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Abstract. We present an algorithm for drawing directed graphs, that works upon dif-
ferent principles than other algorithms in the field, producing the drawing by rapidly
solving a sequence of three one-dimensional optimization problems. The algorithm
can be directly applied to any kind of digraph, whether cyclic or not, without hav-
ing to do any preprocessing such as inverting edge directions or introducing dummy
nodes. We also derive a hierarchy index, which can quantitatively measure the amount
of hierarchy, or directionality, in a given digraph.

1 Introduction

Visualizing directed graphs (digraphs) is a challenging task, requiring to faithfully rep-
resent the relative similarities of the nodes, as well as to give some sense to the overall
directionality. This last requirement makes the many algorithms designed for undirected
graphs inappropriate for use with digraphs. Consequently, algorithms for digraph drawing
usually adopt different strategies from their undirected counterparts. The dominant strategy,
rooted in the work of Sugiyama et. al. [16], dictates axes separation — separate determi-
nation of the y, and then the z coordinates of the nodes, such that the y-axis is devoted
to represent the directional information, or hierarchy, and the z-axis allows for additional
aesthetic considerations, such as shortening edge lengths or minimizing the number of edge
crossings.

Assigning the y-coordinates is done by dividing the y-axis into a finite number of layers,
and associating each node to exactly one layer — a process which is appropriately called
layering. No edge is allowed between nodes residing in the same layer. Actually, edges
are usually permitted only between nodes from neighboring layers, and whenever an edge
should cross a layer, a dummy node is inserted to prevent this. The many existing variants
of layering algorithms are all motivated by the simple observation that a layering in which
all edges point to the same direction exists if and only if the digraph is acyclic. This, of
course, raises the question what to do when dealing with cyclic digraphs. In this case the
custom is to apply a preliminary stage that turns the digraph to acyclic by inverting the
direction of a minimal number of edges. An optimal solution of this task is NP-hard, but
several sub-optimal algorithms have been proposed, see details in, e.g., [3, 12].

Assigning the x-coordinates is normally done in two stages. The first determines the
order of the nodes within each layer, in an iterative process called ordering. In a single
iteration, the order of the nodes in all layers but one is fixed, and the order of the mobile
nodes is determined such as to minimize the number of edge crossings. This is, too, an
NP-hard problem, with which one should confront. The second stage determines the exact
locations of the nodes along the z-axis, taking into account various parameters, such as the
finite size of the nodes and the smoothness of the edges.



Digraph drawing algorithms have been evolved to produce very nice layouts for many
different types of digraphs. Yet, we would like to point out two inherent properties of the
standard strategy that, despite being treated in various ways by the many algorithms, might
in some cases be undesirable:

— Finding a layering for cyclic digraphs necessitates their transformation into acyclic
ones, thus introducing an unavoidable distortion of the original problem. Another dis-
tortion, although less significant, is caused by the insertion of the dummy nodes.

— The layering is strict in the sense that the y-axis is quantized into a finite number of
layers. This constraint may sometimes be advisable for acyclic digraphs, but we show
that allowing for more flexibility turns out to be advantageous to the drawing.

In this paper we present a new algorithm for digraph drawing. Our algorithm embraces
the idea of axes separation, but uses novel approaches for drawing both axes. Theses ap-
proaches, besides from providing nice drawings and having fast implementations, also suc-
cessfully deal with the two aforementioned points of the distortion and the discrete layering.

We associate with the nodes continuous y-coordinates in a way that suggests a natural
unified framework which can be applied to any kind of digraph, whether cyclic or acyclic,
requiring no modifications what so ever to the graph. In particular, dummy nodes are not
required, and cyclic digraphs do not have to go through the process of edge inversion. For
some digraphs, the continuous layering produces the usual quantization of the y-axis. But,
for many other digraphs the quantization is broken, to better represent the hierarchy.

We define the vector of y-coordinates as the unique minimizer of a simple energy func-
tion. We show that the minimization problem is equivalent to a system of linear equations,
whose solution can be found with high speed. The simple form of the energy function en-
ables its rigorous analysis, giving rise to many interesting results, maybe the important of
which is the definition of an index to measure the amount of hierarchy in a digraph.

In the absence of strict layering we cannot use traditional schemes for drawing the z-
coordinates, since now the stage of ordering becomes meaningless. It would be natural to
adopt force directed models, like those commonly used for drawing undirected graphs. We
have developed a model suited for our one-dimensional problem. Our optimization process
takes place in two parts: Instead, we use a different two-stage approach: first we find a
crude vector of coordinates by minimizing an energy function, constructed upon aesthetical
considerations. Then, we beautify the result by applying a one-dimensional force directed
model that assumes attractive forces, as well as repulsive ones, between the nodes.

By definition, a force is minus the gradient of the energy. Thus, the strategy of energy
minimization is equivalent to a force directed model. Therefore, had we been asked to cat-
egorize our algorithm, we would have say that it is purely energy minimization oriented.
All of its parts are using energy minimization procedures, each part with its own especially
tailored energy function. Force directed models are much more popular in undirected graph
drawing than it is in digraph drawing. Probably, the majority of the undirected graph draw-
ing algorithms are of this type, would it be by directly assigning forces between the nodes
[5, 6], or by minimizing energy functions [11, 2].

We are aware of only one other occasion where a force directed model was suggested
for the benefit of digraph drawing [15], forcing directionality by applying a homogeneous
magnetic field and favoring edges that are parallel to its field lines. Yet, we are under the im-
pression that the inferred energy function is complicated, rich in local minima, and difficult
to minimize.



