want to include in the sum the vertex v; or any vertex
which is a descendant of v;, because for these vertices this path is not possible. Also,
we will need to give special consideration to vertices which are descendants of v;,
and not v;, because as we have mentioned before, for these vertices the probability
of the second type of paths is slightly higher. A vertex of distance k from v;; will
have to traverse k edges to reach v;;, another j —¢ — 1 edges to reach v; and then
t + 1 edges for walking towards v. So we will be interested in vertices which are

decendents of v;;1, not v;, and of distance at most s — j from v;;. Therefore the
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exact calculation is now:

& (d- 1) . 1 _i (d— 1)k
L nd3(d — 12 n(d+ 1)d(d— 1)1 & nd¥(d — 1)
. L (d—2)(d— 1)k . 1
L pd2(d — 1452 nd?(d — 1)7-2
os—i—1 1 s—j+1 (s —5)(d —2) 1
TABd—1)2  nd+Ddd—1"  ndd—1)3 " nd@d—19" | nd(d—1)2
B s—1 1 s—j+1 s—7+1 s—7
T ABA—12  nd+Ddd—1)" ndd—1)3 ' nd@d—172 ndd—1)
B s—1 1 s—7+1 s—3
T aBA—1 2 T nd Ddd—1) 1 ndBd—12  nd(d—1)1
B s—1 1 1 s—7
T ABd—1)2  adtDdd—1  add—=1)2  ndd—1)

So, again, if we subtract the new probability of reaching v, after adding the edge,

from the original probability, we get:

A s—i1+1 _ s—i1+1 _ 1 B 1
nd(d—1)=1  nd?(d—1)—2 nd?(d+1)(d—1)"1 nd*(d+1)(d—1)i-!
§—1 1 1 s$—7
TABA—12  nd+Ddd—17"  ndBd—1p2  nd(d— 1y
os—i+1 5—1 5—7
T nd?(d—1)""  nd3(d—1)i-2 + nd3(d — 1)i-1
1 1 1 1
Cnd(d+1D)(d—1)"" nd(d+1)(d—1)""  n(d+1)d(d—1)"1  nd3(d—1)i2

s—1 §s—7 1

1
TRBA—1 1 T nBd—17  ndd—1)2 nPd+ d—1)1

It is easy to see that the probability of reaching v decreased after adding an edge
connecting v; and v;. The expression we have gotten for A gave us some intuition
to the effect adding an edge has on the probability of reaching v. We thought that
one might be able to show that the probability of reaching v changes, as a result of
adding an edge, in an amount that is proportional to the probability of reaching v

during a random DFS while also visiting v; or v;.
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A.2.2 Adding an edge between vertices with their least com-

mon ancestor at the root

We also examine the simpler case in which v; and v; are not descendants of one
another, but instead the path connecting them passes through v, i.e, their least
common ancestor in the tree rooted at v is v. We also assume ¢+ j > s, as this is the
best case in our scenario, i.e, with the highest probability of reaching v. The reason

for this will become clear soon. This case is depicted in Figure A.2.

Figure A.2: Tree rooted at v, such that v; and v; have v as their least
common ancestor. We add an edge connecting v; and v;, depicted as
the curved edge

Similarly to the case in which v; is a descendant of v;, the only original paths
for which the probability changes are paths from vertices which are descendants of
either v; or v; to v. For every other vertex the same path is still available and has
the same probability. Additionaly, after adding the edge, there are new DFS walks
possible: starting at a vertex of distance k¥ < s — i — 1 from v;, walking towards v,
moving to v; and traversing to v. Of course, the same can be said by switching ¢ and
J.

Again, we will denote descendants of v; by T; and descendants of v; by Tj. Just
as before, the probability of reaching v with a DFS starting at 7; or T} before we
add the edge is:
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s—1+1 s—7+1
nd(d —1)=1  nd(d — 1)i—1

Pry, (v € DFS(u),u € T;)+Prz, (v € DFS(u),u € T;) =

After we add the edge, the probability of the original paths is:

e (d—1)* 1 < (d=1)F 1
> S —+ > 4 -
Znd?(d—1)+=2 " n(d+1)(d— 1)1 & nd2(d—1)iF2 T n(d+ 1)(d— 1)
s —1 1 s—17 1
= — 4 — — 4 —
nd2(d—1)2 " nd+1)d—1)" " ndd—1)2 " n(d+1)(d—1)*

We calculate the probability of the new paths by looking at the graph as if it was
rooted at v; (respectively, v;). A vertex of distance k from v; will need to traverse k
edges to reach v;, take the newly added edge to v; and another j edges to reach v.
Since ¢ + j > s this path is possible for any vertex of distance k < s—j—-1<:—1

from v; and the probability of such a path is m. Therefore the probability
of the new paths is:

Sif dd -1 1 +f§? dd -1 1

L ndi(d — 12 n(d+ 1)d(d— 1)1 & pd3(d— D)2 n(d+ 1)d(d — 1)
s—i—1 1 s—j—1 1

= + —+ +

© nd?(d—1)"1 " n(d+1)d(d—1)

We now calculate the difference in the probability of reaching v: the probability
of reaching v before we add the edge minus the probability after.
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s—1+1 s—j3+1

A_ﬁﬂd—DFl nd(d — 1)i-1
5—1 1 s$—7 1
Cnd?(d—1)2  n(d+1)(d-1)""1 nd(d—-172 n(d+1)(d—1)"
s—i—1 1 s—j—1 1
Cnd2(d -1 n(d+1)dd -1 nd(d—1)"1  n(d+1)d(d—1)i-!
s —1 s—j 1 1
= — + — + — + —
nd?(d — 1)1 " nd?(d—1)7=1 " n(d+1)d(d—1)y-1 " n(d+ 1)d(d —1)i-1
s—1—1 1 s—j—1 1
Cnd2(d -1 n(d+1)dd -1 nd(d—1)"1  n(d+1)d(d— 1)1
1 1
A1 a1yt -

Similarly to the previous case, in which the edge added connects two vertices such
that one is a descendant of the other, we showed that the probability of reaching v
during a random DFS decreases as a result of adding the edge connecting v; and v;.
However, in this case the amount by which the probability decreased is smaller, and

is only proportional to the probability of reaching v from v; or v; during a random
DFS.

A.2.3 Adding an edge between vertices with their least com-
mon ancestor at the root while preserving vertex de-

grees

One might consider our comparsion between the tree before adding the edge and the
tree after to be “unfair”, since we are comparing a graph of maximal degree d with
a graph of maximal degree d + 1. So instead we will now consider a graph which is
almost a full d-tree. Each vertex, which is not a leaf, will have d neighbors in the
tree, except for v; and v; which will have d — 1 neighbors in the tree. Also, v; and v;

will be connected by an edge.

Just like in the previous analysis, there are two possible types of paths: paths
which use only the tree edges, and paths which also use the edge connecting v; and
vj. As before, for any vertex which is not a descendant of v; or v;, the probability of
the path which uses only the tree edges is the same as it is in the full tree graph. The
probability of reaching v and starting at 7; or T}, using only the tree edges, decreases

in the new graph because the subtrees T; and T; become smaller. It is now:
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S (A= d- D A (d—2)(d - 1)F!
g;nad—nm%d—ni+;;nﬂd—nwwd—nj
_(s=i)(d=2)  (s—j)d—2)

nd(d — 1) nd(d — 1)

Note that for v; and v; the probability of the path using only the tree edges does
not change. Now, let us calculate the probability of paths using the edge connecting
v; and v;. We will now assume that ¢ = j = 1, therefore only descendants of v; and v;
can use this edge, and not any vertex which is a predecessor of v; or v;. A vertex at
distance k from v; will need to traverse k edges to reach v;, take the edge connecting

it to v; and traverse an additional j edges. So we get:

2)(d— 1)t 1
2; —1k%d—DM—1y+nﬂd—Ui

& 2)(d — 1)k 1
_%Ejnd —1k%d—UM—1y+nﬂd—DJ
_(s—z—l)(d—Z) 1 (s—7—1)(d—2) 1
~ nd(d — 1)+ nﬂd—nf+ nd(d — 1)i+1 +nﬂd—DJ

We now calculate the difference in the probability of reaching v: the probability
of reaching v in the tree graph minus the probability of reaching v in this new, almost

tree graph.
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s—1 n s—7
nd(d —1)=1  nd(d — 1)1
_(s=id=2) (s—j)d—-2)

A:

nd(d — 1) nd(d — 1)
C(s—i—1)d-2) 1 (s=j-1Hd-2) 1
nd(d — 1)+ nd(d — 1) nd(d — 1)it+1 nd(d — 1)J
_ s—1 . s—7
nd(d —1)" * nd(d—1)7
C(s—i-nd-2) 1 (s—j-1)d-2) 1
nd(d — 1)i+! nd(d — 1) nd(d — 1)i+1 nd(d — 1)J
B s—1 . s—7
nd(d — 1)+ " nd(d — 1)i+1
d—2 1 d—2 1
A=) ndld—=1)  ndld—=1)"  ndd—1)

s—1—1 . s—7—1
nd(d — 1)+~ nd(d — 1)7+!

Like we have seen in the previous cases, the probability of reaching v decreased
after adding an edge connecting v; and v;. The amount by which it decreased seems
similar to the case in which we added an edge connecting two vertices, such that one

is a descendant of the other.
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