2 TheAlgorithm

A digraph is usually written as G(V, E), where V' = {1,...,n} is a set of n nodes, and
E C V x Visaset of directed edges, (4, 7) being the edge pointing from node  to node
Jj. Hereinafter we reserve the notation (4, j) to describe a directed edge, and use (i, j) to
simply state that there is an edge between nodes ¢ and j. Our drawing algorithm enables
the enrichment of this definition, making it more quantitative by adding two ingredients:

1. Edge weights: Let w;; be the weight associated with the edge connecting nodes ¢ and

j. We assume that the weights satisfy three properties:

— Wiy Z 0 VL,J

- wy =0 Vi (no self-edges).

- w,;; =0 for4,j non-adjacent pair.
We symbolize by W the n x n matrix of weights. Obviously, this is a symmetric matrix,
Wij = Wyg.

2. Target height differences: Let (i, j) be an adjacent pair. We express the relative hi-
erarchy of nodes 4 and j by the number §,;, measuring their desired height difference
along the y-axis. This is, in the drawing we would like to place nodes ¢ and j such that
yi —y; = 0;;. We symbolize by A the n x n matrix of target height differences. By
definition, this is an antisymmetric matrix, 6;; = —d;;.

Correspondingly, from this point on we write a digraph as G(V, W, A). This wider defini-
tion does not reduce generality, since, in the absence of information on the weights and/or
the target height differences, it is always possible to associate with each edge (i, 7) the de-
fault values w;; = d;; = 1, and to set w;; = 0 for any non-adjacent pair. Hereinafter, we
shall call a digraph with these default values by the name unweighted digraph, and denote
its weights matrix and target height differences matrix as W° and A, respectively. The
only ingredient incorporating directional information is A. A digraph with A = 0 (i.e.,
d0;; = 0 for any ¢ and j5) is nothing but an undirected graph.

For later use we define two magnitudes associated with a digraph G(V, W, A) — the
Laplacian and the balance:

Definition 1 (Laplacian). Let G(V, W, A) be a digraph. The Laplacian of the digraph is
the symmetric n x n matrix

[ v i = s
Lij_{_wij i ,j=1,...,n.
This is just the conventional definition of Laplacian, customary for undirected graphs. In-
deed, since the Laplacian is independent of A, the definition does not distinguish digraphs
to undirected graphs. The Laplacian has a key role in some undirected graph drawing algo-
rithms, see, e.g., a previous work of ours [13], and will be shown to have fundamental part
here, too. One of its most important properties is the following:

Lemmal. Let G(V,W, A) be a digraph. Its Laplacian is a positive semi-definite ma-
trix, thus having non-negative real eigenvalues. Moreover, when G is a connected di-
graph, L has exactly one zero eigenvalue, corresponding to the eigenvector ¢ - 1,,, where
1, = (1,...,1)T and c any constant.

Proof. See Hall [8], or Koren et al. [13]. a



Naturally, a drawing algorithm has to deal only with connected digraphs. When a digraph
is disconnected, one should separately draw each of its connected sub-digraphs. Unless
otherwise stated, we shall hereinafter always assume a connected digraph.

Definition 2 (Balance). Let G(V, W, A) be a digraph. The balance of the i’th node, de-

noted b;, is
bi = Zwijéij.
j=1

The balance of G is the vector
b= (b1,...,b,)7T.

A node whose balance is zero will be called a balanced node.

The balance of the i’th node measures the difference between how much it pushes away
other nodes (those nodes 5 for which §;; > 0), and how much is it pushed away (by those
nodes j for which é,; < 0). For the unweighted digraph the balance is simply the difference
between the out-degree and the in-degree of the node, thus the name balance. The balance
vector has the following useful property:

Lemma 2. Any balance vector b is orthogonal to the vector 1,,,

bel, =Y bi=0.
=1
Proof. From Definition 2

D_bi= Y widi =0,
i=1 i,j=1
where the last equality follows from the fact that W is symmetric while A is antisymmetric.

O

In the remaining of this section we develop the theory that underlies the different parts
of the algorithm. Details of implementation are postponed to section 3.

2.1 Assigning the y-Coordinates

We suggest to use an energy function, whose minimization yields a vector of coordinates
that bears some desired properties.

Definition 3 (Hierarchy Energy). Let G(V, W, A) be adigraph, and lety = (y1,...,yn)T
be any vector of coordinates. The hierarchy energy is
1 n
En(G,y) = ) Z wij(yi —yj — 51‘;‘)2 = Z wij (Y — yj — 5ij)2~ 1)
i,j=1 (i,j)eE
Clearly, Eg > 0 for any digraph and any vector of coordinates. We define an optimal ar-
rangement of a digraph, y*, as a minimizer of the hierarchy energy, y* = arg min, Ex (G, y).
An optimal arrangement will try to place the nodes such that the height difference y; — y;
for any adjacent pair (i, j) will be close to d;;. The weight w;,; indicates how “important” it
is that y; — y; — d;; would be small. The larger it is, the smaller should be (y; —y; — 6ij)2
to keep the contribution to the energy small.
The hierarchy energy can be written in a more compact form, using the previously
defined notions of Laplacian and balance:



Lemma 3. Let G(V,W, A) be a digraph with Laplacian L and balance b, and let y =
(y1,--.,yn)T be any vector of coordinates. The hierarchy energy is given by

En =Eo+y" Ly — 2y"b, @)
where Eg = § -7 w07

Proof. Expanding the hierarchy energy (1) we get

n

1 - 1
En =3 D wiyi—yy)® = D wigiy(y —y5) + 3 > wid.

i,j=1 i,j=1 i,j=1

The first term was shown in [8] to be just y” Ly. The third term is, by definition, Ey. The
second term is

- Z w;j0ij(y; — yj) = —2 Z wijijyi = —2y" b,

i,j=1 i,j=1
where the first equality stems from 1/ being symmetric and A being antisymmetric. O

Exploiting the simple form of the hierarchy energy, we find an explicit formula for an
optimal arrangement. As the next result shows, y* is the solution of a system of linear
equations.

Proposition 1. Let G(V, W, A) be a digraph, with Laplacian L and balance b. An optimal
arrangement * is a solution of
Ly* =0b.

Proof. Differentiating (2) with respect to y and equating to zero gives:

OBu _ 2Ly — 2b = 0.
oy
Thus, the solution of Ly = b corresponds to an extremum of E . It is a global minimum,
since Ey has a quadratic form with y” Ly > 0 (recall from Lemma 1 that L is positive
semi-definite). O

But what can we say about existence and uniqueness of this solution? Lemma 1 tells us
that L is singular. However, this should not worry us, as the following proposition shows.

Proposition 2. Let G(V, W, A) be a connected digraph, with Laplacian L and balance b.
The system Ly = b is compatible, with an infinite number of solutions differing only by a
translation.

Proof. An existence of at least one solution follows from the fact that the energy E is
bounded from below.

Suppose that ' and 32 are two solutions of Ly = b, i.e., Ly = band Ly? = b. Therefore,
L(y? — y') = 0, with y2 — y! an eigenvector of L corresponding to the zero eigenvalue.
From Lemma 1 it must be that 42 — y! = c- 1,,. 0



The uniqueness (up to a translation) suggests that y* carries some essential information.
Indeed, as will be shown in section 4, this exact property is the one that makes feasible the
definition of an hierarchy index.

Actually, proposition 2 enables us to define the optimal arrangement in a completely
unique fashion. We require that the center of mass of the optimal arrangement is in the
origin of coordinates, i.e., >, y* = 0. Therefore, we redefine the optimal arrangement as:

Definition 4 (Optimal Arrangement). Let G(V, W, A) be a digraph with Laplacian L
and balance b. Its optimal arrangement, y*, is the solution of Ly* = b, subject to the
constraint (y*)7 - 1,, = 0.

This choice of y* enables its fast computation, see section 3.1. A delicate situation occurs
when b is the zero vector, since then the optimal arrangement is in itself the zero vector.
The y-axis, then, contributes nothing to the drawing, assigning the same coordinate to all
nodes. This topic will be covered in section 4.

Let us give an impression on how this algorithm works by applying it to a few small
scale examples. More examples will be brought in later sections. The digraph in Figure 1(a)
is an unweighted acyclic one. Its optimal arrangement is the solution of the system

2 —1-1 2
11 0 |y*=|-1],
-10 1 -1

under the constraint (y*)7 - 1,, = 0. This gives

2/3
y* = _1/3 )
13

which is just the expected two-layer solution. The height difference between the layers is
1, thus 6;; = y; — y; forall (i, ), giving Ex (y*) = 0.

(@) (b)

Fig. 1. Two examples of unweighted acyclic digraphs, for which we find in the text their optimal
arrangement.



The digraph in Figure 1(b) is another example of an unweighted acyclic digraph. Now
the optimal arrangement is
2/3
Y= 0],
-2/3

which is the constrained solution of the system

2 —1-1 2
12 —-1|y=| 0
-1-1 2 -2

Aesthetically, this vector of coordinates impressively captures the structure of the digraph.
In contrast to the previous example, nodes 2 and 3 can no longer have the same y-coordinate
since they push each other in opposite directions. The result reflects a sort of a compromise,
pushing node 2 upwards, thus decreasing the height difference y; — y- to % while pushing
node 3 downwards, thus increasing the height difference y; —y3 to %. The height differences
cannot achieve their targets, resulting in a strictly positive hierarchy energy Ep(y*) =
E-12+(E3-1)2+(3-1)*=1

The digraph in Figure 2(a) is an example of an unweighted cyclic digraph. This time
the system to be solved is

2 -10 -1 0
-13 -1-11] , 1
0 -12 -1 0l’
-1-1-13 -1
giving
0
N 1/4
Yy = /0 ;
—1/4

which is schematically plotted in Figure 2(b). Here we see the ease and naturalness by
which our algorithm deals with cyclic digraphs. The result is aesthetically convincing,
putting node 2, whose balance is the largest, at the top, and node 4, whose balance is
the smallest, at the bottom. As is always the case with cyclic digraphs, the height differ-
ences cannot all achieve their targets, reflecting in strictly positive hierarchy energy. Indeed,
Eu(y)=4-(3 -1+ (5 - 1)* =25

The idea of using energy minimization to determine a vector of coordinates per one
axis of the drawing, was already exploited in the field of undirected graph drawing. Two
of the most successful realizations of this idea were introduced by Tutte [17] and Hall [8],
both utilizing the same quadratic energy function. We next show that the hierarchy energy
can be viewed as a generalization of the Tutte-Hall energy, suggesting the possibility of
drawing undirected graphs and digraphs using the same tools.

Tutte and Hall used the following quadratic energy function:

n

1 T
Erg = 3 Mz_:l wi(yi —y;)* = y" Ly.



3
@ (b)

Fig. 2. (a) An example of an unweighted cyclic digraph. (b) Its optimal arrangement.

Comparing this energy with the hierarchy energy (1) or (2), it is clear that they identify for
digraphs with A = 0, which are nothing but undirected graphs. Farther than that, undirected
graphs are members of the larger family of zero balance vector digraph, for which we get
the (undesirable) zero vector as a minimizer, y* = (0,...,0)7.

The case of a zero balance vector is discussed in section 4, and here we just briefly
explain how did Tutte and Hall deal with it in the framework of undirected graph drawing:

— Tutte’s solution: Tutte arbitrarily chose a certain number of nodes to be anchors, i.e.,
he fixed their coordinates in advance. This, of course, prevents the collapse formerly
imposed by (3), but instead raises new problems, such as what should be the humber
of anchors, how to determine their coordinates, and why after all such an anchoring
mechanism should give nice drawings.

— Hall’s solution: Hall constrained the solution to be centered at the origin, which is
just a translation. Furthermore, Hall posed an overall scaling constraint 47y = 1, thus
avoiding the zero-vector solution. He showed that the optimal vector of coordinates
is the eigenvector of the Laplacian that corresponds to the lowest positive eigenvalue.
This vector, also known as the Fiedler vector, is of tremendous importance in many
other fields too. This approach, so it seems, yields nice drawings, see examples in [8]
and [13].

Itis instructive to adopt a different viewpoint in explaining a fundamental difference be-
tween the minimizer of the Tutte-Hall energy, and the optimal arrangement y*. The former
is obtained from the equation O Er g /0y; = 0 which gives

e 2 =1 Wigys
Y wiy

This equation tells us to put node ¢ in the barycenter of its neighbors. Clearly, the zero
vector is a solution of (3), a situation that both Tutte and Hall avoid by using various

®3)



constraints. In analogy, the minimizer of our hierarchy energy is obtained from

OEn - .
L T
K3 j 1

This gives the following important property of y*:
= > i1 wis (Y5 + di5)
' D1 Wij

which is substantially different from (3). Here we take a “balanced” weighted average
instead of a barycenter. The introduction of non zero d;;’s prevents the collapse of all the
nodes to the same location, yielding a meaningful solution.

2.2 Assigning the xz-Coordinates

In principle, we would like to use a classical force directed model for the x-axis. Direc-
tional information should not be considered any longer, since it is assumed to be exhaus-
tively taken care of by the y-axis. However, when trying to modify the customary two-
dimensional gradient descent optimization algorithm, for use in our one-dimensional case,
convergence was rarely achieved. The reason for this is what we call the swapping prob-
lem. One should remember that the y-coordinates of the nodes were already fixed by the
layering, and now the nodes are allowed to move only along the z-axis. But, if two nodes
have close y-coordinates, swapping places along the x-axis is almost always impossible,
even if it is energetically favorable. This is demonstrated in Figure 3. Suppose we have
nodes 1 and 2, whose y-coordinates are close, arranged along the x-axis as shown in Fig-
ure 3(a). Suppose also that the arrangement in Figure 3(b) is energetically favorable. Yet,
the transition from state (a) to state (b) involves an intermediate state like the one shown in
Figure 3(c), in which the nodes become very close. In this state the repulsive forces are the
dominant, preventing farther progress of the nodes.

N P X-axis
@ b \2)

N P X-axis
(b) \2) W,

Fig. 3. Visualization of the swapping problem.

It would be the best, then, to use alternative optimization technique for our one-dimensional
case, which skirts the swapping problem. We achieve this by using a two-stage scheme:
first, we find the vector of coordinates by using a simple energy function that can be mini-
mized by powerful global techniques. This energy function does not depend on the already
known y-coordinates. Then, we use a more complex, and rich, y-dependent energy func-
tion, to achieve local beautification of the result.



Using this scheme made our one-dimensional problem substantially faster and easier to
solve than two-dimensional force directed models. After all, this is what one would expect
considering the significantly lower number of topological configurations in one dimension.

The First Stage Here, we forget about the y-coordinates of the nodes. Our goal is to find
avector r = (xq,...,2,)7, representing the z-coordinates of the nodes, in a way that
fulfills some global aesthetic properties.

We present two variants for the algorithm. One finds a vector of coordinates by mini-
mizing edge lengths, and the other does it by minimizing edge squared lengths. Either way,
the aesthetical reasoning is clear. Moreover, minimizing edge lengths, or their squares, is
known to reduce the number of edge crossings in the final drawing.

— Minimizing edge squared lengths: This means minimizing the already familiar Tutte-
Hall energy function,

n

ETH = % Z wij(a:i — :L‘j)Q = LL‘TLLL'.
i,j=1
As discussed in section 2.1, the non-trivial minimizer of this energy function is the
Fiedler vector which is the eigenvector of the Laplacian associated with the small-
est positive eigenvalue. We find the minimizer of Erg using ACE [13], which is an
extremely fast multiscale algorithm for undirected graph drawing which computes,
among other things, the Fiedler vector.
— Minimizing edge lengths: This is the well known problem of minimum linear ar-
rangement [4]. The solution is obtained by minimizing the energy function

n

1

ELA = 5 Z wij|17i —1’j|7
1,0=1
where (z1,...,z,) isapermutation of (1,...,n). We find the minimizer of £, 4 using

another fast multiscale algorithm [14], designed especially for this problem.

In most of the cases we have studied, the Fiedler vector was inferior with respect to the final
result. The reason for this is that nothing in the Tutte-Hall energy function prevents from
two nodes to have the same x-coordinate. Therefore locally dense regions are probable to
appear. In contrast, the linear arrangement energy incorporates some kind of a “repulsive
force”, by not letting two nodes having the same x-coordinate.

The Second Stage In the first stage we have found the vector x by using a very simple
energy function, and ignoring the information about the y-coordinates of the nodes. As
a result, there are cases where a local smoothing can improve the drawing. We achieve
this using a richer one-dimensional force directed model that incorporates the information
about the y-coordinates.

We have been choosing to design a one-dimensional version of the Fruchterman-Reingold
model [6], but we would like to emphasize that this is not the only possible option. Other
force models that could have been used in probably equal success are, to name but a few,
the simulated annealing energy model [2] that can deal with edge corssings, or the force
directed model of Eades [5].

10



The original two-dimensional model of Fruchterman and Reingold assumes attractive
forces, as well as repulsive ones, between the nodes. The attractive forces care that strongly
connected nodes will have close x-coordinates, and the repulsive forces restrain the attrac-
tion by preventing nodes from becoming too close. Every adjacent pair (i, j) is subject
to an attractive force of magnitude d7;/ K. Here, di; = \/(x; — ;)2 + (y; — y;)? is the
distance between the nodes, and K a positive constant. Also, any two nodes 7 and j, not
necessarily adjacent, are subject to a repulsive force of magnitude K?2/d;;, with K the
same constant as before. The bigger is K, the more dominant would the repulsive force be,
and the more “open” would be the drawing. The two forces work along the straight line
connecting the nodes. Clearly, this stage does utilize the already known y-coordinates. We
keep this exact same form of the forces, but let the node move only along the z-axis.

3 Thelmplementation

Here we discuss implementation details of the different parts of the drawing algorithm.

3.1 Assigning the y-Coordinates

Finding the optimal layering means solving the system Ly* = b, see Definition 4. Classical
solvers, however, might fail since, by Lemma 1, L is singular. However, here comes to
an effect the fundamental importance of the fact that we have been defining the optimal
arrangement to be orthogonal to 1,,. As will be shortly explained, this fact enables us to
solve the system Ly* = b by direct application of a conjugate gradient algorithm [7], see
Figure 4. All that we have to do is to make sure that the initial vector would be orthogonal
to 1,,. A convergence is guarantied in n iterations, but in practice is much faster than that.
Each iteration is fast, with the dominant operation being a single multiplication of a matrix
with a vector, which is done in time O(|E|), where E is the set of edges.

For the interested reader we now show why we can safely use a conjugate gradient
algorithm on the system Ly* = b. The basic idea is that the singularity of L can be removed
by restricting the problem to a subspace of R™.

Let P be the rotation matrix that sets the direction 1,, to be the first axis of R", i.e.,

Let & = Pb be the rotated balance, and y* = Py* the rotated optimal arrangement. Then
L'y* =V, where L' = PLPT is the rotated Laplacian.

¢From Definition 4, y* - 1,, = 0, so that y’f = 0. Also, from Lemma 2 b -1,, = 0,
thus b, = 0. Therefore, the first element of both »* and ¥’ is identically zero, suggesting
the possibility of ignoring that axis and restricting the problem to the orthogonal (n — 1)-
dimensional subspace. Let b be the (n — 1)-dimensional vector (b5, ..., b,)7, and let "
be the (n — 1)-dimensional vector (y3 , ...,y )T. Let L” be the (n — 1) x (n — 1) matrix
obtained by omitting the first row and first column of L’. Then

L//y*” _ b//7

11



Function Conjugate_Gradient (L, b)
% L — the Laplacian
% b — the balance

% Initialization:

(o) < choose at random

Y0y — Yo)  1n) - m % Orthogonalization
d(O) — T(O) —b— Ly(O)

i —0

while||r;|| > tolerance
T
HOMO!
Q) <
) "7 4T Lag
Yir1 <= Yo + amde
Tiv1 < T() — o) Ld)

TG+ (+1)
T
dit1 — 7ri11) + Ba+nda
T—i+1

end while

return y(i+1)

ﬁi+1 —

Fig. 4. The conjugate gradient algorithm that we use to find the optimal arrangement.

where it can be easily proved that L” a positive definite, thus non-singular, matrix.

A system of linear equations with a positive definite matrix is known for being solved in
high speed and with excellent numerical stability. If L” is dense, one can solve the system
using Cholesky factorization [7], which is faster and more stable than Gauss elimination. If
L" is sparse, iterative techniques should be preferred. Gauss-Seidel relaxation [7] is guar-
antied to converge, but the conjugate-gradient (CG) technique [7] is considered stronger,
with a guarantied convergence in n iterations. L” is used in each iteration by multiplying it
once with a vector. In fact, this multiplication is the only way by which L is used. For our
case, this fact is of utmost practical importance, sparing the need to go through the process
of restricting L to L”. Any multiplication of the form L - y where y is orthogonal to 1,,,
keeps us in the subspace orthogonal to the direction 1,,. Thus, as long as we start with a
vector orthogonal to 1,,, we are guarantied that the final solution y* will be orthogonal to
1,,, too. This justify why we can use the conjugate gradient algorithm directly on Ly* = b.

3.2 Assigning the xz-Coordinates

The implementation of the first stage involves familiar methods that were already devel-
oped for other purposes, [13, 14], see section 2.2. Here, we describe in more details the
implementation of the second stage.

In the original two-dimensional model of Fruchterman and Reingold we iteratively
change the location of the nodes in the plane. The direction of a single move is determined
by a gradient descent algorithm, and its magnitude, usually known as the temperature, is a
decreasing function of time.

12



In the one-dimensional analog, the direction loses most of its sense. The infinite number
of possible directions in a plane, degenerates into only two, namely right and left. Conse-
quently, the only interesting output of a one-dimensional gradient descent algorithm, is the
sign of the force. As is explained in the next section, we do not even use this information. In
fact, we do not apply a gradient descent algorithm at all, and use the Fruchterman-Reingold
forces only via their induced energy function. The original Fructherman-Reingold model
defines only forces, and we have derived the energy induced by them using the relation
E = — [ f(x)dz, where E stands for energy and f stands for force. This gives the follow-
ing expression for what we might call the Fruchterman-Reingold energy function (constant
terms have been omitted):

1 3 2
EFR:ﬁ<Z & — K > Indy. (4)

i,j)EE i3 lyi—y;l<d

Here, K is a positive constant, d;; = /(z; — z;)> + (y; — y;)? is the distance between
nodes 7 and 7, and d is the range of the repulsive force. This range constant is worth fur-
ther discussion. The repulsive force is responsible to prevent two nodes from becoming
too close in space. The y-coordinates of the nodes have been already fixed, so there is no
need to apply a repulsive force between nodes that lie far apart along the y-axis. Corre-
spondingly, we define a non-negative range, d, to the repulsive force, such that two nodes ¢
and j experience mutual repulsion only if |y; — y,| < d. In practice, the introduction of d
accelerates the computation, since the number of mutually repulsive nodes decreases.

Had we been using the gradient to determine the sign of the force, we could have set
the extent of the move as a time decreasing temperature function, like in the original model
of Fruchterman and Reingold. However, having only two possible directions, we can afford
testing more than one possible move for each node. We renounce the computation of the
direction, and simply check what would be the Fruchterman-Reingold energy if we move
a node a few steps to the right and a few steps to the left. Eventually, we move the node
to the location where the energy was the smallest. Formally, if x; is the location of the i’th
node, we calculate the energy in all the 2m + 1 points r; = {z; + k- T}F=™ , with T the
usual time decreasing temperature. The set of points r; is called the range of x;. The full
algorithm is depicted in Figure 5.

Since the initial vector of coordinates already produces nice drawing, and all that we
need is a local smoothing, it suffices to start with small temperature, and to go through a
relatively small number of iterations.

4 Further Implications of the y-Axis Arrangement

Here we concentrate on four issues. In the first two we show how our definition of digraph
enables to expand standard definitions of familiar terms from the theory of graphs — regu-
lar graphs and symmetric nodes. Next we present a definition of an index that measures the
amount of hierarchy in a given digraph, and demonstrate how it works. Finally, we discuss
the way our algorithm draws cyclic digraphs.

4.1 Regular Digraphs

A regular graph is one in which all nodes have the same degree. In analogy, a regular
digraph (say, for the time being, an unweighted digraph) is one in which all nodes have the
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same in-degree and the same out-degree. A regular digraph exhibits high level of symmetry,
so that we do not expect to find much hierarchy in it. Indeed, in every digraph the sum of
all in-degrees is equal to the sum of all out-degrees. Thus, in a regular digraph each node is
balanced, having its in-degree equals to its out-degree. The optimal arrangement, therefore,
is the zero vector, telling us to assign the value zero as the y-coordinate of all the nodes.
This discussion leads to the following definition of a regular digraph:

Definition 5 (Regular Digraph). Let G(V, W, A) be a digraph. It will be called a regular
digraph if its balance is the zero vector, i.e., if all its nodes are balanced.

Obviously, this definition generalizes the one we have brought above for unweighted di-
graphs.

Two examples of regular digraphs are brought in Figure 6. The digraph in 6(a) is an
unweighted digraph, and is evidently regular. The digraph in Figure 6(b) is weighted, but
still regular.

The optimal arrangement for a regular digraph will obviously be the zero vector y* =
(0,...,0)T. In other words, a regular digraph is a hierarchy-free digraph. No directionality
is associated with it. Interestingly, any undirected graph is a regular digraph. This is con-
sistent with the above intuition, since undirected edges cannot impose any directionality.

4.2  Symmetric Nodes

A regular digraph is hierarchy-free. Putting differently, when all the nodes are symmetric,
they are all assigned with the same y-coordinate. Interestingly, this observation can be
further extended. In the following we show that if two nodes are symmetric, then they have
the same y-coordinate.

In the framework of undirected graphs, it is customary to denote two nodes 7 and j
as symmetric if there exists a permutation 7 such that (<) = j and =(j) = 4, and the
Laplacian is invariant under =, L = L™. Here, L™ is the Laplacian whose rows and columns
were permuted according to .

This definition can be extended to digraphs, by imposing symmetry also on the direc-
tionality:

Definition 6 (Symmetric Nodes). Two nodes 4 and j are called symmetric if there exists a
permutation = such that 7(i) = 5 and 7(j) = 4, and both the Laplacian and the balance
are invariant under ,

1. L=L".

2. b=1"b".
b™ is the balance vector whose entries were permuted according to «. This definition re-
duces to the standard one for undirected graphs, since in this case b is the zero vector.

We expect symmetric nodes to have the same level of hierarchy, i.e., to have identical
y-coordinates. This is indeed the case:

Proposition 3. Let: and j be two symmetric nodes. Then, y* = y7.

Proof. Let y* be the optimal arrangement obtained from Ly* = b, and let y be the optimal
arrangement obtained from L™y* = b™. Then, since the optimal arrangement is unique, we
must have y* = y* and in particular

(Yr)i =i ®)
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Function 1D_Force.Moddl (z, y, G)

% = — the (output) vector of z-coordinates
% y — the pre-computed y-coordinates

% G — the n-node digraph to be plotted

T — initial temperature
L « list of the nodes sorted by their y-coordinate

while T' > final temperature
% Loop on nodes
fori=1,...,n
% FE is a vector containing in the I'th place the energy change caused by
% moving the node to location x; +1 - T.
E—0

% Attractive forces:
for every j which is adjacent to ¢
foreveryk = —m,...,m % typically, 5 < m < 10
dij — /(zi —x; +k-T)? + (yi — y;)?
E[k] «— Ek] + d;
end for
end for
E « E/3K

% Repulsive forces (limited by the range d):
for every j such that |y; — y;| < d % Using L
foreveryk = —m,...,m
dij = /(zi —a; + k- T)* + (yi — y;)?
E[k] — E[k] — K? - Ind;;

end for
end for
kmin < arg ming F[k] % Find minimum
z[i] — z[i] + kmin - T % Update coordinates
end for
T—T-t % Decrease Temperature by a constant factor ¢t < 1
end while

Fig. 5. The one-dimensional force directed algorithm. Here, d is the range of the repulsive force, and
r; IS the range of the i’th node.
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Fig. 6. Two examples of regular digraphs. For both we assume a default weights matrix, W °.

But a permutation is nothing but a re-naming of the nodes, and therefore
(Yr)i = vj- (6)
Combining (5) and (6) we get y; = y. ad

We would like to emphasize that this proof strongly relies on the uniqueness of the optimal
arrangement. This key property of our hierarchy energy enables us to relate symmetry of
nodes to actual properties of the drawing.

4.3 Hierarchy Index

The y-axis in our drawings contains the entire available information on the hierarchy. We
claim that the spread of the projection of the drawing on this axis is closely related to its
inherent hierarchy. Two extreme examples are shown in Figure 7. In Figure 7(a) a circle is
shown. Clearly, no node is different from the other, and we do not expect to see any amount
of hierarchy. Indeed, it is a regular digraph, thus y* = (0,...,0)7. In Figure 7(b), a path
is shown. There, the amount of hierarchy is maximal, and indeed each node has a different
y-coordinate in constant increments, y* = (2,1,0, -1, —2)7.

It would be natural, therefore, to associate the hierarchy of a digraph with the magnitude
Ay* =y — Yhi,- The larger is Ay*, the more hierarchical is the digraph.

One can use this magnitude to measure how worthwhile it is to allot the y-axis to exhibit
the directional information. In order to do so, Ay* should be compared with a measure of
the dimension of the graph, had it was drawn using undirected graph drawing algorithms.
A plausible candidate for measuring this is the diameter of the digraphs, D, which is the
graph theoretic distance between the farthest nodes?. Therefore:

Definition 7 (Hierarchy Index). Let G(V, W°, A®) be an unweighted digraph. Its hierar-
chy index is
_ Ay* _ yr’fﬂax - y:ﬂin
H="5= D ’

where y* is its optimal arrangement and D its diameter.

1 As a matter of fact, Ay* and D can be compared only for unweighted digraphs, and for this reason
we assume in this subsection only such digraphs. It is not difficult to generalize the definition of
the diameter, such that Ay™ and D could be compared also for weighted digraphs, but we will not
do it here.
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Fig. 7. The digraph in (a) is with minimal amount of hierarchy, while that in (b) is of maximal amount
of hierarchy.

If Ay* is comparable with D, then the directional information is significant and one
should use digraph drawing algorithms. If, on the other hand, Ay* is small with respect
to D, then it is not “profitable” any longer to dedicate an entire axis for the directional
information, and undirected graph drawing algorithms should be preferred.

Regular digraphs are an extreme case of the later scenario. Here Ay* = 0, and their
directed drawing is essentially one dimensional, making no use of the y-axis. It is recom-
mended, in this case, to use undirected graph drawing algorithms. For example, one can
adopt Hall’s idea and to use for the y-axis the Fiedler vector instead of the optimal arrange-
ment. In Figure 8 we see how the y-axis would look like in this case, for the two regular
digraphs of Figure 6. In Figure 8(b) we see the arrangement imposed by the Fiedler vec-
tor of the digraph from Figure 6(b), (1,0, —1,0)%". The Fiedler vector of the digraph from
Figure 6(a) is not unique, since the smallest positive eigenvalue of the Laplacian is two-
fold degenerate. Figure 8(a) was obtained by choosing the Fiedler vector (1,0, —1,0)% to
represent the layering.

We shall next see some examples for the hierarchy index:

1. Regular digraph: For any regular digraph, for example undirected graphs and circles,
H=0.

2. Binary tree: The diameter of a complete binary tree with n nodes is 2logn. The
magnitude Ay* is, log n, see also section 5. The hierarchy index of a complete binary

tree is therefore H = % independent of n. This 1:2 ratio is well visualized when
comparing the height of the hierarchical drawing, as in Figure 14(b), with that of the
radial drawing generated by undirected force models, as in Figure 9.

3. Path: The diameter of an n-node path is n — 1 (see for example the 5-node path of
Figure 7(b)). Ay™* is also n — 1. Consequently, the hierarchy index of a path is H = 1,
independent of n.

4. Circle with extension: Let one of the nodes of an n-node circle be pushed by one node
outside the circle, see example in Figure 10. The diameter of such a digraph is roughly
n/2. The magnitude Ay* is 1. Therefore, H ~ % As expected, lim,, .o, H = 0.
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Fig. 8. The layering of regular graphs, as resulting from using the Fiedler vector.

Fig. 9. An undirected force model drawing of a binary tree.

4.4 Cyclic Digraphs

Standard layering algorithms can be applied only to acyclic digraphs. When having to deal
with cyclic digraphs, they are first transformed into acyclic ones by inverting the direction
of a minimal number of edges. Our algorithm allows to directly draw cyclic digraphs,
without having to invert edge directions. We believe it to be one of its most prominent
advantages.

To make this claim stronger we here show why it seems that there is no simple con-
nection between the number of edges whose direction should be reversed, and the inherent
hierarchy of the digraph. For example, in a circle like the one plotted in Figure 7(a), it
suffices to invert the direction of a single edge in order to make it acyclic. Thus, it will be
drawn by standard layering algorithms as a full-hierarchy path, having the lowest and the
highest nodes connected by a reversed edge, see Figure 11. Obviously, this mis-represents
the structure of the hierarchy-free circle. Applying our algorithm to a directed circle shows
that it contains no directionality, being a regular digraph. In the absence of hierarchy, there
is no sense in forcing the edges to be all in the same direction.

Another example is shown in Figure 12. Here, the digraph does contain hierarchy, and
the figure shows its optimal arrangement as dictated by our algorithm. We believe that we
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Fig. 11. Schematic layering of 5-points circle.

can quite objectively claim that this drawing best represents the structure of this digraph,
despite of the fact that about half of the edges point downwards, and about half point up-
wards. This is because the only explicit hierarchy in this digraph, which is well captured in
the figure, is between the highest node and the lowest one. All the other nodes do not pos-
sess evident hierarchical relations, thus some of the edges connecting them are “allowed”
to go upwards.

5 Examples

We have been successfully testing our algorithm against several digraphs with diverse struc-
tures. Here, we provide layouts of several unweighted digraphs. All the drawings were ob-
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Fig. 12. Schematic optimal arrangement of a variation of a circle. This variation, unlike a circle, does
contain hierarchy.

tained using the minimum linear arrangement solution as the first stage of computing the
x-coordinates. For all the examples, the computation time was instantaneous.

Figure 13 shows three instructive examples. Figure 13(a) shows the actual drawing of
the digraph we have presented in Section 4.4. This drawing is identical in structure with the
schematic one from Figure 12. In contrast to a circle, which is regular and thus hierarchy-
free, this digraph, thanks to the extra edge, does contain hierarchical information. Figure
13(b) shows an acyclic digraph comprised of a few parallel paths of different lengths. In
spite of the diversity of path lengths, all edges are drawn in the same direction. Figure 13(c)
is a cyclic version of the former digraph, with the direction of the edges along one of the
paths being inverted. Interestingly, the drawing is almost identical to that of the acyclic
version, with the principal difference being the direction of the “reversed” edges.

(@) (b) ()

Fig.13. Three examples of digraphs. (a) A distorted circle. The extra edge is responsible for the
observed hierarchy. (b) An acyclic digraph comprised of a few parallel paths with varying lengths.
(c) A cyclic version of the former digraph.
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Figure 14 shows a complete 5-level binary tree. The y-coordinates were naturally quan-
tized into 6 layers, as dictated by the tree structure. Recall, that assigning the z-coordinates
is a two-stage algorithm. Figure 14(a) shows the drawing as obtained after the first stage,
and Figure 14(b) shows the drawing as obtained after both stages. In this example the global
structure of the digraph was already captured by the first stage, and the second stage does
only local beautification. This behavior is not specific for this example, but is the general
rule. To obtain 14(c), we have inserted an edge from a central leaf to the root, thus forming
a circular path in the binary tree. As there is nothing in the digraph structure that gives a
precedence to one of the nodes in this path, we expect them all to have the same level of
hierarchy. The drawing reflects this observation, putting these nodes at the highest level.

@) (b) (©

Fig. 14. (a) A 5-level complete binary tree, the z-coordinates obtained using only the first stage of
the algorithm. (b) The same digraph, using both stages for producing the z-coordinates. (c) Closing
a directed circle in (a), by inserting an edge from a central leaf to the root.

Figure 15 shows three digraphs that have appeared in literature, and the reader is in-
vited to compare our results with those shown in the original works. Figure 15(a) shows
an example that was analyzed in details in Figure 1 of [10]. There, the authors obtained
the drawing of this digraph using four different variations of standard layering algorithms.
Figure 15(b) shows an example that was manually illustrated in [1], page 487. In Figure
15(c) we bring our drawing of the digraph shown in Figure 9.1 of [3]. All these examples
demonstrate the way our algorithm captures the structure of the digraphs. A salient differ-
ence between our drawings and their standard layering counterparts, is that the nodes are
not arranged in strict layers, but rather placed in a continuous fashion, that reflects their
unique hierarchical status.

Finally, we bring in Figure 16 two digraphs that describe partial order of system execu-
tion, as generated by the play engine tool for requirement specification and execution [9].
These examples are interesting, because they describe common execution constructs, such
as loops and conditions.

6 Discussion

We have presented a digraph drawing algorithm that uses a sequence of three energy min-
imization problems (or, in other words, three force directed models) to find an optimal
drawing in two-dimensions.

The vector of y-coordinates, namely the optimal arrangement, is found using an ele-
gant energy minimization algorithm, that yields a unique global minimizer. Moreover, as

21



4
\v}

@)

Fig. 15. Three examples of digraphs that have appeared in literature. See citation details in text.

@) (b)

Fig. 16. Two examples that show partial order of system execution.

we shall shortly discuss in more details, it captures in a profound way the directional infor-
mation of the digraph.

For the vector of z-coordinates, which contains no directional information, we have
shown that traditional gradient descent optimization algorithms fail when restricted to our
one dimensional case. Instead, we have developed an optimization algorithm tailored es-
pecially for the one dimensional problem. This algorithm, which solves two energy min-
imization problems in a row, converges much faster than two-dimensional force directed
algorithms.

In our eyes, two of the most important achievements of our algorithm is its ability to
draw cyclic digraphs without having to invert edge directions, and its ability to measure the
amount of hierarchy in the digraph via the hierarchy index. This last property can be used
to decide whether to use hierarchical drawing tools to represent a given digraph, or should
we prefer undirected graph drawing algorithms.

This last issue calls for an interesting lead that we believe worth further research. We
suggest the possibility to combine digraph drawing algorithms, and undirected graph draw-
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ing algorithms into a unified tool — given a general digraph, we might use the hierarchy
index on portions of it, and draw the different portions either with this algorithm or with
the other, depending of their level of hierarchy. More specifically, one can scan the optimal
arrangement vector to find connected subgraphs, such that the nodes in each subgraph have
similar y-coordinates. Such subgraphs are suspected to form undirected components, and
should be processed separately to decide what are the best tools to draw them.

Our algorithm can be used in two different ways for the benefit of the standard approach
for digraph drawing:

— It can induce layering: We can think of the optimal arrangement as a kind of a “con-
tinuous layering”. The usual discrete layering can be easily induced from it, if we di-
vide the nodes into maximal subsets, such that within each subset the nodes will have
successive y-coordinates, and such that no edge resides within a single subset.

— It can induce ordering: Standard ordering algorithms are normally very local in na-
ture. In a single iteration only one layer is free to change the order of its nodes. We can
replace it with a more global approach, using the vector of z-coordinates obtained by
our “first stage” to impose a “global ordering”.

Finally, we would like to mention some properties of graphs that we have defined, or
actually re-defined. For one, there is the target height differences matrix, which had proved
itself to be of great value. Second, the notions of regularity and symmetry were generalized,
and related to properties of the drawing itself.
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